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a b s t r a c t

Most papers concentrate on the parameter identification of Hammerstein systems with
knownorders. This paper,motivated by the recent developments in sparse approximations,
investigates the combined parameter and order determination of Hammerstein systems.
The methodology used relies on greedy schemes—the orthogonal matching pursuit (OMP)
algorithm in the compressive sensor (CS) theory. In particular, the first step recasts a
bilinear Hammerstein system into two fictitious pseudo-regressive sub-systems which
respectively contain the parameters of the nonlinear part or the parameters of the linear
part by the hierarchical identification principle. The second step adopts a hierarchical
orthogonal matching pursuit (H-OMP) selection procedure to interactively select the
parameters and orders of the two sub-systems under the frame of the compressive sensor.
Finally, the proposed algorithm is tested on a simulation example.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Nowadays system modeling and identification are very important for nonlinear systems and complex systems
[1–5]. The traditional identification methods for Hammerstein nonlinear systems are popular for the last two decades,
including the over-parametrization model based methods [6,7], the iterative/recursive identification methods [8–11], the
key term separation principle based identification methods [12–15], the hierarchical identification methods [16–18], and
themaximum likelihood estimationmethods [19–21], etc. Recently, Li used the Levenberg–Marquardt optimizationmethod
to estimate parameters for a Hammerstein output error system [22]; Chen adopted a particle swarm optimization algorithm
to estimate unknown parameters for a Hammerstein system [23]. But the above conventional identification methods need
process thousands of input and output data, this costs a lot of time in data sampling and parameter estimating.

In the past decade, the compressive sensing method based on the sparsity principle has arousedmuch attention in signal
processing field [24–26], it has an advantage of saving computation in recovering parameters of a system, by collecting only a
fewdata. Generally, the compressive sensingmethod can be described as to reconstruct a S-sparse vectorΘ ∈ Rn from linear
measurements in Φ ∈ Rm×n and observations in Y ∈ Rm under the form: Y = ΦΘ. By definition, the number of sparsity,
observations, components of the unknown signal are decreased, i.e., S < m < n. Accurate reconstruction can be achieved
by two types of approaches: the greedy algorithms like the thresholding algorithms [27–29] or the orthogonal matching
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pursuit (OMP) algorithms [30–32], and the basis pursuit (BP) algorithms [33–35]. The greedy OMP algorithm imposes an
L0-norm on the sparse vector Θ, works iteratively by picking up the support columns (atoms) in the measurement matrix
in a greedy fashion, and has simple and rapid advantages over the BP method which solves its convex relaxation by the
standard L1-norm technique.

In this paper, a hierarchical orthogonal matching pursuit (H-OMP) algorithm is investigated to simultaneously select the
orders and parameters of a Hammerstein system. The explorations lie in three main aspects:

• The first is to recast the system into two fictitious pseudo-regressive sub-systems: one contains the parameters of the
nonlinear part and the other contains the parameters of the linear part by the hierarchical identification principle.

• The second is to adopt the H-OMPmethod to interactively select the parameters and orders of these two sub-systems
under the framework of the CS theory.

• Comparingwith the existing hierarchical least squares (H-LS)method, the proposedH-OMPalgorithm is not necessary
to collect a lot of data and invest a lot of power on the parameter identification.

The rest of the paper is organized as follows. Section 2 demonstrates the problem formulation of a Hammerstein system.
Section 3 presents the H-OMP identification algorithm to interactively select the orders and parameters of these two sub-
systems. Section 4 derives the existing hierarchical least squares (H-LS) algorithm for comparison. Section 5 provides a
numerical example for the proposed algorithm. Finally, the concluding remarks are involved in Section 6.

2. The problem formulation

The input nonlinear and output linear functions of a Hammerstein system are expressed as

x(t) = f [u(t)] =

nc∑
k=1

ckfk[u(t)], (1)

y(t) = B(z)x(t) + v(t), (2)

where B(z) = b1z−1
+ b2z−2

+ · · · + bnbz
−nb , u(t) and y(t) are the system input and output, x(t) is an internal variable, v(t)

is stochastic white noise with zero mean, the input nonlinearity f is modeled as a linear combination of basis functions fi.
Assume that the orders nb and nc are unknown, we set sufficient length l as orders of the nonlinear/linear functions

(l > nb, l > nc). From the y − x relationship in (2), we get

y(t) = b1x(t − 1) + b2x(t − 2) + · · · + bnbx(t − nb) + · · · + blx(t − l) + v(t). (3)

Substituting Eq. (1) into x(t − i) into Eq. (3) gives:

y(t) = b1
nc ,...,l∑
k=1

ckfk[u(t − 1)] + · · · + bnb

nc ,...,l∑
k=1

ckfk[u(t − nb)] + · · · + bl
nc ,...,l∑
k=1

ckfk[u(t − l)] + v(t).

