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1. Introduction

High contrast problems that are characterized by the large or even infinite ratio of the largest and smallest values of
coefficients in the corresponding PDE are commonly found in many applications such as porous media flow, composite
materials, and electrical impedance tomography. Because of that, the development of efficient numerical schemes for high
contrast heterogeneous media has been an active area of research in the past couple of decades, specifically in the design of
multiscale solvers.

It was observed that convergence of iterative solvers for the linear systems associated with the high contrast PDEs
deteriorates as the contrast in problem coefficients becomes large. Such a loss of efficiency is due to existence of very
low eigenvalues in the spectrum of the matrix of the discretized system. Several methods have been proposed to obtain
robust and efficient iterative solvers for elliptic problems with highly discontinuous coefficients, see e.g. [ 1-5] and references
therein. Many iterative solvers for elliptic problems with highly heterogeneous coefficients in the domains of relatively simple
geometries developed by now demonstrate good convergence properties. In this paper, we focus on the problem with high
contrast coefficients posed on the domain with complex geometry. In particular, we study the case of highly, or even infinitely,
conducting heterogeneities irregularly distributed in a domain of finite conductivity and located at distances that are much
smaller than their sizes between one another. This leads to significant challenges in numerical methods due to small mesh
size needed in the gaps between particles.

To handle this, we employ a domain decomposition method (DDM) in this paper. Overall, domain decomposition can be
considered as a preconditioner for the iterative solution, but it could also serve as a framework for hybridization of different
types of solvers designed for different subdomains. This latter feature is explored in the paper, and a heterogeneous domain
decomposition method (HDDM)), first introduced in [6] (see also [7]), is a domain decomposition method that serves that
purpose. Namely, there are two primary reasons to employ an HDDM. The first one is when the underlying problem is of
multi-physics nature, and distinct models are used to account for distinct physical processes in subdomains. The other reason
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is when one wants to combine different types of approximations in the subdomains. The latter strategy is, in particular, useful
when there is a cheaper model in parts of the computational domain where the full model is not needed, and is quite common
in the design of multiscale FEMs, see e.g. [8].

In this paper, we propose an HDDM for a heterogeneous material that contains a cluster of a large number of densely
packed infinitely conducting particles. Densely packed (or closely spaced, or closely packed) particles mean that they are almost
touching, and infinitely (or ideally, or perfectly) conducting means that their conductivity is infinity with the corresponding
potential/temperature on them being constant. We split our domain into nonoverlapping subdomains: a homogeneous one
and the other one that contains particles. Normally, a DDM is reduced to a linear system corresponding to the relation
enforcing the transmission boundary condition on the interface, called the Schur complement system. We observe that one
computationally expensive part of the Schur complement that corresponds to the subdomain with particles is the Dirichlet-
to-Neumann (DtN) map defined for this subdomain. In Appendix A.1 we define the DtN map and discuss its properties.
Also, the DtN map of an infinite contrast medium with particles close to touching was studied in [9]. It is shown that this
DtN map can be approximated by a discrete, matrix-valued DtN map that accounts for all the features of the corresponding
continuum system, and the asymptotic representation for DtN map was introduced in [9]. We adopt this discrete DtN map
in our DDM in the subdomain with particles instead of the direct evaluation of the matrix in the Schur complement system,
while we employ a standard finite-element discretization in the other subdomain. Proceeding this way, we actually utilize
both features of the HDDM mentioned above, namely, (1) our computational domain is split into two subdomains where
distinct physical processes occur, and (2) a computationally inexpensive procedure based on asymptotics developed in [9] is
applied in one of those subdomains. Such a hybrid approach yields an accurate approximation of the solution on the interface
between the two subdomains, which is demonstrated by our numerical experiments.

The rest of this paper is organized as follows. In Section 2, the mathematical formulation of the problem is presented,
the numerical algorithm is described, and challenges of the high contrast dense packing case are highlighted. Section 3
discusses the results on discrete approximation of the DtN map by a matrix-valued one. Numerical experiments of the
proposed scheme are given in Section 4. Conclusions are discussed in Section 5. Appendix includes the introduction to the
DtN map and provides some auxiliary facts.

2. Problem formulation and domain decompeosition method
2.1. Infinite contrast problem formulation

Consider a bounded domain 2 C R? with piecewise smooth boundary 92 that contains N > 1 subdomains D;, which
are located at distances much smaller than their sizes from one another. For simplicity, we assume that each D; is a disk of
radius R > 0. Then the distance between two neighboring inclusions D; and D is

3ij = dist {'D,‘, 'Dj} <R,

and denote the typical distance between particles by § < R that would be rigorously defined below. The union of D; is
denoted by D. The domain £2 is occupied by the composite medium of uniform conductivity 1 with infinitely conducting
particles D;,i € {1, ..., N}, where we consider the following problem:

—Au =0, xef)\f
u =const, x € 9D;, i € {1,..., N}
/ Vu-n;ds =0, ie{l,...,N} (1)
aD;

u=g, xe R
where n; is the outer unit normal to the surface 9D;, and g € H1/2(8f2) is some given function. If
uev = {u €H'(2\D): ulyp, = const, i € {1,...,N}, ul,s =g}

is an electric potential then it attains constant values on the inclusion D;, i € {1, ..., N}. These constants are not known
a priori and are unknowns of the problem (1) together with u € V. Problem (1) describes the case of perfectly conducting
inclusions. With slight abuse of terminology, we refer to problem (1) as the high contrast one as it is commonly used in
literature.

