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1. Introduction

Identification of missing memory kernels in partial integrodifferential equations is relatively new in inverse problems
(IPs). Some references are [ 1-5]. For instance, Ref. [5] derives some local and global in time existence results for the recovery
of solely time-dependent memory kernels in semilinear integrodifferential models. More specific, they studied the evolution
equation for materials with memory. This equation is given by

t
du(x, t) = Au(x, t) —i—/ K(t —s)Au(x, s)ds + F(u(x, t)), x¢€ 2o CR> te[0, Tl
0

To determine the memory kernel K an additional measurement on u is needed; fg dX)u(x, t)dx = G(t), vVt € [0, Tp]. In
these references, there is no description of constructive algorithms how to find a solution. The construction of a numerical
algorithm for this type of problems is the central theme of this article. The following inverse problem for a semilinear
parabolic equation with memory is considered: determine the unknown couple (u, K) obeying

oeu(X, t) — Aux, t) + K(t)h(x, t) — (K * Au(x))(t) = f(u(x, t)), in$2 xI,
a(ux, t)) + Vux,t)-v=gx,t), onl xI, (1)
u(x,0) = up(x), in 2,

where £2 is a Lipschitz domain [6]in RN, N > 1,withd$2 = I"andI = [0, T],T > 0, is the time frame. The usual convolution
in time is denoted by K * u, namely (K * u(x))(t) = fot K(t — s)u(x, s)ds. The missing time-convolution kernel K = K(t)
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will be recovered from the following integral-type measurement

/ u(x, t) dx = m(t), tel[o0,T]. (2)
2

Note that this equation is also used in the modeling of phenomena in viscoelasticity [ 7]. The integral type over-determination
in IPs combined with evolutionary partial differential equations (PDEs) has been studied in several other papers, e.g. [8-10]
and the references therein.

The main goal of this paper is to design a productive numerical scheme describing a way of retrieving the couple (u, K).
This is achieved not by the minimization of a cost functional (which is typical for IPs) but by the semi-discretization in
time by Rothe’s method [11,12]. First, this introduction is finished with the derivation of a suitable variational formulation.
Section 2 is devoted to the study of regularity of a weak solution and its uniqueness is addressed in Theorem 1. Section 3
deals with the time discretization, where (based on the backward Euler scheme) the continuous problem is approximated
by a sequence of steady state settings at each point of a time partitioning. Stability analysis of approximates is performed in
appropriate function spaces and convergence (based on compactness argument) is established in Theorem 2.

Notations. Denote by (-, -) the standard inner product of L?(£2) and ||-|| its induced norm. A similar notation is used when
working at the boundary I', namely (-, -) -, L>(I") and ||-|| j-. Consider an abstract Banach space X with norm |-||. The set of
continuous abstract functions w : [0, T] — X equipped with the usual norm max;¢(o,r] |l lx is denoted by C ([0, T], X). The

1
space L? ((0, T), X) is furnished with the norm (fOT II- ||§) * with p > 1, cf. [13]. The symbol X* stands for the dual space to

X. Finally, as is usual in papers of this sort, C, ¢ and C, denote generic positive constants depending only on a priori known
quantities, where ¢ is small and C, = C (¢ ") is large.

Derivation of the variational problem. First, the PDE in (1) is multiplied with a test function ¢ € H'(£2) and integrated over
£2 to obtain that

(0, @) — (Au, @) + K (h, ¢) — (K * Au, ¢) = (f(u), @) . (3)
Secondly, using Green'’s first identity implies that
(O, @) + (Vu, Vo) + K (h, @) + (K x Vu, Vo) = (f(w), ¢) + (& —a ), ) + (K * (g — (), ). (P)

Finally, we set ¢ = 1in (P) and obtain together with the measurement fg u(t) = m(t) that

m/+1</ h=/f(u)+/(g—a(u))+/1<*(g—a(U)). (MP)
2 2 r r

The relations (P) and (MP) represent the variational formulation of (1) and (2).

