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Abstract

Initial and boundary value problems governed by a system of linear partial differential equations can be solved by using
the classical methods. This holds in solving problems which are governed by a unique system of equations over the whole
region of interest. But if a problem is governed by a given system of equations over a region and by another system
over the complementary one, classical methods may fail in treating this problem. A typical problem is that of evaluating
the time-dependent electric field in the conductive half-space (the substratum) as a model in geophysical prospecting.
The electric field in the air above the substratum is time independent. This problem has been solved numerically. Here,
we solve it analytically. We proceed by presenting an approach for finding the solutions of systems of linear partial
differential equations. Eigen operators and fractional powers of matrices of operators have been introduced. The formal
solutions obtained are adequate for studying initial and boundary value problems whose solutions are anharmonic ongs.
They are used to solve the above-mentioned problem. (©) 1998 Elsevier Science B.V. All rights reserved.

Keywords: Geophysical prospecting; System of partial differential equations; A method of solution

1. Introduction

The theory of fractional calculus has been developed remarkably in the last decade. The use of
fractional calculus in the applications has the advantage of easily tackling problems with complicated
boundary conditions: For example in problems with discontinuous boundary conditions at the surface
which separates two media [3]. Also, this holds in solving the problems where the boundary surface
assumes an arbitrary geometry [4]. A third example is concerning the problems which have to be
solved over a domain Q and they are described by a set of partial differential equations PDE on
Q, C Q and by another set on ,\Q°. In this case, the use of fractional operators is more feasible.
A typical example is the problem of evaluating the electric field in the conductive half-space (the
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substratum) as a model in geophysical prospecting. The details of this problem is given in Section 4.
In what follows we shall develop a method for solving a system of PDE.
In a set of papers [1, 2] the author has developed an approach for solving PDE in the form

M f(x, ) =L(x, ) f(x,8) + S(x,1), (1.1)

where L(x,1)= S, ai(x,t)0. and S is a source function.

In these papers, we have used fractional power operators to obtain the formal solution of (1.1).
The present work may be considered as a continuation of the work done in [1, 2]. Here, we shall
introduce the notions of eigenoperators and fractional power of a matrix of operators.

Now, we consider the system of PDE

0'u—Mu=S in Q, (1.2)

where u=(uy,us,...,un)", S =(51,8,....8:)7, uy =u;(x,1), §; =Si(x,); x(x1,%2,%3); j=1,2,...,m
and Q=R3x(0,7). In (1.2)

M=My), M;=> dFdd o

X3 x3?
ks

where a}f° are constants and i,/ =1,2,...,m.

We solve (1.2) when n=1 and n > 2 separately for initial value problems
oru(x,0)=f(x), r=0,1,....,.n—1, (1.3)

where fi(x)=(fi(x),..., fm(x))" will be assumed to belong to C>*°NL; on R*. This condition is
necessary to continue in finding the solution of (1.2).

2. Solution of the Eq. (1.2) when n=1
In this case Eq. (1.2) becomes
(6, —Mu=S in Q, (2.1)
u(x,0) = fo(x). (2.2)
The formal solution of (2.1-2) is [1, 2].

- ‘ .
u=e™f (x)+ / eTMS(x, 1) de,. (2.3)
0

One can easily verify that (2.3) satisfies (2.1-2). To continue with (2.3), we assume that f;,, S € C>
(R?) and that partial derivatives of all orders of f, and S belong to L,(R?). Equivalently, fo and
S are assumed to belong to the Sobolov space H;°. We remark that the commutator [M,j,M )
vanishes. Now, we give the following definition:

Definition 1. The operator L is an eigenoperator of the matrix of operators M defined on H. (62)
such that Mf#0 Vfe He if

\M — L1 =0, (2.4)
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where I is the identity matrix. We shall show that [ preserves the properties of (M,-j) namely
[£e,£,]=0 and L;: L(R?*)— (R3) for all k,s=1,2,...,m.