We assume that all particles D; cluster together and locate from the external boundary 92 at distances that are much
larger than their sizes R. Then consider a smooth closed curve I" fully contained in £2 whose interior region include D and
such that it splits 2 into two subdomains £2 and £2/, that is, 2 = 2 U I" U £’. Also, assume that I" is chosen so that the
shortest distance between it and a particle D; is of order §, hence,

8 = dist{D;, I'} = 0(8) < R.
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Fig. 1. The domain £ with highly conducting inclusions D;, i € {1, ..., N}, that are concentrated in the subregion 2 CC £2.

Without loss of generality, assume also that the domain £2 is a disk of radius L >> R, thus, 2 CC Qand I' = 982, see Fig. 1.
With that, the subdomain 2’ = £ \ £2 is occupied by the homogeneous conducting material of constant conductivity equal
to 1. We remark that the choice for such a split of £ is motivated by the fact that a FEM discretization in the subdomain £2’ is
cheap while it is not so in £2. Because of this, we propose to design a heterogeneous domain decomposition introduced in [6,7]
to bridge the domain decomposition methodology with mathematical modeling. Indeed, our domain partition now involves
different models in different subdomains, and the asymptotic approximation for the energy in subdomain $2 that is readily
available thanks to the study [9] together with FEM discretization in the subdomain £2’ leads to a significant reduction of
computation complexity.

Before we introduce our HDDM methodology, in the next sections, we describe the classical DDM for (1) in Q= QuUru’
and comment how the DtN map, or rather its approximation, can be applied.

2.2. Classical DDM for £2, 2’ and I”

2.2.1. Discretization of continuous problem .

Consider a confirming quasi-uniform triangulation 2, of domain £2 with the corresponding triangulations 2, £2; of the
domains £2, £2’, respectively. We require that the nodes of triangulation £2, match the interface I and the external boundary
052. Then the classical FEM discretization of (1) on this £2, using piecewise linear finite elements results in a linear system

Au=F, (2)

with a symmetric and positive definite matrix .A. From now on, the bar-quantities will indicate vectors in the corresponding
finite-dimensional space. The degrees of freedom of (2) are split into the degrees belonging to §2, indicated by the subscript
1, those internal to £2’, indicated by the subscript 2, those belonging to the interface I", indicated by the subscript I", and
those belonging to the external boundary 92, indicated by the subscript D. With that, the components of the linear system
(2) are as follows:

An Air O 7 0
Al Arr A (Ep> = ( 0 ) , (3)
O A;F Azz Uy _AZDgD

where the vector g, is composed of values of function g at the points of discretization on the external boundary 82, and Asp
is a stiffness matrix assembled using nodes in £2; and on 3£2.Entries of the matrix .A and the vector i = (ﬂ1 ur Ez)Tin (2)-(3)
correspond to the interior nodes of n only, while the right-hand side vector F = (0 0 — AZDED)T captures the contribution
of nodes on 352.

The stiffness matrix A on the interface I" is also obtained by assembling the corresponding components contributed

by the subdomains £2, and §2; and can be writtenas Ay = A(Fl)r + A(FZ)F With that, below we will distinguish the following
blocks of the stiffness matrix .A:

A Air A(ﬁ} Asr
T m J» and T ’
AlF AFF Azr Az

corresponding to the two subdomains £2, and §2;, respectively.
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2.2.2. Schur complement system
The usual first step of many iterative domain decomposition methods is the elimination of interior unknowns u; and u;,
which reduces the system (3) to the Schur complement system for t:

Sup =g, where S=5"45@ "
with
S =AM — AT AG A, SP = AT — Ay AL, 8P = ArAy, Angp. (5)

see [10] for the detailed discussion of the construction. Matrix S is usually referred to as Schur complement to the unknowns
on I". Our matrix slightly differs from the classic case as in our notation subscript 2 does not include nodes on the external
boundary indicated by the subscript D. Observe, that once system (4) is solved, the internal components could be found from

Uy = A Airtr, Uy = —Ay) Awgp — Ay Aorlir. (6)

Next, we derive one more auxiliary approximation that we utilize later in our method. Consider the discrete analog of
the Neumann problem in £2, see [11],

(An A1r) (ﬁ]) ( 0 )

T (1 7 =\ ’

Alr Apr) \Ur Ar

where A1 is an approximation for the weak normal derivative of u; on the interface I", that is,

M = AL+ AR = SMir, (7)

where we applied the definition of S as in (5).

2.2.3. The Dirichlet-Neumann algorithm

In this paper, we utilize the Dirichlet-Neumann domain decomposition method, see e.g.[10] and apply it to the case when
£2 is embedded in £2. In this algorithm, each iteration step consists of two fractional steps: Dirichlet problem in subdomain
£2 and mixed Neumann-Dirichlet problem in subdomain £2’ with the Neumann condition on the interface I" as determined
by the solution in £2 of the previous step and the Dirichlet data on 352. The next iteration is chosen as a linear combination of
the trace of the solution in £2’ and the solution on the interface I" obtained in the previous iteration with a suitably chosen
relaxation parameter ¥ € (0, ¥ ) to ensure convergence of the method. In terms of differential operators the algorithm
described above is as follows:

1. Choose an initial guess: u% € HV2(I").
n

2. For any n € N, until convergence, find u1+1/2 € H'(£2) that solves

D) —Au’;H/z =0 ing2, ®)
' ur11+1/2 =ul onr,
where (D) indicates the problem with the Dirichlet boundary conditions on I".
3. Evaluate the weak normal derivative }L';ﬁ” ’= Vu'll“/ 2.y on I', where n is the unit outward normal to 92 = I'.