2. Stability analysis of a solution, uniqueness

First, this section starts with a study of natural regularity of a solution (u, K). This helps us to choose appropriate function
spaces for the variational framework. Uniqueness of a solution is addressed at the end of this section. Two frequently used
estimates for the convolution term are [ 14, Lemma 1]:

Proposition 2.1. Set I = [0, n], n > 0. Suppose k € L>(I) and v € L?(I, L2(£2)), then it holds that

2 2 2
e s vll” < ks flu]l”, ()

7 2 7 2 7 2
/nx*un 5/ | f 1l (45)
0 0 0

Remark. Note that the estimates () and () also hold when x € L?>(I) and v € L?(I, L2(I")) in the appropriate norm.

Proposition 2.2. Let f and « be bounded, i.e. |f| < C and |a| < C. Moreover, assume that ug € L2(£2),g € C ([O, T1, LZ(F)),
h e C ([0, T, L2(82)), mingepo,r) | [, h(t)| = @ > 0and m € C'([0, T]). If {u, K) is a solution of (1) and (2), then K is bounded
on[0,T],ie.

max |K(t)| <C.
t€[0,T]

Proof. Take any t € [0, T]. From (MP) it follows that

’K(t) / h(t)
2
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Involving the assumptions on the data, we see that

/ h(t)
fe)

t
§c+f |(1<*(g—a(u)>)(r)|sc+// K lgx, £ —5) — a(ux, t — )| dsdx
r rJo

w|K®)| = IK(0)]

t t
=C +/ K I(g — o)t =)y ds = C+ C/ |K(s)|ds.
0 0
The proof is concluded by Gronwall’s argument, cf. [15]. O

Proposition 2.3. Let the conditions of Proposition 2.2 be satisfied. If (u, K) is a solution of (1) and (2), then there exists C > 0
such that

T
(i) maxeeror (O + / IVul? < ¢
0

T
. 2
(i) [ty g < .

Proof. (i) If we set ¢ = u in (P) and integrate in time over (0, t), we obtain

t t t t
/(atu,u)—i-/ ||Vu||2+/ K(h,u)—i—/ (K % Vu, Vu)
0 0 0 0

2/ (f(u),u)-i-/ (g—a(u),u)r+/ (K (g — ) (§), u(é)) d§. (4)
0 0 0

The first term on the left-hand side (LHS) can be rewritten as

t 1 1
/ @eu, ) = = [u®1” = 5 ol
A U, 3 3

For the third term, we get by the boundedness of K (see Proposition 2.2) that

t t t t
f1<(h,u> 5/ K] 1) IIuIISC/ ||h||2+c/ ul®.
0 0 0 0

The fourth one is bounded by
t
o
0

t 3,: t
<c / f IVu(s)|2 dsdé + ¢ f IVu(e)|? de,
0 0 0

& 2 t
/ K —s)Vu(s)ds| d& + 8/ IVu()|? d&
0

0

t
/ (K = Vu)(§), Vu(§)) d&
0

due to Young’s inequality, Jensen’s inequality and the boundedness of K. The first term on the right-hand side (RHS) of (4)
can be estimated as follows

t t -1 t -l t -l t
‘/ W, w 5/ I @l llull < f/ ||f<u)||2+—/ ||u||zsc+—/ .
0 0 2 0 2 0 2 0

as f is bounded. The last term on the RHS of (4) is bounded by

t t
V (g = ). | = € [ 1K @ = @)l e
0 0
t t
<[ 1K@ - ol e [ uldg,
0 0
t t t
< [P [ e - ol e [ uldg,
0 0 0
=<

t
2
Cote [N,
0
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by Cauchy’s inequality, the estimate (), the trace theorem and the assumptions on g and «. The estimation of the second
term is similar to the last one. Putting all things together, fixing a sufficiently small ¢ > 0 and taking into account [|u]|?

