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1. Introduction

In this paper, we describe and analyze an interior point method for nonlinear constrained optimization problem
min f(x)
s.t.c(x) =0, (1)
x>0,

where f : R" — R, c : R" — R™ are smooth functions. Clearly, problems with general nonlinear inequality constraints can
be equivalently reformulated into this form by using slack variables.

Interior point methods are efficient in treating inequality constraints. They have been intensively studied in the last
three decades; see [1-5]. The classical interior point strategy obtains a solution by approximately solving a series of barrier
problems of the form

n
min ¢/ () & f() = Y Inx?
i=1
s.t.c(x) =0,
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where  is a barrier parameter which is decreasing and converges to 0. For this solution, some algorithms use Newton (or
quasi-Newton) methods [6,7] while some involve SQP (or trust-region) mechanisms. The Newton-like methods get search
direction from solving a Newton equation of the perturbed optimality system. Plenty of researches on methods following
this algorithmic philosophy have proven their robustness and efficiency [6-9]. Also, some SQP or trust-region based interior
point methods have been proposed, many of which have provided promising numerical results [2,4,10-12].

Of all the methods, the step-decomposition approaches, which integrate ideas of interior point methods and Byrd-
Omojokun’s trust-region idea [ 13,14], have got plenty of attentions because of the always consistent subproblems and the
capacity of infeasibility detection [ 12]. Our approach follows this framework with a major character that it employs a quasi-
tangential subproblem which generates a step not strictly lying on the null space of Vc,f. The key point of the quasi-tangential
subproblem is to convert the tangential subproblem into an unconstrained quadratic programming by penalizing the null
space constraints. A quasi-tangential step satisfying some necessary conditions is obtained if choosing sufficiently small
penalty factor. This strategy also circumvents the cost of computing a base for the null space, which is important in solving
tangential subproblem in Byrd-Omojokun-like algorithms.

The idea of quasi-tangential subproblem has some similarity with some methods. Some methods with inexact step
computation, in interior points, trust-region or SQP scheme, adopt similar ideas. Curtis et al. [4] used an inexact Newton
technique in their interior point method where an inexact tangential step is generated from an inexact Newton equation
for the tangential subproblem. Heinkenschloss and Ridzal [ 15] obtained inexact tangential steps by computing approximate
projections of vectors onto the tangent space of the linearized constraints.

A more similar idea is the relaxed tangential step, which was first introduced by Gould and Toint in [16]. In [16], the
authors specified conditions that a relaxed tangential step should satisfy. Recently, Curtis, Gould, Robinson and Toint [17]
generalized this concept and defined the concepts of relaxed SQP tangential step and very relaxed SQP tangential step in
the context of interior point trust funnel algorithm for nonlinear optimization. To achieve the very relaxed (or very relaxed)
tangential step, a complex trust-region strategy is used to control the size of normal and tangential steps. The main difference
between our method and the relaxed tangential step method is that our method controls the degree of violation of null space
constraints directly, while relaxed tangential step controls the size of tangential step by a trust-region.

Another character of our algorithm is that we use a trust-funnel-like strategy to balance the improvements on feasibility
and optimality. Trust funnel method was introduced by Gould and Toint in [ 16] and extended by Curtis et al.[17]. And similar
ideas can be found in [ 18-22] etc. Our ideas mainly differ from these algorithms in the way of computing trial steps and the
switch conditions between so called f -iteration and h-iteration. And the mechanism of our method seems simpler than these
methods.

The balance of this paper is organized as follows. In the next section, we describe the design of the algorithm in detail.
In Section 3, we show that the proposed algorithm is well-defined while the global convergence is shown in Section 4. In
Section 5, we report preliminary numerical results. Finally, some further remark is given in Section 6.

Notations: We use || - || to denote the Euclidean norm || - ||,. Subscript k refers to iteration indices and superscript (i) is the
ith component of a vector.

2. Algorithm description

We motivate the main algorithm in this section. We first introduce the main framework of primal-dual interior point
methods, then deduce the method with quasi-tangential subproblem from some ideas of trust-region methods.

2.1. The primal-dual barrier method

The Karush-Kuhn-Tucker (KKT) conditions of the barrier problem (2) cause the following nonlinear system
VI(x)+ Ve(x)r — z

—uXle+z =0 (3)
c(x)
where A € R™ and 0 < z € R" are Lagrangian multipliers and X = diag(x, X2, . . ., X;). Multiplying the second row of (3) by

X, we obtain the system
VIx)+ Ve(x)r — z
Xz — ue =0.
c(x)

(4)

This may be viewed as a perturbed KKT system for the original problem (1). The optimality error for the barrier problem is
defined, based on (4) as [9]

IVF(x) + Ve(x)r —z|| [|Xz — pell

Sd Sc

Eu(x, %, 2); = { , IIC(X)II}

with scaling parameters sq4, S > 1 defined as

A1l + Nzl
m+n

Izl
/Smax’ S¢ = MaX ) Smax; T /Smax»

S¢ = max {Smax,
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where spmax > 1. Correspondingly, we use Eg(x, A, z) to measure the optimality error for the original problem (1). A typical
algorithmic framework of barrier methods for (1) is as follows.

ALGORITHM 1: OuT Loop

Step 0 Choose an initial value for the barrier parameter o > 0, and select the parameter k. > 0, and the stop
tolerance €. Choose the starting point xg, Ag, Zo. Setj := 0.

Step 1 If Eo(x;, A, ;) < €, stop.

Step 2 Apply an SQP method, starting from x;, to find an approximate solution x;; 1 for the barrier problem, with
Lagrange multipliers A1, zj;1 satisfying E,Lj(xjﬂ, Ajt1s Zit1) < Keldj.

Step 3 Choose pjy1 € (0, u;), setj :=j+ 1and go to Step 1.

Remark. To achieve fast local convergence algorithm, the barrier parameter p needs to be updated carefully [1,6,23]. We
will follow the approach suggested by Byrd, Liu and Nocedal [23] and will specify the details in Section 5.