4. Find the function ug“ € H'(£2') by solving

—Auft =0 in 2,
(D+N): vultl . n, = A" onr, (9)
iyt =g on 92,

where (D + N) indicates the problem with Neumann boundary conditions on I" and Dirichlet conditions on 3£2, and
n = —nj.

5. Update ul! = 9ujt! + (1 — 9 )u™ on I for some & € (0, Pna)-

6. Repeat until convergence.

With use of the approximations given above, the corresponding iteration for the discrete problem is as follows.Let M > 0
be the number of degrees of freedom on the interface I". Then:

1. Choose an initial vector H(; € RM (below, in our numerical experiments we initialize it with zero vector).

2. For any n € N, until convergence, find an approximation E;’H/Z of u'f’]/z that solves the discrete analog of (8):

(D):  Aptl)? 4+ AT =0,
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3. Compute the vector X'; r ? e RM, which is the discrete analog of the weak normal derivative A"+l/ ? via
1/2 -
it / AT n+1/2 +A " 10
r rr r
Now eliminate @, *"/? from (D), hence, @} "/* = —A7,!A; T and substitute this in (10) to obtain
+1/2 _ =
M = AT ATIA T 4+ A = SO (11)

4. Find an approximation u’1+1 of the function u“+1 in the domain £2’ that solves the discrete analog of (9):

@) —nt1 —n+1/2
o4ny: (Arr A o I (12)
: T i1 | = ’
Ayr A )\, —Apgp

where ngil is an approximation of the trace of u, of (9). The nonhomogeneous Dirichlet boundary condition on a8 is
already accounted by the system (12), similarly to (3), and the problem (12) is formulated for the interior nodes only.
5. Update 0" = 913" + (1 — 0)u. for some & € (0, Fmay)-
6. Finally, ellmmatlng u'1+1 in (12) and applying relation (11) yields the following equation:

SO (@ — ) = (g?’ - sa’;) . (13)

We observe that (13) is a preconditioned Richardson iteration for the Schur complement system (4) with the
preconditioner S and the relaxation parameter ¥.

2.3. Challenges of the problem with a densely packed subdomain$2

Typically, nonoverlapping DDM algorithms involve solving a Schur complement system (4) using a suitable interface
preconditioner, and (13) illustrates that this preconditioner is S®. Since matrix S® is associated with the domain £’ of
uniform conductivity, we assume that S® is feasible to compute. On the other hand, solving for S that corresponds to the
domain §2 that contains closely spaced particles of infinite conductivity by direct methods can be expensive. This is because
of complex geometry of fine-scale features in £2 that, in particular, causes a large size of the matrix A in (3). Therefore, it is
desirable to seek for a cheaper approximation of S(¥), which we will study in some detail in the rest of the paper. Below, we
propose an approximation of S(!) that could be used to make the algorithm described in Section 2.2.3 applicable in practice.
It is based on the observation that the relation (7) between the weak Neumann derivative approximation A1 of u; on the
interface I" and the Schur complement S(!) corresponding to the domain $2 actually defines a FEM approximation of the DtN
map AP™ associated with the domain £2. Hence, we suggest to find an approximation A of the DtN map AP™ that would be
cheaper than direct evaluation of S(V). For this, we propose to utilize a discrete, matrix-valued DtN map A as introduced in the
next section. It is given by an asymptotic representation derived in [9] in the regime when the typical interparticle distance
8 is much smaller than the sizes R of particles and the diameter L of £2: § < R < L. In particular, this approach allows us
to bypass computationally expensive numerical evaluation of the solution u; in the domain §2 that contains closely spaced
perfectly conducting particles. Meanwhile, one can obtain an approximate solution to u; in the domain £2’ using a standard
FEM discretization. With this, we will derive an approach that combines an asymptotic method defined in the domain £
with a finite-element one in £2’ within the framework of the domain decomposition methods and leads to a heterogeneous
DDM, as announced above.

3. Construction of the discrete DtN map A
3.1. Asymptotic approximation of the DtN map AP™N

In this section, we review results obtained in [9]. This paper discusses the continuous DtN map of a diffusion PDE of
the type (1) defined in a domain £2 with a piece-wise smooth boundary I". A Dirichlet-to-Neumann (DtN) map AP™ for
this problem takes an arbitrary boundary voltage u on the boundary I = 952 to the associated current flux on I" via (33),
where the coefficient o (x) has infinite contrast and varies rapidly within the domain (see detailed discussion on DtN map in
Appendix A.1). It is shown in [9] that this AP™ can be approximated by the matrix-valued DtN map A as given in Theorem 1
below.

Recall that the domain 2 is a disk of radius L packed with N perfectly conducting inclusions D;, which are identical disks
of radius R < L. It is also assumed that a typical distance between inclusions § is much smaller than their sizes, that is,
8 « R. The interparticle distance parameter § is defined through the notion of neighboring inclusions, which is as follows.
Let V; be the Voronoi cell, see e.g. [ 12], constructed for inclusion D;, i € {1, ..., N}, via

V; = {x € 2 such that |x — x| < [x — x|, forallj € {1,...,N}, j#i}.
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The inclusions D; and Dj are said to be neighbors if their Voronoi cells V; and Vj share an edge. For each inclusion D; denote
a set of indices of the neighboring inclusions

Ni={je{1,...,N}, Dj isaneighbor to D;} .

