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0. Introduction

In recent years, based on the pioneering works [1,2], and the subsequent refinements [3-7], a rigorous theory of optimal
(in the sense that convergence rates which are afforded by best N-term approximations from a biorthogonal expansion of the
unknown solution in some a priori given Riesz basis are achieved) adaptive Galerkin approximation methods has emerged.
After initial applications to linear elliptic partial differential equations in [1,2] using isotropically supported multiresolution
bases, extensions to integro-differential operators have been considered in [3,4], first applications to elliptic multiscale
problems using anisotropic tensor product Riesz bases have been considered in [5,6] and, subsequently, to the space-time
compressive discretization of linear parabolic (integro)differential equations have been considered in [7].
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In recent years, in particular in connection with the numerical solution of partial differential equations with random
inputs, for example with random coefficients given by Karhunen-Loéve expansions, initial boundary value problems of
parametric, deterministic partial differential operators which depend on a sequence of countably many parameters have
been considered. Various discretization approaches, for example collocation and Monte Carlo sampling techniques, have
been considered (see, e.g., [8] and the references therein).

While affording convenient implementation, the analysis of sampling methods currently leaves open the question of
optimality. Here, the situation for the so-called stochastic Galerkin discretizations is quite different: since the discretization
consists in a mean-square projection onto a polynomial chaos, i.e. onto a finite span from a countable ensemble of
tensorized orthogonal polynomials, in principle techniques for establishing optimality of Galerkin projection methods for
the approximate solution of operator equations can be brought to bear. This programme has been implemented in [9] and
the references therein for parametric operator equations.

In the present paper, we adapt these techniques to prove optimality of an adaptive Galerkin scheme for linear, parametric
and parabolic equations. Here, we use a Legendre generalized polynomial chaos in the parameter space, and a space-time
tensor product wavelet basis that was shown to lead to an optimal Galerkin approximation for the non-parametric, parabolic
initial boundary problems in [7]. Based on the approach and the tensorized space-time Riesz bases for the Bochner space
in these references, we develop in the present paper a family of adaptive Galerkin discretizations which are based on
tensorizing the generalized polynomial chaos and the space-time tensor product wavelet bases, resulting in discretization
schemes which are simultaneously adaptive in space-time and in the parameter space. We establish here optimality of the
resulting algorithm, which implies that the best N-term approximation rates which are afforded by the exact solution from
the tensorized basis are, indeed, realized by the sequence of finitely supported approximations generated by the proposed
adaptive Galerkin discretization.

The outline of this paper is as follows. In Section 1.1, we present an abstract class of parametric, parabolic problems which
may depend on a countable number of parameters. We elaborate on the specific class of affine parameter dependence of the
parametric operator equations.

In Section 2, we introduce a space-time weak formulation which also includes a weak form of the parameter dependence.

Sections 3 and 4 introduce the requirement for polynomial chaos type Riesz bases in the parameter domain, and for the
multiresolution (wavelet) Riesz bases on the space and time domains.

Section 5 introduces an equivalent bi-finite matrix equation which, in particular, allows for suitable compressibility
results.

Section 6 presents elements of the general adaptive Galerkin framework, based on the general Refs.[1,2,4] where adaptive
wavelet methods were developed in the context of wavelet discretizations of elliptic operator equations, to the extent
required by the ensuing developments.

Section 7 recapitulates from [9] general results on the optimality of adaptive Galerkin approximations of deterministic
operator equations. Finally, Section 8 contains statements and proofs of the main result of the present paper, the optimality of
the proposed adaptive Galerkin approximations in space, time and parameter domains by sparse, tensorized bases consisting
of tensor products of Riesz bases @, ¥ and of P.

1. Random and parametric parabolic equations

1.1. Abstract setting

Let V and H be real or complex separable Hilbert spaces. We denote by V* the dual space of V, which consists of all
bounded antilinear functionals on V. Assuming a dense embedding V < H, we obtain a Gelfand triple V <— H — V*,
where H is canonically identified with its dual.

We shall consider equations in V that depend on a temporal variable t € I := [0, T] and also on a parameter sequence
y e I' :=[—1, 1]". On I'", we define a probability measure

T = ®nm, (1.1)

where each 7, is assumed to be a probability measure on [—1, 1] with the Borel o -algebra. Although the product structure
of the domain I and the measure 7 is irrelevant for the abstract problem formulation, it is pivotal to the subsequent
construction of countable orthonormal (with respect to ) bases on the parameter domain in Section 3.

Fora.e.t € I and r-a.e.y € I', we denote by A(t, y; -, -) a sesquilinear form on V x V such that for any v, w € V, the
map (t,y) — A(t, y; v, w) is Borel-measurable on I x I", and such that for a.e. t and y

IACt, y: v, w)| < Cmax|vllvIiwlly Vv, w eV, (1.2)
RA(L, y; v, ) + Collvlf = cmnllvlly Vv €V, (1.3)

with fixed constants cpax > 0, Cmin > 0and ¢g > 0. For any v € V, the antilinear functional A(t, y; v, -) is an element of V*.
This allows us to interpret A(t, y) as a bounded linear map from V to V* for a.e. t and for r-a.e.y € I'.
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We are interested in solving the parametric parabolic equation

8[u(t,y)+A(t,y)u(t,y)=g(t,y), fGI, (14)
u(0,y) = h@) :

for given g(-, y) € [>(I; V*) and h(y) € H,forae.y € I.