The primary work of Algorithm 1 lies clearly in Step 2, where an approximate solution of (2) is found. Primal-dual interior
point methods apply Newton’s method to the perturbed KKT system (4) and modify step-size so that the inequality (x, z) > 0
is satisfied strictly. A primal-dual linear system is given as

H Ve(x) -1 dy Vf(x)+ Ve(x)r — z
Z 0 X (dk>=—< Xz — e )

vex) 0 0/ \d, c(x)
where H is the Hessian of the Lagrangian function and Z = diag(zy, . . ., z,). Eliminating d, by
d, = —z + pX e — X" 'zd,, (5)

and defining AT = X\ + d,, we have the iteration

H4+X7'Z Ve) (de) _ (Vo' (x)
Ve(x)" 0 AT cx) )°
It is easy to see that the step generated by this system coincides with the solution of the following primal-dual QP
subproblem

1 -~
min Vot (x)'d + —d"Wd
in Ve'(x)'d + 5 6)
s.t.c(x) + Ve(x)'d =0,

where W = H + X~'Z. Step computation of our algorithm is based on this model.

2.2. Normal subproblem and quasi-tangential subproblem

A trust-region constraint
ldll < A (7)

is always introduced in (6) so as to obtain global convergence and to allow for the case where W is not positive definite
on the null space of Vc(x)T. It is well known [24] that (6) with (7) can be inconsistent when the trust-region A is so small
that even the shortest step d that satisfies the constraints in (6) is excluded by the trust-region. One of the common used
strategies to make the constraints consistent is the step decomposition method of Byrd [13] and Omojokum [14] in which
the total step of the algorithm is split into normal and tangential steps. The normal step v is a move toward the satisfaction
of the constraints, and is defined as the solution of the normal subproblem

1
min —|[c(x) + Ve(x) v
2|| (%) (x) v ®)
st vl <€A,
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with £ € (0, 1). The tangential step t aims to reduce ¢*(x) on the null space of Vc(x), and is generated by solving the
tangential subproblem

~ 1 o~
min (Vor(x) + W)t + 5tTWt
s.t. Ve(x)'t =0,

lv+tll < A.
Note that (8) is an trust-region model for the nonlinear least square problem
1
min —h(x)?,
3 (x)
where
h(x) = llcx)ll.
As a classical but still popular method for this problem, Levenberg-Marquardt methods [25-27] compute a search direction
by solving the following linear system
(VaVep + mid)v = — Ve, (9)

where 7y, is a positive parameter. Sometimes it is considered to be the progenitor of the trust-region approach for general
unconstrained optimization [28]. The following lemma from Nocedal and Wright [28] shows connection between the
solutions of (8) and (9).

Lemma 2.1. The vector v,fM is a solution of the trust-region subproblem (8) if and only if v,fM is feasible and there is a scalar
n > 0 such that

(VCkVC,;r + T]I)UléM = —Vcick,
n(A — vM]) = 0.

Levenberg-Marquardt method is globalized by a line search strategy, which is less costly in computation than trust-region
method. Furthermore, researchers have shown that if i, = ||ck|?, 8 € [1, 2], fast local convergence can be achieved without
nonsingularity assumption, see Yamashita and Fukushima [29], Fan and Yuan [30], Zhang [31], Kimiaei [32] etc. These facts
motivate us to compute the normal step by the following hybrid method:

argmin [cx + Vepvl? + lleell®lvll?,  if Ve is rank deficient, (10)
Vg =
g argmin ||c; + Vel v|)?, otherwise,
where § € (1, 2) s a fixed constant.

In tangential subproblem, the tangential constraint Vc(x)"t = 0 is used to prevent t from jeopardizing the infeasibility

reduction that normal step vy just obtains. We note that this effect can be achieved by only requiring

IVeitl < & (11)

for an appropriate positive scalar &. Similar observation was made by Gould and Toint in [ 16]. On the other hand, it is quite
likely that the concession on linearized feasibility that (11) makes can lead to a considerable improvement in objective value
over a reasonable step. However, replacing VckT t = 0 by (11) will increase the difficulty of solving tangential subproblem.
But this difficulty can be easily circumvented by adding the item %tTVCkVC{{r t to the quadratic objective function where
v > 0 acts as a penalty factor. Hereby, we get the quasi-tangential subproblem

~ 1 ~ 1
m[in (Vo + W)t + 5tT (Wk + —Va Vel + gkl) t. (12)
Vk
where ¢, > 0 is a regularization parameter to make the matrix (VT/k + chch,f + ¢il) sufficiently positive definite.

2.3. Trust-funnel-like approach for the barrier problem

We use a trust-funnel-like [ 16,21] line search method for the approximate solution of the barrier problem (2) with a given
barrier parameter ;1 = u;. Given the iterate x, and the corresponding Lagrange multiplier Ay, z, a trust-funnel-like method
for (2) pursuits the solution iteratively in a progressively stricter trust funnel defined by

h(x) < b,

where and h"** is a non-increasing limit on infeasibility.
Now we specify the choices of vy. First, the parameter v should be a positive scalar that ensures the positive definiteness
of the symmetric matrix W + Vichch,f. If this positive definiteness is not satisfied, one can regularized it by term gl



S. Qiu, Z. Chen / Journal of Computational and Applied Mathematics 334 (2018) 77-96 81

such that
~ 1
d" (Wi + V—VcchkT + &)d > by|d|? (13)
k

for any d € R" with b; > 0. Second, v, controls how inexactly that the quasi-tangential step t;, which solves (12), lies on the
null space of V¢/. If
- (V(p[l:)T(vk + ty) > Ulh(;27 (14)

where o1, 0, are positive constants, then t; should satisfy

IVer till < rer (R — llck + Ver vell), (15)

where k1 € (0, 1). Otherwise, t; is required to satisfy

IVegtill < walhe = llee + Vg el (16)

where k, € (0, 1). As we will show later, such a vy is guaranteed unless an infeasible stationary point, which is a stationary
point of the problem
1
min —h(x)?

17
x>0 2 (17)

is found. This situation always implies that the problem is locally infeasible. Then, the algorithm stops and reports infeasible
stationarity.
We describe algorithm for updating vy, in Algorithm 2.

ALOGRITHM 2: UPDATING vy
Step 0 Set v := max{min{vy_1, hy}, v} and ¢, = 0, where v is a preset positive parameter.

Step1 If \7Vk + vichchkT + &l is not positive definite, then choose ¢, > 0 such that (13) holds and
setv :=v/2.

Step 2 Compute t.
Step 3 If t; satisfies (14), then stop if (15) is also satisfied. Otherwise, stop if (16) is satisfied.

Step 4 Set vy := v, /2, go to Step 2.

