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1. Introduction

The nonlinear Schrédinger (NLS) equation is one of the most important equations of mathematical physics. It has
been used extensively in underwater acoustics, quantum mechanics, plasma physics, bimolecular dynamics, nonlinear
optics, electromagnetic wave propagation and design of optoelectronic devices. In this paper, we consider the following
initial-boundary value problem of NLS equation in two dimension:

3
ia—ltl—Au—Hulzu:O, X, y,t) € 2 % (0,T], (1.1)
u(x,y,0) = up(x,y), (x,y)€ £, (1.2)
uix,y,t)=0, (x,y)el’, 0=<t<T, (1.3)

where A = % + % is the Laplacian operator, £2 is [x;, x,] X [y, -], I' is the boundary of £2, u(x, y, t) is a complex
function, ug(x, y), is prescribed smooth complex function, and > = —1.

Computing the inner product of Eq. (1.1) with u and % and then taking the imaginary part and the real part,
respectively, the two conservative laws are obtained as follows

Q(t) = llul-, )l = lluoll = Q(0), (1.4)
1
E() = flu(-, Ol + 5 luC, OlIfs = E(0). (1.5)
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Zhang et al. found that the nonconservative schemes may easily show nonlinear blow-up when studying for NLS
equation, so they presented a conservative difference scheme in [1]. Moreover, extensive mathematical and numerical
studies have been carried out for the NLS equations in the literature [2-12]. In recent years, much attention has been paid
to the finite difference schemes and finite element methods for two-dimensional Schrédinger equations [2,10,13-21].

The two-grid method is presented and analyzed in the work of Xu [22,23] for Galerkin procedures applied to nonlinear
elliptic equations. It is a simple but effective algorithm that has been applied to many types of problems, such as nonlinear
parabolic equations [24-27], eigenvalue problems [28], incompressible miscible displacement problems [29-32], the
Schrédinger equations [10-12,20,21,33]. Jin et al. [10] successfully extended the two-grid finite element method to solve
coupled partial differential equations such as linear Schrédinger equation, where the equations on fine grid are decoupled,
so that the computational complexity of solving Schrodinger equation is comparable to solving two decoupled Poisson
equations on the same fine grid. Wu [11,12] constructed two-grid mixed finite element schemes for nonlinear Schrédinger
equations, where a linear and indefinite (the typical nature of mixed finite element) discretization systems are solved on
the fine grid. Numerical experiments using these schemes have been shown to be efficient, however, no rigorous error
analysis has been conducted. Recently, we [20] extended the two-grid approach given in [10] to time-dependent nonlinear
Schrédinger equation, the main idea of our algorithm is to solve a nonlinear coupled system in the very coarse grid and
then solve the decoupled linear system on the fine grid. The purpose of this paper is to make a further refinement in the
aforementioned process by solving one more linear equation on the coarse space. The additional correction step (which
needs very little extra work) improves the accuracy of the algorithm up to one order. It is shown, both theoretically
and numerically, that coarse grid can be coarser and the two-grid algorithm still achieves optimal approximation as long
as the mesh sizes satisfy H = O(h%). Under certain assumptions, the two-grid algorithm can retain the same order of
approximation accuracy as the Newton iterative algorithm and with improving the computational efficiency.

The remainder of this paper is organized as follows. We present the weak formulation of our model, in Section 2. In
Section 3, a simple analysis of the finite element solutions of the model is made. Our main algorithm and its convergence
analysis will be advocated in Section 4. In the last Section, numerical results will be discussed.

2. Weak formulation of the problem and preliminaries

Now, W™P(£2) denotes the complex Sobolev spaces on £2 with a norm || - ||, given by ||¢>||ﬁ1_p = Z\a|<m ||D”¢>||fp.
Set H™(2) = W™2(£2), || llm = Il - llm2s Il - lloo = || - llze @nd || - | = | - llo.2, and H;(§2) denotes the subspace of H'(£2)
consisting of functions with vanishing trace on 2. Throughout this paper C denotes a positive constant independent of
h, but may have different values at different places.

Let (-, -) be the inner product on [*(£2) = H%(£2) defined by

(u,v) = / u(x)o(x)dx, for u, v € [}(2),
2

and | - || denote the associated L?> norm.
For any complex-valued function v = vy + iv,, let

==

[Vllmp = lv1llh,, + lv2lih )P

vlim.co = lV1llm.ce + llV2]lmc0-

In this paper, we assume that u the solution of (1.1) is sufficiently smooth. Let 7, be a family of regularity finite element
partitions of £2. Let the corresponding finite element space My C H(}(.Q). We assume that My satisfies the following
approximation property: there exists an integer [ > 1 such that

zhignfz,,(”z — Znll 20y + Mz = Zulli (o) < Ch Yzl gy, for z € HT'(2) N Hy(£2). (2.1)

The weak solution of problem (1.1)-(1.3) is defined as follows: Find u € H& such that

., ou
(55 00+ (V. Vi) + (ul’u, x) = 0, for ¥ x € Hy. (22)
Let At = T/N and t" = nAt. Define
u — un—] 1 un—l + un
u" =u(., t"), du" = ——— and u: I-h T h
At 2

The full discrete procedure of (1.1)-(1.3) at t = t" is given by the finding of u}} such that up(x, 0) = ug.