1.2. The heat equation
Let D C RY be a bounded Lipschitz domain. In I x D x I', we consider the random parabolic initial boundary value
problem
deu(t, x,y) —div(a(t, x, y)gradu(t, x, y)) = g(t,x,y), (t,x,y) €I xDx T, (15)

with boundary condition u|3p = 0 and initial condition u(0, x, y) = h(x, y). Here, a may be interpreted as a random field
on the space-time cylinder I x D. Due to the frequently used Karhunen-Loéve expansion to parameterize random field
coefficients, we are particularly interested in the case that this field is expanded in a series as

a(t,x,y) = a(t,X) + Y yman(t, %), (6, %) €1 x D, y = (ym)gy € I". (1.6)

m=1

Our assumption that the measure & be a product measure (1.1) on I" is equivalent to the condition that the coefficients y,
in this series expansion correspond to independent random variables.

For this example, the spaces V and H are H = [*(D) and, due to the homogeneous Dirichlet boundary conditions
V = H(} (D), with dual V* = H~!(D) (the ensuing analysis will remain valid also for mixed or even Neumann boundary
conditions with the obvious modifications of V). Furthermore,

A(t,y; v, w) = /a(t, x,y)gradv(x) - gradw(x)dx, v, w € H(}(D). (1.7)
D

When interpreted as an operator V. — V*, this is A(t, y)v = —div(a(t, -, y)grad v). Due to (1.6), the corresponding para-
metric operator A can be expanded into a series

At y) =AM + Y ymAn(D), (18)
m=1

where ]\(t)v = —div(a(t, -)grad v) and A, (t)v = —div(a,(t, -)gradv) for v € V, with unconditional convergence in
L(V, V*) under suitable decay assumptions on a,,. If X and Y are Banach spaces, we write .£(X, Y) for the space of bounded
linear operators X — Y with norm || - ||x— v, and set £L(X) = L(X, X).

We specialize to operators of the form (1.8) in the following subsection. For this example, the assumptions (1.10) and
(1.11) below are satisfied with cg = 0 if

0 < Cmin < Na(t,x) < |a(t,x)| < Cmax <00 V(t,x) €I x D, (1.9)

where 9i(-) denotes the real part. Furthermore, ||Ay, () |lv—v* = [|@m|l1axp) in (1.12).

1.3. Affine dependence on the parameter

We consider abstract operators of the form (1.8), with
A(t; v, w)| < Cnax[lVllvllwlly Vo, w €V, (1.10)
RAt; v, v) + collvllf = Cmnllvlly Vo €V, (1.11)
for a.e. t and constants Cpax > 0, Cmin > 0 and cg > 0. Under the assumption

o0
> IAn O llyovs < ymin VLI (1.12)

m=1

with y € [0, 1), since |y,,| < 1 for all m, (1.2) and (1.3) hold with constants

Cmin = (1 - )/)Emin and Cmax = Emax + VEmin- (1-]3)
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2. Weak formulation
2.1. Weak interpretation of the parameter dependence
We abbreviate V := [ (I"; V) and # := [ (I'; H).1dentifying # with its dual, and 'V* with the Bochner space [2 (I"; V*),

we obtain a Gelfand triple V — # <> V* of separable Hilbert spaces with dense injections. Due to (1.2) and (1.3), the
mr-averaged (which coincides with the mathematical expectation w.r.t. ) sesquilinear form

At; v, w) = / Alt,y; v(y), wy) dm(y), v, w eV, (2.1)
r
is bounded and coercive on 'V with
[AE; v, W) < cmaxllvlviiwlly Yv,w eV, (2.2)
RAE; v, v) + collvlZe = cminllvl3 Yo €V, (2.3)

for a.e. t € I. Omitting the arguments v and w in (2.1), we interpret 4(t) also as a bounded linear operator from V to V*
mapping v € V to A(t; v, -).
Forg € I%(I; V*) and h € #, we arrive at the parabolic equation

ou(t) + Atu(t) =g(t), tel,
u(0) = h.

Here, 0; denotes the distributional time derivative. It can be shown as in e.g. [8, Theorem 2.18], by testing (2.4) withv € V
multiplied by the indicator function of an arbitrary measurable subset of I" that the solutions of (2.4) and (1.4) coincide for
w-aeyel.