Now we have got the search direction d, = vy + t;. The multiplier vector corresponding to the next iterate is estimated
by

1
Akl = *Vcl;rtk- (18)
Vi

The line search along dy is performed by first determining «** which is the maximal « satisfying the fraction-to-the-
boundary rule

AW tad? > (1 -, i=1,2,....n (19)

k

where t € (0, 1) is a parameter close to 1 with respect to the iteration j of the out loop.
If (14) holds, then we call the kth iteration an f-iteration and x; an f —iterate because it is quite reasonable to expect
considerable reduction on objective function in this case. Hence, we require the step-size « € (0, «**] to satisfy

or — 9"+ ady) = —pa(Ve ) dy. (20)
The requirement for the feasibility on the new iterate is relatively rough. We require
h(xy + ady) < P, (21)

In the case where (14) fails, which indicates that the infeasibility is significant while sufficient reduction of objective function
is not ensured, we call the kth iteration an h-iteration and x; an h-iterate. We search « € (0, **] satisfying

h(x + ady) < (1 — p)he + plick + Vel dill (22)

in this case.
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From (5), we obtain the estimate of the new dual variables
-1 -1
Zg41 = ,U,Xk e — Xk dek- (23)

For the convergence proof, we require the “primal-dual barrier Hessian” X,(’]Zk do not deviate arbitrarily much from the
“primal Hessian” ;LX,:Z. To do this, we reset [9]

. ) N Kol w )
2121 = max{mm {Z,(:J)r], g.) }(1)] ,i=1,2,...,n (24)
Xer1 ) KoXppq

for some fixed x, > 1 after each step. Such safeguards not only benefit the convergence analysis but also work satisfactorily
in practice [9,33,34].
After obtaining a new iterate, the limit on feasibility of the new iterate is set as [16]

max o .
max X if x, is an f -iterate,

= 25
k+1 {max{fchh}f‘ax, knhe + (1 — in)heyq),  if xg is an h-iterate. (25)

Now, we are ready to summarize all the details of this line search trust-funnel-like approach for the barrier problem.
Suppose that the current outer loop iteration is j and that the parameter wu, t are available, and that the last iteration finished
with the primal-dual vector (x;, A;, z;), where (x;, z;) > 0. The detailed description is given in Algorithm 3.

ALGORITHM 3: INNER Loop

Step 0 Choose § € (1,2], 01,02 > 0,k1,k2 € (0,1), p € (0,1),k, > 1,v > 0and vy > v. Initialize the
primal-dual entry as (xo, Ao, Z0) = (X;, A, Z;). Let

hg** = max{ho, min(10, E,,(xo, Ao, Z0))}-

Set u = pjand k := 0.
Step 1 IfE, (X, Ak, Zk) < ke, TETUN.
Step 2 Compute the normal step v by solving (10). If vy, = 0 and hy, > 0, stop.
Step 3 Use Algorithm 2 to update v, and compute the tangential step t.
Step 4 Let d, = vy + t;. Determine A1 by (18). Compute z;1 by (23) and reset it by (24).
Step 5 Set o = o™ with o"** defined by (19).
Step 6 If(14) holds, go to Step 7. Otherwise, go to Step 8.
Step 7 f-iteration

Step 7.1 Set xy(a) = Xy + aedy.
Step 7.2 If x,(«) satisfies (20) and (21), go to Step 9.
Step 7.3 Leta = /2 and go to Step 7.1.

Step 8 h-iteration

Step 8.1 Set xx(a) = xi + ady.
Step 8.2 If x, () satisfies (22), go to Step 9.
Step 8.3 Let«o = «/2 and go to Step 8.1.

Step9 Set oy = o, Xk+1 = X + ady. Compute h®* defined by (25). Set k := k + 1, go to Step 1.

Remark. Algorithm 3 has chances to stop at Step 2. In this case, the point xy is an stationary point of (17), which always
implies local infeasibility of the problem.
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3. Well-definedness of the algorithms

Note that inner loops are used in the above algorithms. In Algorithm 2, we try to find a proper regularization parameter
v by repeated reducing it, and in Algorithm 3, we keep having the step-size «y, so as to find an acceptable step. We will
show that, under certain assumptions, both the inner loops will terminate finitely, i.e., the algorithms are well-defined.

We begin by recalling a result concerning a direct consequence of the definition of h;’®*.

Lemma 3.1 ([16]). The sequence {h}***} is non-increasing and the inequality
0<h <h™
holds forall | > k.

Next we show that the parameter v will admit the requirements if it becomes small enough.

Lemma 3.2. Suppose that Vf, and V¢ are Lipschitz continuous on a bounded open convex set 2 containing all the iterates
generated by Algorithm 3, that {H,} is bounded, and that the Algorithm 3 does not terminate at x,. Then either a step t satisfying
(14) and (15), or a step satisfying (16) but does not satisfy (14) will be found if v, becomes small enough.

Proof. First, we give an estimate of the scale of ||t;||. By the first order necessary condition of the quasi-tangential subproblem
(12), step ty satisfies

Vol + Wiv + (Wk + vlchka,Z + {,J) ty = 0. (26)
Taking the inner products of this equation with the vector t; and rearranging the resulted equality, we have

ty (Wk + vlkVCkVC,f + CIJ) tv =—(Vg, + Wiw) ti. (27)
By Cauchy-Schwarz inequality and (13), we have that

billtel® < 1(Vey + Wive) tell el
If t;, # 0, then it follows that

el < 519 + Wi, (28)

If t, = 0, then (28) is trivially true.
Taking the inner products of (26) with the vector vit, moving terms not involving Vc,f ti to the right hand side and using
(28) and Cauchy-Schwarz inequality, we obtain

Vk ~ 1 ~
IVegtel® < b*IIV(Pff + Wiw|? (1 + F||WI< + Ck”l) - (29)
1 1

Note that if v, = 0 and the algorithm does not terminate, then by Step 2 of Algorithm 3, we have that h, = 0. Since
Algorithm 3 does not stop at x;, the step t; cannot be 0. In fact, if t; = 0, then by (26), we have V(p,’: = 0. Then we have

¢ = 0and Vg} + V[0 =0,
which implies that x; is a first order stationary point of the barrier problem. The fact that t;, # 0 and (26) imply that
~ 1
— (Vo) e =t (wk + Ve Ve + ;u) te = billtell* > 0,
k
which yields (14). Then, from (29), condition (15) is satisfied if
b],(]Z(h;(nax )2
19612 (1+ 3-1Wi + )
If v # 0, then from (29), both (15) and (16) are satisfied if
by min{i7(hP™ — llcx + Ve uell2, 5 (e — llck + Ve vell)*)