1 12 1
i(0ul, x)+ (Vu, 2, V)4 (u, [ u, 2, x)=0, forV x €H,. (2.3)

Now, Similar to the proof of Proposition 3.1 in [9], we introduce an existence uniqueness lemma.
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Lemma 2.1. Suppose that ||u)]> <
conservative laws

Q" = lupll = lluy ' = --- = llujll. (2.4)

%, then, there exists a unique solution uj of the scheme (2.3) that satisfies the two

1 n+d 1 1
2 2 012 0 2
B = b + 5y 2 02 = - = N3+ 5 g 12 (25)

Lemma 2.2 (Gronwall’s Inequality [28]). Suppose that the discrete mesh function {w,,n = 1,2, ..., N}, NAt = T, satisfies
the inequality
n
wy <A+ Y BanAt, 0<nAt<T,
k=1
where A and B, (k =1, 2, ..., N) are nonnegative constants. Then,
lwnlloe < A Ther BeAt, (2.6)

where At is sufficiently small, such that At( mzax NBk) <

3. L? Error estimate of finite element method

In this section, we demonstrate the L” error estimate of the finite element solution for u variable. Now, we define the
elliptic projection operator Py, : H(} —> M; by

(V(Ppu —u), V) + APpu—u, x) =0, x € My. (3.1)

First, we derive a useful Lemma by using an elliptic problem.

Lemma 3.1. Suppose that P,u" is the elliptic projection at t = t™ with 1 < n < N defined in (3.1), then, for 2 < q < oo, we
have

[u" — Ppu™|lp < Cllullyisiph™. (32)

Proof. Define elliptic operator L as

" = -V - (Vu")+ ", (3.3)
and corresponding bilinear form
A", x) = (Vu", V) + (", x), (34)

where A is chosen to guarantee the coercivity of the bilinear form A(u, x) such that
A", u") = yllu|3,

where y is a positive constant. From the formulation (3.1), we know that P,u" is in fact the finite element solution of the
elliptic problem. In order to prove (3.2), we use a duality argument by considering the auxiliary problem:

Lo = sgn(u" — Puu™)|u™ — Py P, in £2, (3.5)
w=0, onds2. (3.6)
is uniquely solvable for w € [P and holds the following regularity:
lwllzg < ClliLwllg = Cllu" — Pyu" |5~ (3.7)
By using (3.1), Holder’s inequality, (2.1) and (3.7), we obtain
[u" — P[], = A(u" — Ppu", )
=A(" — Pu", 0 — Ihw)
< Cllu" = Patt" [ pllw — ol
< Chllu" — Pou" [l pll@ll2.4
< Chjju" — Pyut" |1 p[lu" — P[5,

where I, is an interpolation operator.
From Theorem 8.53 of [34] and the approximation property, we obtain

lu" = Pou"ll1p < inf [u" —ufllp < Ch'lullyistp.
YupeMp
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Moreover, we have
lu" — Ppu"|p < Chllu™ — Ppu"[l1p < Ch™ M luflyierp. O

Differentiation in time of (3.1) leads to the additional estimate

ou
18c(u — Py)llp < M(l|ullipr + ||§||Hz+1)hl“.

(3.8)

(3.9)

Now, we will obtain the L? error estimate and the H! error estimate between the elliptic projection solution and the

finite element solution.

Lemma 3.2. Suppose that P,u" is the elliptic projection at t = t" with 1 <n < m < N defined in (3.1)and uj, is the Galerkin

solution that satisfies Eq. (2.3), then, for 2 < q < oo, we have

IPa™ — || + hlIPpu™ — g < C(h™! + (AL)?).

Proof. Adding (3.1) and (2.2), and subtracting (2.3) at t = t"‘%, we obtain

1
_ou"2

1 2
i , _ un—] u®
ST x) — (U +u’|

8
(up +up™"), x),

D=

_1
— Bl x) + (VP2 —uy 2), V) = — APy 2 — u"

" +u" ) — Jup + uﬂ’1|2
Let p" = Pyu" — up, n = u — Pyu and choosing x = p"_%, then, we rewrite (3.11) as