To this end, we proceed by the following lemma:
Lemma 2. Under the above assumptions M,-j fO,M,-jS € Li(R?) and then
(HM,-U-‘ and M;) LR~ L (R)’, keN.
k=1

We define fractional power of M,,- namely M,f ,0<p<1 as A;I,f = (A;I,fﬁ )~! where

A 1 -
_ﬂ e —AM; p-1
' = r /e A1 d), (2.5)

where, we bear in mind that the integral in (2.5) converges [7, pp. 5-21]. That is the eigenvalues
of (Mj;) (or their real parts) are all positive. In (2.5), the exponential operator is defined by

, 1 ,\ -
o= — [ ezl M) 26)

where Z/ —M,-j is the resolvant operator. The contour I" is chosen with holes about the eigen values
of M;; if they are discrete. But if they are continuous and positive, then I' is taken with a semi-circle
enclosing the positive eigenvalues of M ;.

Lemma 3. Under the conditions in Lemma 1,
(exp —)Mj and A:[if):Ll(§R3)r——>L1(§)?3), 0<p<l.
The proof of this lemma follows from (2.5-6).
Theorem 4. If a matrix of operators (My):Li(R*)— L(R*), then so will be its eigenoperators
ik,S.

Proof. Any eigenoperator L of (Mij) is functional in M,] By analogy to (2.5) it can be expressed
as

L=Guty) + [ G, 2 @7)
1]

where G, is linear in M; and G, is expressed as a power series in [],_, M, ;,. The rest of the proof
follows from (2.7) and Lemmas 2 and 3. Justification of formula (2.7) can be done by induction
on m=2,3,... .

As a direct corollary of this theorem, it follows that L' :L;(R?)— L;(R?). We notice that any
two eigenoperators commute.
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We return to (2.3) and distinguish two cases:
(a) When the eigenoperators of the matrix (M;;) are all distinct. In this case (2.3) becomes {9,
pp. 155-165] (see Appendix)

u=> A, {e’i'fg(x) + / oL (x, zl)dn}, (2.8)
i=l 0

A= Tt = L, - L™ 29
J#

By introducing the Fourier transform of f; and S, one can easily find that [1, 2]

- 7 F t —1)L: § ip.x dp
u= ;/[)H{elLlfo(P)+/() ¢! ”LS(p,tl)dtl}e” a0 (2.10)

In (2.11) (L, M)e?* = Li(( p1» 2, p3). M(p1, P2, p3))eP™.

The domain D of the integral in (2.10) is determined such that L p,, p2, p3) are positive for all
i=1,...,m.

It is important to notice that if all the eigenoperators of M can be expressed in terms of G,
only (cf. (2.7) then the condition on f; and S is relaxed to f;, 8 € CK(R*)N L, (R?), where k is the
maximum order in (A;I,-j ).

(b) When the eigenoperators of M are not all distinct. We assume that, for simplicity, only one
eigenoperator, namely L, is degenerate with degree of degeneracy k. The remaining eigenoperators
are 1:k+1,...,f,m. In this case, we have

k m
eM=eh N r'B,+ ) &K, (2.11)
r=1

J=k+1

where K, and B, are given by

Ki=(M—LiTYL - L)y [[™M - L)L~ L), (2.12)
i#]
B =i- K, (2.13)
j=k+1
B, =M - Lin+ Y (L —L)K, (2.14)
J=k+1
(k= DBy=(M — LY + (=D Y (& - L) 'K, (2.15)
J=hk+1

When substituting (2.11-15) into (2.3), we obtain formulae similar to (2.8-10).
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3. Solution of Eq. (1.2) when n > 2

First, we consider the case n=2 and S =0, so that Eq. (1.2) becomes
(0> —M)u=0, (3.1)
we rewrite (3.1) in the form
(8, — M"Y, + M"*)u=0. (3.2)

In (3.2) M2 =M(M"?), where

] oC

M2 = e M 124, (3.3)

Vo
Again, we bear in mind that the integral in (3.3) converges and exp(—iM) is defined as in
Section 2.
Here, we shall assume that the eigenvalues of the eigenoperators are all positive. By this assump-
tion, the convergence of the integral in (3.3) is guaranteed.

By using (3.3), the results of Section 2, and by assuming that the eigenoperators of M are distinct,
we find (see also [9, pp. 155-165])

M-2=5"I7H, (3.4)
i=1
where H, is given by (2.9). Now, we have

M2 = MM~y = Z LM — L,DH, + 1:,!/2[”1,,], (3.5)

i=1

By using the Cayley—Hamilton theorem in the linear algebra [9], the first term in (3.5) vanishes.
In the previous section, we have shown that L; assumes the same properties as (M;;). By a similar

way, we can show that LA,!'"2 assumes the same properties as l:,-. Now, the solution of (3.2) is
w=e™ gy + e My (3.6)

To continue with (3.6), we distinguish two cases:
(a) When the eigenoperators of M are all distinct. In this case, we use the following theorem:

Theorem 5. If A is a matrix of real numbers (a;), i,j=1,2,...,m and its eigenvalues 7; are uall
positive and distinct, then the eigenvalues of AV? are 2%, i=1,2,....m.