H(@) —
lull® + | Vu||?, we obtain that

t t t pé
||u(t>||2+/ ||Vu<s>||2d55c+cf ||u||2ds+c// IVu(s) | dsdé,
0 0 0 0

which is valid for any t € [0, T]. An application of Gronwall’s lemma concludes the proof.
(ii) Starting from (P) and using the Cauchy inequality, the boundedness of K (see Proposition 2.2), the assumptions on
the data, bound (), the trace theorem and point (i) of this proposition, we successively deduce that

|Beu, @) = |(Fw), ) + (8 — a(u), §) + (K % (g — (), §)r — (Vu, V) —K (h, ¢) — (K * Vu, V)|
Clgll + gl + IK * (g — @)l ¢l + IVull IV + K * Vull Vo)

C <|I¢II + 18l + K2 llg —a@IF Il + IVull IVl + /K2 # || Vull? IIV¢II>

= Cllel+llolr+ IVull IVl +,// IVul® 1Vl
0

< C(IVul VeIl + 9l e)) -

Thus, (8;u, ¢) can be seen as a linear functional on H'(£2) and we may write

Il gioyys = Sup I(Bu, $)| < C (1+ || Vul),
18l41 ) =1

IA

IA

A

A

which implies by (i) that

T T
loull? *§c+c[ IVul? <c. ©
/0 Ul 2)) A

The Rellich-Kondrachov theorem [ 16, Section 5.8.1] implies that
H'(2) cc 1X(2) = (12(2))" cc (H'(2))".
From the previous propositions and [ 17, Lemma 7.3], the following corollary follows immediately.
Corollary 2.4. If (u, K) is a solution of (1) and (2), then K € L*(0, T) and u € C ([0, T],L*(2)) N L? ((0, T), H'(2)) with
du € L2((0, T), (H'(£2))").
Uniqueness. Now, it is possible to establish the uniqueness of a solution to (P)-(MP). The proof is by contradiction. Suppose

that there are two solutions (u, K;) and (u;, K;) solving (P)-(MP). By subtracting the corresponding variational formula-
tions follows that

O (U — uz), @) + (V(u1 — u), Vo) + (K1 — K3) (h, @) + (K1 * Vuy — Kz * Vuy, Vo)
= (f(u) — f(u2), ) + (a(uz) —a(ur), ) r + Ky * (g —a(uy) — Ko * (g — a(uz)), ¢)r
and

(1<1—1<2>/ h=/(f(u1>—f(uz)>+/<a<uz>—a<u1>>+/ [K: % (g — a(un) — Ko # (g — a(u)].
2 2 I r

Denote the difference of the solutions by ex (t) = K;(t) —Kx(t) and e, (X, t) = u1(X, t) —uy(X, t) in £2 x I. Then the previous
equations can be rewritten as

(Oceu, @) + (Veu, Vo) + ex (h, ¢) + (ex * Vus + Ky * Vey, Vo)

= (f(ur) — f(u2), 9) + (a(uz) —a(ur), @) + (ex x &, ) + (Ko * (a(uz) — a(u1)) —ex * a(u1), P)r (5)

and

e [ = [ G~ + [ @ —e@n+ [acrgt [l @) - aw) - acrawl. 6

2 2 r r r

In the proof of uniqueness, the Necas inequality [18] is crucial, i.e.

Izl < e IVz|* + Ce llzlI>. Vz e H'(R2), 0 < & < &. (7)
Theorem 1 (Uniqueness). Assume that h € C ([0, T], L?(£2)),g € C ([0, T1, L*(I")), mingeo.1 | [, h(D)| = @ > 0,up € L2(£2)

and m € C!([0, T]). The bounded functions f and « are supposed to be Lipschitz continuous. Then the problem (P)-(MP) has at
most one solution (u, K) € [C ([0, T], L2(2)) N L2 ((0, T), H'(£2))] x L*(0, T) with d;u € L2 ((0, T), (H'(£2))").
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Proof. Consider Eq. (6). The Lipschitz continuity of f and «, the boundedness of « and K, imply that

