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1. Introduction

In recent years, important progress has been made in the numerical methods for the solution of fixed or moving interface
problems. Reviews of some finite difference methods for interface problems are given in [1,2]. For interface problems the
convergence theory of the numerical methods is difficult; we refer the readers to [3,1,2] for some discussions. The techniques
that have been developed to obtain convergence rate estimates depend closely on the nature of the equations and interface
conditions. In the present paper we investigate the convergence of difference schemes for hyperbolic equations coupling on
a multicomponent domain with nonlocal interface conditions on parts of the boundary of the components.

Weak solutions and numerical methods for 1D and 2D nonlocal transmission parabolic problems have been studied in
[4-7]. Basic physical models consist of thermoelastic contact of two bodies (rods, beams, discs, etc. see [8-11,4,6]) that
is very common and important in industrial applications. One approach for the investigation of the existence, uniqueness
and continuous dependence of solutions upon data as well as numerical solutions of the equations is for the difficulties
associated with this physical problem to be overcome via a transform of the mathematical problem to nonlocal nonlinear
parabolic systems [8-10,6]. In papers of the present authors a direct approach was developed [12,13,3,14,15].

In the present paper we use the same approach to the problem consisting of two hyperbolic equations on disjoint
rectangles. The corresponding one-dimensional problem was studied in [13]. In this case the physical setting consists of
two thin rods, each of which is clamped at one end but which may contact at their free ends. It was assumed a non-perfect
contact between the rods and as a result non-local internal boundary (conjugation) conditions are imposed, see [16,13]. The
two-dimensional problem has a similar interpretation. In particular, non-local conjugation conditions (3)-(4) are linearized
radiation type conditions [17]. Further applications and theoretical results are obtained in [18].
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The layout of the paper is as follows. In the next section the mathematical formulation of the problem is introduced,
namely the hyperbolic initial boundary value problem (IBVP) (1)-(7). In Section 3 we briefly expose the properties of IBVP
(1)-(7) and give some a priori estimates for its weak solution. In Section 4 we introduce meshes, finite-difference operators
and discrete Sobolev-like norms. In Section 5 we define the explicit finite difference scheme (FDS) approximating IBVP
(1)-(7) and investigate its properties. A convergence rate estimate is obtained. In Section 6 we define a factorized FDS and
investigate its properties and convergence.

2. Formulation of the problem

As a model example, we consider the following initial-boundary-value problem (IBVP): Find functions u;(x, y, t) and
Uy (x, y, t) that satisfy the system of hyperbolic equations

0 e 2 = 2 (g 2 ey =it

— = — (P& —) - — (& y)—) +rx YU = filx

312 9x DP1(x,y ax 3y q1(X,y 3y 1X, Y)ur =h1X, Y, 1), (1)
(*,¥) € &1 = (a1,b1) x (c,d), t >0,

32u2 0 81,[2 d 8”2

FT 5(172(?(, J/)a) - @(CD(X, J’)E) + X, yu; =f(x, 1), )

(x,y) € §25 = (az,by) x (c,d), t >0,

where —o00 < a; < by < a; < b, < 400, the internal conjugation conditions of non-local Robin-Dirichlet type

ou d / ’ ’
P (b1,y)7;(b1,y, t) + a1 Yui(by,y, t) = / By, Y)ua(az, y', t)dy', (3)
C
3u2 d ’ ’ /
—P2(02,Y)a(az,y, ) +ar(uz(az, y, t) = | B,y ur(by, ¥y, t)dy, ye(c,d),t>0, (4)
C
the simplest external Dirichlet boundary conditions
ui(ar,y,t) =0, ye(,d; ui(x,c,t) =ui(x,d, t) =0, xe€(a,by), (5)
uy(by,y,t) =0, ye(cd); Up(x, ¢, t) =up(x,d, t) =0, x € (az,by),
and the initial conditions
u(x,y,0) = d1(x,y), ) € £2y; U(x,y,0) = ¢a(x,y), (x,¥) € £2,, (6)
8u1 auZ
W(x,y, 0) =v1(x,y), ) €2 W(x,y, 0) =va(x,y), (xy) € 2. (7)
Throughout the paper we assume that the input data satisfy the usual regularity and ellipticity conditions
pix,¥), qi(x,y) € Lo($2)),  1mi(x,y) € Lp($2), p>1,i=12, (8)
0 < pio < pix,y) < pin, 0<qio<qxy) <qn, aeingy, i=1,2 9)
and
a; € Loo(c, d), Bi € Lo ((c,d) x (c,d)), i=1,2. (10)

In real physical problems (see [17]) we also often have
o > 0, Bi>0, i=1,2.
By C, ¢; and G we denote positive constants, independent of the solution of the IBVP and the mesh-sizes. C can take
different values in the different formulas.

3. Weak solutions and a priori estimates

We introduce the product space
L=1(£21) x Lr(£22) = {u = (u1, up)|u; € L(2)},

endowed with the inner product and the associated norm

1/2
(U, V). = (U, V)02 + Uz V)02, Nl = @, u),’?,

where

(Wi, Vi)y(p) = / uvidxdy, i=1,2.

1
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We also define the spaces
H* = {u = (uy, up)Ju; € H*(2)}, k=1,2,...

endowed with the inner products and norms

1/2
(U, V)ge = (U1, V)yk(g,) + U2, V2)prgy),  Ullge = (U, U)H/k )

where

kL J du; v,
1 1 .
uj, vj 5 = —_— T , i=1,2,k=1,2,...
(u U:)Hk(ﬂl) ;;(axlay;# 8X18y1*1>L2(9,-)

In particular, we set
Hy = {u= (u,u) eH'lyy=00n 13, i=1,2},

where It = 9821 \ {(b1, y)ly € (¢, d)} and I3 = 962, \ {(a2, )y € (¢, D}.

Let H™! = (H,)* be the dual space for H]. The spaces Hj, L and H™' form a Gelfand triple H) C L € H™'([19]), with
continuous and dense embeddings.