1V} + Weod? (1+ & 1W+ &l )

0 <y <

0 <y <

Thus, the claim is true in this case. O

Next, we state the finite termination of the line search.
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Lemma 3.3. Suppose that h; > 0.
(a) If Ve is of full rank, then
lleell = llex + Vegvill = llell.
(b) If Vcy is rank deficient, then

lleell®~"

T
ekl = llex + Ve vl =

Proof. (a) If V¢ is of full column rank, then by definition
v = —Val(Vel V) e,
which implies ¢, + Vc,f vy = 0. Then we have
lleell = llex + Veg vl = lell-
(b) By the definition of vy for (10), we have

T2 T 2 Sy 112 2
llek + Ve uell™ < llek + Ve vell™ + llewll® fluell™ < llewdl”s

which yields
B 2
T llewll® okl
llekll = llek + Ve vell = 7
ekl + llek + Ve vll
leell®llvell® — fel®!
> el - 2 loell. O

Lemma 3.4. Denote by Ly, the Lipschitz constant for Vc. Then
1
e + ad)ll < (1= a)llell + allc + Vegdill + Eazde”dkHZ-
Proof. By convexity of || - || and Lipschitz continuity, we have

1
lle(x + ad)ll = |lcx + o / Vel + atdy) dide
0

1
+a / (Ve(xy + atdy) dy — Vel di)dr + a Vel di
0

1
<llck + Vel dy| + a/ (Ve(xy + atdy) dy — Vel dy)dr
0

1
<(1 — a)lleill + llcx + Vegdill + Ot/ IVe(xk + atd) — Vel lldilldT
0

1
<(1—a)llcell + allck + Vegdill + Eazde”dk”z- O

Lemma 3.5. Suppose that Vf, and V¢, are Lipschitz continuous on a bounded open convex set §2 containing all the iterates
generated by Algorithm 3, that {Hy} is bounded, and that the Algorithm 3 does not terminate at x;. Suppose also that t; satisfies
(14) and (15). Then there exists a positive scalar osz such that for any o € (0, a'[k], both (20) and (21) are satisfied.

Proof. First, we show that —(Vgj})'dy > 0.1f hy > 0, then by (14)
— Vg die = V(@) (sk + te) = o1h? > 0.

If hy = 0, then by the proof of Lemma 3.2, we also have —V(¢; )" dy > 0.
Using the Lipschitz continuity of Vf(x), we have, with a Lipschitz constant Ly, that for any step-size « € (0, o]**]

f () — (% + adi) — (—a Vi dy))|
<a sup  |IVF(x) — Villlidll

X Elxp, X +ady]

< oLy ldic]l?.
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Similarly, foranyi=1,...,n,
n ) n . ) n d(l)
—u Z Inx’ + Z In(x\” + ad) — pa Z %
- ° i X
i=1 i=1 k

(i)

0
—Inx + Z In(x) + wd?) — (’j.)
i=1

L 0N 2
o d o
s 2\ 0) sy
— T\ (1- r)mml(x, )2

Using the above two inequalities, we have

w
lor — 0" (X + adi) — (—a(Vep V)| < o | Lyp + ———————— | lldklI*.
(1-— T)mm,(xk ¥

This inequality implies

L — ) ||dkI?
9} — 90t + adi) — (—e(Vf V)| _ (df T z>mm(x<%z> Il (30)
s
—a (Ve ) di —(Vei ) d

Let
—(1 = p)(Ve ) dx

-k d 2
<df+ — f)mm(xw)z) el

Then it follows from (30) that

O<ot§o:£’1 =

o — ¢+ adi) — (—a(Vg)ddl _
~a(Ve T =

which yields (20).
Next, we consider (21). Using Lemma 3.4 and (15), we have

llc(xk + ady)ll
T T 1 2 2
=(1 = a)llekll + ellek + Ve vl + el Ve till + 7% Lac lldicl
<(1—a) max+(x||ck+vckvk|| (31)
1
+ air (™ = llew + Veguell) + EOtZLuzclldkll2
max max T 1 2 2
=hy™ — (1 — k7)™ = llee + Ve uell) + 7% Laclldill”.

Then, from (31), it follows that (21) is satisfied if

0ca<o? 2(1 — k) (M7 — o + VckTka).
-k Lac || dy 12

Summarizing all the arguments, both (20) and (21) are satisfied for any « € (0, (xlf<], where
o) = min{o !, o?). O (32)
Lemma 3.6. Suppose that Vf, and V¢ are Lipschitz continuous on a bounded open convex set 2 containing all the iterates
generated by Algorithm 3, that {H,} is bounded, and that the Algorithm 3 does not terminate at xy. Suppose also that t; satisfies

(16) but does not satisfy (14). Then there exists a positive constant a}j such that for any « € (0, (x,’}], the condition (22) is satisfied.

Proof. Since (14) does not hold and the algorithm does not terminate at x;, we have v, # 0, which implies h; > 0.



86 S. Qiu, Z. Chen / Journal of Computational and Applied Mathematics 334 (2018) 77-96
Using Lemma 3.4, (16) and convexity, we have
T 1 2 2
lle(xi + adi)ll < lick + aVedell + 5 Lacldill

= (1= p)llck + aVeidill + plice + aVeydill + %azLacndknz
< (1= p)(1 = a)llcll + ellce + Vg dill) + plice + a Ve dil
+ S@Licldl?
= (1= p)lcl — (1 = pallicell — llex + Ve dil))
+ plloe +aVelde| + %azde”dkHZ
< (1= p)lleell = (1 = plec(llcill = llce + Vegvill — Veg tel)
+ pllce + @Vl di]l + %azdendknz
< (1= p)lleell = (1 = p)(1 — k2 )er(llckll — llce + Vg vel)
+ plick +aVepdyll + %Olzdelldkll2
< (1= p)llcell + plice + Ve dil
— (1= p)(1 = k2)ellcll = llce + Vg vell) + %azdendknz.

Define

1— 1— §—1 2
0 ( eX L T;””Cf” v ) if V¢ is rank deficient,
o) = 1— 1 _dc k (33)
( i)( id |;€22)||Ck|| s if V¢ is of full rank.
dc |[Uk

Then by the above inequalities and Lemma 3.3, (22) is satisfied for all « € (0, a,’j]. O

Hence, we conclude the well-definedness of the algorithms.