The proof of this theorem is direct when m=2. This is done by using the result 42 =
(V71 4+ V22 )(A + /2, 2.1). The generalization for all m € N is immediate.

~ljn

As a corollary of this theorem the eigenvalues of A4'" are 4., i=1,2,...,m.
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We remark that, Theorem 4 holds for a matrix of operators M if the eigenvalues of its eigen-
operators are all positive. By using Theorem 4 and the results of the previous section (3.6) it
becomes

= 226“” A, 3.7)
k=0 i=l

where H; is defined by (2.9) and b, satisfies bi=1.
Thus, for n =2 we have the following theorem:

Theorem 6. The solution of the Eq. (0} —M)u=0 for initial Sfunctions which are in C*(R*)NL(R?)
is

1 i In A~ dp
_ bytl, ) ipx n__
u=Y" E:/De VA s H=1 (3.8)

k=0 i=1

where D is determined such that the eigenvalues L;, s are all positive. The proof of this theorem
follows from above and the mathematical induction.

We notice that the arbitrary functions ¥, are determined in terms of the initial functions. So that
they are also in C*®°(R*)NL,(R*) and then (3.8) holds in view of the definition of fractional operator
and the work in [1, 2].

We mention that the case 80 can be treated as in Theorem 2 of [2]

(b) When the eigenoperators of M are not distinct, we show that Theorem 4 also holds in this
case. The continuation in the derivation is done as in (a).

In the next section, we give an application to the approach developed here. We study the problem
of evaluating the electric field in the conductive half-space as a model in geophysical prospecting.

4. Applications

A formulation of Maxwell’s equations in a conductive medium is used in mining and petroleum
prospecting [5, 6, 8]. The aim is to identify quantities specifying the electromagnetic properties of
the substratum from the measuring electric field at the surface. The technique consists of applying an
electric current flowing between two electrodes located at the surface and of measuring the induced
field in the whole space, which is composed of the substratum and the air above.

The electric field in a conductive medium is governed by the equation

[—156,2 + uc*0, + curl(curl)| E 4+ ué,JF =0 in R x (0,00), (4.1)
C

E(x,0)=E, (x). (4.2)

Eq. (4.1) arises from coupling Maxwell’s equations and Ohm’s law. In (4.1), E(x,t) is the electric
field, Jj (x,t) is the source current and ¢™*(x) is the electric conductivity. We notice that

0, z>0,
"*(x):{ Go(x), z<0 (4.3)
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and p is the magnetic permeability. In (4.1), one finds that the first term in bracket describes a
propagative effect with time scale as 7y~ L/c, where L is a characteristic length for the electric
field to vary significantly. That is E vanishes merely for |x|>L. The second term describes a
diffusive effect. The corresponding time scale is 1, ~ Lug. Thus 797, and consequently diffusive
effect persists for long time. Accordingly, we can neglect the first term in (4.1). By writing
+
(E.Ef,JF)= {(E 0.0 20, (4.4)
(E7,Ey,J), z<0.

It has been shown that problem (4.1,2) is equivalent to the problem (see [5] Eq. (3.9)])

Curl Curl E* =0, (4.5)
_ oJ
(ugo0, + curl(curl ) E~ = —Ho (4.6)
E (x,0)=Eyx), 4.7)
E'(z=0)=E (z=0), (4.8)
OE* 0E~
% (z=0)= e (z=0). 4.9)

We notice that the last two equations in (3.9) in [6] are replaced here by (4.8,9). The solution of
Eq. (4.6) can be written in the form [4]

E™=E; +Eg, + YE'- + E™*), (4.10)

where Ey (Egy) is the part of the solution which corresponds to the initial (boundary) value problem.
The third term in (4.10) corresponds to the presence of the source term in (4.6). It is decomposed
into two parts E- and E*-. They may be interpreted as due to mixing of the presence of a source
and the initial (or boundary) conditions. To go further in the calculations, first, we assume that o,
is const and uoo =0 and set E~ — E~ — Ey(x), then (4.6) becomes