With u = (uq, up) and v = (vq, v,) we define the bilinear form:

ouy dv duq dv ouy dv du, v
a(u,v) = / (Pl*1 - -thf1 - +T1U1U1>dXd}’+/ (szz = -thz =4 rzuzvz)dxdy
2 dx 0x ay ady 2, dx 0x ay dy

d d
+ / o1 ()t (br. ) vy (b, y)dly + / 03 ()22, y)va (a2, y)dy

d pd d pd
—/ / /310/,y/)uz(az,y’)vl(bl,y)dydy'.—/ / B2y, y)ui (b1, y)va(az, y)dydy'. (11)
c c c Cc
The following assertion holds true (see [14]):

Lemma 1. Under the conditions (8) and (10) the bilinear form a, defined by (11), is bounded on H' x H'. If besides it the conditions
(9) are fulfilled, this form satisfies the Gdrding’s inequality on H(}, i.e. there exist positive constants m and « such that

2 2 1
a(u, u) + «llull; = mflully,,  YueH,.

If the condition
By, Y) = B0V, y) = BB, Y) (12)
is satisfied, the bilinear form a is symmetric and generates a selfadjoint linear operator A : H(} — H~1 by the formula
(Au,v); = a(u,v), Vv €H,.

Let I be the identity operator. From Lemma 1 follows that operator Ag = A + «l is positive definite. The corresponding energy
norm ||ulla, = (Aou, u)z/2 is equivalent to ||ul|y1 for u € H(}.
Let us consider additional assumptions on input data:

oi(y) >0 ae.in(c,d), i=1,2, (13)
B,y = Y0 (14)
ri(x,y) >0 aein2;, i=1,2. (15)

Lemma 2. Under the conditions (8)-(10) and (12)-(15) the bilinear form a, defined by (11), is symmetricon H! x H' and coercive
on Hy, i.e. there exists a positive constant co such that

2 1
a(u, u) = collully,, Yu € Hy.

Proof. The first assertion is obvious while the second follows from Lemma 1 and inequalities

/ riutdxdy >0, i=1,2
21
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and
d d d d
[ ey + [ oy -2 [ [ peyubn .y
c c c c

ax (')
d—c

d pd
:/ f [aliyzu%(b“y)_zﬂ(yvy,)uﬂbuy)uz(az,y’)+

y u3(az, y’)]dydy/ >0. O

In a standard manner (see [20]) we define the spaces L,((0, T), V), p > 1, of functions u(t) mapping the real interval
(0, T) into a Hilbert space V, endowed with the norm

T 1/p
lull,co.myv) = </ ||U(f)||€df> ,
0

with the standard modification for p = oo. We also define Sobolev spaces of vector-valued functions H*((0, T), V), endowed
with the inner product

T k
W, V)yko,m,vy) = / Z(UU)(U, v (6)ydt, k=0,1,2,...
0

j=0
In particular, L, ((0, T), V) = H°((0, T), V).
The weak form of (1)-(5) is:
(u”('v t)v U)L + a(u(" t)v U) = (f(’ t)v U)L7 Vv € H(}! (16)

where we denoted (-)’ = 9/dt, or, in operator form:
v +Au=f inH . (17)

We define the weak solution of IBVP (1)—(7) fort € (0, T) as a function u € L,((0, T), H(}) NH'((0, T), L), equal to ¢ for
t =0and

T T
/ [_(u/('v t)v U/(‘, t))L + a(u('a t), U(W t))]dt = (w’ 'U(', 0))1. + / (f(v t)v U(', t))]_dt,
0 0

Yv € L((0, T), Hy) NH'((0,T),L), v=0fort =T. (18)

The problem (16) fits in the general theory of hyperbolic differential operators in Hilbert spaces (see [19]). Applying
Theorem 29.1 from [19] to (16) we obtain the following assertion:

Theorem 1. Let the assumptions (8)-(10) and (12) hold and suppose that ¢ = (¢1, ¢2) € H(}, v =Wn,Y)eLlf=0,5) €
L,((0,T), L). Then for 0 < T < o0 the IBVP (1)—(7) has a unique weak solution u € L,((0, T), H(}) N H((0,T), L), and it
depends continuously on f, ¢ and . The solution satisfies the a priori estimate

ou |
Il o.rmmy + Hat = e (1813, + 112 + U100 )

Loo((0,T),L)

Here C(T) = C1e%2T is a computable constant depending on T.
Under stronger assumptions a more precise a priori estimate can be derived.

Theorem 2. Let the assumptions (8)-(10) and (12)-(15) hold and let ¢ = (¢p1, ¢2) € HL, v = (Y1, ¥2) € L f = (fi, o) €
L1((0, T), L). Then the solution of the IBVP (1)—(7) satisfies the a priori estimate

au?

2
”u”l-oo((O,T),Hl) + H E

< (1912, + 11 + 112, o0 ) (19)

Lo ((0.T).L)

Proof. Let {w' | i € N} be a basis for H(}. We seek an approximate solution of the IBVP (1)-(7) in the form

u" = "ol (Hw

j=1
which satisfies the conditions

((um)//v wi)l_ + a(um5 wi) = (f? wi)Lv te (Oa T)5 i= 17 27 cee,

um = ¢m, (um)/ = wm, t = 07 (20)
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where
=Zg#wf—>¢ in Hy, Z Jw — ¢ inL.

=1

Problem (20) reduces to a system of linear ODEs for the coefficients afn (t):

m

Z[(wf, wf>L<a,f;1(t>>” +a, o ®] = (0. W, i=12m,

j:l . .

ol (0) = &L, (0,)© =mn,, i=1,2,...,m
The matrix of coefficients multiplying second derivatives is positive definite, while the right hand sides belong to L; (0, T).
Therefore the system of ODEs has a unique solution (a,}?(t), an%(t), co o (D).