Theorem 3.7. Suppose that Vfi, and V¢, are Lipschitz continuous on a bounded open convex set §2 containing all the iterates
generated by Algorithm 3, that {Hy} is bounded. Then both Algorithm 2 and Algorithm 3 are well-defined.

4. Global convergence analysis

Let
Ax) = {i | ¥ = 0}

be the set of active inequality constraints and A(x) = {1, 2, ..., n} \ A(x). Denote n, = | A(X)|, n; = |.A(x)|.
To establish the global convergence theories for Algorithm 3, we need the following standard assumptions.

Assumption 1. Let {x;} be the sequence of the iterates generated by algorithm 3.

(A1) There is a bounded open convex set §2 containing {x}.

(A2) The gradients Vf; and V¢ are Lipschitz continuous on 2.

(A3) The symmetric matrix Hy is uniformly bounded.

(A4) The linear independence constraint qualification is satisfied at any accumulation point X of {x;}.

(A5) At any accumulation point X of {x,}, H is positive definite on the tangent space of active constraints, i.e., there is a
positive scalar b > 0 such that

d"Hd > b||d|? (34)
foralld € {p| Vc®X)'p =0, and p) = 0, i € AR)}.

Assume that the algorithm does not terminate finitely. The following lemma shows the convexity of the quasi-
tangential subproblem near a limit point. This result is a modification of [28, Theorem 17.5] in the context of interior point
methods.
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Lemma 4.1. Suppose that Assumption 1 hold, and that X is an accumulated point of the iterate sequence {x,}. Then there exist a
neighborhood N of X and a positive scalar v, such that for all x; € N and v € (0, v], the symmetric matrix W, + %Vcch,f is
positive definite.

Proof. For simplicity, we abbreviate A(X) to A, and A(X) to A from now on. We denote with x;; the vector composed of

{xg) |ie A}, and xf( the vector composed of remaining components. If n, = 0 then this lemma reduces to [28, Theorem 17.5].
So we assume that n, > 0. Without loss of generality, we suppose that

X = (x, x%). (35)
Similarly, we define Vcf, Vc} etc. Let
Ve I
Ac=1(_ :
Ve, 0
Then, by continuity, there exists a neighbor A7 of X such that Ay has full column rank at all x, € A. For any d € R", we can
partition it into components in Null(AD and Range(Ay), and write

d=t+Aw (36)
with w € R™, Let us consider the lower bound of

d <Hk + Xy + %VC;{VC,—{) d. (37)
First, we consider d” Hyd. Using the decomposition (36), we have

d"Hid = (t + Acw) Hi(t + Agw) > tTHit + 2w ALHyt + w' AL HiAcw.
By Assumption 1, there are positive constants ay, a; and as, such that

tTHyt > aq|t]%,
wlALHt > —ay|wl It ],

w AL HAw > —as||wl?,
which yield
d"Hid = (t 4+ Aaw) Hil(t + Aaw) > ai||t]* — ax[[w| [It] — asllw]]*.
Then we consider the harder block
1
d’ <Ek + 7VCkVCl;r> d.
v
By the safeguard technique (24), we have
T 1 T T My, 1 T
d | Zk+-VaVe Jd>d | —X,“+ -VaVg ) d.
v Ko v
Define x; ™ = max;c A{xg)} and use the partition (35), we have that
1
d’ <£Xk’2 + fVcch,f> d
v

KU
_ogr (07 1 (Ve(Veh)"  Vei(Vel)
- P (X2 +; vel(veay! g NT
o k a(Ve)  ValVe)

bdT (Ia a,max\2 vl 2) + VCE(VCI?)T VCE(VC}()T d
,max —

v (") (%) Ve(Velh'  vel(Vel)T

wir [ (VR +1° VeV 0

bvd | T I INT + a,maxy2 ¢y [\—2 d
Vel(Vel) Vei(Vel) (% )7 (X)

0
= b‘;dT <AI<A1€ + < (Xa,max)z(X’l)—2>> d
k k

b d"AALd,

v

v
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where b/ = min {W, %} Using (36) and the continuity, there exists a positive constant a, > 0 such that
ok
d"AALd = wTALAA AW > ajllw]|®.

To sum up these arguments, we get a lower bound of (37)

T 1 T
d [ Hy+ Xy + y Ve Ve, d

2 2 2 2
= ay[lt]” = 2azllwlllitll — asllwl” + azby [wl

ap 2 a?
2 2 2
> (IIfII - *||w||> + (a4b’f — a3z — *) llwll”.
aq a

Hence, the symmetric matrix H, + X} + %Vcch,f is positive definite provided that we choose v be a small positive
constant such that

2
(azmin{'u 1}_a3_a2>>0
4 a,maxyy ’ —
Ko (X 2 v a;

and choose v € (0, v]. O

A key point for establishing global convergence results of interior point method is to show that, for a given barrier
parameter u, the sequence of iterate {x,} is componentwise bounded away from 0. In [35, Theorem 3], Wachter and Biegler
pointed out that, under reasonable assumptions, this is true for the primal iterate sequence {x;} generated by Newton-
Lagrange methods for barrier problem. Here, we present the similar result in the context of our algorithm and give a more
detailed proof, which follows the basic ideas of Wachter and Biegler’s proof and uses the classical perturbation theory for
linear system [36].

Lemma 4.2. Under Assumption 1, suppose that X is an accumulation point of {x.}. Then there is a neighborhood N of X such that
dP > 0 forany x, € N andi € A.

Proof. If n, = 0, then all the constraints x) > 0 are inactive, in other words, are bounded away from 0. Hence, we can
assume without loss of generality that n, > 1. Define 3=05 min{x" | i € A}. Then there is a neighborhood A such that
xg) >3 forallx, € N andi € A

By Assumption 1, there is a (smaller) neighborhood A’ of ¥ such that Ay has full rank and Hy is positive definite on the null
space ofA[ in the sense of (34) for any x, € A'. Then from the definition of vy, we have

Ck + VCkTvk =0. (38)

By Lemma 4.1 and Step 1 of Algorithm 2, H, + vchch,f will be positive definite with vy, = max{min{v,_q, hy}, v} for
sufficiently large k, which indicates that ¢, = 0. It follows from (26) that

1
(He + X 'Z) di + Ve (U—Vc[ u) = —Vfi + uX;e. (39)
k

By (15) and (16), the sequence {Vc,f ty} is bounded. From (18), (38) and (39), we obtain the following linear system