(2.4)

2.2. Variational formulation of the parabolic equation
In the form (2.4), the random parabolic equation fits the abstract setting of [7]. Consequently, the space-time saddle
point variational formulation developed there applies. This formulation is based on the spaces
X = L2(I; V) NHY(I; V*) = [X(I; LA(C; V) NH' (I; LA (5 V) (2.5)
and
Y :=L[*(I; V) x # = L*(; [2(I'; V) x [2(I; H). (2.6)
Due to the tensor product structure of Bochner spaces, X and ¥ can be identified with the Hilbert tensor product spaces
X =N V)NHI) LN ®V*)
= LD V)N H' D) ®V)] (2.7)
and
Y=CNHRLIMN V) x (2N ©H) =LL(IN L) ® V) x H. (2.8)

In particular, X and ¥ are tensor products of L2 (I") with spaces X := L*(I; V)NH'(I; V*)and Y := L*(I; V) x H, respectively,
that do not depend on 7 and I".
By e.g. [10, Chapter 18], X — C(I; H), the space of continuous H-valued functions on I, and consequently

X =L[2(I'; X) < [2(I'; C(I; H)) < C(I; #), (2.9)
with # = Lf, (I'"; H). Naturally, the weaker statement X < C(I; #) follows directly from [10].
Following [7], we define the sesquilinear form B(-, -) on X x Y as

B(w, (v1,v2)) = /(3rw(t), v1 (1)) + At w(t), vi(t)) dt + (w(0), v2) , (2.10)
1

and interpret this also as a bounded linear operator B from X to %*.In (2.10) and in what follows, (-, -) denotes the obvious
duality pairing. Then, for the right hand side f € Y* given by

fur,v2) = /(g(t), vi(0)dt + (h, v2)pe, (v1,v2) €Y, (2.11)
i
we formulate (2.4) as the operator equation
Bu=f. (2.12)

Theorem 2.1. The linear operator B: X, — Y* is boundedly invertible.

For a proof of Theorem 2.1 with bounds on the norm of 8 and its inverse, we refer to [7, Theorem 5.1]; see also [10,11].
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3. A polynomial basis on the parameter domain

3.1. Univariate orthonormal polynomials

Forallm € N, let (P]")>2, be an orthonormal polynomial basis of Lim ([—1, 1]) where P is a polynomial of degree n.
Such a basis satisfies the three term recursion P, :== 0, P{' :== 1and

BaPy(€) = (§ — oy P (§) — B Py 5(8), neN, (3.1)
with

ay / EPY(§)? dmm(§) and By = C;, (3.2)

where ¢! is the leading coefficient of P, B := 1,and P}l" is chosen as normalized to unit norm in L2 ([0, 1]). This basis is
unique e.g. if ¢ is chosen to be positive. We refer to e.g. [12,13] for details.

3.2. Countable tensor products of orthonormal polynomials

We define the set of finitely supported sequences in Ny as

= {n € Ny ; #supp u < oo}, (33)

where the support of a sequence p in Ny is

suppp = {m € N; um #0}, p € Ng. (34)

Then countably infinite tensor product polynomials are given by

oo
Pi=P),.,. Pu=@QQPl, pea (35)
m=

Note that each of these functions depends nontrivially on only finitely many variables; forally = (ym)mq € I,

Py =[]Prom = [] PiOm. neA, (3.6)
m=1

mesupp /4

since P§' = 1forallm e N.

Theorem 3.1. P is an orthonormal basis of L,zr ).

We refer to e.g. [ 14, Theorem 2.8] for a proof of Theorem 3.1; see also [15].

4. Wavelet bases on the spatial and temporal domains

In this section we construct Riesz bases @ and ¥ of X = [2(I; V) N H'(I; V*) and Y = L*(I; V) x H, respectively. These
will consist of suitable bases for the spaces L?(I) and V. We remark that in general, @ and ¥ can be chosen separately. Here
we forego that generality and follow the construction given in [7].

Let @ = {0, ; A € V;} C H!(I). We assume that @ is a (multi-)wavelet basis constructed using dyadic refinements, that
is, to each index A € V; alevel || € Ny is associated such that {A € V; ; |A| = k} ~ 2¥. We assume that

(1) @ is a normalized Riesz basis in L*(I),
(2) O can be rescaled to a Riesz basis in H'(I),
(3) @isoforderd; > 1(inthe sense of e.g. [6,7]).

Concerning the wavelet nature of the basis @ we further assume that it is

(1) local, that is sup;¢; ken, #{A € Vi; |A| =k At € supp P} < o0,

(2) piecewise polynomial of order d;, in particular, the singular support of each ¥, is a subset of the closure of I with uniformly
bounded finite cardinality,

(3) continuous, and || [l1oq) + 2~ PO oy < 2314,

(4) such that ¢, has dt > d, vanishing moments for all |A| > 1.
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With these assumptions, it was shown in [7] that the matrices

(A0l O3 O seves [@ws 902 I aew, (4.1)

and their adjoints are s*-computable for any s* > 0, see Section 6.2 for the notion of s*-computability.

Bases @ with the properties required above are well-known. Examples include biorthogonal spline wavelets, see
e.g. [16-18] and references therein.

