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COMPARISONS OF THREE KINDS OF PLANE WAVE METHODS FOR THE
HELMHOLTZ EQUATION AND TIME-HARMONIC MAXWELL EQUATIONS
WITH COMPLEX WAVE NUMBERS *

LONG YUAN T AND QIYA HU #

Abstract. In this paper we are concerned with some plane wave discretization methods of the Helmholtz
equation and time-harmonic Maxwell equations with complex wave numbers. We design two new variants of the
variational theory of complex rays and the ultra weak variational formulation for the discretization of these types of
equations, respectively. The well posedness of the approximate solutions generated by the two methods is derived.
Moreover, based on the PWLS-LSFE method introduced in [16], we extend these two methods ( VTCR method
and UWVF method ) combined with local spectral element to discretize nonhomogeneous Helmholtz equation and
Maxwell’s equatons. The numerical results show that the resulting approximate solution generated by the UWVF
method is clearly more accurate than that generated by the VTCR method.

Key words. Helmholtz equation, time-harmonic Maxwell’s equations, well posedness, electromagnetic wave,
plane wave basis, error estimates

AMS subject classifications. 65N30, 65N55.

1. Introduction. The plane wave method, which fall into the class of Trefftz methods
[26], was first introduced to solve the Helmholtz equation. Examples of this approach include
the Variational Theory of Complex Rays (VTCR) introduced in [22, 23], the Ultra Weak Vari-
ational Formulation (UWVF) (see [4, 5, 28]), the plane wave Lagrangian multiplier (PWLM)
method [7, 25], the plane wave discontinuous Galerkin methods (PWDG) (see [9, 12, 31]) and
the weighted plane wave least-squares (PWLS) method (see [14, 21, 29, 30, 27]). The plane
wave discretization method have been extended to discretization of time-harmonic Maxwell
equations recently (see [13, 15, 17]). The plane wave methods have an important advan-
tage over the other methods for discretization of the Helmholtz equation and time-harmonic
Maxwell equations: the resulting approximate solutions have higher accuracies, owing main-
ly to the choice of the basis functions satisfying the governing differential equation without
boundary conditions.

Recently, the UWVF method was extended to solve Maxwell’s equations in [17, 18].
The studies [17, 18] were devoted to computing the electric and magnetic fields in a non-
absorbing medium or within the PML. It was pointed out in [17] (p.733) that the permittivity
of the material in the computational domain for Maxwell’s equations is, in general, com-
plex valued (i.e., the material is an absorbing medium). Moreover, the study [17] provides
a procedure based on the UWVF method to compute the fields in absorbing media. This
procedure shows that a postprocessing step is needed in the case of an absorbing medium.
In the recently published work [15], the PWLS method was extended to discretize the time-
harmonic Maxwell equations in absorbing media, and the numerical results indicate that the
approximate solution generated by the method is much more accurate than that generated by
the UWVF method. Moreover, the VTCR method and PWDG method have not been extend-
ed to discretize the Helmholtz equation and time-harmonic Maxwell equations with complex
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wavenumbers.

In this paper, the new variants of the VTCR method and the UWVF method are proposed
to discretize the Helmholtz equation and time-harmonic Maxwell equations with complex
wavenumbers. The new UWVF method differs from the existing UWVF method (see [4, 17])
in the sense that the trial function space is different from the test function space. Moreover,
we introduce a way following [16] to discretize nonhomogeneous Helmholtz equation and
Maxwell’s equatons by these methods combined with local spectral element. For conve-
nience, we call these two methods as VTCR-LSFE and UWVF-LSFE methods, respectively.
Rates of convergence for the UWVF-LSFE method are proved and verified numerically in one
special case of real wavenumbers. Numerical experiments show that the new UWVF method
is obviously superior to the new VTCR method, and the UWVF method is comparable to the
PWLS method in the numerical accuracy.

The paper is organized as follows: In Section 2, we describe the proposed VTCR method
for the Helmholtz equation and time-harmonic Maxwell’s equations with complex wavenum-
bers. In Section 3, we describe the proposed UW VF method for the Helmholtz equation and
time-harmonic Maxwell’s equations with complex wavenumbers. In Section 4, we explain
how to discretize the resulting variational problems. In Section 5, we introduce a way to
discretize nonhomogeneous Helmholtz equation and Maxwell’s equatons by these methods
combined with local spectral element. Finally, in Section 6, we report some numerical results
to confirm the effectiveness of several methods.

2. A new variant of the VTCR method for the equations with complex wavenum-
bers. In this section we introduce a new variational formulation for the Helmholtz equation
with complex wave numbers.