Multiplying Eq. (20) with (o,;)’ and summing fromi = 1toi = m we obtain

d ou™ m m ou™

a5 + a@" ¢, 0,u"(, 0) ) =2(f¢.0, == (,0) .

dt at L

Integrating this equality from 0 tot,0 <t < T, we find

ou™
ot

Using Lemma 2 and exploiting the convergence of ¢™ and ™, we obtain

? m m my 2 m m ' ’ ou™ ’ ’
A0 0) = W+ gm 42 [ (. S 0) a

m
H( O +collu™C 012 < I¥™I7 +calle™ 1% + 20l o.r.n) o
’-oo((OT) L)
u
< ¥l +allgllz + & + 2017, . + o
Loo((0,T),L)

and taking the supremum over t € (0, T):

oum ||?

+ || —
at

”u ”Loc((o T), Hl)

= (Il + 1V 1E + & + W o )

Loo((0,T),L)

Hence the sequence u™ contains a subsequence which converges weakly-* in Lo ((0, T), H') while its time derivative
converges weakly-* in Lo, ((0, T), L). Its limit u satisfies a priori estimate (19).

Let us show that u is the weak solution of the IBVP (1)-(7) in the sense of (18). Let {v* | k € N} be a basis of the
space H}(0, T) = {w € H'(0, T) | w(T) = 0}. Multiplying (20) with @*(t), integrating over (0, T) and performing partial
integration, we obtain

T T
/ [—(@™) ¢, 0, V¢, )+ a@™ -, £), v(-, 0)]de = @™, v(-, 0), + / (0, v(, ),
0 0

where denoted v(-, t) = WX (t)w'. Letting m — oo we conclude that function u satisfies (19) for v(-, t) = @w*(t)w'. But the
set of such v is dense in the space V = {v € [,((0, T), H)) NH'((0,T),L) | v =0fort = T}.

Uniqueness of the weak solution follows immediately from (19). It is enough to show thatu = 0if ¢ = 0, ¢ = 0 and
f = 0.Forafixedt € [0, T] the function

t
/ /
(e s) = —/S u(,s)ds, 0<s<t
0, t<s<T

has sufficient regularity to be inserted in (19). This yields

/ [_(U, u), + a(v, U)],ds =0
0

and
lu-, O + a(v(:, 0), v(-, 0)) =0
whereby ||u(-, t)]|y =0andu=0. O
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A priori estimate in L, norm holds under weaker assumptions on input data:

Theorem 3. Let the assumptions (8)-(10) and (12) hold and suppose that ¢ € L W € H™', f € L,((0,T), H™"). Then the
solution of the IBVP (1)-(7) satisfies the a priori estimate

du ||?

2 2 2
= O R 2 T —

2
Il o.my.0 + H
Loo((0,T),H™T)

Proof. Let us define an approximate solution u™ of the IBVP (1)-(7) in the same way as in the proof of Theorem 2. Since
f € L,((0, T), H™1) the right-hand sides in (20) belong to L, (0, T) and its solution exists. We introduce the function

V" = Z r,’:n(t)wj

=
such that
a(™, w') = a@™, w) + k", W) = W" W), i=12,...,m

The least condition reduces to a system of linear equations for r#(t) with a positive definite matrix, so v™ is well defined.
From definition of v™ follows

@™, u™ = @™, u™), and ap(@™, V") = @™, v™);.

Further

u™,
@™, v"™), < sup W 9
per) N9l

o™ Iy
whereby
m .m 1 my 2
Q" V") < — "
From (20) follows
(@™, @M+ a@™, ™) = k@", "))+, @)1
Integrating this equality over (0, t) C (0, T) we find
ao (™)', 6), @M ¢ 0) + U ¢ DN = ao(@™)'(, 0), ™)' (-, 0))
t t
FIC O 42 [ (169 M o) ds+ 26 [ (16,9 M 9) .
0 0

After obvious majorations we get
T
ao(W™)' ¢, ), ™', 0) + "¢ Ol < a(nl//”“n,L + ™7 + f ||f(~,s)||,2,4ds>
0

t
+C / (@™ Co5) ™Y (.5 + ™, 9 ) ds
0
and result follows applying the Gronwall lemma (see e.g. [19]) and passing to the limit whenm — co. O

Theorem 4. Let the assumptions of Theorem 3 hold and let f = g’ = 9g/dt, g € L,((0,T), L) N Loo((0, T), H™1). Then the
solution of the IBVP (1)-(7) satisfies the a priori estimate

lullf oy < C(T)(||<i>||f + 1y — g, 02 + IIgIIfZ((o_T),L))
Proof. Let us define u™ and v™ in the same way as in the proof of Theorem 3. Analogously we define the functions
gn=> yw and g"=>"FOw
j=1 j=1

such that

@™ wh = (g w), i=12,..,m,
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and
@™ w) =@E"w), i=12....m
From (20) follows
(@™ —g™', @) =g"), + a", ™) = a@",g") + k", ") —g").
Integrating this equality over (0, t) C (0, T) we find
(™)', ) =&" (0, W) () =&, 0) + UG O = a0 (™)', 00 = ™, 0), ™)' (-, 0) — g (-, 0))
+ ", 012 + 2 fot(u'"c, $),8"(,s)),ds + 2« /Ot(u'“(-, $), WM (,5) —§"(,5)),ds
and, after obvious majoration
Qo (™)' () = 8", 0, ™' 0 = E"C ) + "G Ol

T
=G <|IW" —g"C 0l + lle™ 17 +/O IIgm(-,S)IIde)

t
+6 f (@™ €15 = 8.9, 0™ ¢, 9) = 87 5) + 4", 9 ) ds.
0
The result follows applying the Gronwall lemma and passing to the limit. O

Remark 1. If more regularity of the data and appropriate compatibility conditions at t = 0 are assumed, one obtains
more regular solutions (see [19] for details). For the influence of corner singularities and the corresponding compatibility
conditions ensuring the existence of a smooth solution we refer readers to [21].