Let ¥ = {0, ;v € Vi} C V be abasis for V. We begin by assuming that ¥

(1) is a normalized Riesz basis for H,
(2) can be rescaled to a Riesz basis for V, and properly rescaled constitutes a Riesz basis for V*.

This already greatly restricts the choice of bases X¥. We will moreover need s*-computability of the matrices

-1 -1
[(”UV’ ”v* oy, ”lelv Uv)H]v’.veVXa [(Uv’a Gv)H]v’,uer (42)

and their adjoints.

In the situation that A(t, y) is a linear integro-differential operator of order 2m on the spatial domain D, sufficient
conditions for s*-computability of the matrices (4.2) were discussed in [7]. Here we are primarily interested in the case
that A(t, y) is given by (1.7), i.e. m = 1, which shall be therefore discussed in more detail. We further focus on the case that
D c RYis acube,ie D = ]_[fl:](a,-, b;) with a; < b;. In the case that D C R? is, say, a bounded polyhedral domain with
plane sides, spline-wavelet constructions on sequences of nested triangulations with s*-computable matrices (4.2) are also
available, with more involved constructions. In what follows, a(t, x, y) in (1.7) is not required to be separable as a function
D > x — a(t, x,y). We thus assume that ¥ = ®?:] X¥; with wavelet bases X; satisfying similar assumptions as for ©. We

state these first in the case d = 1. For somery, € Ngwithm — 1 <r, <d, — 2,and ax € Np, we assume that o,
(1) are local and piecewise polynomial of order d,,

(2) are globally C', specifically Y77 27"/ || o) i@y by < 230!

(3) for |v| > 1 have the cancellation property of order d,, that is

/ w(X)o, (x) dx| <2 ‘”‘(2+")||w||wk,w<a1,b1) (4.3)

ai

forall k € {0, di}, w € W**(ay, by) NHE(ay, by).

When d > 1, we assume that these properties hold foreach ¥;, i=1, ..., d.

Piecewise polynomial (L*>-orthonormal) wavelets on an interval satisfying these assumptions were constructed
in [19-21] (see also [22]), and used in e.g. [5] for the adaptive tensor product wavelet method for an elliptic problem. These
are constructions based on [ 19], where it was shown that given a multiresolution analysis (MRA) V, C Vi1 C [*(R), ¢ € Z,
generated by finitely many compactly supported scaling functions, there exist ¢ € Ny, m € N and an orthogonal MRA
\74 C \V/ZH C I*(R), £ € Z, generated by finitely many compactly supported orthogonal scaling functions with Vy C \70 C
Vg+-m. Moreover, an orthogonal MRA on a bounded interval can be derived, see [20, Theorem 4.4].

The Riesz bases @ C X and ¥ C Y are then defined analogously to [6] by

9 o
&= Al c (M, V) € Vi X Yy (4.4)
I g ool + 1912 o -
where we recall the normalization ||19x||fz(,) = 1and
9 o
w— <7A ® o ,0> (L v) €V, x vx} U{(0,0,); v € Vi (4:5)
191l 2yllovllv

5. Equivalent bi-infinite matrix equation

5.1. Derivation

Due to Parseval’s identity, Theorem 3.1 states that the synthesis operator

Tp: 2(A) > L2(I),  (Cuea > Y CuPu (5.1)

HeA
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is unitary. The property that @ is a Riesz basis of X can be expressed as bounded invertibility of the synthesis operator
To: (8) > X, (CQiez = Y _GQr- (5.2)
ez

In particular, the synthesis operator of P ® @ = (P, ® @) (e a0z,

Tpge = Tp @ Te: £2(A x B) — X = [2(I'; X) (5.3)

is an isomorphism of Hilbert spaces, i.e. P ® @ is a Riesz basis of X. Similarly, since ¥ is a Riesz basis of Y indexed by 7", the
products P @ ¥ = (P, ® ¥,))(u,peaxr form a Riesz basis of 4 = L2 (I"; Y).
We reformulate (2.12) equivalently in sequence spaces using the above synthesis operators. Let

u=Tppu € P (Ax E), f=Tpguf €(AXT) (5.4)
with T, denoting the synthesis operator associated with the tensor product Riesz basis P ® ¥ and define the bi-infinite
matrix

B:=Tpy BTpge: L2 (A X §) > C(AXT), (5.5)

whose entries are indexed by countable index sets. Then (2.12) is equivalent to the bi-infinite scalar linear system
Bu=f. (5.6)
The solution u can be reconstructed from u = (u,,) as

u=Tpgett= Y UuP,®g. (5.7)
(L,0EAXE

5.2. Structure of the discrete operator

We separate the spatial and temporal discretization from that in the parameter y € I". Here and in the following, we
restrict to the setting of Section 1.3, i.e. A(t, ¥) has the form (1.8) with affine dependenceony € I'.
We construct an approximation to the parabolic sesquilinear form 8 independent of the parametery € I,