He+X.'Ze Ve\ ( d, Vi — uX, e
T A == _ T . (40)
Ve, 0 k+1 Ck — Ve ty

Partition (40) with respect to (35), we have

HE+X0™'Ze HE Ve [ 4
H He+ X072 Ve | | d
V()" V()" 0 At

VFE — u(Xg) e
=—| Vi — )"
Ck — VCthk
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The rest of the proof follows the ideas of Wachter and Biegler but with some necessary modifications and more details.
Rewrite the linear system (41) by scaling the first rows and columns by X}

XCHEXS +X0Z8  XCHE XVl -

Hix? H'+ ) 'zl vl d,
(Ve x? (V)" 0 A1 @)
X Vi — ne
=— | Vi —uxp e |,
Ck — VC,{tk

where d? = (X{)~"dg. For convenience, we write the coefficient matrix of this linear system into
Wi Wp
Wa Wy )®

Wiy = XCHOXS + X028, Wiy = (XCH XEVey)

W — Hlaxg W — H'+ (X)) 'z} vl
21 = a\Tya | ° 22 = INT '
(Vck) Xk (VC,() 0

By assumption (A4), the matrix
velx) I°
vel®) 0
has full rank, from which it follows that Vc!(%) has full rank. Then there is a (smaller) neighborhood A of X such that VC,’< has

full rank. For any d' in Null((Vc,’()T), the vector d = (0, d') lies in Null(Vc,f). Thus, from assumption (A5), we get
(di)"Hydj, = d"Hyd > b|d||* = bl|d'|I%,

where

i.e., H! is positive definite in Null((Vc})"). Then W, is nonsingular in A”. By Assumption 1and using x, > de and (24), their
is a positive constant My, such that ||W2_21 | < My. By eliminating d} and A1 in (42), we obtain

(W1 — W12W2721 Wzl)aﬁ = —(XJVfI — pe — WiaW,'gy), (43)
where
o= <ka’ - u(xwe) _
Ck — VC,Zl'k

Using x§< > Je, there is Mg > 0 such that ||gx]| < M, forall x, € N. Consider the linear system
X(Zidi = pe. (44)
System (43) can be viewed as a perturbed system for (44) with the coefficient matrix perturbed by
Gk = XPHP X! — Wi Wy, Wa,
and the right hand side by
re = —(X{ VL — WiaWa,'gp).
By perturbation theory for linear system, see, for instance, [36], we have

Idi —dilleo _  x(X{Z{) (ncknoo 7l oo
[ ’

Ja -4 _ azay_lGklloo aza
lldlloo 1— k(X2 e \IXiZelloo m

where « (X{Z?) refers to the condition number of X;/Z/, provided that
IXEZE) oo I Gilloo < 1.

Using (24), we have that
® (i) (i)

<Xz, <Kzu
Ky
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fori € A, which implies that

I _
= IX¢ZENloo < kst IXEZE) Moo < K5/ 114 (46)
X

and that the solution c_i;i of (44) satisfies

1 .
— <d <«ky, Vie A (47)
Kx

Denote
8, = max{xx) i€ A}
From Assumption 1 and using x;{ > Ee, there are positive constants My, M1y, Maq, Mg and M, such that

Gkl < I1X¢ lloo IHE lloo + W2 lloo W3 oo [ Wat [l
< My, + MiaMywMa: 87,
and
ITklloe < Myrd, + M1zMw M6,
From (46) and noting that §,, — 0 as x, — %, there is a (smaller) neighborhood N of X such that

lGlloo

1
xezes = 1~ N2 Gl = 5.

1— k(X0Z0)—n2 > 5

It also follows from (46) that x(X{Z]) < Ké. Having all these facts in mind, the right hand side of the inequality (45) tends
to 0 as x; approaching . It follows that, for any i € A,
dy) =dy — [d) — 1 > d) — |1df — dfl
=dy) — [1df — di ol

oM K(X(Z) ( Gkl ”rk”oo)KZ
- Xz e \IXiZille — n
. K(XKZy) ( llGrlloo ”rk”oo>K
- P
ko 1wzl pabee \IXZllo 1
1
—-— >0,
Ky

where (45), (47) are used. Therefore, by shrinking A7 if necessary, we have E;i > 0forall x, € A7, which yields dy > 0because
dy = XPdy. O

Theorem 4.3. Under Assumption 1, there is a positive constant € > 0, such that x > €e for any index k.

Proof. By Lemma 4.2, for any accumulation point X of {x,}, there is a neighborhood A of it, such that d(') > 0,i € Aforall
X € N. By compactness, there are finite number of such neighborhoods, denotmg by M1, ..., Ny, of dlfferent accumulation
points X;, .. ., X5, whose union covers all the accumulation points. Define 8 =05 mlnrﬁ,) li¢ AX)Lp=1,...,q.Then
xg) > &, forany i ¢ A(X,) and x; € N,. Denote Ns = Upzl./\/p. Then there are only finite iterates which are not covered by
Ns. Let

¢:=(1—1)min{ min 5,, min xfj)}

p=1,....q X ENs,i=1,...,
Suppose, without loss of generality, that X, > €e. Assume that x, > €e. Let us consider X, 1. If x; & N, then the lemma is
trivially true. Now we consider the case where x; € Ns. Note that x('ﬂ) < xgj) occurs only if i is not active constraints. Then,
if i belongs to some A(X;),[ = 1,2, ..., p, then xk“) > x“) >¢. Otherw1se,
N> —on’>(1—7) min §,>2. O
p* ..... q

From Assumption 1, Theorem 4.3 and (24), it is easy to conclude the boundedness of search direction {d}. From now on,

we denote with M, the upper bound of {||di||}. The boundedness of the Lagrange multipliers {A;} follows from (18).
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The remainder of this section gives global convergence results. We shall use the following two index sets
Kn = {k S < g™}, K = {k | B} = inhy™ ),

which contain h-iterations. First, we consider the case where K, is infinite.
Lemma 4.4. Suppose that |Ky| = 4+o00. Then limy_, ohy = 0.