Define the information matrix and the parameter vectors:

F (t) =

⎡⎢⎢⎢⎢⎢⎣
f1[u(t − 1)], . . . , fnc [u(t − 1)], . . . , fl[u(t − 1)]

...

f1[u(t − nb)], . . . , fnc [u(t − nb)], . . . , fl[u(t − nb)]
...

f1[u(t − l)], . . . , fnc [u(t − l)], . . . , fl[u(t − l)]

⎤⎥⎥⎥⎥⎥⎦ ∈ Rl×l,

b = [b1, b2, . . . , bnc , 0, . . . , 0  
l−nb

]
T

∈ Rl, c = [c1, c2, . . . , cnc , 0, . . . , 0  
l−nc

]
T

∈ Rl,

then we have

y(t) = bTF (t)c + v(t). (4)

It seems difficult to recast the above obtained bilinear systemunder the CS framework. In this letter, based on the hierarchical
identification principle, we recast the bilinear system into two simple pseudo-regressive sub-systems as follows.

By multiplying F (t) with c (F (t)c := Fc(t) ∈ Rl×1), the bilinear model (4) is transformed into a pseudo-regressive sub-
system I about the parameter vector b of the linear part,

Sub-system I : y(t) = F T
c (t)b + v(t). (5)

Similarly, bymultiplying bT with F (t) (bTF (t) := Fb(t) ∈ R1×l), the bilinearmodel (4) is transformed into a pseudo-regressive
sub-system II about the parameter vector c of the nonlinear part,

Sub-system II : y(t) = Fb(t)c + v(t). (6)
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Substitutingm sampled data into (5) and (6) gives⎧⎪⎪⎪⎨⎪⎪⎪⎩
y(1) = F T

c (1)b + v(1),
y(2) = F T

c (2)b + v(2),
...

y(m) = F T
c (m)b + v(m)

and ⎧⎪⎪⎨⎪⎪⎩
y(1) = Fb(1)c + v(1),
y(2) = Fb(2)c + v(2),

...

y(m) = Fb(m)c + v(m).

Define

Y =

⎡⎢⎢⎣
y(1)
y(2)

...

y(m)

⎤⎥⎥⎦ ∈ Rm, V =

⎡⎢⎢⎣
v(1)
v(2)

...

v(m)

⎤⎥⎥⎦ ∈ Rm,

Ξ1 =

⎡⎢⎢⎢⎣
F T
c (1)

F T
c (2)
...

F T
c (m)

⎤⎥⎥⎥⎦ ∈ Rm×l, Ξ2 :=

⎡⎢⎢⎣
Fb(1)
Fb(2)

...

Fb(m)

⎤⎥⎥⎦ ∈ Rm×l.

Then two sets of equations can be rewritten as two pseudo-regressive matrix equations, respectively,

Y = Ξ1b + V , (7)

Y = Ξ2c + V . (8)

Eqs. (7) and (8) are two pseudo-regressive sub-systems meeting the CS framework. According to the least squares principle,
if there are enough measurements, i.e.,m ≫ l, we can interactively get the least squares estimates of b and c ,

b̂LS = (ΞT
1Ξ1)−1ΞT

1Y ,

ĉLS = (ΞT
2Ξ2)−1ΞT

2Y .

But the above traditional least squareswill take a large computation and a lot of time to get the estimates b̂LS and ĉLS. Because
the parameter vectors b and c contain only a few non-zeros, but many zeros. According to the CS theory, the parameter
vectors b and c can be viewed as a sparse signal. Let S = ∥b∥0 + ∥c∥0 = nb + nc denote the numbers of non-zero entries in
b and c , then the identification problem can be described as an orthogonal matching pursuit (OMP):

b̂ = argmin∥b∥0, s.t. ∥y(t) − F T
c (t)b∥2 < ε,

ĉ = argmin∥c∥0, s.t. ∥y(t) − Fb(t)c∥2 < ε,

where b̂ and ĉ are the estimates of b and c and ε (ε > 0) is the error tolerance.