Y &
(1o, + curl(cur ) E~ = — TR 4.11)
where
T (x,0)=J(x, t)—éMEO(x), M = (M) = curl(cul). (4.12)

where M|, =M, = —(&, + 02) and M., =8,0,,..., etc. The initial condition (4.7) is then the zero
condition. Thus, we have

E]VZO

and EX- is given by

t -
EX- = —g [ etm0, I 1), (4.13)
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In order to use the approach developed here, we determine the eigenoperators of the matrix of
operators M which are O,—V?, —V? and V? is the Laplacian in R3. Thus, the eigenoperators are
degenerate and we make use of (4.12-16) to obtain

et = {(vz)-z(M + VY T {i(M + V)
a
~ 4 n ~
(V)M + v21)23 +1 - (=VH2(M + 721)2}} ) (4.14)
By a direct calculation, one finds that
(M + VY = VXM + V). (4.15)
When using (4.15) into (4.14) and after a set of manipulations, (4.14) simplifies to
etM — [f"l" M(V2)—l(i _ etV:/o')]. (416)
Finally, we have

t
Ef-=- / [+ M) =70, I (x,0) dnr. 4.17)
0

To find Ejg,,, we notice that the boundary conditions (4.8,9) are given at z=0. It is convenient to
rewrite (4.6) as

[46? — Bo. — C1=Eg, =0, (4.18)
where
1 00 ) 0 0 &
A=[0 1 0|, B=|0 1 4|,
0 00 8 a8, 0
(00— 0.0, 0
C=| 0,0, 0,07 0 , (4.19)
0 0 00, — V?

where V2 =V?— @2,

We remark that the matrix 4 is singular and not semisimple as its eigenvalues are 1,1 and 0. In
this case, it is necessary to restrict the vector E to a subspace of R*. Indeed, we solve (4.18) for
E| and E,. The component £; is given accordingly by

Es=—C7'02(0xE, + Oy Ey), (4.20)

where C, =08, — V2 and €' is defined as in (2.5) when f=1. The components E, and E, are
governed by the following equation:

1+ 6;162)( é;laiy 2 . 00, — azy aﬁy .
. . zEy; = 5 Y 2 | Egy, 4.21)
C-1 2 14+ '8 ny 00, — 0,
z yx z y
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where E}, =(E|,E,). We operate by the inverse of the matrix of operators in the left-hand side of
(4.21) to obtain
(Ey =C.Epy . (4.22)

We notice that the inverse of a matrix of operators can be defined also as in (2.5) when f=1.
Eq. (4.22) solves to

En = ¢y (6,0 + e ¢ (6, ,0), (423)
For the reason of finiteness, we set 4)?( =0. Finally, we have

Egy = Ko(?) — Ko(0), (4.24)

Ko(t) =€ py(x, ,1), (4.25)
where @y = (o1, P2, P03), Egy =(E1, Ez, E5) and by using (4.20), we find

bos = —C7' 0.0 bor + 0,02)- (4.26)

We remark that Eq. (4.24) satisfies the zero initial condition.
In a similar way, we have

E*- =K(t) — K\(0), (4.27)

Ki()=—u / ) ( / eC-2mm0Cl Py y,zz,t)dzl) dz,. (4.28)
0 0

We remark, also, that Eq. (4.27) satisfies the zero initial condition.
Thus, the solution of (4.6) is given by (4.10), (4.18), (4.24)—(4.28). The solution of (4.5) can
be obtained as by (4.25) but ¢ =0, namely,

E* =" ¢(x1,x,). (4.29)

To continue with the calculations in view of (4.18), we assume that J and its partial derivatives up
to second order are in L;(R’). Also, we assume that E, € L;(R*). The Fourier transforms of E,,J
and E are introduced in view of (4.4). Our aim now is to find the arbitrary vector functions ¢, and
¢ by using the conditions (4.7-9). The use of these conditions gives rise to

S8 p) =GP pre) = o [ H(pre pr pis) T (pi5) dpi, (4:30)

pus$=Cl¢ il [ T pip, (431)
and H is given by
P pipr pips
H=[s(as+ )" | ;o1 P paps |, (4.32)
3P pPips P§
where p=|pl, p=(p1, p2, p3), P1 =P+ p3}, dp;=dp;/2m.
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Equations (4.29-32) determine the functions ¢ and ¢, in terms of E, and J*.
By solving Egs. (4.30) and (4.31) for ¢, we find