E'K/.h
2

< C(Ifuy) = fu)ll + o) —a)llr + llex * gllr + 1K * (e(uz) — o)l + llex * o(up)ll )

t t
<cC ||eu||+||eu||p+\// |e1<(s)|2ds+\// lew(s)[12 ds
0 0

Therefore, using the Necas inequality (7) and the trace inequality, we get for t € (0, T] and y small enough that

wlex| <

e O < €, eI +y [ Veu(®) +c/ ek (5)P ds+c/ leu 12 g ds

An application of Gronwall’s lemma gives
t
lex 1> < G, lleu®II* + v I Veu ()1 + C/ leu(®) 151 o, ds
+Cf (C leu@)11? + v IVeu ) 11* + C/ leu®)I1F1 g, d ) exp(CT)d§
and therefore
t
lex (O)1> < Gy llew(®* + ¥ I Veu(D* + C, /0 IIeu(S)Ilﬁ,l(m ds. (8)
Now, we put ¢ = e, (t) in (5) and integrate in time over (0, 1) to get
1 " " 1 ]
EMAMW+/IW%W+/TWM£0+/(W*vaarﬁ/(&*v%va)
0 0 0 0
" 1
= [ @) ~ra.e) + [ @) - o).
0 0
] 1 ]
+/1@w@mwr+/(&*wwﬁ—aWMpr—/(w*MmL%h. 9)
0 0 0

This equality has to be estimated term by term. For the third term on the LHS, we get using the Cauchy and Young inequalities
and h € C ([0, T], L?(£2)) that

n n n ) n 5
/ ex (h, e0) </ e ] ||eu||sc/ x| +cf leall?.
0 0 0 0

For the fourth term on the LHS, we obtain due to u; € L* ((0, T), H'(£2)) that

n n 3k n n
2 2 (0 2 2
llex * Vuq |l + & Ve l” < C lex|” + € Veull.
0 0 0 0

By the boundedness of K, we get for the last term on the LHS that

f / IVeu(s)|? dsdt + ¢ f IVeu(®? dt.

For the first term on the RHS, we obtain by the Lipschitz continuity of f that

n
/ (eK * vu]s veu) < C&
0

/ (K2 % Vey)(t), Vey(t)) dt

n n n
/ (Fun) — F). en)| < / I o) — Fu) lleall < € / leal?

Analogously, by the Lipschitz continuity of « and the Necas inequality (7), we have that

scf leal® < / ||eu||2+sf IVeul?.
0
The third term on the RHS obeys

n 1 n A
/(eK*g,eu)r < f/ ||eK*g||p+f/ el
0 2 0 2 0
(%), (7)
<

K 2 7 2 7 2
c/ e +cg/ leal +e/ IVeul?.
0 0 0
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For the fourth term, we get by the boundedness of K, that

n ‘1 n ‘l n
/(Kz*(a(uz)—a(ul)),eu)p < 5/ ||1<2*(a<u2>—a<u1)>||2p+—f leal
0 0 0

2
() "
2
e / el
0

) ! 2 ! 2
= G| ledl®+e [ [IVeull”.
0 0

The last term on the RHS can be estimated in the same way as the third term by the boundedness of « as follows

n n n
sc/ |e,(|2+cs/ ||eu||2+e/ IVeull?.
0 0 0

Collecting all these estimates, we obtain

n
/ (ex * a(ur), ey)p
0

n n n
llew(m11? +/ IVeu(t)I*dt < Cs/ leu(®) ]| dt +8f IVeu ()11 dt
0 0 0

n t n
+e / f |Veu(s)IP dsdt + C, f lec (O dt.
0 0 0

Now, using the estimate (8), we get that

n n n n t
leaI? + / IVeu®I2dt <G, / lea@® 2 dt + (e + Coy) / IVeu®I2dt + G, / / |Veu(s)P dsd.
0 0 0 0 0

From this, we can finally conclude that
T
max |[le, ()] +/ IVeu(6)1* dt =0
tel0,T] 0

by Grénwall’s lemma when fixing first ¢ and then y sufficiently small. Therefore, u is unique in C ([0, T], L? (.Q)) nL? ((0, T),
H'(£2)) with d,u € L2 ((0, T), (H'(£2))"). The uniqueness of K in L?(0, T) follows from (8). O

3. Time discretization, existence of a solution

Rothe’s method [11,12] represents a constructive method suitable for solving evolution problems. Using a simple dis-
cretization in time, a time-dependent problem is approximated by a sequence of elliptic problems, which have to be solved
successively with increasing time step. This standard technique is in our case more complicated by the unknown convolution
kernel K. However, there exists a way to overcome this difficulty.