4. Meshes, finite differences and discrete norms

Let w; p, be a uniform mesh in [a;, b;] with the step-size h; = (b; — a;)/n;, i = 1, 2. We denote w;, = @i N (a;, by),
Wi p, = Wiy U {a;}, wifhi = wj; U {b;}. Analogously we define a uniform mesh wy in [c, d] with the step-size k = (d — ¢) /n3
and its submeshes wy = wr N (c, d), w, = wU{c}, a),jL := wy U {d}. Finally, we introduce a uniform mesh @, in [0, T] with
the step-size 7 = T/nand set w, := &, N (0, T), w; = w,; U{0}, 0 := w, U {T}. We will consider vector-functions of the
form v = (vy, v2) where v; is a mesh function defined on @;; X @y or on w;p; X Wy X @, i = 1, 2. We define difference
quotients in the usual way (see [2]):

vix +h, y, t) —vi(x,y, t)

vix(x, ¥y, 0) = o =viz(xX+hi, y, t),
1
vilx,y +k, t) —vi(x,y, t
vy(xy. ) = SV ,1 WY D xy kD),
vix,y,t + 1) —vi(x,y, t
Vie(X,y, 1) = iGy r) iy )zvf,z(x,y,t+t).

We shall use the following notational conventions:

1
v=uy 0, Uiy 0= J[uky 0+ uky t+D] = viky t+ ).

We define the Steklov averaging operators

x+h;/2
Tix.y.0) = h—/ FXoy O, x € i=1.2,
1 Xy_+hi<§22 1 preen
Tfix,y, t) = f/ fix,y,0dy,  Tfikx,y,t) = f/ filx,y, tHhdt'.
k y—k/2 T Jt—1/2

For x = by, x = a, and t = 0 we need the following asymmetric averaging operators

2 by ay+hy/2
T, fi(b1,y.t) = f/ i,y 0dx,  Tih(a,yt) = f/ LK.y, Hdx,
hy b17h1/2 hy Ja,

t+7/2
T{Fﬁ(xv Y, 0) = ;\/. ff(x5 Y, t/)dt/
0
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With the notational conventions i; = h;, X € wip, i = 1,2, iy(by) = hy/2, iy(az) = hy/2, we introduce the discrete
inner products and the associated norms

Wowy, =k Y > vtk Y Y vunha, olly, = (v.v),%

XEQ)T,h] yewy xewy Yewy
1/2
@ wi, =hik Y Y viwi+hok Y Y wpws, vy, = ,v),,
x€w+h YEwy xew+h YEwy
1/2
v, w), =k Z Z viwg by kY Z vawy iz, ol = (v, ),
Xewlh yewk xewz hy yewk

We also define the following discrete norms

12 v, w
)/ and ||v||H 1= sup @, w,

,
weHh ||w||H1

2 2 2
Il = (Iosl?, + oyl + o1,

where Hh o is the space of mesh functions v = (v, v2) suchthatv; = 0on I7N (w, B X wk) i = 1, 2. For the mesh functions
of one variable v(y) = (v1(y), v2(¥)) defined on w, we set

1/2
W, Wi =k Y @wi +vwa), [l = @, )0,

Yewg

Finally, we introduce the discrete counterparts of norms L, ((0, T), V) and L, ((0, T), V):

1/2
2
vl @ viy) = (T E v, f)||vh> o vl @e vy = max lvC, Oy,
tewr

tewr

where &, = w,, &;, ®; or w} and V, is some of the previously defined spaces.

5. Explicit finite difference scheme and its convergence
In this and subsequent sections we shall assume that the solution u; and input data are sufficiently smooth, such that its
values and values of its derivatives appearing in formulas are well defined. We also assume that
hy < hy, <xk=T. (21)
We approximate the IBVP (1)-(7) and (12) with the following explicit FDS:

Vg — (P1v10)x — (C_hvl,y)y + v :fh X€win, Y Ewt€w, (22)
(61,304 o [Br(br vrs(B1.3. 0+ @by 0 =k Y O ey 0]
=

— (@1v17)y(b1, ¥, ) + F1 (b1, Y)vi(b1,y, ) = fi(b1,y,0), Yy €y, t € wy, (23)
Vot — (Pav20)x — (Qav2j)y +T2va =fo, X € wopy, ¥ € 0k, t € @, (24)
(02,3, = o [0+ B 0@, 1) — (0223 0+ k Y B0 by )

=

— (Gav2,5)y (A2, ¥, t) + T2(a2, V)02 (G2, ¥, t) = fo(a2, ¥, £), ¥ € wy, t € oy, (25)
U](a]7y7t):O7 Uz(b27y7t)207 yewka tea)lﬂ
U1 (Xa c, t) = Oa U1 (X, da t) = 07 X € (Z)'l,hla te (2)17 (26)
UZ(Xa c, t) :O5 Uz(x, d; t) :09 Xea)2$h25 t E(Z)-[,
vi(x,y,0) = ¢i(X,y), X€wh,yEwm, i=1,2, (27)

0x ay

X e wi,hi’ yeaw, i=1,2, (28)

20, 3¢y 9
Vi, ¥, 7)) = ¢, ¥) + ti(X, ¥) + — [a (p ¢)+ay(q d)) ri(x, V)i + fix, y,O)]

where

_ 1 _
pi(x,y) = =[pix,y) + pi(x — hi, )], rix,y) =rix,¥),
2 (29)

1 _
qix,y) = E[qi(x, VH+axy -], fix,y,t) =filx,y, 0).



B.S. Jovanovic, L.G. Vulkov / Journal of Computational and Applied Mathematics 235 (2010) 519-534 527

Eqgs. (22)-(25) can be written in compact form

Vi +Apv = f (30)
where, as usual, v = (v1, v2),f = (fi. o) and Ay = (Ap,1v, Ap2v) is the following difference operator

Apiv = —(Pivi)x — (Qiviy)y +Tivi, X € wip;, Y € wy,

Apqv = hZ I:f)lvl.)? +oajv; —k Z BW,Y)va(az, y', f)] — (qv1y)y +1v1, Xx=by, y € ay,

1 y ewy

27_ _ _
Apav = —h*[Pz(az + hy, Y)vax — vy + k Z BW,y)vi(b1, Y, t)] — (Quua5)y + V2, X =0z, Yy € wy.
2 7
=
Operator Ay is selfadjoint on Hj) ;:
(Apv, w)y, = ap(v, w) = (Pvy, we)r, + (quy, wy)r,, + (Fv, W)y,

+k Z[al(.y)vl(bl»Y)wl(blaY) + a2 ()2 (a2, Y)w2 (a2, y) |

Yewg

=13 B Y [vi b, wa(az, ¥) + wilbr, Y)va(az, ¥)] = (v, Ayw)y,.