The considered variational formulations are based on a triangulation of the solution do-
main. Let Q be the underlying domain in R” (n = 2, 3). For convenience, assume that Q is a
bounded polygon or polyhedron. Let Q be decomposed into the union of some subdomains
in the sense that

5:}{@5,(, Q()Q=0 fori#j,

where each € is a polygon (for two-dimensional case) or polyhedron (for three-dimensional
case). Let 7, denote the triangulation comprising the elements {€2;}, where % is the meshwidth
of the triangulation. As usual, we assume that 77, is quasi-uniform and regular. Define

Ty =00 )0Q; forl# |

and
Y N
7= )00 *k=1,....N), y={Jn
k=1

2.1. The case of Helmholtz equation. Consider the Helmholtz equation with the mixed
boundary conditions.

-Au—-k*u = 0 in Q,
u = 8d on Y,

2.1
@D Moo= g. on y,
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The outer normal derivative is referred to by 9y, and the wavenumber by «. In particular, if «
is complex valued, then the material is known as a lossy medium; otherwise the material is
called a non-lossy medium (see [19]).

Each element Q; is subjected to excitations applied along 0Q = yq U v, Uy, Uy in
the form of a Dirichlet condition over y,, a Neumann condition over y,, a Robin condition
over y,. Moreover, g4 € L*(v4), gx € L*(¥,), 8r € L*(y,).

Set ulg, = uy (k =1,---, N). Then the reference problem to be solved consists in finding
the local acoustic pressures u; € H' () such that

—Aup — =0 in Q,

U=8a on 1y, C o,
2.2 6 k:1,2’...,N’
=y o = &n on y, C o, ( )
g—;‘l + iku = g, on Y, C oY,
and
= uj =0 over I}, RO,
@) { On ity + On,uj =0 over Ty k#j, kj=12,---,N).

The first equation of (2.2) is the homogeneous Helmholtz equation, The other equations
of (2.2) and the equations (2.3) are related to the boundary condition of the problem and the
continuity conditions at the interface between the subcavities € and Q;.

Let V(€)) denote the space of the functions which verify Helmholtz’s homogeneous
equation (2.1) on the cavity Q:

(2.4) V() = {vi € H'(); Avg + K2vi = 0}.
Define

N
@.5) VT = [ [ vew.

k=1

Following the original VTCR method ([22, 23]), a new variant for the case of the complex
wavenumbers can be expressed as follows: find u € V(77,) such that

(2.6)

Re{ f (u—ga) -%ds + f i(Opu — gy) - vds
Ya Ya

+ jy‘ %(((a,, + iK)u — g,) . _716,,1) + i(((?n + iK)u — g,) . v)ds

1
> 3 f ((uk — 1)) - (O Vi — On,V)) + [yt + Oytt) - (Vg + vj))ds} = 0,¥v € V(Th),

Jj#k Ly

where Re{o} designate the real part of the complex quantity <.

THEOREM 2.1. Let u € V(T3), Im(x) < 0. Fork = 1,--- , N, assume that u; € H"*%(Qy)
with 8y > % such that On uy € L*(0Qy). Then the reference problem (2.2) and (2.3) is equiva-
lent to the new variational problem (2.6).

Proof. Tt is clear that the solution of the problem (2.2) and (2.3) is also the solution of
the variational problem (2.6). Therefore one needs only to verify the uniqueness of solution
of the problem (2.6).
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The verification is standard. Let us consider two solutions u = (uy,--- ,uy),u’ =
(u’], -+ ,uy) of the variational problem (2.6), and let it = (i, - - - ,iiy) denote the difference
between the two solutions. Because of (2.6), these two solutions must verify the following
equation:

2.7
__ _ 1 1 _
Re{f it - i0gvds + f i0nil - vds + f 5((6" + IK)il - ?6,,\) + i(On + iK)il - v)ds

Yd Vn Vr

1
+ Z 3 \frk- ((ﬁk = 1))  i(On, Vi — On;vj) + i(On, i + On;itj) - (Vi + vj))ds} =0,Yv e V(Ty).

Jj#k

Taking v = i, (2.7) simplifies to

N
S o1 —
2.8) Re{z f fiy - Buinds + f —(——6nﬁ-8nﬁ—Kﬁ-ﬁ)ds}=O.
=1 v 0% %2 K

The Strokes formula applied to each subcavity € yields

N
(2.9) Re{ Z(—i)
k=1

which, since it € V(7,), becomes

N
(2.10) Re{ Z(—i)
k=1

Set k = ki + iky, then (2.10) simplifies trivially to

N
— 1 _ .
@.11) Zf 2K1K2ak-ukdm——f(/<la-u+ O Bai s = 0.
=1 Y% 2 Vr K] T &5

- _ 1 _
(Vﬁk Vg + iy - Aitk)dw + f -( _ SopmenR i a)ds} =0,
Qi Yr 2

L 1 _
(Vﬁk Vi - By - ﬁk)dw + f E( o i - Fofi — K - ﬁ)ds} =0.