For ease of exposition, an equidistant time-partitioning is considered of the time frame [0, T] withastept =T/n < 1,
for any n € N. The following notations are used: t; = it and for any function z

Zi — Zi—
Z,':Z(t,'), (SZ,': _.

In this section, a decoupled system is considered with unknowns (u;, K;) fori = 1, ..., n. Attime t;, from (3), the following

backward Euler scheme is proposed

(Su;, @) — (Au;, @) + Ki (hi, @) — (Z KiAui_yt, ¢> = (i1, 9)., (10)
=1

where f; := f(u;). The choice of f;_; in (10) makes the RHS of (10) independent of the solution such that the Lax-Milgram
lemma can be applied in Proposition 3.1. Similarly, define ;; = «(u;). From (P) and (MP), one obtains for ¢ € H!(£2) that

(Sui, ¢) + (Vui, Vo) + Ki (hy, ¢) + (Z KVuiyt, qu)

k=1

=(fir,®) + (@ -1, P)p + (Z Ki(gi—k — ai—i)T, ¢> (DPi)
k=1 r
and

i
m; +Ki/ hi = / fier + / (g —ai—1) + ZTKk/ (Gi—k — Aik)- (DMPi)
2 2 r pa r

Please cite this article in press as: K. Van Bockstal, et al., Identification of a memory kernel in a semilinear integrodifferential parabolic problem with
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Note that for a giveni € {1, ..., n}, first (DMPi) is solved and then (DPi). Further, the index i is increased to i + 1. To begin,
the existence of a solution on a single time step is to be proved.

Proposition 3.1. Let f and « be bounded. Moreover, assume that g € C ([0, T],L*(I")), h € C([0, T], L*(£2)), mincepo,)

|[oh(®)] = @ > 0,up € H'(£2) and m € C'([0, T]). Then there exist C > 0 and 7o > O such that for any T < 1o and each
ie{l,...,n}wehave

(i) there exist K; € R and u; € H'(£2) obeying (DMPi) and (DPi)
(il) maxq<i<n [Kil < C.

Proof. (i) Set 7o = min {1 } Then for any T < 19, we may write by the triangle inequality that

_®
7 2lgo—a ol 1ry

0 < w—fo/ g0 — ar(uo)| Sw—ff g0 — ar(uo)| < |(hs, D]
r r

- =

. / (20 — a(up))
r

(hio 1) — r/ (20 — ()
r

Then, we can apply the following recursive deduction fori =1, ..., n:

Step 1: Let u;_; € H'(£2) be given. Then, (DMPi) implies the existence of K; € R such that

i~1
Ki [/ hi — T/ (8 — a(uo))] = / fier —mi+ / (& —ai-1) + ZTKk/ (i — tit)- (11)
2 r 2 r k=1 r

Step 2: Now, the relation (DPi) can be rewritten as

U

T_l ) (b) + i1, ) + (@G —aim1, @) + (Z Ki(gi—k — ai—i)T, ¢>
k=1

—Ki (hi, ¢) — (Z K VT, v¢> .

k=1

(.0)+ V. Vo) = (

r

The LHS represents a continuous, elliptic and bilinear form on H' (£2) and the RHS is a linear bounded functional on
H'(£2). The existence of u; € H'(£2) follows from (DPi) by the Lax-Milgram lemma.

(ii) The relation (11) yields

i1
IKil <C (1 + ) IKkl T) ,
k=1

which is valid for anyi = 1, ..., n. An application of the discrete Gronwall lemma gives the uniform bound of |K;|. O

Proposition 3.2. Let the conditions of Proposition 3.1 be satisfied. Then there exists C > 0 such that forany T < 1
2 n n
max |u;|” + Vuil® T + u —ui_q||*> < C.
max |[uj| ;n il ;u, il <

Proof. If we set ¢ = u;t in (DPi) and sum up fori =1, ..., j, we obtain

j J J j i
Z Buj, u) T + Z IVuill® T + ZKi (hi,u) T + Z <Z KiVui_yt, Vui) T
i=1 i=1 i=1

i=1 k=1
J J j i
= Z(fifl,ui)f‘i‘Z(gi_ai—hui)rf‘l'z ZKk(gi—k_ai—k)Tvui T. (12)
i=1 i=1 i=1 \k=1 r
The summation by parts formula says
J J 1 ) X J X
;(&lu u)T = ;(u,- — Ui g, ) = 3 lw||” = luoll® + ; lui — wieall” ) -
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All the other terms in (12) need to be estimated. For the third term of the LHS of (12), we get