Yewk y' ewy
The discrete analog of Lemma 1 holds.

Lemma 3. The bilinear form ay, is bounded on H,} X H,}. If piand q;, i = 1, 2, are positive this form satisfies Gdrding’s inequality
on H,}_’O, i.e. there exist positive constants m and « such that

2 2 1
@ (v, v) + kllvlly, = mllvily,. Vv € Hy,.
n

FDS (22)-(28) is computationally efficient. It follows from the general theory of difference schemes, [22], that the FDS
(22)-(28) is stable under condition
7 < c3min{hy, hy, k}, (31)

where c3 is a computable constant depending on the maximums of p;, q;, |ri|, |i| and | B|. In this case, the following discrete analog
of Theorems 1, 3 and 4 holds.

Theorem 5. Let the input data p;, Gj, Ti, f;, o; and B be well defined mesh functions and let p;(x,y) > pp > 0 and g;(x, y) >
Gio > 0. Let also the condition (31) be satisfied. Then the solution of FDS (22)-(28) satisfies a priori estimates

—~112 2 -~ 2 2 112
FO g or ity F el oy = C(T)(II U0 Ol 4 flue - Oz, + ||f||L2<wf,Lh>)
and
—~112 2 o~ 2 2 £112
oI T IV ) = C(T)(” G, Ollg, + llve G O + ”f”Lz(wr,Hh_l))

Ifin (22)-(28) f = g; then

5 < (17O, + 10, 0) = EC 021 + I, O, + 18I, )

Loo(wr \Lp) — Ly (w7 ,Lp)

Let u = (uq, uy) be the solution of the IBVP (1)-(7) and (12) and v = (v1, v,) the solution of the FDS (22)-(29). Then the
error z = u — v satisfies the following FDS:

Zir + Az = o, (32)
zi(ay, y,t) =0, Z(by,y,t) =0, ye€w, t €y,
zi(x, ¢, t) =0,  z1(x,d,t) =0, X€ i, tEwy, (33)
kX, c,t)=0,  2Mxdt)=0 X€wnm, tE o,
z(x,y,0)=0, X€wj,yEw, i=12, (34)

Z(x,y, 1) = xix.Y), X€wj,yew, i=12, (35)
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where
o=(p1,9), @=&+nm+& i=12,
321,!,' T .
Ei=ui,f[_ﬁy X € Wiy, Y € wg, tew,, i=1,2,
d au; _ .
ni = ( i ) — (Ditig)x, XEWip, YE W, t €, i=1,2,
ox 0x

op; (8u1 >+ (E)p] ) N Pu; 2 <3u1 y )
= Ui u o (=t _
m ax 1,% ax — D1z )U1x T P1 sz ny \ox 1,%

—U B, Y )ua(az, ¥, )dy —kZ B,y )ua(az, ¥, r)} x=b,

Y ewy

_Op, (8112 ) (E)p ) Puy, 2 (E)uz )
n = ax \ox Uyy ) + 9 D2.x JU2,x + D2 e + I Uy x

|:f B,y ui(by,y, tH)dy — kZ,BO’ Yui(by,y, f):| X =ay,

Y €wy

9 ou; .
Gi= ( ) Gitiz)y, X € a)i,hi’ YEw, t€w, i=1,2,

azu, o
Xl 8t2 7 ’

From the Theorem 5 we immediately obtain the following a priori estimate for the errorz = u — v:

0):|dt//dt/, Xewifhi, yEwy, i=1,2.

. 1
12 oy + 12y = €O (g + 1 iy + 16Dzt + 0oty + 1€ o) (36)

Therefore, in order to determine the convergence rate of the FDS (22)-(29), it is enough to estimate the right-hand side
terms in the inequality (36).

The value of & in the node (x,y,t) € wjy X w; X w, is the bounded linear functional of u; € H*(e;), where
ei=x—hj,x+h)xy—k,y+k) x(t—rt,t+1)ands > 3.5, which vanishes on polynomials of degree <3. Using the
Bramble-Hilbert lemma [23,24] we obtain

|$i(X, Y, t)' = C(h)|ui|HS(6i)5 35<s < 45

where h = max{hy, hy, k, T} and C(h) = Ch*~>>. An analogous result holds for x = b; (and x = a,) with adequate
modification of e;. By summation over the mesh we obtain the estimate

IENL e < CH 2 lullusq), 3.5 <5 <4, (37)

whe.re !lu”[z-[S(Q) .= ||Ll1 ||iS(Q1) + ||u2||12-15(Q;)v Q=2 x (0‘» T), i=1,2.
Similarly, using procedure proposed in [25] one obtains:

1Z 1y e .1 < Ch*% max gillgs—12p ltllms@), 3.5 <s <4, (38)
i 1

2 1/2
(Z h Y kY Ty nf) < O™ max Ipillus-1op lullre). 35 <5 <4, (39)
i=1

XEwp; YEW,  tEwr
and
Ixllg < Ch*llullis). s > 3.5. (40)
Let us denote

z _ TxTyXIs X € W1,ny )»\(4 — TxTyXZa X € wan,y,
YT hxa, x=by, 2T e, x=a.