1

) ou"" 2 u" _unfl 1 ) nn _ nnfl 1

=i( - P 2) =i, p" 7 2)
at At At

1
=3

+ AR, ") = (P ) = fluy 7), "),

n

(30", p"2) + (V" 2, Vo'~ 7)

where f(u) = |ul’u.
Taking the imaginary part, we obtain

L 2_A||tpn—1 )
For each term on the right-hand side of (3.13), we bound them as follows:
_1
(1. p"2)] =Re(a”;t ~ g, p" ) < cu%H;Wﬂ,ﬂ)(mf + 0" 22,
A E o I VNPl
sc%||%||fzm_wz) + 0" 2,

-1 1 a1 -1 _1 _1
|(F5, "~ 2) =ImA(n""2, p"2)] < [MlIn" "2 1% + [1p" 2| < CH**2 4 || p" 2 |2,

[N,

1 1.2 _ _1
(Fg, p"72))] =1m|—§(|u”_1+U”|2(U”+U”_1)—IUZ+UZ N+ up"), p"2)

2 5 a1 ) o
<(u ("3 ) [ 2 7, )
1 1 1 1 ]
<C(p" 2 + 0" D)+ [1p" 2 + 10" 21, p"2)
<C((1p" [ + h2H2),

where we make the induction hypothesis that

luplloe < C.

Then, from (3.13)-(3.17), we have
o™ = llo" I Pu 3, 1 .01,
T SC[”ﬁ”LZ([n—lytn’LZ)(At) + E”&”LZ([H—LHAJZ)

ol 1 e P )

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

and multiplying 2At on both sides of the above inequality and summing from n = 1 to m and noting that Ryug = ug, we

have

m
lp™|1* < CIR*2 + (At T+ CAt Y (1"

n=1

(3.20)
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According to Lemma 2.2, when At is small enough, it follows that
lp™ 117 < CIR**2 + (At)*). (321)

Note that (3.2) and (3.21) imply that the induction hypothesis (3.18) holds for small h, so that the entire argument is
validated.
Now, we shall analyze the H' error estimation between the elliptic projection solution and the finite element solution.
Choosing x = 9;p" and taking the real part for (3.11), then, we have
Vo™ I> = V" "2
2At
For each term on the right-hand side of (3.22), we bound them as follows:

= (N1 + N2 + N3 + N4, 3;p"). (3.22)

a_l

u
[(N1, 3 p™)| =Im( (At + ¢)|9: 0" 1%, (3.23)

— deu", 9p") < C” 363 ||L2 n—1¢n 12)

n—1 "

n"—n 1 on
|(N2, 3, p™)| =Im|( M) < CE IIEIIdt- 130" I
(3.24)
C*II IILz(tn 12y T EN9e0" 112,
|(N3, 3;0")| =Re|k(n”‘f, A" < ™2 1% + 0™ 212 < Ch?H2 + &) 3, "1, (3.25)

1 _ 2 _ 1.2 _
|(Na, 8¢p")| =Rel— = (Iu" L T B (T T B [T S T I TR T W o |

n—12, n-1 n—1 12 n—% 2 n—% .
<(u" 2| (" 2+ 0" 2)+ "2 —fuy *f Ju, 2, 00") (3.26)
_1 _1 _1 _1
<C(p" 2 + 0" 2)+[p" 2| + In"" 2], 3 p")
<C(R*"2 + (A" + ellaep"|17),
where we make the induction hypothesis that||u} ||«
V"> = V"I 9*u 1
2AL <C[|| 8t3 ||L2(t” 1¢n LZ ( ) + ZtH ot ”Lz(t” 1 ¢n L2) (327)
+ 4el|9ep"|1? + P 4 (A,

< C and (3.21). Then, from (3.22)-(3.26), we have

Choosing y = 9;p" and taking the imaginary part for (3.11), then, a similar estimate may be obtained for ||9;0"||.

3
”atpn” C[” ot 3 ”Lz(t” 1 o LZ (At) + E”E”Lz(t”’kt”ll) (328)
+ 4e)|9ep" |17 + 1P 4 (A,
Choosing y = p" for (3.1) at t = t", we have
0= (Vn", V") + A", p") < CUIVA" V"Il + In"lIo" 1)

(3.29)
< (P + (At)* + V" [1%).
Then, from (3.28)-(3.29), we have
IV |I> = V"I n 3, 1
Ar (1= s <cr e gt (AL + ol Wt on 2 (3.30)

+ V"> + W+ (At)"],

and multiplying 2At on both sides of the above inequality and summing from n = 1 to m and noting that R,uy = ug, and
assuming ¢ is small enough, we have

m
Vo™ < CIH* + (A0 1+ CAt ) VoI (331)

m=1

According to Lemma 2.2, when At is small enough, it follows that
IVo™I* < C[h* + (At)]. (3.32)
Moreover, we have

™13 = IVe™ I + 1o™17 < Ch* + (At)"]. O (3.33)
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4. Two-grid algorithm and error estimate

In this section, we will present the two-grid algorithm and analyze the convergence accuracy of schemes. The
fundamental ingredient in this scheme is another finite element space My(C M) (h < H < 1) defined on a coarser
quasi-uniform triangulation or rectangulation of £2. For n > 1, let in (2.3) Uy = V} +iW}, V', W}! € RMj, where RM,
denotes the space of the real-valued elements of M;. Now, we give the two-grid algorithm which based on one Newton
iteration on the fine grid and a further coarse grid correction. The two-grid algorithm mainly contains three steps as
follows.