J J J J J
Y K, upr| < YKl il w7 < CY MIPT+C ) ulPt <C+C Y il r,
i=1 i=1 i=1 i=1 i=1

as K; is bounded, see Proposition 3.1. The last term in the LHS of(12) is bounded by
Z KV it

J i j
Z (i KkVul kT, Vul> T Z T+¢ Z ||VU1||2
i=1 i—1 _
J
Z (Z I Vui_ill? r) T4e Z IV
J
Z (Z I Vue]|® r) T+e Z IVuill? ©

again as K; is bounded. The first term on the R f(12) can be estimated by the boundedness of f as follows

J J J
DGt < lfialllullt <C+C) 7 ul’t
i=1 i=1 i=1

The second term in the RHS can be estimated by the trace theorem and the boundedness of « in the following way

j
Z(gi — i1, U)rT
=1

Analogously, for the last term on the RHS, we have that

j i
Z (Z K (8i—k — ai—p)T, Ui) T
i=1 r

k=1

i
<

j i
2
<C E lg — il luillgroy T <G+ E lluill g o) T
i=1 i=1

J
=< C8 +¢€ Z ”ul”i[l(g) T
i=1

Putting all things together, using uy € H'(£2), we obtain that

Jj Jj j j j i—1
lw |+ 3 = w4 D IVulPt <G+ G Y lwlPc+e > IVulPr+6 Y (Z ||Vuk||zr) .
i=1 i=1 i=1 i=1 i=1 k=1

Fixing a sufficiently small ¢ > 0 implies that

J j i
el 4+ D = a2+ 3 IVl « < C+CZ||u,||2r+cZ (Z uwkuzr) .
=1 i=1 i=1 k=1
J i i
<C+C) <|qu||2 Y IVl T+ i — u,-1||2> T
i=1 k=1 k=1

In the last inequality, we enlarged the RHS. Now, fixing t sufficiently small and involving the discrete Grénwall lemma, we
conclude the proof. O

A

Proposition 3.3. Let the conditions of Proposition 3.1 be satisfied. Then there exists C > 0 such that forany T < 1
n
2
D I8t gy T = C
i=1
Proof. The relation (DPi) can be rewritten for ¢ € H!(£2) as

(8ui» ¢) = (fi—h ¢) + (gl - i1, ¢)F + (Z Kk(gi—k - ai—k)T7 ¢>
k=1

r

— (Vu;, V) — K; (hyi, ¢) — (Z KeVuigt, v¢> .

k=1
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Using the trace theorem, we obtain that

i—1
|(ui, §)] = C (1 F IVl + ) V| f) @ llu1 ) -

k=1

which implies

i—1
I8uill 1@y = sup [ (Buig)| =C (1 + 1Vl + ) IV r) : (13)
peHl(2) k=1
12ly1 ) <1
Then, taking the second power in (13), multiplying the inequality by 7, summing up fori = 1, ..., n and applying Proposi-

tion 3.2, we get the asked inequality. O
4. Existence of a solution

Let us introduce the following piecewise linear function in time

t=0

to , 1<i<n,
Ui+ (t—ti)du;  t € (-1, t] - =

un:[O,T]—>L2(.Q):t0—>{

and a step function

u t=0

, 1<i<n.
up te(tiog,tl - =

ﬁn:[O,T]—>L2(Q):t|—>{

Similarly, define Ky, h,, s, M, and m’,. These prolongations are also called Rothe’s (piecewise linear and continuous, or
piecewise constant) functions. Using these Rothe’s functions, (DPi) and (DMPi) can be rewritten on the whole time frame as'

Lt];
Brun(). @) + (Vi (t), Vo) + Ka(0) (Rn(0), ¢) + (Z K (6 Vil (t — )7, ws)
k=1

Lt]r
= (Ut — 1)), @) + @ (t) — a(Un(t — 7)), P)r + (an(tk) (8n(t — ti) — a(tn(t — )] T, ¢>> (DP)
r

k=1

and
Wa(®) + K0 [ n®) = [ fline =0+ [ @0 - atinte = o)
2 Q r
tly
3t [ @t = 1)~ alin(e — ) (DMP)
k=1 r
This puts us in a position to prove the existence of a weak solution to (P) and (MP).