Then, in the same manner as above, we obtain
lx =Xy, < CPP|lullps, s> 3.5
and
1/2 2 2 172
~ s
170 = G2 (11 By w0 + 2B ay00y) 25 <553
From the last formula using inequality (see [26])

gl 0,6 < Ce'?)gllur 01y, 0<e<1,05<0 <1 (41)
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we obtain
1%L, < Ch?lullys, s> 3.5,

whereby follows

XN, <Chllullys, s> 3.5. (42)

For x = b; we decompose term 7, in the following way:

N1 = N1 + N2 + N3 + N1a,  Where

8131 (8u1 )
= —\— —U1x),
= Tx Uax — 1%

op1
N = (7 - P1,2)U1;<,
0x

82111 2 (8u1 )
= —_— J— J— u - s
N13 = P1 9x2 ny \ox 1,%

2 d
e = (k > B0 a0 - [ py .. r)dy’).

hl V' €wy
Term 717 can be estimated directly

1/2
(hleranl(b1,x,t>) < AP |p1llgs—r (g It sy s > 3.5. (43)

YEwy tEwr

Using the Bramble-Hilbert lemma and inequality (41), for j = 2, 3, we obtain

1/2
(mean@-(b],x,r)) < C*21Ip1 llgs 1@ It lsapys 5 > 3.5 (44)

YEwg tewr

Applying an error estimate for the trapezoidal quadrature formula, we get

1/2
(mean%Ab],x,t)) < 2Bl (.0 12l S > 3.5. (45)

YyeEwy tewr
From (39), (43)-(45) and analogous estimates of 17, (a, -) we obtain
171 Ly (e ) = Ch3/2(miax IPillas—1¢2) + 1Bllks=1(c.a2) llas, s> 3.5. (46)
Finally, from (36)-(38), (40), (42) and (46) one obtains the next assertion.

Theorem 6. Let u € H*(Q),s > 3.5, p;, g € H*1(2), 11 € H2(2)), i € H¥ (¢, d),i = 1,2, B € H'((c, d)?), and
let the assumptions (9) and (31) hold. Then the solution v of FDS (22)-(29) converges to the solution u of IBVP (1)-(7) and the
following convergence rate estimate holds:

o 3/2
18 = 9l gy + T = el iy = CH72 (maX Bl gy + maX Naillisrcey) + 1Ble.a) + 1)
x |[ullps@), s> 3.5. (47)
Let us now estimate the convergence of FDS in discrete L, norm. In this case it is sufficient to assume that u € H*(Q) for

s < 3. Consequently, coefficients r;, right hand sides f; and initial data 1; may be discontinuous functions. Therefore, we set
in (22)-(25)

_ 1
(% y) = S y) + Pilx—hi Y], x €Wy, v € o,
_ 1
qi(x,y) = E[Qi(X, V+axy =K, xecwp, y <o,

_ 1 h h

Gy = [ql(bl,y) +qi(br.y — k) +qi (b1 - Zl,y) +a <b1 — 5= kﬂ :
_ 1 h, h, (48)
G2(az,y) = 1 q2(az,y) + qz2(az,y — k) +q2 | a2 + ?»Y +q\a+ ?,y -k,

=TT, X€Ewp, yEw,

f'l(bluy) = TxiTyr1(b‘lsy)a FZ(aZSy) = T:»Tyrz(a27y)a

j:i =TT, Tf, xe€ Wihi, Y € Wk, T € 0,

fib1,y,0) = T, T, Tefi(b1,y, t),  folaa, y, t) = T, Ty Tifalaz, y, t),
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and replace (28) with
v(-, 1) = ¢+T1/f+ [f+( 0) — Ang], (49)
where
Vi=TLLYi, X€win, y € wk,_
Yi(b1,y) =T, Tyvr1(b1,y), Va(az,y) = T Tyva(az, y),
[T x.y.0) = LT, T fi(x,y.0), x€ ity Y € 0
f] (b17y7 0) - T T, T+f1(bl’y7 0) fz ((12 Y, 0) = T+T T+f2(a27y7 0)
Let u = (uq, uy) be the solution of the IBVP (1)-(7) and (12) and v = (v1, v;) the solution of the FDS (22)-(27), (48) and
(49). Then the error z = u — v satisfies FDS (32)-(35) where:
v = gi,f + ix + Ei,y + Wi, XEwip, YyEw, tE€Ew,, i=1,2,
~ 2 N -
o1 =&+ h*(—fh +v)+ &yt 1, X=bi, yew, t €w,,
1
2
=&+ (flz(x+h2,)+vz)+§2y+,u2, X=0y, Yy €y, t € wy,
. A
§i=Ui,r—TxTy¥(',f+5), XEwip, YEW, t €w,, i=1,2,
= 0wy T h] ouq
B KLY A WL TCL) S,
Sr=te =Tl o o)) !
Ey =1 — TJT, 8u2< t+T)+h2(T 8u2) X=a
2T T e U)Wy e T
8” hi _ + .
ni = TyTt(pt ox ) X — 57‘ — billix, XE€ W, Y€, tew, i=1,2,
ou; k _ " .
§1—Tfo(Qz ) Yy—= — Qilliy, X € Wi, YE W, t €wy, i1=1,2,
ay 2’
&= TT aul ‘u-+h1‘(T8ul> x=h
t Q1 " 5 qily qi\ 1t ox )y =Dy,
_ h 3112
O=T Tt Q27 — Qalzy — Q2(T ),, X =ay,
0x /y
MHi = (TXTyrl)ul TXTyT[(rlul)7 X € Wip, ¥ €Wy, tE wr, i=1,2,
_ _ hy ou
= (I Tyru = T Te(ruy) = 20T (G152 ). x = by,
+ + h2 + 8”2
M2 = (Tx Tyrz)uz —T, TyTt(rZUZ) + Z(Tx Tyrz)(TyTt§)7 X =0y,
d
vi = aquy(by, ) — T, T (g1 (b, ) +/ TyB(y. Y)Tiuz(az, y', t)dy'
(o
kY BOLY s t)—l— (T 8”‘) [ (Ta”‘)] ST, )(773”1) cawn te
— uy(a — r — , wy, Wy,
= YZZY Yoax Ju q1 taxyy x 1yl ytax o y k T
o