Recall that the typical distance between two neighboring inclusions is defined as §; <« R, wherei € {1,...,N}andj € V.
Also, suppose that there are N inclusions that neighbor the boundary, thatis, VN I" # @,i € {1, ..., Nr}. Then define the
typical distance between such an inclusion and the boundary I" as

5,’ = dist {'Dl', F} s 81 < R.

The inclusions are numbered starting with those that are adjacent to the boundary I" and counted clockwise. Hence, inclusion
D; neighbors the boundary ifi € {1,..., Nr}, and D; is an interior inclusion ifi € {N 4+ 1, ..., N}. Then the interparticle
distance parameter § is defined by

s=max{{8;: ief{l,...,N}, je N}, {&:ie{l,...Nr}}}.
Since I is a circle, we parametrize it by angle 6 € [0, 2rr), and present a boundary potential ¥ € Hl/z( I') with H;/Z(F)

defined in (35), as a truncated Fourier series
K K
¥(0) =) [axcoskd + b sinkd] =: Y~ y(6), (14)
k=1

for a sufficiently large K >> 1, which is chosen depending on the precision of the discretization of ¥ on I". For the discreti-
zation of the boundary I, we choose M >> 1 points 6; in such a way that N points of this discretization will be the closest
to the inclusions D;, i € {1, ..., Nr} adjacent to I" than any other points. Denote the set of indices of such points on I" by
Jr C {1, ..., M}with |7r| = Nr.Note that due to the decomposition chosen in (14), we need to truncate the Fourier series
at K = M/2. Because of that, we discretize the boundary I" with an even number M of points 6;.

The DtN map AP™N : HY2(I") — H~'2(I") on the interface I" corresponding to u defined by (1) is given by

(¥, A"Ny) =/ |Vu|2dx=f ¥ ANy ds, (15)

2\D r
with u| - = ¢ (see Appendix A.1 for the detailed discussion on the DtN map). Then, the asymptotic representation for the
DtN map AP™ in the regime of scale separation between the small interparticle distance 8, the particles’ radius R, and the

size L of the domain £2 is given in the following theorem formulated and proven in [9].

Theorem 1. For a potential v of the form (14), the asymptotic representation for AP™N is
— 1
(¥, APMy) =2 [s”“[ww)] + (W, Ao¥) + R[wl] [1+0(1)], for§ <RKL (16)

The first term of (16) is the discrete energy £ [W(w)] of the resistor network given by

gnet[a(w)] = min {Z(Mm lIIm) + = Z Z Umn _Z/{n) }, (17)

UerN m=1neNn

with vector ¥ () = (¥, . . ., lPNr) of boundary potentials defined by

2Rbm
m—Zwk(ekm . me{l,...,Nr}, km € T, (18)

where 6, € F, Kkm € Jr, is the point on I' closest to the inclusion Dy, m € {1, ..., Ny}, and v is introduced in (14). The local
conductivities oy, and oy, in (17) are defined by

R 2R
omm=n]— ifme{l,..., N, n€Ny, om=m|— ifme{l,...,Nr}, (19)
Smn Sm

where 8, is the shortest distance between two neighboring particles Dy, and Dy, and 38, is the distance between Dy, and
boundary I'.

The second term in (16) is the quadratic form of the DtN map Ag of the reference medium, which is a homogeneous one with
uniform conductivity o = 1, that is, without inclusions.

The last term R[] of (16) is given by

Nr K

RY] = Z Z e"""mRm inj {(@ia; + biby) cos[(i — j)m]

m=1i,j=1

+ (biaj — aibj) sin[(i — j)0m1}
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where i A j = min{i, j}, ax, by are Fourier coefficients of ¥ from (14), and R x is defined by

2ks kém k/2Rom
R = 7 {‘/ anLll/z( ) e } ke{l,....K}. me{1,....Np}, (21)

in terms of the polylogarithm function Liy, see e.g. [13], and local conductivity o; of (19).

3.2, Construction of the discrete DtN map A

We rewrite (16) as
(W, APMNy) = (Y, AY) [T+ 0(1)]  with (¥, AY) = 2™ (W ()] + (¥, Ao¥) + 2R[¥],

where y € RM is the vector that corresponds to the FEM approximation of ¢ € H/?(I"), A € RM*M is a matrix-valued DtN
map approximation, hereafter referred to as a discrete DtN map, and (-, -) is the standard dot-product in RM. In this section
we use the result of Theorem 1 to construct A. We discretize the boundary I" with points 6;,i € {1, ..., M} as announced
above. Then the discrete DtN map A € RM*M js a symmetric positive semi-definite matrix, whose rank is M — 1 and the
kernel spans the vector 1y € RM of units. To find the entries A; of A, we use the approximation to quadratic form (16) and
the discrete analog of polarization identity (36) via the system of equations

AT =7, (22)
where the columns of the matrix & = [/, ..., ¥_;] € RM*™=1 form a basis in R¥~'. These columns of the matrix ¥
correspond toasetof M — 1 linearly independent functions & := {1, ..., ¥ _1} that are chosen as the first M — 1 functions

coskf  sinko 2_ i H
from the set { NN } of L*-basis, that is,
. Jcoso cos ¥9 sing sin(¥ — 1)0 23)
= = \/7? EEEE) ﬁ 5 ﬁ g e ey ﬁ