Step1: On the coarse grid 75, we solve the following nonlinear coupling system for v}, wj; € RMy
no1 -1 -1, n-1
(Ovfy x) = —(Vwy 2, V)= ([(vy >V 4+ (wy *)wy *, x), forV x € RMy, (4.1)

1
n=3

_1 _1 _1
(@wh, x) = (Vo 2, V) + vy 2P+ (wyy 2 Plvy 2, %), for ¥ x € RMy, (4.2)

Step2: On the fine grid 7, we compute V}!, W;' € RM}, to satisfy the following linear decoupling system

(3eV3. @) = = 5 (VO + W), Vi) = (e + Vi~ Y + WYV = o). )
— S+ VR 3+ W I — wf), ) (43)
- é([(v,'; + VT (wiy + W N(wp + W), @), for ¥ ¢ € RMy,

(GeWf, 9) =5 (VO + Vi), V) + (ol + Wil + VW] — wl), )
+ %([(wf, + WP+ 300 + VTPV — o), ) (4.4)
g+ W+ G+ Vi PI0) + )6, for ¥ g € RM,

Step3: On the coarse grid 7y, we solve the following linear decoupling system for e}, ej; € RMy

((vf + Vi~ Y wpy + Wi ek, x)

1 _ o 1
(Ocefy, x)=— E(V(EZ +ey N, Vx)— 2

([ + V=12 + 3(w)y + Wi 1ef, x)

—_ 00| =

_ 3 _
— (Wi + WDV —op )% x) — g((w’ﬂ, + WEHWE — w2 x)

[c¢]

1
— — (v + VITOWE — wi) (Ve — v, x),  for ¥ x € RMy,

N

_ 1 1 _
(3, x) =5(V(er + el ), Vx)+ 7w+ W g + Vi el x)

+
| = 0| =

([wjy + W2 + 30 + Vi) 1ef, x)

+

_ 3 _
(Wl + Vi — v 2 0 + (i + DWE = wih), x)

+ (W + Wi W — wi (Vi — v x). for ¥ x € RMy,

B =

set

vy = Vi' + e}, € RMj,
wy = Wy + ej; € RMj,.
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For simplify, define K so that for g : R> — R, g(x,y) = (x* +y?)y, there holds
max|01g(x, y)| + max|d.g(x, y)| < K,

where we set 018 = g, 0,8 = g,.
From Lemmas 3.1, 3.2 and (3.8), we easily have the following result.

Lemma 4.1. Suppose that u" is the exact solution that satisfies Eq. (2.2) at t = t", and u}, = v}, +iwj; is the two-grid solution
that satisfies Egs. (4.1) and (4.2), and choosing Ryvg = v,g, Rywg = wg, respectively, then, for 1 < n < N, we have

" — |l + Hllu" — ufylly < C((At? + HT). (4.7)

Now, we start to analyze the error estimation of two-grid solution of step 2. In the following analysis, we have the
following result.

Theorem 4.1. Suppose that u" is the exact solution that satisfies Eq. (2.2) at t = t", and Uy = V' 4+ iW} is the two-grid
solution that satisfies Eqs. (4.3) and (4.4). If we select Ryug = U,?, At = o(H?), then, for 1 <n <m < N, we have

[u™ — UMl < C(RT + HP 2 + (At ). (4.8)
Proof. We use the elliptic projection as an intermediate variable to assist the proof. Adding (2.2) and (3.1), then, the

. . . _1 _1 . 1
equation can be rewritten as a system of two equations for v"~2 and w"~ 2, and subtracting (4.3) at t = t"~2 from the
first equation of the system, we obtain the following relationship.

"2 1 a1 . ;
(5 Vi @) = — (V(Pw" 2 =W, %), Vo) = AP 2 — w2, ¢)
— (g™ 3, W) —g(@yy %,y ?) o)
— S0y o v ) |
— Soagly oy 0wy — w0
where 1‘1;7% = "Z'J“;/'?_l, @:’*% - “’ﬂ%""ﬁ_]
Let §" = Ppo" — V!, ¢" = Phw" — WY, 7]?7% = "2 — P2, 17;7% — w"2 — Pyw""2, then we have
_1
(ats",sa>+(vc"—%,w)=—(8”a"t2 A" 9) — (Bl 0) + A0 2 )
- %(81g(17;_%, ﬁ),z_%)(v” -V
+ 8zg(ﬁ,’f%, w,'f%)(w” -Wh, e) (4.10)