d
vy = apliz(az, -) — TyTt(O[ZUZ(aZs ‘)) +/ T8, Y)Teui(by, y', t)dy' — k Z B, Y ui(b1, ¥y, t)
Cc

v ewy
_h (T 3112) [ (T8u2>] +(T+Tr)(TTau2> Cap t €
- . _ ) Wi, W,
9x q2 taxj/y x 1yl2 ytax y k T
(az,-)
- T2, ~ )
Xi=T§i+?(77:rx+§$+Mfr)’ XE€wip, YyEw, t=0,i=1,2,
: T2 oy +
=tk + 5[ =i D+t ] x=buyeas =0,
1
~ TZ 2 ~ 4 + S+ +
Xz:T52+?[h*2(772(X+h2,')+v2)+§2,y+/42], X=0ay, y€aw, t=0,
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0= T+<p, %ul) (x— % ) —Pilliz, X€wf,,yew, t=0,i=1,2,
gt = TXTt+<qiaa—L;) <-,y — ]25 ) —Qiliy, XE€wip, YE ,t=0,i=12,
ot = Tx_Tt+<q1%l;) (-,y - g ) —Qithy, Xx=b, yew, t=0,

&= T,fﬂ*(t]z%) (-,y - g ) —GQallyy, X=0, yE€wy, t=0,

wi = (LTyru — T, T (), X € wip, Y€y, t=0,i=1,2,
ni = (T Tyruy — T LT (), x=by, y € wy, t =0,
= (T Tyr)uy — TS, TN (u), x=az, y €y, t =0,

. . 2/ du
W= an®uibry.0) = LT (@ Mubr.y.0) + 71 (T,52) (b1.y.0)

d
+ / LAY, V)T, (@, y', 0)dy —k Y By, Y )ua(a2,y,0), ¥y € o,
c

Y €wy
. . R du,
V= @@y, = BT (@0ua.5.0) - 22 (5,52) @..0

d
4 [ BBOYT B 0y kY 0.1y 0 Y €
c y/ea)k
From the Theorem 5, under assumptions (21), we immediately obtain the following a priori estimate for the error
zZ=1u—v:

12 istor iy = Co7 (0¥ My 10 iy + 15y + 1 i)

+ G (18 iy o+ 1tz 0r ) + 18 Dzt + 1ot + 1V liztor.tz o )- (50)

Therefore, in order to determine the convergence rate of the FDS (22)-(27), (48) and (49) it is enough to estimate the
right-hand side terms in the inequality (50).

The value of é,» in the node (x,y,t) € wip X Wy X w; is a bounded linear functional of u; € H*(é;), where & =
(x—hi/2,x+h;/2) x (y —k/2,y +k/2) x (t,t + T) and s > 1.5, which vanishes on polynomials of degree <2. Using the
Bramble-Hilbert lemma [23,24] we obtain:

Eix.y. D] < B2 uilysy. 15 <5 <3,
where h = max{hy, hy, k, t}. A similar result holds for x = by:

[E1(br1,y. O] < Ch* 2P|y, 25 <5 <3,

where denoted é; = (by — h1/2,b1) x (y — k/2,y + k/2) x (t, t + 1), and for x = a,. Summation over the mesh yields

1l r iy < O Mullis, 25 <s < 3. (51)
Similarly one obtains:
1771l e ) < B! max [Ipillys-1ey lullw@, 2 <s =<3, (52)
12 |y ety < CH* max [|gilys—1(gp lullws@, 2.5 <s =3, (53)
and
Iy ey < CH*! max ITillgs—2 o lullms@), 2 <s < 3. (54)

We decompose term v, in the following way:

V1 = Vq1 + Vg + Vi3 + viga + vis,  where
vir = aqty (b, ) — T T (equ (by, ),

d
iy = f LAY, Y)Tua(az,y, )Y —k Y~ B,y )ua(az, ', 1),
c

Y ewy
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h2

8u1

1

:7T7> bs'v

v s(yax 7 b1 )
h%[_ <T8u1>](b )

Vv = —— _— .

14 3 a1 tax ly 1

h? ouq
s = (T Br, D (BT 5 by, ).

Using the Bramble-Hilbert lemma and the trace theorem for Sobolev spaces we obtain

12
(k Z T Z V121> < P Mleyg lgs—1c.a) 11 b1y s .y x0.1y)

Yyewy tewr

< Mol eapllutllmay, 2 <s<3. (55)
Analogously

1/2
<k Yoty vfz) < Ch M Bllys—1 (a2 lls@y, 2 <5 < 3. (56)

YEw, tEwr

Using boundary condition (3) we immediately obtain

1/2
<I<Zr2v%3> sChz(na]n,,sq(c,d)nu]||Hs<Ql)+||ﬂ||Hsfl<(c,d>z)||uz||Hs<Q2)), s>25 (57)

YEwi tewr

and
1/2
2 -1 13 ~
(k Yoty vH) < O (1Bt e o lsien + (101 lis-se ) + 1@ 1 e ) It e
Yyewy tewr
25 <s<3, (58)

where we denoted

=0, s<3, - a(y)
S(S){>O’ s=3, al(y)zpl(th’f

Term vy5 can be estimated directly, using the inequality (42):

1/2
(k Yoty v125> < Ml It sy, 2 <8 < 3. (59)

Yewy tewr

BY.y)

POy = by

Finally, from (55)-(59) and analogous estimates for v, ve obtain:
—1
IVl (e Ly () = ch® <miax “ai”HS*l(c,d) + ”:8||H5*1((c,d)2)
+ max leillgs—1(c,a) + max l Bill ys—1¢c.2) + max 1Gill ys—1+2 () + max ||Ti||Hs—2(rz,-)) lullgs@y, 2.5 <s <3.(60)

Terms 7, £, u* and v™ can be estimated analogously as 7, £, 4 and v:

71, < Ch max [|pills-1gy lullws Q). s = 2.5, (61)
1" Ny, < Ch max [|gillps-1gy lullws (@), s = 2.5, (62)
ety < Ch max [|rill ps-2(gy lullws Q). s = 2.5, (63)
||V+||L2(wk) =< Ch(miax ||01i||1-15—1(c,d) + ||ﬁ||H5—1((c,d)2))||U||HS(Q), s > 2.5. (64)

Finally, from (50)-(54) and (60)-(64) one obtains the next assertion.