& ¥

By the assumption Im(x) < 0, we can deduce that &, = 0 in €. Thus, by the assumption
u € H'o(Qy) with §; > %, we obtain the function i satisfies the interface continuity (2.3)
and verifies the initial Helmholtz reference problem (2.2) (note that &t € V(77)) with the
homogeneous boundary condition. Therefore & vanishes on Q, which proves the uniqueness

of solution (2.6). 0

2.2. The case of Maxwell’s equation. In this section we recall the first-order system of
Maxwell equations and derive the corresponding Variational Theory of Complex Rays based
on triangulation.

Suppose Q is a bounded polyhedral domain in R3. We want to compute a numerical
approximation of the electromagnetic field (E, H) solution of the harmonic three-dimensional
(3D) homogeneous Maxwell equations written as a first-order system of equations (refer to

[17]):

VXE -iwouH=0 |
(2.12) _ in Q
VxH+iweE =0
with the following mixed boundary conditions
-Exn=g, on Yy,
2.13) Hxnxn=g, on vy,

—-Exn+ocHXxn)Xn=g, on v,
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Here, w > 0 is the temporal frequency of the field, and g € L%(@Q). The material coefficients

u>0,eand o = \/% are understood as usual (refer to [17]). In particular, if & is complex

valued, then the material is known as an absorbing medium; otherwise the material is called
a non-absorbing medium (see [17]).

For each element {4, let Elg, = E;,Hlg, = Hy (k =1,...,N). As usual, we assume that
w, i and € are constants on each element. Then the reference problem (2.12) to be solved
consists of finding the local electric field (E;, Hy) such that

VXEk—iwﬂHkZO .
(2.14) . in ,
V X Hy + iweE, =0
namely,
(2.15) VX(VXEk)—KzEk =0 in

with the complex wavenumber « = w +/u&, and the interface conditions (note that n; = —n;)

(2.16)

{EIXII1+E]'X11]'=0 on rlj (I<j Lj=1,2,...,N).

H/xm+H;xn;=0
The boundary condition becomes
—Eexng =gy on  Yax = YaN O,
2.17) Hy xne xn =g, on Yk = vp N O,
—Eyxng+ oMy Xn) Xng =g, on Y=y NO.
Define the trial space

2.18 U7, = = E
2.18) <h>—{u— o

_ VX E; —iwuH; =0 .
)’ubk_uk{ VxH+iwsE =0 mn Q"}'
Based on the above equivalence and the procedure of VTCR method for the Helmholtz e-
quation with complex wavenumbers, we define the new variational formulation: find (E, H) €

U(77), such that

(2.19)
Re{f(—Exn—gd)-iéxnxnds+fi(Hxnxn—gn)-(—den)ds

Yd Yn

+f %((—Exn+a(Hxn)xn—g,)~iﬁ‘xnxn

Yr

+i(—E><n+o-(H><n)><n—g,)-é(—dzxn))ds

1
+ Z 5 fr“ ((—Ek xng—E;xn;j)- i((ék X ) Xy + (€ X nj) X n_,-)

JEk

s i((H X ) X g — (HL X)X ;) - (=g X g+ 4, X nj))ds} = 0,Y(1p.€) € U(T}).

Tueorem 2.2. Let (E,H) € U(7),Re(e) < 0. For k = 1,--- ,N, assume that E; €

H'"™ou(Qy) with 6 > % such that-=(V X Ey) x ng x mg = H X my X ny € L2(0). Then the

reference problem (2.14)-(2.17) is equivalent to the new variational problem (2.19).
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Proof. 1t is clear that the solution of the problem (2.14)-(2.17) is also the solution of the
variational problem (2.19). Therefore one needs only to verify the uniqueness of solution of
the problem (2.19).