+ @0 W — o + g, W — wh
T 20105800, w" — V" — wh). )
=(Q1 + Q2+ Q3+ Qi+ Qs, ),

. . ,_n=1 _p-1 1 1 1
where we use two order Taylor'expansion at a point (v:, 2, wz 2) for g(v" "2, w""2). Let ¢ = &" 2, then we have

1 RED) 1

(Q1, & 2)] < 1<||ﬁnfz(tn,lmz)(mf + 1€ 2%, (4.11)
1 K  on _1

(Q2, 6" 2) < A—t||¥||§z(tn_wz)+||$” 2|2, (4.12)
1 _1 1

(Qs, 6" 2) < Clim, 2112 + €™ 2%, (4.13)

Q. £ 4] < Clag(y 2.y T)W" — Vi) + dog(p 2. il 7 Y — W), 67 )]
< KO = V0 + " — W DIE™
< C(I0" = Pt + Py — VIl + " — Py + Pya™ — W) - €7
< CH2 1 (AF + I + 12" + 173 2),

(4.14)
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(Qs. 8" )] < Cl(aFg(v", w' )" — v + Bg(v", w)w" — w)?
+ 2010,8(v", w )" — v )w" — wf). £"2)
< CC" = o3+ w" — wi s + 16" 2 11) (415)
< CI" = Py + Pv™ = v 4+ [[w" = Py + Pyaw” — w1 + 1" )
< C(R**2 4 H2HA 1 (A + 572 |2),

where the proofs of Qq, Q,, Qs are similar to that of Lemma 3.2.
Then, from (4.10)-(4.15), we have

IE™I* — g™ -1 1 0m 5
7+(V§n zvvén ) C(” 8[_3 ||L2 th— 1t"L2)( t)3+7” 8t ||L2(t” 1t”L2)

—-

24t (4.16)
+ IEM + 1E™ P + " ]II + "I '
+ ”Cﬂ”Z + “§n—1”2 + h2’+2 +H_2H4l+4),
In an entirely analogous manner a similar estimate may be obtained for R,w" — W
1> =g _1 _1
At (VE"2,V¢"2) SC(” S ||,_2([n 1n, Lz)(A ) + 7” ||,_2(tn 1gn 12y
417
U IR 4 (4.17)
+ ”;.I’IHZ + ”;n—l”Z + h2’+2 +H_2H4’+4),
Adding (4.16) and (4.17), we obtain
flp (1> =l [ 9*u
— oAt - “'?”LZ n=1,¢n 12) (A ) + *” ||Lz =1, 12) (4.18)

+ P+ st 1||2 hz’“A H‘”*“)

where ||| = [IE"]] + IS"I.
Multiplying 2At on both sides of this inequality and summing from n = 1ton = m < N, we obtain the error inequality

m
™) <c((Aty* Zn 553 Wan1.on2 +Z|| o et 2
n=1

4 h2’+2 +H41+4)+AtZ”an”2 (419)

n=1

m
Sc(h21+2 +H41+4+(At)4)+AtZ||[Ln||2,

n=1

By using discrete Gronwall inequality, we have

lu™? < C(h?2 4+ H¥ 4 (At)h). (4.20)
Then, we have

™) < C(hHT + H22 4 (Ar)). (421)

From Lemma 3.1 and (4.21), the theorem can derive by using the triangle inequality. O

Remark 1. As in the argument of Lemma 3.2 and Theorem 4.1, we can also derive H' error estimate between the exact
solution and two-grid solution of step 2: [[u" — UP'||; < C(h' + H¥ + (At)?).

Now, we can prove the following main theorem.

Theorem 4.2. Suppose that u" is the exact solution that satisfies Eq. (2.2) at t = t", and Uy, = U +ily, is the two-grid solution
that satisfies Egs. (4.5) and (4.6). If we set Ryug = uh, At = o(H*), then, for 1 <n < m < N, we have

u™ — @M < C(RT! + H33 4 (At)?). (4.22)
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Proof. Adding (2.2) and (3.1), th1en, the equation can be rewritten as a system of two equations for v“‘% and w"‘%, and
subtracting (4.3),(4.5) at t = t"~2 from the first equation of the system, we get the following relationship.