S B /°° | —ipAJ*d 4.33
¢ 26(C31/2—p¢) _Oo( P3) D3 ( . )

By substituting (4.33) into (4.25) and (4.24)—(4.28) into (4.10) and maintaining only the dominant
contribution, we have

1 u CH+ioco O'i - .
E-~_(E*- + E**-)= / _al i,
SEHES = [ s [ e AT
xeP*H 45 ds, (4.34)

where H(p,s) is given by (4.32), dp=dp/(2n)’ and d§=ds/2mi.
By substituting for J(p,s) and carrying out the integrals in the p space and the s-plane, we obtain

(%
E, :// G(x,l;xo,to)Jl*(xo,to)dxodto,
0
PR
Ez:// G(x,1; X0, 0)J;"( X0, 1) d X0 dto, (4.35)
0

t *
E3 :/ / G*(x’t;xo’tO)J3*(x09t0)dx0d[0’
0

where f* dxo= [ dxo [7_ dyo ffoo dz, and

3ucite @
= 16m2R32(1 — 1,)7/%

Mje,14(20) — G*, (4.36)

. 3.1103/2 e—20
T16m2(t — 1)

0 =(R%0/8(t — 1)), R=l|x—xo (4.37)

and M, ((z) is the Whittaker function.

In (4.35), the function G is the Green function which corresponds to the solution of the problem
in the presence of a current source located at the point (xo, o,20), and at time #,. If xo =0, we
find that the solution (4.35-37) is quasi-Gaussian and symmetric in x and y. The results (4.35-37)
are displayed in Figs. 1 and 2. Calculations have been carried out for pu =1, 6 =0.1, E; =0 and
J(x,t) = Jy8(x)8(y)d(z). In Fig. 1, the values of E,* = 32n*2¢E,/3J, are displayed versus y, z =0
and for t = 1,3. It is assumed that J, = (0,J,,0) and all variables are dimensionless. The results of
this figure verify the condition (4.8). As the electric field depends on the variable g/t and from the
results of Fig. 1, we may conclude that it depends weakly on the time and the conductivity. But, it
depends significantly on o/¢. In Fig. 2, a 3D plot with contour lines is done for E;*. The results of
Figs. 1 and 2 agree qualitatively with the numerical results found in [6] (cf. Figs. 5 and 6).
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5007
4007
3004

1007

o
0.1 0.15 0.2 0.25, 0.3 0.35 0.4

Fig. 1. The electric field (normalized) ES* is displayed against y when x =z =0 and for o = 0.1. We use the symmetry
of the results for the electric field in x and y and the parity in y. The solid curve corresponds to the value # =1 and the
doted one corresponds to the value ¢ = 3.

Fig. 2. The electric field E, is displayed against y and —z for ¢ = 0.1 and ¢ = 1.

We assume in what follows that the electric conductivity ¢ is space dependent and it depends
only weakly on the depth z. So that, we can consider (¢/6) < 1; n>3, and (¢'/0)* < 1, where
o' =do/dz. The electric field in the substratum is given by

E=Ey + Eg + NEf+E*). (4.38)

In (4.38), we have used the same notations as in case (a). Now, we have the same formal results for
EY and E*~ as given by (4.13) and (4.17), respectively, but ¢ = 6(z). To find Eg,, we combined
(4.20) and (4.21) bearing in mind that o depends on z, we have

(A?* + Bo, + C)EX; =0 (4.39)
. [(—1-8 -+ C
A= , (4.40)

2 Al 21
~2Cl —1-92C;
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ot 0l
BzC;'J'ﬁ,<a; a;) (4.41)
X v
é _ O-ar - 8)2 8\21 4.42
& saia) (4.42)

where Eyy =(E\,E). If ' =0, then (4.39) reduces to (4.22). We multiply Eq. (4.39) from the left
by A~! to obtain

(2+ A "Bo.+ AT O)Er; =0, (4.43)

where A~! is evaluated according to the definition (2.5) and is given by

/i—l ( a)—l éz-"a\% —‘33 (4.44)
= (o U B i
I -63\ C.+ af
After a set of manipulation, we find that
-1
A'\C=-C1,  A'B=-¢1"_0C.B (4.45)
o
For obtaining the above equations, we have used that axé;l = é;‘@x and
o.C'=—-C %9, + C0.. (4.46)
We claim that the solution of (4.43) can be written in the form
B5v =ewp( [ (61,000,002 ) ). (447)
0