Theorem 2 (Existence). Suppose the conditions of Proposition 3.1 are fulfilled. Then there exists a weak solution (u, K) to the
problem (P)-(MP), where u € [C ([0, T1, L2(£2)) N L2 ((0, T), H'(£2))], du € L2 ((0, T), (H'(£2))") and K € L2(0, T).

Proof. From Propositions 3.2 and 3.3, we have that for all n > 0 it holds that

¢ T
2 2
[ oy < € toratte 0.1 [ B 06 < C
Thanks to the compact embedding by the Rellich-Kondrachov theorem [ 16, Section 5.8.1], we have that
H'(2) cc 1(2) = (1X(2))" cc (H'(2))".

Using the generalized Aubin-Lions lemma [17, Lemma 7.7], there exist u € L2 ((0, T), LZ(.Q)) and a subsequence (uy; )ken
of (Up)nen Such that

Un, —> U, inL*((0,T),L*(2)) = up, — u, ae.in (0, T) x £2, (a)
Up, — U, inL*((0,T),H'(2)), (b) (14)
delln, — deu, inl? ((o, T), (Hl(ﬂ))*) (9

1 1t), =iwhent € (ti_1, 1.
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which we denote again by u, for ease of reading. Applying [17, Lemma 7.3], we getu € C ([0, T], 12 (9)) because u €

L2 ((0,T), H'(£2)) and du € L2 ((0, T), (H'(£2))"). Note that u,(0) — ii,(0) = 0. Forall t € (t_1, ] with1 < i < n, we
have that

[un(t) — un(O)] = |ty + (¢ — tim)u; — wil = |(¢ — tig — T)oW;| = [(t — t)w| < T |dui| = [u; — w4
Employing Proposition 3.2 gives
u C
2 < i s — Ui 2 < i — =
< nlm;or IE=1 [[ui — ui—q]| lim - 0,

Jm fun = lliz (o) 120 = M T =%

such that u, and &I, have the same limit in L? ((0, T), L*(£2)), i.e.

i, > u inl?((0,T),L*(£2)) = i, — u, ae.in(0,T) x £2. (15)
Analogously, one can prove that
T

Him | [t — 7) — @, ()2 dt = 0. (16)
0

n—oo

Using the Lipschitz continuity of &, the Necas inequality (7), the fact that 3", ||Vu;||* 7 is bounded (Proposition 3.2) and
u € L2((0,T), H'(£2)), we obtain that

T T
/ llor (@in(t = 7)) — @(u() 13- dt < C/ I8 (t — 7) — u(®)|17- de
0 0

T

)
sf ||V(an<t—r)—u(r)>||2dr+c€f lin(t = 7) — w2
0 0

IA

IA

T
e+cg/ Vit = ) £ fn(0) — u(O.
0

Passing to the limit and applying (15) and (16), it holds
T
lim [ (e (t—1)) —a@()|*dt =0 (17)
n—oo 0

and thus

lim o(ii,(t — 7)) = a(u(t)) inl*((0,T),L*(I).

In fact, a same reasoning gives also

T
lim lu, — u||2r dé¢ <e = U, > u, aein(,T)x1I. (18)
0

n—-+o00
Using Proposition 3.1, we have that fOT !I?n t) |2 dt < C, which means that
K, =~ K inL?(,T),
by the reflexivity of L*(0, T). It is clear that limy_, o, M/ (t) = m'(t) in C([0, T1), limy_, o & (t) = g(t) in C ([0, T], L*(I"))

and limp_, o0 ha(t) = h(t) in C ([0, T], 12 (.Q)) because m, h and g are prescribed. Now, we integrate (DP) in time over
(0,n) C [0, T] to get