8vn7% n—1 ~"*% n—1 n—1
( o — 80y, x)=—(V(Pow" 2 —w, *),Vx)—APaw" 2 —w""2, x)
’ 1 a1l 1
— (8", w"2) —g(by 2wy 2)— gDy .y 2 )T — vl)
1 11 1 ol (4.23)
= gy 7 by P ) — wi). X)+ SOFg(y T iy VY — )
1 1
+ 02g(y 2, Wy 2 W — wh)?
_ 1 _n-1
+ Zalazg(UH s Wy : )(V}? - vlr-ll)(wl? - wZL X)’
_1 n n—1 _1 wh n—1
where 3y 2 = B g7 = Wth ] 1
Let £" = Ppv" — o, ¢" = Ppw" — wy, nT? — "y th”_%, 17;77 — W'y — Prw™™ 2, then we have
1
n n—1 8vn7j n n n_%
(E", )+ (Ve 2, Vyx)=—( at = 30", x) — (0}, x)+Any 2, x)
—”*% n__ ~n R Lt YA T
- 5 31g(vH sy )" = Oy) + dg(vy 2wy 2w —wy), x)
1 1l
+ (078D 7, by D" = VIV = v+ (" = o))
1 a1
+ 03g(by 2.y 2)w" — WHIWL — wh) + (" — w)]
n—l a1 (4.24)
+ 28182g(17H 2wy D" = VH(w" — wg)
+ (w" = W) " = Vi) — (" = V(W™ = W1, x)
1
+ 48(313g(v w*)(W" — v + 03g(v*, w*)w" — wi)?
+ 307 00g(v", w*)(V" — v P(w" — wj})
+ 301058(v*, w*)(W" — vp)(w" — wi), x)
=My + My + M3 + M4 + M5 + Ms, x),
_1 a1
where we use t?ree order Taylor’expansion at a point (EZ z, 11),", 2) for g(v”‘%, w“‘%).
Let x = &£" 2, then we have
PEM
-1 _1
I Y g e ||Lz(tn 1 n (A7 187212,
_1 K on , _1
(M, £"72)| < E” ”LZ(tn 12yt le" : 112,
1
(M3, &""2)| < Cllnz B I+ I|r§""||
where the proofs of M1, M, M3 are similar to that of Theorem 4.1.
n—1 =3 _n—3.on s e B L AV |
[(Ms, §"72)] < Cl(1g(vy *, wy * Nvp — vy) + dag(vy °, wy *)w" —wy), §"2))
- - _1
< K(v" =gl + lw" — oy IDIE"2 |
< C(f[v" = Ppv" + Ppo" = Byl 4 [w" — Pyw" 4 Pow" — Wy l) - IIE”" Il
< C(h*™*? + (At) +||$ 1%+ g™ +|I~§"_7|I ).
l _n—s= _n—=
I(Ms, £"72)| < C|(812g(UH 2, wH : JW" = VIOV —vg) + (0" — v)]
_1 a1
+ 038Dy 2.y 2 )w" — WHIW — wh) + (w" — wp)]
) (4.25)

_1 _1
+ 20108(0y 7, Wy DI" = VIw" — wh)
o — W — o) — (" — VY w" — W], & E |2
=L+ +Is.
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Table 1
Error and CPU time of Newton iterative method.
H h o™ — Bl Rate  |v"—10|; Rate |[w"—}| Rate [w"—w®}l; Rate CPU time
11 6.0926e-1 1.7244 2.2697e—2 1.8530e—1 944 s
}1 617 9.6175e—4 2 2.1700e—1 1 3.5859¢—4 2 2.1515e—-2 1 81833 s
% ﬁ 1.5208e—5 2 2.7125e—1 1 5.4801e—6 2.6893e—3 1 343680.86 s
Table 2
Error and CPU time of two-grid method.
H h o™ — Bl Rate  [v"—9pll; Rate [w"—w} Rate [w"—w}; Rate CPU time
3§ 6.0926e—1 1.7244 2.2697e—2 1.8530e—1 7.98 s
1 &  96175e-4 2 2.1700e-1 1 3585%e—4 2 2.1515e-2 1 485.87 s
% % 1.5208e—5 2 2.7125e—1 1 54801e—-6 2 2.6893e—3 1 194060.54 s

Fig. 1. Real part of v t = 1.0e—2, h = 1/64, t = 1.0e — 4.

I1, I, I3, it follows from Lemma 4.1 and Theorem 4.1 that

(11, 6™ 2)] < C(IV" — B llaCllv™ — Tlla + 200" — villa)IE™ 2 1))
< CH—z(h4l+4 + H8H8 4 (ALP) + Hsn—% 112,

(T2, 6" 2)] < C(llw" — W llaCllw" — Wlla + 2[[w" — whlla)IE" 2 1)
< CH—z(h4l+4 + H8H8 4 (ALP) + ||§n_% 12,

(5. 6" 2)] < C(IV" — Vi llallw” — whilla + w" — W llallv" — vjlla
+ 0" = VP llallw” — W IE™ 2
< CH2(h*+* 4+ HB"8 4 (AEP) + |6 2|2

It follows from (4.26)-(4.28) that

(Ms, £"2)] < CH2(h*** 4+ H38 4 (A0)®) + 3)|&" 2 1>,
(Mg, £"2)| < Cl(83g(v*, w)(v" — v})® + B3g(v™, w*)(w" — w)?
+ 3070,8(v*, w*) (V" — v P (w" — w})
1
+ 30,028(0"%, wh )" — v )(w" — w ), E72))
< C(" = VRIS + 0" — Rl — w1
_1
L I [ - D

< CH(HO 4 (A0)2) + 8732,

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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Two Grid Solution vh

Fig. 2. Real part of Vt = 1.0e—2, h = 1/64, 7 = 1.0e — 4.