3. The H-OMP identification method

3.1. The CS background and the OMP method

3.1.1. The CS background
Suppose X meet the following equation,

Y = φX,

where the output Y ∈ RM and φ ∈ RM×N (M < N), naturally X ∈ RN is usually not sparse, solving these underdetermined
equations to get unknown X is impossible. CS technique represents X = ΩΘ with a transform Ω ∈ RN×N of a K -sparse
signal Θ ∈ RN . Then the CS equation or the CS framework is expressed as

Y = ΦΘ,

with the measurement matrix Φ = φΩ ∈ RM×N , and the K -sparse signal Θ ∈ RN (K ≤ M < N).
In CS theory, accurately recovering a K -sparse vector Θ ∈ RN under the form Y = ΦΘ should satisfy the following two

requirements.
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Theorem 1. Refer to [36], let K ≤ M < N and every set of 2K columns of the matrixΦ ∈ RM×N be linearly independent. Then a
K-sparse vector Θ ∈ RN can be reconstructed uniquely from Y = ΦΘ. This unique solution is in fact the sparsest solution, i.e.,

Θ̂ = argmin∥Θ∥0, s.t. ∥Y = ΦΘ∥2 < ε.

Theorem 2. Refer to [37], an M × N matrixΦ ∈ RM×N obey the K-restricted isometry property (K-RIP) condition with constant
δK . More precisely, let Λ ⊂ {1, 2, . . . , K } andΦΛ be the submatrix of Φ consisting of the columns indexed byΛ, the local isometry
constant δK is the smallest number satisfying (1 − δK )∥ΘΛ∥

2
2 ≤ ∥ΦΛΘΛ∥

2
2 ≤ (1 + δK )∥ΘΛ∥

2
2.

3.1.2. The OMP method
In the CS framework Y = ΦΘ, suppose Φ = [φ1, φ1, . . . ,φN ] (φi is called an atom of Φ), Θk = [θ1, θ2, . . . , θN ]

T,
k = 1, 2, . . . be the iterative number and λk be the index of the solution support at the kth iteration, Λk is a set composed
of λi, i = 1, 2, . . . , k, rk denotes the residual at the kth iteration, ΦΛk is the sub-measurement matrix composed of the k
columns of Φ indexed by Λk, Θ̂k is the estimated parameter vector at the kth iteration.

The orthogonalmatching pursuit (OMP)method is a kind of greedy algorithms, it works iteratively by picking the support
atoms in a greedy fashion. In each step it finds the atom with highest absolute inner product with the residual and adds it
to the already found support atoms. Then it calculates a new approximant by projecting the signal on the linear span of the
already found support atoms and a new residual by subtracting the approximant from the signal.

This section narrates the derivation of the OMP recovery algorithm. Define a cost function at the kth iteration

J(θi) := ∥rk−1 − φiθi∥
2, i = 1, 2, . . . ,N. (9)

Remark 1. Minimizing J(θi) with respect to θi means that the derivation of J(θi) with respect to θi equals 0, that is,

∂ J(θi)
∂θi

= −2φT
i [rk−1 − φiθi] = 0,

and we get

θi =
φT
i rk−1

∥φi∥
2 . (10)

Substitute the above θi into Eq. (9) to get a minimized J(θi) as

J(θi)min =

φi
φT
i rk−1

∥φi∥
2 − rk−1

2
=

(
φiφ

T
i rk−1

∥φi∥
2 − rk−1

)T (
φiφ

T
i rk−1

∥φi∥
2 − rk−1

)
=

(
rTk−1φiφ

T
i

∥φi∥
2 − rTk−1

)(
φiφ

T
i rk−1

∥φi∥
2 − rk−1

)
=

rTk−1φiφ
T
i φiφ

T
i rk−1

∥φi∥
2∥φi∥

2 −
rTk−1φiφ

T
i rk−1

∥φi∥
2 −

rTk−1φiφ
T
i rk−1

∥φi∥
2 + rTk−1rk−1

= ∥rk−1∥
2
−

(φT
i rk−1)2

∥φi∥
2 . (11)

Remark 2. The result
[
J(θi)min = ∥rk−1∥

2
−

(φT
i rk−1)2

∥φi∥
2

]
says that minimizing J(θi) is equivalent to the quest for the largest

inner product between the residual rk−1 and the normalized column vector φi of Φ.