Then the entries of the matrix ¥ = [¥;] are given by

Vi =y(6), ief{l,....M}, je{l,....M—=1}, 6el', Yyjek&, (24)
hence,
M . . M
cosf; ... cos 501 sinf; ... sin(— — 1)6;
1
U= — : : : . (25)
ﬁ M . . M
cosBy ... cos EQM sinfy ... Sln(5—1)9m

Entries of the right hand side ¥ € RM~1Dx(M=1) of (22 are computed by the asymptotic procedure described by Theorem 1
and the discrete polarization identity:

TiJ_*{(‘H/’J’ Wri‘%) F WJ’ ‘pj))}

More specifically, the matrix Y is given by

1
Ti,j = 5 { net[q/(l/fl + 1»[fj)] + - (wz + 1/fja AO(W! + ‘/’])) + R[I//l + l/f]]}

1
-3 { EU Ty — Yy)] + = (\/ff — Y5, Ao(Vi — ) + RI[Yi — 1/’1‘]} . Vi Y€
We split 7;; into a sum of three terms to treat them separately
1 o _
T = e W+ v - W=} Vi v € B
1
T = L Wi+ v Ao+ ) = (Vi = vy Ao — W)} v € B, (26)
r® -1 {RIvi + 951 = Rl — W51} v vy €
ij T3 ! J ! 1 e

Later, we show how much influence each term Tl(f) £ € {1, 2,3}, has on A depending on k for the boundary function
given by a single mode k € {1, ..., K}, see Table 1.
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Table 1
Energy terms for ¢ = cos k6.
k e e (y)] (¥, Ao¥) Rily¥]
1 17.72 3.14 0.23
10 9.51 3142 32
50 0.6 157.08 57.39
100 0.02 314.16 4414
200 1.88-10° 628.32 25.42
500 181071 1570.8 5.28

Once matrix Y is constructed using (26), we recover the dlscrete DtN map A from (22). A detailed description in the

following subsections shows how to compute entries T; g T ) and T

3.2.1. Evaluation of entries T“
In order to construct the T,f] ) by (26), which corresponds to the contribution of the resistor network, we need to consider
boundary potential vectors ¥ (i), ¥( ¥;) € RV .To spec1fy entries of ¥ () = (11/1‘, e II/I(',F ), we suppose that the boundary

potential is given by a single Fourier mode ¥ = ¢; € Z,i € {1,...,M — 1}.Letk; € {1, ..., K} be the Fourier frequency
mode of ¥; € &, thatis,

ifi <M/2

l’
ki = {i—M/Z, ifi> M/2 (27)

and 0, € I', ki € Jr, be the point of discretization of I that is adjacent to the neighboring particle Dy, m € {1,....Nr}.
With this, entries of ¥ (y;) are given by

ki~/2RSm .
=0 T, km€Jr, mef{l,...,Nr}, ie{l,...,M—1},

where §,, is the distance between D,, and I', R is the radius of the particle, and L is the radius of £2. We also recall that vector
W(v;) forms the ith column of the matrix . o

With two boundary potential vectors ¥(1;), ¥(1;) € RN chosen this way, one can find minimizers /', 2 € RN of the
discrete energy (17), respectively, corresponding to these boundary potentials. Finally, applying the results of lemmas stated
and proved in Appendix A.2 for the discrete energy (17), we conclude that

Np
1 o ; : 1o . L
T = 2 T [+ ) — (w+ )] ZZ 3 LW +up) = @ +24)]
m=1 m= 1"6/\/m
N
— ia—m[(u" —u) — (i — )] ly > Imn [ty —1d,) — @l — )]
2 m m m m 2 2 m m n n ’
m=1 m=1neNn

where t4, is the mth entry of the vector U eRN.

3.2.2. Evaluation of entries T(jz

Consider two functions ¥;, ¥ € Z,i,j € {1,..., M — 1}, and recall that A is the DtN map of the reference medium with
uniform conductivity o = 1. We are going to compute (Wi, Aory) via (Y = v, Ao(W; £ ;) using the polarization identity
(36), where the quadratic form associated with Aq is defined by

i Ao = [ 1900 ax (28)
2
with the function u € H'(£2) being a solution to
-V . [Vux)] =0, xe £,
u=1vy; xel,
where v/; € &. The solution to this problem in the disk £2 could be found explicitly using the Poisson formula, that yields

@ _ ki, ifi=j
i 7o, ifi £ j
where k; is the frequency mode of ; € & defined by (27), and L is the radius of the disk £2.