Fig. 3. Imaginary part of w t = 1.0e—2, h = 1/64, 7 = 1.0e — 4.

Then, from (4.24)-(4.30), we have
33v 1 9n

IS = UE"T0 | gpnd wen-dy <c 22 (a0 + — 2

2At k] = 8t3 Lz(t"_l,t",Lz) At Bt Lz(t"_l,t",Lz)
+ IEMI A+ UE™TZ + ™+ "
+ TP A "I + B2 HTAHEES),

In an entirely analogous manner a similar estimate may be obtained for R,w" — wj,.

g™ 1% = ng™ i 9 1 9m

_1 _1 w
JAL —(VE"2,V¢"2) SC(”F||fz(tn—1’tnlz)(4f)3 + E”E”Lz(t"—l,t",ﬂ)

+ 1M+ IE™I1P + 1™ 1% + "1
+ ”§.n|l2 + ”CTH] ”2 + h21+2 + H74H61+6),
Adding (4.31) and (4.32), we obtain

™ 1% =l u o 3 n o
oA SC(”3?”L2(t"—1,t",L2)(At) + E”E”Lz(tn_l*t"ﬂ)

+ ”’un”2 + ”/»Ln_l”Z + h21+2 + H_4H6’+6),

11

(4.31)

(4.32)

(4.33)
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Two Grid Solution wh

0 . . . . . .
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Fig. 5. Charge conservation of i t = 1.0e—2, h = 1/64, t = 1.0e — 4.

0 . . . . . . . . .
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Fig. 6. Energy conservation of i t = 1.0e—2, h = 1/64,7 = 1.0e — 4.
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Rate of convergence is CN™'-0"¢"

Error
/

N
,\’ >
10° 10*
Number of unknowns
Fig. 7. Order of two-grid solution v t = 1.0e—2, t = 1.0e — 4.
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Fig. 8. Order of two-grid solution w t = 1.0e—2, 7 = 1.0e — 4.

Multiplying 2At on both sides of the above inequality and summing from n = 1 ton = m < N, we obtain the error
inequality

m m
03u an
m 2 4 2 2
lu™1° <C((At) E I YS ||,_z([n71’[n,,_2) + E I ot ”LZ(tn—l‘tn'LZ)
n=1 n=1

m
4 h2[+2+H61+6)+AtZ”Mn“2

n=1

m
Sc(h21+2 + H61+6 + (At)4) + AtZ ”Mn”2,
n=1
By using discrete Gronwall inequality, we have

”Mmuz < C(h21+2 +H61+6 + (At)4)

(4.34)

(4.35)
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9.64 I I I I I I I I I
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Fig. 9. Error of v t = [0,0.01], h = 1/64, T = 1.0e — 4.

0
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Fig. 10. Error of w t = [0,0.01], h = 1/64, 7 = 1.0e — 4.

Then we have
™ < C(H™T + HT2 + (Ar)?). (4.36)

From Lemma 3.1 and (4.36), the theorem can derive by using the triangle inequality. O

Remark 2. As in the argument of Lemma 3.2 and Theorem 4.2, we can also derive H! error estimate between the exact
solution and two-grid solution of step 3: [[u" — &}y < C(h' + H? + (At)?).

5. Numerical experiments

In this section, we construct two examples to illustrate the efficiency of the algorithm discussed in Section 4. In these
cases, we use piecewise linear continuous functions for the numerical solutions.

Example 1.

9
iait’ — Au+ JuPu = 3n? + sin(wx) sin®(ry)u, (x,y) € [-2,2] x [-2,2], te][0,0.01], (5.1)



H. Hu and Y. Chen / Journal of Computational and Applied Mathematics 364 (2020) 112333 15

0.9r 4

0.8 1

0.7r 1

0.6 J

0.5r J

0.4f :

0.3r 1

0.2

0.1r 1

0 L L L L L L L L L
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Fig. 11. Charge conservation of G t = 1.0e—2, h = 1/64, 7 = 1.0e — 4.