In summary, the steps of the OMP algorithm iterate from k = 1 as:

Step 1. Find the index of the largest inner product,

λk = arg max
i=1,2,...,N

|⟨rk−1,
φi

∥φi∥
⟩|;

Step 2. Update the supporting index set,

Λk = Λk−1 ∪ λk;

Step 3. Update the supporting sub-measurement matrix,

ΦΛk = ΦΛk−1 ∪ Φλk;
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Step 4. Update the estimated parameter vector,

minJ(ΘΛk ) = ∥Y − ΦΛkΘΛk∥
2
;

Step 5. Compute the residual,

rk = Y − ΦΘk.

until the rk < ε, ε is a small positive constant.

3.2. The H-OMP algorithm

The above mentioned two sub-systems Y = Ξ1b + V and Y = Ξ2c + V in (7) and (8) meet the CS framework, due to
b and c being Sb-sparse and Sc-sparse vectors, respectively. With the setup of Sb ≤ M < l and Sc ≤ M < l, the task is to
reconstruct b from Y and Ξ1, and c from Y and Ξ2. A column Ξ1i/Ξ2i of Ξ1/Ξ2 is also called an atom as defined by,

Ξ1 = [Ξ11,Ξ12, . . . ,Ξ1l],

Ξ2 = [Ξ21,Ξ22, . . . ,Ξ2l].

Thus the output observation vector Y is the linear combination of l atoms Ξ1i or Ξ2i,

Y =

l∑
i=1

Ξ1ibi + V (12)

=

l∑
i=1

Ξ2ici + V . (13)

Assume k = 1, 2, . . . be the iterative number, let us give some notations at the kth iteration: λbk and λck be the column
indexes of the solution support inΞ1 andΞ2; Λbk and Λck are solution sets composed of λbk and λck, respectively; rbk and rck
denote the residuals; Ξ1,Λbk and Ξ2,Λck are the sub-measurement matrix composed of the nb and nc columns of Ξ1 and Ξ2

indexed by Λbk and Λck; b̂k and ĉk are the estimated parameter vectors. The algorithms are initialized as rb0 = rc0 = r0 = Y
and Λb0 = Λc0 = ∅. Define two cost functions,

εb(bi) = ∥rb,k−1 − Ξ1ibi∥2, i = 1, 2, . . . , l, (14)

εc(ci) = ∥rc,k−1 − Ξ2ici∥2. (15)

According to Remarks 1 and 2, minimizing εb(bi) and εc(ci) with respect to bi and ci yields:

minεb(bi) = ∥rb,k−1∥
2
−

(
ΞT

1irb,k−1

∥Ξ1i∥

)2

, (16)

minεc(ci) = ∥rc,k−1∥
2
−

(
ΞT

2irc,k−1

∥Ξ2i∥

)2

. (17)

Remark 3. Eqs. (16) and (17) indicate that the pursuit for the smallest error is equivalent to the pursuit for the largest inner
product between the residual rb,k−1 and the normalized column vectors Ξ1i in Ξ1, or between rc,k−1 and Ξ2i in Ξ2.

Thus, the kth solution support can be obtained by:

λbk = argmax(i=1,2,...,l)|⟨rb,k−1,
Ξ1i

∥Ξ1i∥
⟩|,

λck = argmax(i=1,2,...,l)|⟨rc,k−1,
Ξ2i

∥Ξ2i∥
⟩|.

Update the support sets Λbk and Λck, and the sub-measurement matrices Ξ1,Λbk and Ξ2,Λck by

Λbk = Λb,k−1 ∪ λbk,

Λck = Λc,k−1 ∪ λck,

Ξ1,Λbk = Ξ1,Λb,k−1 ∪ Ξ1,λbk ,

Ξ2,Λck = Ξ2,Λc,k−1 ∪ Ξ2,λck .

Define two cost functions:

J1(bΛbk ) = ∥Y − Ξ1,ΛbkbΛbk∥
2,

J2(cΛck ) = ∥Y − Ξ2,ΛckcΛck∥
2.