Let us consider the following two solutions of the variational problem

E = "= (E,,... . E
o[BI g (EeGE)
H=MH,,....Hy) H =MH),....Hy)
and let
E=E,....E
(221) (N (Nla 5 ~N)]
H=M,,...,Hy)

denote the difference between the two solutions. It follows by (2.19) that the difference
satisfies

(2.22)
Re{f(—Exn)-igxnxndHfi(ﬁxnxn)-(—¢><n)ds

Yd Yn

+f %((—Exnﬂr(ﬁxn)xn)oisxnxn
¥

+i(—Exn+a(fIxn)xn)-ol_(—¢><n))ds

1 ol ~
+Z§frw ((—Ekxnk —ijnj).i((ék xnk)xnk+(§,-><nj)><nj)

j#k

(B <) X m — (B X mp) X ) - (=4 X g + 4 % nj))ds} = 0,Y(1, £) € U(T).
taking [ ?) = () 2220
amg[s)— I:I,(. ) becomes

Re{ (—Exn).iﬁxnxndﬁfi(ﬁxnxn).(—f«:xn)ds
Yd Yn

1 ~ ~ -
+fE((—Exn+o-(Hxn)><n)~iH><n><n

Yr

(2.23) + i( ~Exn+oM xn)x n) . Clr(—F: X n))ds

1 R _ . .
+Z—f ((—Ekxnk—Eanj)-i((Hkxnk)xnk+(Hjan)xnj)
i

+ i((ﬁk x ) x my — (A; x nj) x nj) (B xmy + B x nj))ds} =0.
Then, by the simple calculation, we can deduce that

N
Re{Z (-Exn)-iHxnxnds
(2.24) el Vo
-1 - 1
+ (cHxnxnf + —|
2 Jy, o

-ExnP) ds} =0.
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This, together with (2.12) and simple calculation, leads to

N
Re{ ;(—i)

—7 - 1 -
+ = (o'|H><n><n|2+—|—E><n|2)ds}=0.
2y, o

1 L
nX (—VXE)-Eds
filoN wp

(2.25)

Integrating by parts equation (2.25), we have

N
1 T N _
Re{Z(—i) (Vx('—VxE)-E—(,—VxE)~VxE)da:
. o iwp iwy
(2.26) k=1
—7 ~ 1 ~
+ 2 (o-|H><n><n|2+—|—E><n|2)ds}=0.
2 Jy, o

Using (2.12) again, we further get

N -
—_— . 1 . .
Re{Z(—i) ( —ing-E—(_—VxE)~V><E)dm
k=1 27 lwp
(2.27)
- _ 1 .
+ 2 (o-|H><n><n|2+—|—E><n|2)ds}=0.
2 Jy, o

By the simple calculation, we have

N
- 1 -
Re{ > f (wBIBE - — v xBF) do
=1 Y% wi

— _ 1 ~
+ = (a'|H><n><n|2+—|—E><n|2)ds}=0.
2 Jy, loa

(2.28)

Set & = g + igy, then (2.28) simplifies trivially to
Y 1

(2.29) Z f (ng B2 - —|V x EF) dx =0,
k=1 VY& v

E 0
By the assumption Re(g) < 0, we can deduce that [fl] = [0] in Q. Thus, by the as-

E
sumption E; € H 1+0¢(Q) with 6 > we obtain the function i satisfies the interface

1

o

continuity (2.16) and verifies the initial Maxwell reference problem (2.14) with the homoge-
E

neous boundary condition (2.17). Therefore [ﬁ] vanishes on Q, which proves the uniqueness

of solution (2.19). 0
ReMARK 2.1. We denote the inner part of Re{} in (2.19) by the symbol Y(E,H, 4, £), then
it can be verified that Y (1, ) € U(T}),

(2.30) Re{Y(E,H, ¥, &)} =0 is equivalent to that Im{Y(E,H,, &)} = 0.

By the (2.28), we can deduce that when Im(g) > 0, the Theorem 2.2 also holds.
ReMARK 2.2. Note that for the case of real wavenumbers, the involved integrals on the
Robin-type boundary condition of the original method and the new method are the same.
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Thus, there is no change between the two methods when dealing with real wavenumbers. For
the case of complex wavenumbers, there are some differences between the two methods on
the following.

(i) The original VI'CR method can only be used to solve the Helmholtz equation with real
wavenumbers. However, the permittivity of the material in the computational domain for the
Helmholtz and Maxwell equations is, in general, complex valued. By selecting the involved
integral defined on the Robin-type boundary condition, the new method is proposed to solve
the Helmholtz equation and Maxwell equations with complex wavenumbers.

(ii) The variational formulation of the new method is unified when dealing with real
wavenumbers and complex wavenumbers.

3. A new variant of the UWVF method for the equations with complex wavenum-
bers. In this section we introduce a new variant of the UWVF method for the Helmholtz
equation and Maxwell equations with complex wave numbers.