B(w, (v1,v2)) = /(Z%w(t), v1(6)) + At w(b), vi() dt + (w(0), v)u, (5.8)
1

forw € X and (vq, v2) € Y, and interpret Balso as an operator Be L(X, Y*). Similarly, we interpret A, as a bounded linear
map from X to Y*. Then due to the series expansion (1.8),

£(w7 (Ul’ Uz)) = f E(w! (vls UZ)) + ZYmArn(uh vl) dﬂ(y), (59)
r

m=1

forw € X and (vq, v) € Y.
Let B := Ty BTy and A, := TjAnTe. These are bounded linear maps from £2(Z) to £2(7) and, as such, can be interpreted

as bi-infinite matrices.
To capture the dependence on the parameter sequence y € I", we consider the representation of
Kn:[2(D) — [2(I),  v(¥) = ymv() (5.10)
with respect to the polynomial basis P. Solving for the term &P ; in (3.1), it follows that for allm € N, K = TgKnTp €
L(£%(A)) has the form
(Kn€) o = B 4 1Cuten + % Cu+ Bl Cmems 1 E A, (5.11)

forc = (¢ )pea € £%(A), where ¢, =0if un < Oforany m € N, and ¢,, denotes the Kronecker sequence (€x)n = Smn.
Also, let I be the identity on £2(A).
Combining the above basis representations leads to

oo
B=I®B+) Kn®An, (5.12)

m=1

with convergence in L(£2(A x &), £2(A x T)), see [9, Proposition 2.3].
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As discussed in [7, Section 6], the matrix representation B of the discrete deterministic parabolic operator B has the form

19200l llow Iy (@, 92020y (00, 0, )m + f A(t; 9,(0)oy, D (D)o,) dt)
1

19500l (92000, 07 )

with column indices (, v) € V; x Vy and row indices (A, v}, v5) € V; X V, X V,.The matrix representations Ay, of A, are

(5.13)

I9:0ullx Hlow, Iy / An(t; 9,(O)0,, 9y (Do) dt
I
0

, (5.14)

with the same indexation.
5.3. The discrete adjoint operator and the normal equations

Since B is not symmetric, we consider the discrete normal equations
B*Bu = B'f, (5.15)
where B* is the discrete adjoint operator

B* = Tpop B Tpgu: L2 (A X 1) — £2(A x B). (5.16)

Since B* is bijective, (5.15) is equivalent to (5.6). ~
The operator B* has the same tensor product structure as B, with B and A, replaced by their respective adjoints. Since I
and K;,, are symmetric,

o0
B =IQB +) Kn®A;,. (5.17)

m=1

The bi-infinite matrices B* and Ay, are given by the transpositions of (5.13) and (5.14), respectively.
6. Adaptive Galerkin methods

6.1. Overview

Adaptive Galerkin discretization methods are set on the abstract level of coefficients with respect to a Riesz basis, where
a linear operator equation is recast as a bi-infinite linear system of the form (5.6). As such, these methods can be applied
in our setting, with the Riesz bases P ® @ and P ® W, provided that certain subroutines discussed below are available. To
keep the exposition general, we consider an arbitrary linear system Bu = f, and enumerate both index sets such that this
equation is set in £2.

In [1,4], for elliptic problems, the bi-infinite linear system is approximated by a sequence of adaptively generated finite
sections, the solutions of which are Galerkin projections onto finite dimensional spaces. The refinement of the active set of
indices is governed by approximations of the discrete residuals. Sufficient accuracy in the computation of each residual is
shown in [1,4] to ensure a reduction in the error of the Galerkin solution on the refined set of active indices by a fixed factor,
independent of the support size of the “active” components of the operator section.

A different approach is followed in [2]. There, an iterative solver is applied directly to the full bi-infinite linear system.
Operations in each step are replaced by approximate counterparts with sufficient accuracy to ensure convergence of the
method. We note in passing that an a priori selection of stable space-time sparse trial and test spaces for space-time
Petrov-Galerkin formulations of parabolic evolution equations is also possible [23,24], which would lead to an a priori known
finite section of the bi-infinite linear system.

Although originally formulated for positive symmetric systems, both approaches extend to nonsymmetric linear
equations by solving the normal equations (5.15), as noted in [2]. This is developed explicitly for parabolic problems in [7].

The adaptive wavelet methods described above can be applied quite generically as black-box solvers, provided that the
application of the bi-infinite matrix B to any finitely supported vector can be approximated to any desired accuracy. This is
achieved by a routine

Applyg[w, €] — z (6.1)

which, for any € > 0 and any finitely supported vector w, constructs a finitely supported vector z with |Bw — z|,2 < €.

The discrete operator B is called s*-admissible for a given s* € (0, oo] if, for all s € (0, s*), #suppz < e‘l/s||w||:§ @) and
the number of arithmetic operations and storage locations used by Applyg[w, €] is bounded by
e lw|'E L+ #suppw + 1 (6.2)

Al (£2)
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up to a fixed constant that is independent of w. Here A4} (¢%) denotes the subspace of £2 defined by the quasi-norm

VIl 2y = sup (N + 1)°[[v — Py (W) |l 2, (6.3)
NeNg

where Py (v) is any best N-term approximation of v in £2.