There exist two difficulties in minimizing the two cost functions to get the estimated parameter vectors b̂Λbk and ĉΛck :
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• When minimizing J1(bΛbk ) about bΛbk , there exist the unknown parameter vectors c in Fc(t) in Ξ1,Λbk ;
• When minimizing J2(cΛck ) about cΛck , there exist the unknown parameter vectors b in Fb(t) in Ξ2,Λck .

The solutions are to use their estimates ĉk−1 and b̂k at iteration k to replace c and b, respectively; and the corresponding
estimates of Fc(t) and Ξ1, and Fb(t) and Ξ2 at iteration k can be written as,

F̂c,k(t) = F (t)ĉk−1, F̂b,k(t) = b̂T
kF (t),

Ξ̂1,k =

⎡⎢⎢⎢⎣
F̂ T
c,k(1)

F̂ T
c,k(2)

...

F̂ T
c,k(m)

⎤⎥⎥⎥⎦ = [Ξ̂11,k, Ξ̂12,k, . . . , Ξ̂1l,k], Ξ̂2,k =

⎡⎢⎢⎢⎣
F̂b,k(1)
F̂b,k(2)

...

F̂b,k(m)

⎤⎥⎥⎥⎦ = [Ξ̂21,k, Ξ̂22,k, . . . , Ξ̂2l,k].

Replacing unknown variables with their estimates, minimizing J1(bΛbk ) and J2(cΛck ), and combining the hierarchical
identification principle with the least squares identification principle, the least squares estimates b̂Λbk and ĉΛck at the k
step are given,

b̂Λbk = (Ξ̂T
1,Λbk

Ξ̂1,Λbk )
−1Ξ̂T

1,Λbk
Y ,

ĉΛck = (Ξ̂T
2,Λck

Ξ̂2,Λck )
−1Ξ̂T

2,Λck
Y .

The residuals at the k step can be computed by:

rbk = Y − Ξ̂1,Λbk b̂Λbk , (18)

rck = Y − Ξ̂2,Λck ĉΛck . (19)

Remark 4. At the beginning, the hierarchical orthogonal matching pursuit (H-OMP) algorithm with the estimates ĉk−1
and b̂k in the sub-information matrices Ξ̂1,Λbk and Ξ̂2,Λck causes an inaccurate support atom selection. With the iteration
k increasing, these estimated vectors become more accurate, and the mis-selected support atoms certainly un-meet the
threshold requirement, the corresponding elements in the estimated parameter support set will be a small non-zero value.

Because practical systems always alongwith some noises, we set an appropriate small threshold ε to filter the parameter
estimates b̂Λbk and ĉΛck . If |b̂hb,k| < ε and/or |ĉhc ,k| < ε (where b̂hb,k is the hbth element of b̂Λbk , and ĉhc ,k is the hcth element
of ĉΛck ), eliminate b̂hb,k and/or ĉhc ,k from b̂Λbk and/or ĉΛck , and the corresponding Ξ̂1hb,k and/or Ξ̂2hc ,k from Ξ̂1,k and/or Ξ̂2,k.
Then we have

b̂Λbkε = [b̂Λbk/b̂hb,k ̸∈ b̂Λbk ],

Ξ̂1,Λbkε = [Ξ̂1,Λbk/Ξ̂1hb,k ̸∈ Ξ̂1,Λbk ];

ĉΛckε = [ĉΛck/ĉhc ,k ̸∈ ĉΛck ],

Ξ̂2,Λckε = [Ξ̂2,Λck/Ξ̂hc ,k ̸∈ Ξ̂2,Λck ].

Because b̂hb,k and ĉhc ,k are hbth and hcth elements in b̂Λk and ĉΛk , and Ξ̂1hb,k and Ξ̂2hc ,k are hbth and hcth columns in Ξ̂1,Λk

and Ξ̂2,Λk ; the expressions of eliminating b̂hb,k from b̂Λbk and Ξ̂1hb,k from Ξ̂1,Λbk in Matlab are

b̂Λbkε : b̂Λbk (hb) = [ ],

Ξ̂1,Λckε : Ξ̂1,Λck (hb) = [ ];

the expressions of eliminating ĉhc ,k from ĉΛck and Ξ̂2hc ,k from Ξ̂2,Λck in Matlab are

ĉΛkε : ĉΛk (hc) = [ ],

Ξ̂2,Λkε : Ξ̂2,Λk (hc) = [ ].