T
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3.2.3. Evaluation of entries T(3)

Lastly, we find values TS). First, we consider the case of i,j < M/2, that is, when v; = ﬁ cosif, y; = % cos j6, and
apply (26), (20) to obtain

Np
2 . . J2Rom
(3) —li— P
T = 2 Ry costi = . (29)
m=

fori,j < M/2, where R,k is defined by (21). Formula (29) also defines entries 70 i j < M/2, that is, when v; =

1+M/2 J+myar b
% sinif, ¥j = ﬁ sinj. Finally, we treat cases ofT”JrM/z,z < M/2 j < M/2,wheny; = = cosif, Yiim = \/17? sinjo,
and TSI)W/ZJ,I <M/2,j <M/2,when ¢y, = [ sini6, ¥; = cosﬁ to have
3) 3 W
Tz(jJrM/Z = Tz(ﬂi/l/z] Ze . Rin,inj SN = J)0m,

m=1

using (20), (26) as well.
3.3. Modification of the Schur complement system (4)

With matrix A constructed via procedure discussed in previous sections, one obtains A, which is an approximation for
normal derivative on the interface I". Then denote by I7 Al an approximation for the weak normal derivative on I", where
IT is the matrix corresponding to the integral over the interface. Hence,

MAUp = Ay (30)

where x r is an approximation of weak normal derivative on I". Note that the FEM approximation for the weak normal
derivative A, of (7) differs from the newly introduced one x; r of (30). However, we expect them to be close, which drives
our choice for an approximation for the matrix S(*), namely by I7 A. So we modify the Schur complement system (4) to obtain
the following linear system

(A + SPya, =gt2. (31)

Similarly to the discussion of Section 2.2.3, it can be solved using the PCG with the preconditioner S
4. Numerical experiments
4.1. Setup

In this section we demonstrate the efficiency of our heterogeneous domain decomposition approach. Let the domain £2
be a unit disk of radius L = 1 with N = 19 inclusions inside. All inclusions are identical disks of radii R = 0.198, and they
are evenly distributed inside §2, see Fig. 2. The smallest distance between neighboring inclusions D; and D; is §; = 0.004,
while the distance between inclusions and the boundary 3§2 = I is §; = 0.002.

Suppose that the disk £2 is embedded in a disk £ of radius L = 3, see Fig. 3. Our domain decomposition method is
applied to the problem (1) defined in this Q using the procedure described in Section 2.2.3. In particular, we solve (31) for
the approximation u- of the solution on the interface I".
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Fig. 3. The domain §2 partitioned into subdomains £2 and £2'.

We discretize the interface I" with M = 912 points selected in a prescribed way. First, the closest points on I" to the
boundary neighboring inclusions are required to be in a discretization set of the points. Second, we select points equidistantly
over I', that is, 6; = 2ﬁ”(i —1),i € {1,..., M}. Following the procedure described in Section 3.2 we obtain the matrix
A € RM*M ‘which is symmetric and positive semi-definite.

4.2. Numerical results

First, we examine the three asymptotic regimes of parameters R, § and k that have been distinguished in [9]. In particular,
the observations of [9] are follows. When the boundary potential v has low oscillations, the resistor network gets excited and
&Mt of (17) determines the leading order of the energy. If the boundary potential v is highly oscillatory (k >> 1), the network
plays no role, because it is not excited. In this case, the energy is approximately equal to that in the reference medium of
conductivity 1, described by Aq of (28). The ‘resonant term’ R[v/] of (20)—(21) plays an important role in the approximation
of energy when k gets intermediate values. Table 1 shows numerical illustration on how much influence each term has for
the boundary potential ¢ given by a single Fourier mode, that is, 1 = cos k6.

Second, we perform our domain decomposition method for the setup described above. For this, the standard pcg function
of MATLAB® with the preconditioner S is used to solve (31) with the initial guess ﬂ(} is zero vector, and the stopping
criteria

I(TA + S@ya. — g2,
2
122112

and the relaxation parameter % = 1/2.

Because the analytical solution of (1) is not available, we compare the solution E?D obtained by the domain decomposition
method described above to the solution HPFL, produced by the technique from [5], where PL stands for the preconditioned
Lancsoz. We run experiments for different boundary potentials g, see Figs. 4-6. Table 2 displays the relative error between
solutions of our domain decomposition (DD) and benchmarked preconditioned Lancsoz (PL) methods and the CPU times for
both algorithms, that we discuss below.

From Table 2 we conclude that all solutions of our HDDM have demonstrated the relative error that is less than 7%, which
is in agreement with the analysis of [9]. To the best of our knowledge, this is a very reasonable result for the hybrid method
whose one essential component is of asymptotic nature. The discrepancies between our solution and the references one,
which are clearly seen on the provided figures, correspond to the regions of the computational domain which were ignored
in the asymptotic procedure construction, see [9] for the details. More specifically, a perfect match between the reference
and proposed solutions is demonstrated, for example, at the points of the local maxima of both graphs fore.g.6 € (—2, —1)in
Fig. 4. These points of I" lie within the computational domain where the asymptotic representation of Theorem 1 was done.
However, the graph of the reference solution is slightly lower than one of the proposed HDD solution at two points of their
local minima 6 € (—2, —1) in Fig. 4. These points lie in the domain that was completely ignored in the asymptotic procedure
of [9] and is not taken into account in the asymptotic representation of Theorem 1. Similar discrepancies are observed at the

< tol = 1075,




Y. Gorb, D. Kurzanova / Journal of Computational and Applied Mathematics 337 (2018) 135-149 145

Table 2
Relative error between &> and i+, and CPU time in seconds for the domain
decomposition (DD) method of this paper and preconditioned Lancsoz (PL)

method of [5].
17PP a1
g — = CPU (DD) CPU (PL)
[P
¥y 6.82% 0.96 s 3959.47 s
X 6.78% 0.99 s 3898.81s
3x+y° 6.86% 0.94s 3847.92s
2 L 4
1 | |
==
=]
5
g 0F B
3 * -
93]
| x Gl ]
-2 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ]
-4 -3 -2 -1 0 1 2 3 4
Angle 6

Fig. 4. Solutions E?D and H?-L forg = y3.

other points of local (max)minima of two graphs that cumulatively lead to a 7% error reported above, due to fact that these
points lie in the domain which is disregarded by the asymptotic procedure of Theorem 1 used in our construction.