In the case of nonsymmetric problems, since we consider the normal equations (5.15), we also require a routine Applypg.
for approximating the application of the adjoint operator.

Similarly, we need to approximate the right hand side f to arbitrary precision by finitely supported vectors. We assume
that a routine RHS¢ €] is available which, for any € > 0, constructs a finitely supported vector f, with ||f — fc||,2 < € and

#suppfe < inf{N € N; [If —Pv(F)llp2 < €} (6.4)
where < indicates an absolute constant which is independent of €.

Theorem 6.1. In the case that B is symmetric positive definite and s*-admissible, then for any € > 0, the adaptive wavelet
methods from [1,2,4] construct an approximation u. of u with ||u — u.||,2 < €. Foru € ,A,go(ﬁz)for anys > 0, #suppu, <
e /s lluell 45 (¢2)- Provided s < s*, the number of arithmetic operations and storage locations used to compute u, is bounded by
an affine function of €' ||| 4_c2)-

We refer to [1,2,4] for proofs of Theorem 6.1 for each of these adaptive solvers.

< N75, then

~

Remark 6.2. The estimate #suppu, < €1/ llull 45, e2) can be interpreted as follows: if |u — Py(u)]|
lu| ASL(€2) is finite, and consequently ||u —u. |2 < € < (#suppu.)—°. Thus adaptive Galerkin methods recover the optimal
convergence rate in terms of the support size, albeit with a larger constant in the error estimate. In the case s < s*, the same

estimate holds for the computational cost and, in this sense, the solvers have optimal complexity.

Remark 6.3. Replacing B by B*B and f by B*f, Theorem 6.1 applies to the normal equations for nonsymmetric systems.
Valid Apply and RHS routines are given by

Applyg.plw, €] := Applyg. [Applyglw, €/(2|IBl)], €/2] (6.5)
and
RHSp«f[€] := Applyg: [RHSf[€/(2||BID], €/2], (6.6)

where ||B|| denotes the operator norm of B. The product B*Bis s*-admissible if both B and B* are s*-admissible, and a slightly
weaker (but sufficient for the purposes of the present analysis) variant of (6.4) holds for RHSg«s. We note that, in principle,
(6.4) can be satisfied by reducing the tolerances in (6.6) and appending a thresholding step, but the practical merit of this
procedure is questionable.

6.2. Approximate application of discrete operators

The construction of a routine Apply, hinges on the ability to approximate B by sparse matrices. We call a bi-infinite
matrix B € £(£%)n-sparse if each column of B contains at most n nonzero entries. It is s*-compressible for an s* € (0, oo] if
there exists a sequence (Bj)jecy in £L(£?) such that B; is nj-sparse with (n))jen € NY strictly increasing and satisfying

n,
sup L < 0o (6.7)
jen 1y
and such that for every s € (0, s*),
sup ;| B — Bjl|2_, 2 < 00. (6.8)
jeN
This last condition states that the sparse operators B; converge to B with a rate of essentially s* with respect to n;.

By (6.7), the sequence (n))jen grows at most geometrically. Consequently, for any r > 0, there is a j(r) such that nj;y <r
and sup,_ r||B — Bjq)|| < oo foralls € (0, s*). Here, we extend the sequence of approximations by By := 0 with ny = 0.
In particular, we may assume without loss of generality that n; = j, as is done e.g. in [4,7].

In the definition of s*-compressibility, n; is proportional to the cost of accessing one column of B;. In order to capture
also the assembly cost, we introduce, following [3,4], a somewhat stronger notion of s*-computability: a bi-infinite matrix
B € £(£?) is s*-computable if it is s*-compressible and if the number of arithmetic operations and storage locations used to
construct an arbitrary column of B; is bounded by a multiple of nj for allj € N.

Proposition 6.4. Any s*-computable B € £(¢?) is s*-admissible.

Proposition 6.4 is proven by constructing a suitable routine Applyyg. This is done in [1]; see also [5,9] for a variant of this
method with quantitative improvements. All of these algorithms partition the argument w in (6.1) according to the modulus
of its entries. Then approximations B; with large j are used for the most significant entries of w, and coarser approximations
suffice for smaller entries of w.
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7. Approximations of deterministic operators

7.1. Compressibility of discrete parabolic operators

The wavelets in Section 4 were chosen to ensure that the deterministic operators appearing in the series expansions
(5.12) and (5.17) of B and B* are s*-computable.

Proposition 7.1. For sufficiently smooth a and a,,, m € N, the bi-infinite matrices B, B*, A, and A, are s*-computable with
s* = min(d,, dy).

A proof of Proposition 7.1 is given in [7, Section 8]; see also [6] for time-independent operators. We refer to [7] for
compressibility properties in more general settings, for example if D is not a product domain.