Then the residual can be computed by

rbkε = Y − Ξ̂1,Λbkε b̂Λbkε , (20)

rckε = Y − Ξ̂2,Λckε ĉΛckε . (21)

The steps of the H-OMP algorithm are summarized as:
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The H-OMP for CS Recovery
Measurements: Ξ1 = [Ξc1,Ξc2, · · · ,Ξcl], Ξ2 = [Ξb1,Ξb2, · · · ,Ξbl];
Output vectors: Y ;
Sparsity level: Sb = nb, Sc = nc ;
Parameter vectors b = [b1, b2, · · · , bl]T, c = [c1, c2, · · · , cl]T;
Initialization: k = 1, rb0 = rc0 = Y , Λb0 = Λc0 = ∅;

b̂Λ0 = 0, ĉΛ0=a constant vector.
Repeat

F (t) =

⎡⎢⎢⎢⎢⎢⎣
f1[u(t − 1)], · · · , fnc [u(t − 1)], · · · , fl[u(t − 1)]

...

f1[u(t − nb)], · · · , fnc [u(t − nb)], · · · , fl[u(t − nb)]
...

f1[u(t − l)], · · · , fnc [u(t − l)], · · · , fl[u(t − l)]

⎤⎥⎥⎥⎥⎥⎦;

Estimating b:

Ξ1,k =

⎡⎢⎢⎣
(F (1)ĉk−1)T
(F (2)ĉk−1)T

...

(F (m)ĉk−1)T

⎤⎥⎥⎦ = [Ξ11,k,Ξ12,k, · · · ,Ξ1l,k];

λbk= index of the highest amplitude component of ΞT
1i,krb,k−1;

Λbk = Λb,k−1
⋃

λbk;
b̂Λbk = (ΞT

1,Λbk
Ξ1,Λbk )

−1ΞT
1,Λbk

Y ;
If |b̂hb,k|< ε,
let b̂Λbkε : b̂Λbk (hb) = [ ],

Ξ̂1,Λckε : Ξ̂1,Λck (hb) = [ ];
rbkε = Y − Ξ1,Λbkε b̂Λbkε ;

Estimating c:

Ξ2,k =

⎡⎢⎢⎢⎣
b̂T
kF (1)

bT
kF (2)

...

bT
kF (m)

⎤⎥⎥⎥⎦ = [Ξ21,k,Ξ22,k, · · · ,Ξ2l,k];

λck= index of the highest amplitude component of ΞT
2i,krc,k−1;

Λck = Λc,k−1
⋃

λck;
ĉΛck = (ΞT

2,Λck
Ξ2,Λck )

−1ΞT
2,Λck

Y ;
If |ĉhc ,k|< ε,
let ĉΛkε : ĉΛk (hc) = [ ],

Ξ̂2,Λkε : Ξ̂2,Λk (hc) = [ ];
rckε = Y − Ξb,Λckε ĉΛckε ;

if ∥rbkε∥ < ε1 and ∥rckε∥ < ε1, stop the iteration;
Otherwise

Return with k=k + 1.
Estimated parameter vectors: b̂Λbkε (b̂k) and ĉΛckε (ĉk).

4. The existing hierarchical least squares (H-LS) method

For comparison, we describe the existing H-LS algorithm. Refer to [16,17], the existing H-LS algorithm for Hammerstein
system is under the condition of known nb and nc .

Define the information matrix and the parameter vectors:

FE(t) =

⎡⎢⎢⎣
f1[u(t − 1)], f2[u(t − 1)], . . . , fnc [u(t − 1)]
f1[u(t − 2)], f2[u(t − 2)], . . . , fnc [u(t − 2)]

...

f1[u(t − nb)], f2[u(t − nb)], . . . , fnc [u(t − nb)]

⎤⎥⎥⎦ ∈ Rnb×nc ,
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bE = [b1, b2, . . . , bnb ]
T

∈ Rnb ,

cE = [c1, c2, . . . , cnc ]
T

∈ Rnc ,

then we have

y(t) = bT
EFE(t)cE + v(t). (22)

Define a quadratic cost function containing two parameter vectors,

JE(bE, cE) =

L∑
t=1

[y(t) − bT
EFE(t)cE]