0.8 B

0.6 B

0.2f 4

0 L L L L L L L L L
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Fig. 12. Energy conservation of G t = 1.0e—2, h = 1/64, 7 = 1.0e — 4.

ulx,y,t)=0, (x,y)eI', te[0,0.01], (5.2)
u(x,y, 0) = sin(x)sin(wy), (x,y)e[-2,2]x[-2,2]. (5.3)

The exact solution of the equation is
u(x,y, t) = sin(wx) sin(ny)e‘”zit. (5.4)

From Tables 1 and 2 for ||lv — vp|l, lv — Onll1, lw — wy| and |Jw — wy||1, respectively, the two-grid method retains
the same order of accuracy as the Newton iterative method, but the two-grid method has much lower time cost than the
Newton iterative method. Moreover, we can find that the convergence order of the error for ||[v— vy, [[v— Un|l1, |lw — Wy]|
and |lw — wyl|; are about 2,1,2 and 1 order accuracy, respectively, as it supports the theoretical results(Il = k = 0).

As shown in Figs. 1-4, we can see that display good agreement between the exact solution and the two-grid solution.
Figs. 5 and 6 show that the charge conservation and energy conservation of the scheme (2.3) is very good. From Figs. 7
and 8, we know the two-grid algorithm achieves optimal approximation when the mesh sizes between the coarse grid
and fine grid satisfy H = O(h% ). In Figs. 9 and 10, we can observe that error of two-grid solution V,,, Wy, varied with time.
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Rate of convergence is CN0-91978

Error
/

10° 10

Number of unknowns

Fig. 13. Order of two-grid solution v t = 1.0e—2, t = 1.0e — 4.

Rate of convergence is CN™0-9°304

Error
/

10° 10*
Number of unknowns

Fig. 14. Order of two-grid solution w t = 1.0e—2, 7 = 1.0e — 4.

Example 2.

9
iait’ — Au+ |u]?u = (201 — 200(tanh(10x))?> — 200(tanh(10y))? + (sech(10x)sech(10y))*)u,

(x,¥) € [-2,2] x [-2,2], t€][0,0.01],
u(x,y,t)=0, (x,y)el, tel0,0.01],
u(x,y, 0) = sech(10x)sech(10y), (x,y) € [-2,2] x [-2,2].
The exact solution of the equation is
u(x, y, t) = sech(10x)sech(10y)e . (5.5)

From Tables 3 and 4 for ||[v — g, |lv — Unll1, lw — Wyl and ||w — wg]|1, respectively, the two-grid method retains
the same order of accuracy as the Newton iterative method, but the two-grid method has much lower time cost than the
Newton iterative method. Moreover, we can find that the convergence order of the error for ||[v— U], [[v— Dxll1, [|w — Wy]|
and ||lw — wy]|; are about 2,1,2 and 1 order accuracy, respectively, as it supports the theoretical results(l = k = 0).



H. Hu and Y. Chen / Journal of Computational and Applied Mathematics 364 (2020) 112333 17

x10™*

5 I I I I I I I I I
0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

o

Fig. 15. Error of vt = [0,0.01], h = 1/64,7 = 1.0e — 4.
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Fig. 16. Error of w t = [0,0.01], h = 1/64, 7 = 1.0e — 4.

Table 3
Error and CPU time of Newton iterative method.
H h flo" — o} Rate  [v" —9fll; Rate [w"—wj|| Rate [w"—w}l; Rate CPU time
1% 43727e-2 7.5143e—1 4.9251e—2 4.4649e—1 945 s
% 6%‘ 8.6126e—4 2 1.0587e—1 1 8.8858e—4 2 5.5812e—-2 1 780.20 s
% ﬁ 1.3521e-5 2 1.3233e-2 1 1.3939e—-5 2 6.9765e—3 1 307680.56 s
Table 4
Error and CPU time of two-grid method.
H h lv" — |  Rate [[v"—9f; Rate Jw"—@!| Rate [w"—@; Rate CPU time
% % 4.3727e—2 7.5143e—1 4.9251e—2 4.4649¢e—1 8.19 s
% é 8.5837e—4 2 1.0587e—1 1 8.8223e—4 2 5.5812e—2 1 49123 s
I 5 13410e-5 2 1.3233e-2 1 1.3663e—5 2 6.9765e—3 1 172528.24 s

As shown in Figs. 11-12, the charge conservation and energy conservation of the scheme (2.3) is very good. From
Figs. 13-14, we know the two-grid algorithm achieves optimal approximation when the mesh sizes between the coarse
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grid and fine grid satisfy H = O(h% )- In Figs. 15-16, we can observe that error of two-grid solution vy, wy, varied with
time.

6. Conclusion

In this paper, a new two-grid finite element scheme is presented for two-dimensional nonlinear Schrédinger equation.
One Newton iteration is applied on the fine grid to linearize the nonlinear system using the coarse-grid solution as the
initial guess, and furthermore one more linear system on the coarse space is solved. The error estimations of the two-grid
solution in the L? and H' norm are given. It is shown that coarse space can be extremely coarse and the two-grid algorithm

achieves optimal approximation as long as the mesh sizes satisfy H = O(h3). Finally, numerical results are carried out to
confirm the theoretical analysis.
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