It is worth noticing that y depends on z as a parameter through the electric conductivity ¢ which
does not depend either on x or on y. Consequently, the commutator [ J(z), $(z,)] vanishes. So that,
we have

8_,exp</b)7dz]>:j/exp</hjzdzl). (4.48)
0 0

By substituting (4.47) into (4.43), we find that the operator y satisfies the equation
JY, L .
6.9 + 91 — C;'—BC.y = C.L (4.49)
a
Since the dependence of ¢ on z is not explicitly known, we solve (4.49) approximately in terms of

the small parameter (¢’'/a).
To this end, we make use of the expansion

o' AN
NS o ST 4.50
bY y0+0_y1+(0>y2+ ( )
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where we look for J, as the solution of (4.49) as if ¢ is independent of z. Thus, we have jj = C.,
or y,= C‘;/z where the minus sign is discarded for the reason of finiteness. By substituting (4.50)
into (4.49) and maintaining only terms up to first order in (¢’/0), we find

"

~ g . A A
P+ I+ 205, =0. (4.51)

It is worth noticing that the third term in (4.47) is of order (¢’/a)*. Now, equation (4.51) solves to

5, = o'exp(Z / 74 dzl). (4.52)
0
Finally, the solution of (4.43) is given by
. S NV I L S %
Egy ~exp / C. + — ¢ Vodzy ) dz [ Y. (4.53)
0 0
When bearing in mind Eq. (4.20), the solution Egy = (£}, E,, E;) is determined by

4 I\2
Eg\,:exp</ ok dz|>!/1 1+0(‘1>}. (4.54)
0 o
In the same way, we have

EX**_:~/-/ exp[/b é_l’/zds—/ Cl? ds]
0 /0 zy 22

/2
14+ 0(%)} (4.55)
where C, = o(z)é, — 02 — 2.

To continue with (4.55) and (4.17) bearing in mind that ¢ depends on z, we use the Fourier
Laplace transform of the vector function J*( x, ). Then, we have to evaluate the following exp He?~,
where the operator H = H(o(2),0,, d,) is equal to either (¢/o(z))V'? or to that in the exponential in
(4.55). By using the assumptions on o(z) and the results of Ref. [1], we obtain

X 0(z, )8,]*(x, V,22,t)dz; dz

t ; . ip2 al\2
exp ( — V2> e o P X ) (4.56)
a(z)

We remark that, when substituting (4.56) into (4.17), we obtain mainly the same result for E*~ as
before.
Returning to (4.55), as the operator in the exponential is free of ¢., we have directly the result of

exp(/ C‘vzll/z dzl) QilPixt p2y)st :exp</h C‘vzll/z dz]>.
0 0

elmetpryest (4.57)

where C. = o(z)s + pi + p?.
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Fig. 3. The electric field £, is displayed against —z for x =y =0 and ¢ = 1. The solid curve corresponds to ¢ = 0.1 and
the dotted one corresponds to ¢ = 0.1 (1 + 0.1 expz).

In fact as the dependence of ¢ on z is implicit, we cannot progress in the calculation. However,
the results (4.55-57) suggest that we may adopt the formal results (4.35-37) for the electric field
to hold also when ¢ depends on z. Estimated corrections to these results are of the order (¢”/a)
Accordingly, we have evaluated the electric field under the same conditions as in Figs. 1 and 2 by
taking ¢ = const. = 0.1 and ¢ varies with z as 0.1(1 + 0.1expz), z<0. The results are shown in
Fig. 3. They confirm our theoretical predictions that weak dependence on the depth leads to a small
correction.

5. Conclusions

We have developed an approach for solving systems of linear PDE. This approach is more adequate
for finding the (anharmonic) solution of a given system of PDE. This situation is produced in
problems with anharmonic source term. It occurs also in problems where the source term is harmonic
but is set at a specific value of time. The present approach can be applied as well for solving
the problems with complicated initial and boundary conditions. In what concerns the problem of
evaluating the electric field in the air and substratum as a model in geophysical prospecting, our
results are in a qualitative agreement with the numerical ones. An important result is that if the
conductivity depends weakly on the depth then the values of the electric field deviate from these
found when ¢ = const by a small correction. This can be shown after Fig. 3.
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