2,

Under the known nb and nc , according to the least squares principle and the hierarchical identification principle [16,17],
minimizing the cost functions JE(bE, cE) with respect to bE and cE gives

b̂E(t) = b̂E(t − 1) + L1E(t)[y(t) − b̂E
T
(t − 1)FE(t)ĉE(t − 1)]T, (23)

L1E(t) = P1E(t − 1)FE(t)ĉE(t − 1) × {1 + [FE(t)ĉ(t − 1)]TP1E(t − 1)FE(t)ĉE(t − 1)}−1, (24)

P1E(t) = {I − L1E(t)[FE(t)ĉE(t − 1)]T}P1E(t − 1), (25)

ĉE(t) = ĉE(t − 1) + L2E(t)[y(t) − b̂T
E(t)FE(t)ĉE(t − 1)], (26)

L2E(t) = P2E(t − 1)[b̂T
E(t)FE(t)]

T
× {1 + b̂T

E(t)FE(t)P2E(t − 1)[b̂T
E(t)FE(t)]

T
}
−1, (27)

P2E(t) = [I − L2E(t)b̂T
E(t)FE(t)]P2E(t − 1), (28)

FE(t) =

⎡⎢⎢⎣
f1[u(t − 1)] f2[u(t − 1)] · · · fnc [u(t − 1)]
f1[u(t − 2)] f2[u(t − 2)] · · · fnc [u(t − 2)]

...
...

...

f1[u(t − nb)] f2[u(t − nb)] · · · fnc [u(t − nb)]

⎤⎥⎥⎦ . (29)

With the known nb and nc , the above hierarchical least squares will take a large computation and a lot of time to get the
estimated vectors b̂E and ĉE .

5. Examples

5.1. Example 1

Consider the following Hammerstein system

y(t) = B(z)x(t) + v(t),
x(t) = c1u(t) + c2u2(t) = 0.95u(t) − 0.60u2(t),
B(z) = b1z−1

+ b2z−2
= 1 + 0.80z−1

+ 0.20z−2,

b = [0.80, 0.20, 0, . . . , 0  
4 zeros

]
T, c = [0.95, −0.60, 0, . . . , 0  

4 zeros

]
T.

In simulation, the input {u(t)} is taken as an uncorrelated persistently excited signal vector sequence with zeromean and
unit variance, and {v(t)} is taken as a white noise sequence with zero mean and variance σ 2

= 0.022.
For the proposed H-OMP algorithm with unknown orders nb and nc : sample 12 set of input–output data, apply the

proposed H-OMP algorithm to estimate the parameters of this system, the parameter estimates and their errors are shown
in Table 1 . The estimation error of the parameters is

δk :=

√
∥b̂k − b∥2 + ∥ĉk − c∥2

∥b∥2 + ∥c∥2 × 100%.

For the existing H-LS algorithm with known orders nb = 2 and nc = 2: sample 5000 set of input–output data, apply the
H-LS algorithm to estimate the parameters of this system, the parameter estimates and their errors are shown in Table 2.
The estimation error of the parameters is

δE :=

√
∥b̂E − b∥2 + ∥ĉE − c∥2

∥b∥2 + ∥c∥2 × 100%.
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Table 1
The parameter estimates and errors of the H-OMP algorithm.

k 1 2 3 4 5 6

b1 = 0.85 0.850 0.840 0.876 0.879 0.865 0.865
b2 = 0.20 0.000 −0.176 −0.187 −0.187 −0.175 −0.178
b3 = 0.00 0.000 0.000 0.000 0.000 0.000 0.000
b4 = 0.00 0.000 0.000 0.000 0.000 0.000 0.000
b5 = 0.00 0.000 0.000 0.000 0.020 0.004 0.003
b6 = 0.00 0.000 0.000 0.000 0.000 0.000 0.000
c1 = 0.70 0.000 0.000 0.580 0.687 0.690 0.692
c2 = −0.40 0.000 0.000 0.000 −0.392 −0.385 −0.394
c3 = 0.00 0.000 0.000 0.000 0.000 0.000 0.000
c4 = 0.00 0.000 0.000 0.000 0.000 0.000 0.000
c5 = 0.00 0.104 0.147 0.000 0.000 −0.001 0.000
c6 = 0.00 0.000 −0.083 −0.080 0.000 0.000 0.000

δk(%) 70.436 69.340 35.860 3.368 2.917 2.473

Table 2
The parameter estimates and errors of the H-LS algorithm.