Theorem 7. Let u € H%(Q), s > 2.5, p;i € HY (), ¢ € HTO(Q), ri € H2(2), ai, & € H'(c,d), B, Bi €
H"'((c, d)?),i =1, 2, and let the assumptions (9) and (31) hold. Then the solution v of FDS (22)-(27), (48) and (49) converges
to the solution u of IBVP (1)—(7) and the following convergence rate estimate holds:

I — vl < Ch° ullus), 2.5 <s<3. (65)

Here C is a computable constant depending on the norms of input data.
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Remark 2. Note that obtained convergence rate estimates (47) and (65) are not optimal. In the case of second-order
hyperbolic equations with input data from special anisotropic functional spaces such convergence rate estimates for finite
element and finite difference methods are obtained in [27,28]. In the present paper our goal was to obtain a simple
convergence rate estimate for the FDS approximating the IBVP in disjoint domains and we left the question of optimality
for future research.

6. Factorized finite difference scheme

Substituting in (30) Ayv with Ay [o v (-, t + 1) + (1 — 20)v(-, t) + o v (-, t — T)] one obtains a weighted FDS for the IBVP
(1)-(7). The weighted FDS is unconditionally stable for & > 1/4 (i.e. without the assumptions (31)) and also satisfies the
convergence rate estimates (47) and (65). Unfortunately, the weighted FDS is numerically inefficient, because on each time
level we need to solve an elliptic difference problem.

Let us now consider the following factorized finite difference scheme

Bhvge + Apv = f, (66)

where difference operator Aj and the right hand side f are same as in (30) while the difference operator By, is defined in the
following manner:

Byv = (Bp,1v1, By2v2),
Byivi = (I + 077Cni) (I + 077°Dh ),

ChiVi= —Viz, X E Wip, Y € wy,
2
Chiv1 = —viz, X=Dby, y € wy,
hy
Chovy = ——Vax, X=03, y € Wy
h,
Dhivi= —Viyy, XEW.,VEw
h,iVi = iyys ih> Y k-

In such a way, in expanded form FDS (66) reduces to

2 2 2 4 — _ _ —

Vi — 01T Vi — 1T V1 iy + 01 T Uiy — (P1v1.0)x — (Qivig)y +Tivi =fi, X€wip, Y €y, t € oy,

2021*
1

hq

20’172 2
Viie + —— Vi — 017 Vi igy —

27r_
h V1 erpy + *[PWL& +ov; — k Z BW. Y )va(az, y, ')]

hq

V' ewy
—(@iy)y+rHvi=fi, x=b;,yeaw, t € w.,
2 2 2_4 - - - z
Vait — 02T Uy e — 02T Vo ity + 05 T Vo eragy — (D2V2,0)x — (Q2V25)y +T2v2 =fo, X € wop, ¥ € wy, t € wy,
2 2(7221'4 27r_ / /
Vo fx — 02T Uy iy + T Y2y T - Pa(x + hy, Jvax — vy + k E BW,y)vi(b1,y', )
2 2

Y ey

20'2?2

Uit — —/
’ hz

—(Qv2y)y + 2 =f, X=a, ye€aw, t€w,

subject to initial and boundary conditions (26)-(28).

For sufficiently large o and o, from the general theory of difference schemes [22] follows that the FDS (66) is
unconditionally stable. This FDS is computationally efficient, because on each time level it can be resolved by two application
of the Thomas algorithm. In such a manner, factorized finite difference scheme combine the good properties of explicit and
weighted schemes.

Let the coefficients of FDS (66) be defined by (29). Then the error z = u — v satisfies an a priori estimate analogous to
(36):

1207y + 126l o )

1
< C(T)(||X||H,} + ;”X”Lh + 1@ty + 1l @t + 1S M@ty + ”p”Lz(wz,Lh))v (67)
where &, n, ¢ and x are as in the previous section and

2 2 2.4 .

Pi = —0iT Uj e — OiT Viiigy + 07 T Uifizgy, X € Wipyy Y €k, L € 0r, 1=1,2,
20172 ; 20774
P11 = o U g — 01T Ut fyy — T“],Erkyy: x=b;, yeaw, t € w,
1 1
20,77 ) 20774

P2 = ———F—Uyfx — 02T Uy Frjy + U gy, X =02, Y € W, t € r.

hz hZ
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Using the Bramble-Hilbert lemma and inequality (41) we easily obtain

2N @e iy < CH*2llullis)s s > 3.5. (68)

From (37),(38), (40),(42),(46),(67) and (68) we conclude that the factorized FDS (66) and (26)-(29) satisfies the convergence
rate estimate (47).
In the case when the coefficients of FDS (66) are defined by (48) the error z = u — v satisfies the a priori estimate

12 o = Cre (Il + 0y + 1y + 10 i)

+ Cz(||§||L2(w;,Lh) + 10l e 1) + 18 Iy et + 1011 @0 1)

F IVlliy e Ly + 1@, + ||V||L2(w,,L2(wk))>, (69)
where &, 7, 2, n%, ¢t, i, v, wt and vt are as in (50) and
0 = —0iT Ui iy + 07T Uiy, X € a),.,*hi, yew, t €ws, 1
Vi = —0iT Vi ays xe wffhi, yeow), t€w, e
Using the Bramble-Hilbert lemma we easily obtain
16111 (wr 1y)s 1011 < CB Hullisg), 1.5 <5 < 3. (70)

From (51)-(54), (60)-(64), (69) and (70) we conclude that the factorized FDS (66), (26)-(27), (48) and (49) satisfies the
convergence rate estimate (65).

For further reading
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