Proposition 7.1 implies that there is a sequence (Ej)jeN of bi-infinite matrices such that l}j is ng j-sparse with (1o j)jen
increasing and satisfying (6.7), and

IB = Bjll2(5)20r) < Mg Vs € (0, 5%). (7.1)

Furthermore, the number of arithmetic operations and storage locations required to compute any column of Ej is an affine
function of ng j. We extend these sequences by By := 0 and ng o := 0.

Analogous properties hold for B*, A, and A’,. We denote the sequences of sparse approximations by (Bf)jeNo, (Am.j)jen,
and (A’r‘n’j)jeNo, and the corresponding sparsities by (1 j) ieNgs (Mm.j)jeng and (ny, j) ieng» Fespectively. Although ilj?‘ may be the

adjoint of Bj in some situations, as suggested by the notation, this is not assumed; similarly, A,’;”. need not be the adjoint
OfAm‘j.

7.2. Numerical approximation of error bounds

In order to construct sparse approximations of B, we require explicit knowledge of the constants in the estimates (7.1)
and similar estimates for A, or, more precisely, we require numerical sequences (€, j)jen,, M € Ny, such that

||B - Bj”@(s)%ﬂ(r) <&, and A, — Anjlle2zy—emr < em,j- (7.2)
Optimal values of & j are given by the square roots of the spectral radii of the positive symmetric operators (fi - Ej)* (fi - Ej)
since

w—mmﬁbmﬂzwgpgﬁw—&ﬁw—mﬂ, (7.3)

2@~

and similarly for e, ;. Following [9, Section 6], we approximate these bounds by a power iteration with suitably approximated
matrix-vector multiplies.
The primary component of this power iteration is the repeated approximate appllcatlon of the operators (B— B])* and
E B; to flmtely supported vectors. This is achieved using the sparse approximations B]+k — Bj, k € N, of B— B and
1+k (BJ)* of (B Bj)* in routines

NApplyp g, [v,N]—~z and NApPpPly g )« [W,N]— z (7.4)

similar to Apply, from (6.1), but with a prescribed maximal support size # suppz < N instead of a target accuracy €. These
routines combine to

NApply(BfBj)*(B,Bj)[v, N] := NApply(B,Bj)*[NApplnysj [v,N], N]. (7.5)

All vectors appearing within these routines are ensured to have support size not larger than N.
The approximate power iteration for the computation of & j consists of a repeated application of NApp1y<B_Bj)*<B_Bj) and

normalization of the resulting vector. The approximations of & ; are given by the scalar products

V Vnt1

j ~ eoj , Vpy1 = NApply(B,Bj)*(B,Bj)[vn, N1, (7.6)

viiv,
where vy is chosen randomly and N is fixed. We use analogous iterations to approximate é, ; as well as the bounds in

|IB* — B}F llez(zy—2(ry < 534 and |A}, — A:;JHZZ(E)—)[Z(T) < é;,j (7.7)
used to construct sparse approximations of B*.
Convergence of a somewhat idealized variant of (7.6) is shown in [9, Theorem 6.3]. The analysis differs substantially from
the standard analysis of the power iteration for matrices since, in the present infinite-dimensional setting, no gap between
the largest and second-largest eigenvalues is assumed. We refer to [9] for further details.



CJ. Gittelson et al. / Journal of Computational and Applied Mathematics 263 (2014) 189-201 199

8. Approximations of discrete random parabolic operators

8.1. Sparse approximation of discrete random operators

In this section, we construct sparse approximations of B by truncating the series (5.12) and by replacing the remaining
bi-infinite matrices B and A, by appropriate sparse approximations Ejo and Ap, j,,, as required in Section 6.

To this end, we assume that sequences (€, j)jen, are available for all m € Ny such that (7.2) holds. These can be computed
numerically as described in Section 7.2 and [9, Section 6] or derived analytically as in [3,25]. By switching to a subsequence,
we assume without loss of generality that (€, j)jen, is nonincreasing for all m € Ny and, if i > j, then

—(@m,i+1 — m,i) - —(@mj1 — Bmy)

= , (8.1)
NMin,it1 — NMim,i M j+1 — NMimj
where ﬁj,o is ng j-sparse and Ap, j is ny, j-sparse.
For all finitely supported sequences j := (jm)men, in No, we define
~ o0
B :=1®B,+ ) Kn®An,,. (8.2)

m=1

Since j is finitely supported and since A, o = 0 for all m, the sum in (8.2) is finite, and no convergence issues arise. By the
triangle inequality, and after possibly adjusting the compression error bounds é, ; in (7.2) of the block operators

o0
B — Bj||£2(A><E)—>/é2(A><T) = Z ém,jm = éj- (8.3)
m=0
By (5.11), K, is o,,-sparse (see Section 6.2) with o,,, = 2 if the distribution ,, is symmetric, and o, = 3 in general. Conse-

quently, Ky, ® Ap j is onny j-sparse. We set op := 1 such thatI ® ﬁj is ogng j-sparse for all j € Ny. Then the total number of
nonzero elements in any column of B; is at most

o0
N = Ol (8.4)
m=0

and, assuming that entries of Ej and Ap, j can be computed in unit time, N; is also a bound for the cost of constructing any
column of B;.