Proof. Without loss of generality, we assume that V¢, has full rank for all k > 0. Suppose that k € C;. By the updating rule
of h¥ (25), we have
he® — ¥ = min{(1 — kp)h™, (1 — icn)(hie — hig)} = min{(1 — &p)hy, (1 — i) pahi],
where Lemma 3.1, (10), (16) and (22) are used. Since o, > 0.50:,’}, where o:,’} given by (33), the previous inequalities give
(1 —kn)(1 = Kk2)(1 — p)phy
2LgM? '

where the upper bound of {||d||} is used. From the non-increasing property of the sequence {h;**} (see Lemma 3.1) and the
above inequality, it follows that

max max H
ko — e = min {(1 — «p)hy,

lim h = 0. (48)
kekp

Consider the cardinal number of K. If | K| = oo, then it is a direct consequence of the definition of K that limy, oI =
0. Otherwise, there is an index k; > 0 such that

heft = kel + (1 — ki < i
for all k > k; and k € Kp. Then we have by this inequality and (48) that

lim b = 0.
kekp k+1

Using non-increasing property of {h;’#*}, we have lim;_,..h™®* = 0, which implies, by Lemma 3.1, that limy_,,chy = 0. O
Lemma 4.5. Suppose that |Kp| = +oo. Then limye, ty = 0.

Proof. Since, t; solves (12) and does not satisfy (14), we have that for all k € Ky,
1 s 1~ 1 ;
=billtkll* < =t | Wk + =V Ve, + &l ) te
2 2 v
< —(Ver )Vt — (Wiw) 8
= —(Vo Vdi + (Ve ) vk — (Wiw) i
< o1h? 4+ (Ve ) v — (Wieo) .

Note that by Theorem 4.3 and (28), the sets {V(p,’f}, {Wk} and {t;} are bounded. Then it follows from Lemma 4.4 and the above
inequalities that limyex, ty = 0. O

Next, we consider the case where Ky, is a finite set.
Lemma 4.6. Suppose that |Kp| < +o00. Then limy_, 1 ochy = 0.

Proof. Finiteness of the set K, implies, using the updating rule of h***, that there is an index k, > 0 such that for all k > k;,
X, is an f-iterate, i.e., the inequality (14) holds. Then following the acceptance rules for f-steps and (14), we have

O — Py = porohy?. (49)

Without loss of generality, we still assume that V¢, has full rank for all k > 0. By Lemma 3.5, we have o > O.Safk, where o/k
is given in (32). Noting that ¢, + Vcyv, = 0 and the algorithm does not update h;"** for k > ks, (49) yields

k
1 . (1= p)o1hy? (1 = kq)(h™)
O — P = 5 Po1min - k i 0
(Ldf + —(H)EQ)Md acMg

for all k > k;, where Theorem 4.3, (14) and the upper bound of {||dk||} are used. Note that Theorem 4.3 ensures the
boundedness of {(p;: } and the acceptance criteria for f-steps imply the non-increasing property for {{(p,’(’“}},ekz. It follows
from (50) that limy_, .ochy = 0. O

e (50)
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Lemma 4.7. Suppose that |Kp| < +o00. Then limy_, 4 ooty = 0.
Proof. By similar arguments as the proof of Lemma 4.6, we have

—(1=p)X Vi de (1—k1)(hig™)
’ 2
(Ldf + ﬁ) Mﬁ LacMj

1 .
Pk — Per = —5pmin (Ve )V d,

for all k > k,. It follows that limy_, o ||(V(p;: )'d,|| = 0, where the non-increasing property and lower boundedness of {(p;:
are used. By Lemma 4.6, we have limy_., [|(Ve}, ) t|| = 0. Therefore, by (13) and (27), we have limy_. ooty = 0. O

Lemma 4.8. Suppose that Assumption 1 hold, that there is an index set K C {0, 1, 2, ...} such that
limh, =0, lim || =0,
ke ke

and that X is an accumulation point of {x; | k € K}. Then X is a KKT point for (2).

Proof. Without loss of generality, we assume that limyccxy = X. By Theorem 4.3,X" > 0foralli € {1,2,...,n}. By the
rule of updating vy, Assumption 1 and Lemma 4.1, the matrix Wy + %Vcch,f is positive definite for sufficiently large k € K,
which implies ¢, = 0. From (18) and (26), it follows that, for sufficiently large k € K,

Mept = —(Ve[ Va) Ve Vel + Wil + ).
Note that the sequence
{Ak+1 | k € K and is sufficiently large}
is convergent. Denote by 7 its limit. Then by taking limit on (26) with respect to k € K, we get
Vo'(X) 4+ V@) = 0.
This, combined with the fact that
h(x) = limh, =0,
shows that X is a KKT point for (2). O

To sum up Lemmas 4.4-4.7, we get our global convergence theorem.

Theorem 4.9. Under Assumption 1, suppose that Algorithm 3 does not terminate finitely.

(i) If 1Kp| = oo, then any accumulation point of {Xi}rex, is a KKT point for (2).
(ii) If |KCp| < oo, then any accumulation point of {x,} is a KKT point for (2).

Theorem 4.9 indicates that the inner loop of Algorithm 1, i.e., Step 2 will terminate finitely under Assumption 1. Hence,
by the mechanism of the algorithm, we get the global convergence of the whole algorithm.

Theorem 4.10. Under Assumption 1, if Algorithm 1 does not terminate finitely, then at least one of the accumulation points of
the iterate sequence is a KKT point for problem (1).

5. Applications

In this section, we solve some degenerate problems for test purpose. We choose those problems rather than non-
degenerate ones because we note that the term %VCVCT can improve the regularity of the subproblem. These problems
do not satisfy MFCQ because of not having strict interior region. Hence, the set of dual variables near the solution set is
unbounded, which may causes serious numerical problems in practice. Our test shows that our method still works on these
problems.

However, we should point out that we aim to show the probable applications of this method to degenerate problems. We
do not modify the algorithmic framework before application. To get better numerical performance, the special structure of
the degenerate problems should be carefully considered, which is beyond the scope that this paper discusses.

The first problem is a bilevel programming problem which goes back to [37]:

min X2 — 2x; + X3 —2x, +y2 +y3

st.0<x <2,
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where y = (y1, y2) solves problem
min (x; — y1)* + (2 — y2)*
E(x) s.t.0.25—(x; —1)? >0,
0.25 — (x, — 1> > 0.

Problem E(x) has a point of nondifferentiability at the optimal solution (x},x;) = (0.5, 0.5). This problem was used
in [38,39] for test purpose. In the MacMPEC test suite [40], this problem is formulated into a mathematical programming
with equilibrium constraints (MPEC):

min X2 — 2x; + X3 — 2%, + 2 +y3
s.t.2y1 —2x1 +2(y1 — 1)l =0,
2y2 = 2% +2(y2 — 1) =0,
0<025—(y; — 1721l >0,
0<0.25—(y, — 1)*LL >0,
0<x<2.