t 100 200 500 1000 2000 5000

b1 = 0.85 0.014 0.025 0.291 0.816 0.818 0.817
b2 = −0.20 0.007 0.004 0.019 −0.186 −0.193 −0.192
c1 = 0.70 0.015 0.024 0.217 0.724 0.731 0.729
c2 = −0.40 0.004 −0.005 −0.187 −0.419 −0.413 −0.414

δE (%) 98.654 97.237 67.280 3.997 3.940 3.934

The simulations are summarized as follows:
(1) Tables 1 and 2 show that the parameter estimation errors become (generally) smaller and smaller with the iteration

k increasing or with the recursion t increasing.
(2) Table 1 shows that 4 (nb + nc) support atoms are selected at k= 4, where 2 wrongly selected atoms corresponding to

parameters c5 and c6 are deleted with iteration k increasing.
(3) The H-OMP algorithm with 12 set of data and the existing H-LS algorithm with 5000 set of data perform parameter

estimation algorithm to obtain similar parameter estimation accuracy.

5.2. Example 2

Consider a simple experimental setup of a water tank system in Fig. 1, where u(t) is the valve opening, x(t) is the water
inlet flow, and y(t) is the liquid level. This system from u(t) to y(t) can be modeled by a simple Hammerstein model,

x(t) = γ1u2(t) + γ2u2(t) + · · · + γlul(t),

y(t) = β1x(t − 1) + β2x(t − 2) + · · · + βlx(t − l) + v(t), (30)

then y(t) can be expressed as

y(t) =

l∑
i=1

[βi(γ1u(t − i) + γ2u2(t − i) + · · · + γlul(t − i))] + v(t),

= βTFγ + v(t).

Suppose the enough length l = 6 for orders βl and γl, the parameter vectors β = [β1, β2, . . . , βl]
T and γ = [γ1, γ2, . . . , γl]

T

are sparse. Then we can apply the H-OMP algorithm to estimate the parameter vectors β and γ .
Due to the different variable sampled with different scales, all the input and output variables need be re-scaled to be

included within the interval [−1, 1] by using the following equation:

h̃(t) = 2
h(t) − hmin(t)

hmax(t) − hmin(t)
− 1.

where h(t) and h̃(t) are the old and new values of a sampling point respectively. hmin(t) and hmax(t) are their minimum and
maximum values. The fitting accuracy of the model is evaluated in terms of their mean square errors (MSE), defined as

MSE =
1
L

L∑
t=1

[ŷ(t) − y(t)]2.
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Fig. 1. An experimental setup of a water tank system.

Table 3
The parameter estimates and mean square errors of the PV system.

k β1 β2 ∼ β6 γ1 γ2 γ3 ∼ γ6 MSE

10 0.423 0 0.353 1.070 0 3.23%

where ŷ(t) is an estimate of the real output y(t). Applying the proposed H-OMP algorithm to estimate the parameters of this
system, the estimates of β, γ , and their mean square errors (MSE) are shown in Table 3. It is clear that the MSE is small, the
Hammerstein model and the H-OMP method is effective for modeling a water tank system.

6. Conclusions

This paper investigates the identification problems of a block-oriented Hammerstein system by using the sparsity-
seeking hierarchical orthogonal matching pursuit (H-OMP) optimization algorithm of the compressed sensing theory. The
idea is to recast the block-oriented Hammerstein system into two pseudo-regressive sub-systems by using the hierarchical
identification principle. Each sub-system contains the parameters of the nonlinear part or the parameters of the linear part.
Then the H-OMP algorithm is investigated to interactively select the parameters and orders of the nonlinear and linear parts.
The characteristics of the proposed algorithm lie in three aspects:

• In contrast to the standard OMP algorithm with known measurement matrix, there exist unknown variables in the
measurement matrix Ξ1 and Ξ2 in the H-OMP algorithm.

• Due to replacing the unknown variables with their estimates in Ξ1 and Ξ2, there exists the correcting process of
picking up and deleting wrongly selected atoms with iteration k increasing.

• The advantage of the H-OMP method over the traditional identification methods for the Hammerstein system is that
it is not necessary to collect a lot of data and invest a lot of power on the parameter identification.

The proposed identificationmethod can be extended to various systems, such as time-delay systems [38,39], multivariate
systems [40,41], network systems [42,43] and process systems [44,45], etc.
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