We use a greedy algorithm to select a sequence (ji)ken,, and define By := Bj,, which is an approximation of B with error
at most ey := ¢;,, and containing at most Ny := Nj, nonzero elements per column.

As usual, the initial approximation is By = 0, with jo := 0. Going from ji = (jk,m)men, t0jk+1, the entry ji  for which m
maximizes

- (émvjk.m+1 B émvjk.m)

(8.5)
Om (M jie 1 = M ji )

is incremented by one. If this m is not unique, one maximum is selected, e.g. the smallest m that maximizes (8.5).
In order to ensure optimality of this greedy algorithm, we assume that the sequence (€y.0)men is in £! and Om 1 n,;fl (Em1—
€ém.0) is nonincreasing in m. The following optimality property of the sparse approximations By is [9, Corollary 7.2].

Theorem 8.1. For all k € Ny, jx minimizes the error bound &; among all finitely supported sequences j in No with Nj < Ni.
Furthermore, if e, # O, then ji, minimizes N; among all j with &; < éy.

Remark 8.2. Since the structure of B* is identical~ to that of B, Ehe discussion in this section, including Section 8.2 below,
applies verbatim to the adjoint operator B*, with B replaced by B* and A, replaced by A,.

8.2. Compressibility and computability

In order to derive s*-compressibility of B, we assume that the estimate (6.7) holds uniformly for all (n, j)jen, i.e.
n .
sup sup 1 < oo, (8.6)
meNg jeN Nm,j

The following theorem is the first case of [9, Theorem 8.4]. All unspecified norms refer to operator norms between sequence
spaces ¢2 for the appropriate index sets.



200 CJ. Gittelson et al. / Journal of Computational and Applied Mathematics 263 (2014) 189-201

Theorem 8.3. If (8.6) holds, a and a,,, m € N, are sufficiently smooth, and
0 1
Z(SUP i |Am — Anjll2@)-em) T < o0 (8.7)
m=1 JjeN

foralls € (0,s5), then B is s*-compressible for s* = min(at, dy, 5) and (By)ken, from Section 8.1 is a valid sequence of sparse
approximations, satisfying

~ ~ 1
N1§||B — B < ((SUP ”BJHB - Bj”ﬂ(s)»ﬂ(r))ﬁl (8.8)
jeN
0o o s+1
+ > (sup s, 1An — Anjllzs)em) ) (8.9)
m=1 JEN

foralls € (0, s*), where By, is Ny-sparse.

Compressibility of B can also be obtained if (8.7) does not hold, as in the following theorem, which is the second case
of [9, Theorem 8.4].

Theorem 8.4. If (8.6) holds, a and a,,,, m € N, are sufficiently smooth,
) 1
S+1
Z: Al s, ooy < 0 (8.10)
m=

foralls € (0, sp), and

M 1
supM™" Z(SUP My ;1 Am —Am,j||52(5)—>e2(“r))S+1 < 00 (8.11)
MeN m=1 jeN

foralls € (0, S), then B is s*-compressible for

. min(d,, dy. $) (8.12)
T 14 1/5 .

and (By)en, from Section 8.1 is a valid sequence of sparse approximations.

Remark 8.5. A numerical algorithm for constructing an arbitrary column of By is provided in [9, Section 7.2]. It assumes that
either (ji) are precomputed, or the operators By are accessed sequentially, such that only one step of the greedy optimization
needs to be performed the first time By is accessed. With this small caveat, s*-computability, and thus s*-admissibility, of B
follow from Theorems 8.3 and 8.4.

The above discussion carries over to show s*-computability of B*, and s*-admissibility of B*B follows as in Remark 6.3.
In particular, Theorem 6.1 applies, showing optimality of adaptive Galerkin discretizations based on tensor products of
Legendre polynomial chaos with wavelet bases in D applied to the parametric operator equation (5.15).

9. Conclusions

We have shown the applicability of the adaptive Galerkin method to abstract linear parabolic evolution equations where
the data is allowed to depend affinely on countably many parameters. To that end we reformulated the problem by means
of tensor products of Riesz bases on the parameter-space-time product domain equivalently as a bi-infinite matrix-vector
equation. In the stochastic parameter domain, generalized polynomial chaos bases are used, whereas in space and time
domain tensor products of spline wavelet Riesz bases of the corresponding Bochner spaces are employed. We have shown
that the bi-infinite matrix corresponding to the parametric problem is quasi-sparse if its non-parametric component blocks
are. We proved that this allows us to define a valid adaptive wavelet based Apply routine which, in turn, entails optimality of
adaptive Galerkin solvers in a tensorized Riesz basis. Presently, quasi-sparsity and nonlinear, i.e., best N-term approximation
rates of (deterministic, linear) parabolic evolution equations are not well understood. However, conservative estimates on
asymptotic convergence rates of best N-term approximations can be derived from regularity results and convergence rates
for linear approximation schemes (see, e.g., [23]).
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