1 n no_ B n [l
| Gn®.0)+ [ Fiw. v+ [ Rod0.6+ [ (Zm(tk)van(t—tk)r,w)
0 0 0 o \io
n n
= [[¢@e-m.0+ [ @0 -atue - .o
0 0

n LtJT_
+/ (anak)[gn(t—tk)—a(an<r—tk>)1r,¢> : (19)
0 k=1 r
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This expression is valid for any n € [0, T]. We want to pass the limit n — oo in (19). Using the stability result (14)(c), we
have for n — oo that

n n
f (Octtn, @) — / (Oru, @) .
0 0

Take ¢ € C* (£2), then

f ' (Viia(0), Ve)dt = — f (), A®) dt + / " (). V- v) - .
0 0 0

We take the limit n — oo in this equality and obtain by (15) and (18) that

n—oo

lim n(Vﬁn(t), Ve)dt = — fn (u(t), Ag)dt + fn u(), Ve -v)-dt
0 0 0

/ (Y, V), Vo ec™ (@),
0

Employing the density argument C* (£2) = H'(£2), we get that

lim n(Vﬂn(t),V¢)dt:/W(Vu(t),qu), Vo € H'(2).
n—oo 0 0

From the previous considerations, it is easy to see that

n_ 1
Him | Ru(h, ¢)dt = / K(h, ¢)dt.
n—oo 0 0

We take again ¢ € C*° (ﬁ) and apply the Green theorem for the last term in the LHS of (19). We obtain

Lt]r Lt
f n (Zf?nak)van(r ~ Bt w) dt = — / " (anm)an(t — . A¢) dt
0 0

k=1 k=1

Lt]:
+ fﬂ (Z kn(tk)ﬂn(t —t)T, Vo - V) dt.
0 k=1 r

Due to K, — K in L2(0, T), (15) and (18), we obtain for any ¢ € C*(£2) that

n [ Lt _ n n
lim (Z Ro(t) Vil (t — t)7, W)) dt = —/ (K % u, Ad) +/ (K % u, V- v)
n—oo 0 0 0

k=1
U
= / (K *Vu, Vo).
0

Applying the above density argument once more, we conclude that

Lt)
lim ’ (an(tk)va,,(t — )T, v¢) dt = /ﬂ (K % Vu,V¢), V¢ e H(2).
0 \k=1 0

n—oo

For the first term on the RHS of (19), we get

n
lim ’ / (F (@t — 7)) — Fu(t). @) de
0

n—oo

n
= lim ‘ / (F (@t = 7)) £ (@(0) = F@(©), $) dt| = 0,
0

as f is Lipschitz, (15) and (16). For the last two terms on the RHS of (19), we have due to K, — K in L2(0, T), the Lipschitz
continuity of 7, (17) and (18) that

n n
lim / (&n(t) — a(un(t — 1)), p)rdt = / (&(t) —au(®), ¢)rdt,
n—oo 0 0

n [ Lt _ n
lim (Z K (6) [8n(t — t) — a(@a(t — t))] T, ¢) dt = / K x (g —aw), ¢)dt.
n—oo Jq - 0

k=1
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Now, taking the limit n — oo in (19) results in
n n n n
/ (G, ) + / (Vu, V) + / K(h, §) + f (K % Vi, V)
0 0 0 0

n n n
=/0 (f(u),¢)+/o (g—a(u),¢)r+_/0 K (g —a).¢)r.

Taking the derivative with respect to 1, we arrive at (P). In the same way as before, we integrate (DMP) in time and pass the
limit forn — oo. This follows the same line as passing the limit in (19), therefore we skip the details. Finally, we differentiate
the result with respect to time and arrive at (MP). O

The convergences of Rothe’s functions towards the weak solution (P)-(MP) (as stated in the proof of Theorem 2) have
been shown for a subsequence. However, taking into account Theorem 1, it is clear that the whole Rothe’s sequence converge
against the solution.

Conclusion

A semilinear parabolic integro-differential problem of second order with an unknown solely time-dependent convolution
kernel is considered. The missing information is compensated by an integral-type measurement over the domain. The
existence and uniqueness of a weak solution for the IBVP is proved. A numerical procedure based on Rothe’s method is
developed and the convergence of approximations towards the exact solution is demonstrated.
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