To apply our method, we write (51) into the form (2) by introduce slack variables, which reads
min X3 — 2x; + X3 — 2x, + Y2 +y3
s.t.2y1 —2x1+2(y1 — 1)1 =0,
2y, — 2%y +2(y; — 1), =0,

025 —(y; — 1% —z; =0,
025 —(y, — 1% -2, =0,
ZTl =0,

0<x<2 Il,z>0.

The second problem is a Stackelberg leader follower game studied by Henderson and Quandt [41] and was tested by
[38,39,42]. It is stated as

max 7y = x1F(x1 4+ x2) — Cy(x1)
X1=

s.t. max mp, = XoF(x1 + x2) — Ca(xa),

x>0
where 1 denotes the profit of the leader, 7, denotes the profit of the follower,
F(x1 4+ x) = 100 — 0.5(x1 + x3)
is the invested demand function and
Ci(x1) = 5x%1, Go(xp) = 0.5%3

give the total costs of the leader and the follower, respectively. This problem can be written into a MPEC by using the KKT
conditions of the lower-level programming:

min — Xx1F(x; + x2) + Cy(x1)
s.t. 0.5x; 4+ 2x, — 100 —y = 0,
0 < x; <200,
0<x,ly=>0.
We reformulated this MPEC into the standard form of nonlinear programming
min — x1F(x1 4+ x2) 4+ Ci(x4)
s.t. 0.5x7; 4+ 2x, — 100 —y = 0,
Xy =0,
0 <x; <200, x5,y > 0.
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Table 1

The results for the tested problems.
Prob. Init nf ngf nc ngc f*
1 X0 =0,y0=¢ 21 14 9 14 —1.0000
2 X0 =0,y = 5e 21 21 18 21 —3.2677
3 Xo = 5e,y0 = 10 18 17 10 17 3.2077
4 Xo = 5e,y0 = 10 29 23 15 23 3.4494
5 Xo = 5e,y0 =10 25 21 15 21 4.6034
6 Xo = 5e,y0 = 10 24 21 11 21 6.5927

The following four problems are taken from [43]. The original problems are bilevel programming which share a same
lower level programming. Since the lower programming is convex, they are reformulated into optimizations with variational
inequality constraints [42,43] and into MPECs by Leyffer [40] in MacMPEC suite. In MacMPEC the constraints of these four
problems are

0<(140.2y)x; — (34 1.333y) — 0.333x3 + 2x1x4 L x; > 0,
0<(14+0.1y)x, —y+x3 4+ 2x2x4 1L x, > 0,

0<0.333%x; —x,+1—0.1y L x3 >0,
0<9+01y—x2—x5 Lx4>0.

The objective functions are different, which are, in turn,
1 2 2
fi= 5((X1 = 3) + (x2 — 4));
fr= (%1 =3V + (xs — 4 + (x5 — 1)°);

fs = (1 =30 + (xa — 4)° 4+ 10x3);

N =N =

and

i = (06 =37 + 00 — 4P + 05— 12+ 0 — 17 +7)

We also reformulate these problems into the standard form (2) in which the constraints read

(14 0.2y)x1 — (3 + 1.333y) — 0.333x3 + 2x1x4 — y1 = 0,
(14+0.1y)x2 —y +x3 + 2%2X4 L X —y2 =0,

0.333x1 —x,+1—0.1y L x3 —y3 =0,

9401y — x4 —x Lxg—y, =0,

x'y=0,x>0,y>0.

Our algorithm was implemented in Matlab and run on a Dell Inspiron 14-7437 personal computer with Intel Core i5 CPU,
1.60 GHz and a 6 G RAM. For all the tests, the algorithm is terminated if

Eo(X, &, 1) < 107°.
The following parameter setting is used:
Mo =2, Tmin = 107>, k, = 0.25, 6, = 2, k, = 10%,
ke = 10,9 = 1073, kx, = 0.25, M, = 100, vpip = 10718,
K1 = 0.01, k3 = 0.01, atmin = 107>, Tyyin = 0.95, Kk, = 0.5,
0y =2,01 =0.01, 05 =2; p = 1072, k, = 0.5, &y = 0.25.
We use exact Hessian during this test. When an inner loop is finished with an approximate solution, the barrier parameter
is updated via the following rule
i+t = minfi, o, %},

and 7 is updated as 71 = max{Tmin, 1 — ®j41}.

The results are listed in Table 1. In this table, nf, nc, ngf and ngc refer to the times of evaluating objective function,
constraints and their gradients, respectively. The optimal value of objective function are reported in column f*. The column
Init. gives the starting point. The symbol e denotes a vector of all ones with proper dimension.



S. Qiu, Z. Chen / Journal of Computational and Applied Mathematics 334 (2018) 77-96 95
6. Discussion

In this paper, we present a new interior point algorithm for nonlinear programming. This method uses Byrd-Omojokun’s
step decomposition idea, and are characterized by employing quasi-tangential subproblem. The idea of the quasi-tangential
subproblem is to penalized the null space constraint to the objective function. Global convergence of this algorithm has been
studied and test on a set of small test problems were done.

As we have shown in the paper, under reasonable assumptions, this algorithm compute trial steps by solving two
unconstrained optimizations, which are easy to solve. However, penalizing null space constraints results a quadratic item as

1
d"(H + —=VeveT)d.
v

The symmetric matrix H + %VchT is more regular than H, but is always denser, which may lead to more expensive
computation when dealing with large scale problems. In order to maintain the sparsity of the large scale problems, the
quasi-tangential subproblem (12) can be formulated to an augmented sparse linear system. Using the first order necessary
condition of (12), we get

_ 1 _
Wit + —Va Vet = =V — Wi,
Vi

where W, = Wk + ¢ l.Letn = v—lchkT t and by simple induction, we have the following linear system

Wk Vi t _ V(p,’f—l—WkUk
(v S) ()=~ (5"). 52

By selecting proper parameter ¢, the coefficient matrix of (52) is quasi-definite [44], hence it can be effectively factorized.
System (52) is symmetric and sparse, and hence can be efficiently solved by large scale sparse linear system solver. The
augmented formulation (52) also indicate the connection of our algorithm with the regularized interior point methods
(RIPM) (see, for instance, [45,46] etc.) and stabilized SQP (sSQP) methods (see [47-49] etc.). Given the considerable researches
on RIPM and sSQP, there are lots of further work left to do, such as algorithm for large scale problems, convergence properties
under degenerate assumptions, etc.
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