Although the both algorithms - the reference and the proposed ones - converge to a solution with the desired tolerance
in a couple of dozens iterations, each iteration of our HDDM is significantly cheaper. To demonstrate this, we compare the
CPU times of both numerical schemes performed on the same server, where the reported time corresponds to an iterative
procedure itself, and does not include preprocessing steps. We remark that the main advantage of the method proposed
above is that for a given geometry of the computational domain the evaluation of A is done offline, that is, once and for all
boundary potentials.

We finally remark about the convergence of the employed method. Recall that in our construction we have utilized the
Dirichlet-Neumann algorithm whose comprehensive convergence analysis can be found in [10]. In particular, the chosen
iterative method is optimal as its rate of convergence is independent of the discretization size h.

Once solutions on the interface are found one can retrieve internal components of the solution. Solution &," is defined
by (6). Solution inside domain §2 and outside of a boundary layer (see [9] for the rigorous definition of the boundary layer)
can be found as a linear interpolation of constant potentials on the inclusions ¢/ fori € {1, ..., N}. Inside the boundary layer
within £2, one can adopt an approximation of the solution given by formulas (4.54), (4.56), (4.57) in [9]. Since ﬁ'ﬁD and HPFL
are close and the matrix of system (2) is positive definite, internal solutions ;> and &i;-, | € {1, 2}, in the corresponding
subdomains §2 and £2’ are close.

However, when the typical distance § between particles is small compared their sizes as in our case, it is unpractical to
evaluate uy by direct application of the formula (6) for any number N of particles, due to extremely fine meshes in the tiny
gaps between particles, hence, computationally expensive inversion of the matrix S). For the similar reasons, the approach
developed in this paper can be useful in the construction of the multiscale methods, in which the precise solution inside the
fine grid cell is not sought but rather an averaged response on the boundary.

5. Conclusions

This paper focuses on a construction of the efficient numerical scheme that can be used to solve high contrast PDEs
(1) with rapidly oscillating coefficients. In particular, a high contrast composite medium that consists of the homogeneous
part and a cluster of highly conducting particles close to one another was considered. A HDDM method that combines
asymptotics by [9] in one subdomain with a FEM approximation in the other subdomain was proposed. The choice for the
HDDM methodology was motivated by the fact that a FEM discretization in the high contrast subdomain is not feasible or
computationally expensive.

We work with a two-dimensional domain since we were applying the results that were readily available by [9] developed
for two dimensions. As an extension of asymptotics of [9] is possible for three dimensions, so is for our HDDM. All other
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assumptions such as shapes of the domain £2 and particles D; also inessential as the asymptotic formulas of [9] were
dependent on curvatures of the boundaries at the points of the closest contact.

Numerical experiments of Section 4 demonstrate good qualitative results that provides hope that the proposed method-
ology might be applicable in designing multiscale strategies where the fine-scale features of the problem parameters cannot
be resolved by the coarse solvers.
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Appendix
A.1. Dirichlet-to-Neumann map AP™N

In this paper, we consider the electrostatics PDE

— V. -[o(xX)Vu(x)]=0, Xe £, (32)

with a high contrast and rapidly varying nonnegative coefficient o (x) in a bounded, simply connected domain £2 ¢ R%,d > 2,
that has smooth boundary. ‘Rapidly varying’ means that o fluctuates on a length scale that is much smaller than the diameter
of §2, and ‘high contrast’ means that the ratio of the largest and smallest value of o in §2 is very large, even infinite. Eq. (32)
relates the voltage u and the associated electric field Vu to the resulting current o (x)Vu, where electrical conductivity o (x)
is a positive symmetric matrix-valued function in £2. This equation also determines a DtN map AP™ that takes an arbitrary
boundary voltage u on the boundary I" = 942 to the associated current flux on I":

APN - y(x) > o(X)Vux)-n(x), xeTI, (33)
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where n(x) is the outward unit normal to I". The DtN map AP™ is ultimately connected with the spectral properties of the
corresponding differential operator in (32), and has attracted a lot of attention in the last decade, see e.g. [ 14] and references
therein. Consider the solution u € H!(£2) of (32) satisfying the Dirichlet data:

u(x) = ¥(x), xerI, wherey eH"?(I')is some given function. (34)
Recall that if i is constant then the solution u of (32), (34) is also constant, so it is natural to restrict attention to the subspace
H/X () =HY(r)n {u eLz(F):fuds:O}. (35)
r
Then the solution u € H'(£2) of (32), (34) with ¢ € HT]/Z(F) also solves the variational problem
&y = min / o(x)Vu(x) - Vu(x) dx,
2

ulp=y

and the minimal energy &, is determined by AP™ since
/ o(X)Vu - Vudx = / U ANy ds =: (g, APNy).
2 r

The converse is also true, namely, the minimum energy &, for all Dirichlet data ¢ determines the boundary map APN
through the polarization identity:

Forall y. ¢ € HYXI): 4 f W AN ds = (4 + ). ANy + @) — (¥ — ¢), APNy — ). (36)
r

With all the above, the map AP : H/>(I") — H; V() with H; /*(I") = H=Y2(r") 0 {f,. u ds = 0}, is positive and
symmetric with respect to the L?-inner product, and invertible. Hence, it defines a positive-definite quadratic form

(W, APNgy = / ¥ APy ds = / o(X)Vu(x) - Vu(x) dx
r o)
on HT]/Z(F), where u, v solve (32) with Dirichlet boundary conditions v, ¢ on I'", respectively.

The simplest special case of (32), when o(x) = 1 with the solution u € H'(£2) being harmonic, is extensively studied.
Another well-understood case where a lot is known about the energy that defines the associated DtN map, is when o (X) is
uniform except for a constant conductivity o (X) = o, in some part of the domain D C 2. The least studied and challenging
case is when o, — oo on D that describes the so-called high contrast problem (see [ 15] for the relation between the DtN map
of high contrast problem and the limiting case of o0, = oo sometimes referred to as an infinite contrast case). In this paper,
we study this latter case, whose mathematical formulation is given in (1), that is, we seek for an approximation of the DtN
map of two phase composites with perfectly conducting (6 = oo) inclusions in a medium of the unit conductivity (c = 1).
The relation between solutions of high but finite contrast case and infinite contrast one has been investigated in [16].

A.2. Auxiliary facts

In this section, we will prove some auxiliary facts used above.

Lemma 1. Consider the local conductances oy, i € {1,...,N},j € Mj,and o3, i € {1, ..., Nr} given by (19) and the vector of
boundary potential &[] € RN by (18). Then a vector 24 € RN is the minimizer of (17)if and only if U is the solution of equation
MU = P, where the entries of the matrix M € RN*N are defined by

GH—ZGm ifie{l,...,Np},i=j

leN;
My = ZUH, ifie{Np+1,...,N},i=j G7)
leN;
o, ifie{l,....N}, jeN
0, ifie{l,....N}L, j¢gN

and entries of the vector P € R" are by

P = 9% ifief{l,...,Nr},
7o, ifie{Nr+1,...,N}.
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Proof (=). To minimize (17) we compute the partial derivatives of £ for alli € {1, ..., N} and set them equal to zero:
— W)+ Y ojth—u), ifie{1,...,Nr),
BSHEt Y,
0 = = ' . .
a; Za,,-(ui—bg), ifie {Nr+1,...,N},
JEN;

that gives rise to the following equations with respect to the entries ¢4 of the vector i/:

0’,‘-‘1—201']' Mi—Zo,-juj:o,-lI/,-, ifiE{],...,N[‘},
jeN; JEN;
> oyth— Y ot =0, ifi e (N +1,...,N}.
JeN; JeN;
These equations yield (37) and (38).
(«=)To establish the sufficient condition, we have to prove that the matrix ® = [R;;] of second derivatives ®; =
entries are

gnet

au o0 whose

Ry = |t > O, ifi=],
m=1
—0ojj, ifi #j
is positive-definite. All inclusions are assumed to be adjacent to the boundary and each other (if not, some o; and o;; would
be zero that does not affect positive-definiteness of the matrix).
We show that this matrix is positive-definite by induction over the number of inclusions and proceed by induction. Then
for the case of two inclusions, that is, for « € R, we consider the quadratic form

(1 oz) o1 +on +on —0o12 1
—012 oy +on+ton)\o

=01+ o1 + o1y — 2001, + (03 + o1z + 022).

The minimizer of this quadratic form is
Omin = L7
02 + 012 + 02
and the minimum of quadratic form is
0102 + 01012 + 01022 + 01102 + 011012 + 011022 + 01202 + 012022
02 + 012+ 0n

So quadratic form is positive-definite for any o € R in the case of two inclusions. Assume that matrix is positive definite
for I inclusions, that is, for all @ € R or

1 1
Z ZaifRijaj > 0. (39)

i=1 j=1

> 0.

Now we proceed by induction argument and consider the quadratic form corresponding to [ + 1 inclusions:

R* -8B
@ 1) g S « (40)
-8 o+ Zail+l 1)°
i=1
where 8 = (01141, ..., 0141) € R' and
i T\ Ry + o, ifi =]

Expanding (40), we have
I+1

ajzal 2Zaﬂ1+ol+l+zaﬂ+l

j=1 i=1

MN

-
Il

+1

(z ity ) i z RS 3

HM~
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1 1 1

I
2
= E Qj E oiRjj + E ;o — 2 E Qi1 + 0111 + o1 + E Oil+1
i—1

j=1 i=1 i=1 i=1

I

I
a; Zaiyij + 0111011141 + Z oite1(af — 20+ 1).
j=1 i=1 i=1
Since oziz — 2a; 4+ 1 > 0 and by the inductive step (39), we obtain that the quadratic form (40) is positive for all&@ € R. Thus,
matrix R is positive definite for any number of inclusions and / is indeed the minimizer of (17). O

Lemma 2. [f the boundary potential ¥ in (17) is a sum of two terms ¥ = (2R + lI/(z)

termsU = ﬁ( ) +Uu _(2)

then the minimizer of (17)is a sum of two
, Where 2™ is @ minimizer of (17) with boundary potential lI/ ,ie{1,2}.

Proof. By Lemma 1 minimizers of (17) with boundary potentials 7" and ¥ satisfy mu) = PV and Mmu® = 7_3(2),

respectively. So M + mu? =V + . Hence, by the same lemma, M + 7 isa mimrnlzer of (17) corresponding
. —(1 2

to the boundary potential lI/( ) + W( ). O
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