3.1. The case of Helmholtz equation. The purpose of this section is to recall the basic
principles of the UWVF modeling methodology for the resolution of the Helmholtz equation.
At first, the original UWVF method is recalled. Then the new variant is presented in details.

3.1.1. The original UWVF method. The following Helmholtz equation is considered.

“Au—-«*u = 0 in Q,
3.1) g—;‘l + IKU t(—g—;‘l + iku) + g on v,
7] < 1, teC.

Similar to the VTCR method, the reference problem (3.1) is equivalent to the problem

3.2)

{ —Aug — KCu =0 in (k=12 N)

RV VR
Sn Tiku=1t(-3- +iku)+g on y[)0,

and the interface conditions (2.3).
Let us recall the original UWVF method (see, for example, [4]). Let V denote the space
of the functions of the UWVF formulation as

N
(3.3) V= ﬂ L20Q).
k=1

The value of the unknown x of the UWVF formulation will be defined from u solution of
(3.1) as being

3.4 Xag, = (=0n, + i)y,

assuming the regularity hypothesis x € V. Then the variational problem for the case of real
wavenumbers can be expressed as follows: find x € V defined by x|sq, = x; with (3.4) such

that
(Zk: Imk X (=0, + iK)ey a.’s)
(3.5) = (Z f Xj(On, + iK)ey ds + Z f tx(On, + iK)ey ds)
Ly k Yk

k#j Yk

= Zf 8 (On, + ik)ey ds
k Yk
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for any
N
(3.6) ecHel =enH= ]_[ H,
k=1
with
_ 1 e (A= =0 in }
3.7 H; = {vk € H (€y) satisfying { (=0, + iK)Vy € L2(09)

Conversely, if x is solution of (3.5), then the function u defined by

ulo, = u,
3.8) A —Pu, =0
(=0On, + iK)ug = x,

where u;, € H'(€) is the unique solution of (3.1).

Note that the original UWVF method was obtained only for the case of real wavenum-
bers, so how to generalize the UWVF method to the equations with complex wavenumbers
is an interesting problem. In the next subsection, we propose a new variant of the UWVF
method.

3.1.2. A new variant of the UWVF method. Our main idea is to use the different trial
space and test space, in which the functions satisfy the original equation and adjoint equa-
tion, respectively. Thus, the new variant of the UWVF method is essentially a discontinuous
Petrov-Galerkin method.

Let W(77},) denote the test space, satisfying W(77},) = ]_[kN:l Wi (€Qy) with

(~-A-K)er =0 in }

3.9 Wi(Cy) = {ek € H () satisfying { (=0n, + i % )ex € L2

Then we get the following theorem.

THeorREM 3.1. Let u € V(T},) (see (2.5)) satisfy the regularity assumption Op u € LX(0Q), k =
1,--+, N and be a solution of the original equation (3.1). Then the reference problem (3.1) is
equivalent to the following new variational problem (3.10).

(Zk: fa b 0 ds)

(3.10) —( (=0, + iK1ty Gy + 1K) ds+ f 1=, + iK1ty @, + 1% )ex ds)
k Yk

k) YT

= Zf g (On, +iR)ecds, Yee W(TH).

k Yk

Proof. Since u € H'(Q) and 0, u € L*(0), we get

(—0On, +iK)u (—Op, + i K ey ds
(3.11) K
= (Ony + iK)U (On, + i K )ep ds +2ik | (Onuer — uOneex ) ds.
9% o
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Using (3.1) and (3.9), and by integrations by parts, we can deduce that

2, — _
{ fﬂk Vu Ve, —k“ue; = fmkuc')nkek,
2 — —
kaVuVek Kuek—fmk[)nkuek.

From (3.11) and (3.12), we have

(3.12)

(=0, + iU (=0, + i K ey ds
(3.13) o
- (On, + iK)u (On, + i K )exds = 0.
Q.

This, together with the continuity of u on I';; and the boundary condition

(On, + iUl = (=0n,; + iYulr,
(On, + iQuly, = t(=0n, + iK)uly, + g,

(3.14) {

and summing for all elements k, leads to the desired equation (3.10).
Conversely, let u be solution of (3.10). By assumptions on u and e, we obtain (3.13).
Summing on all the elements, we have

Do (O + ik (=, + % )ex ds
7 Jao,
(3.15)
- Z (On, + iK1 Dy, + K )erds = O.
= Jooy,
Since u satisfies (3.10) and combining with (3.15), we have

Ve € W(Th),
,?,- frkj(ank + ik (O, +1K ey ds+% L @n, + i) B, + K )ey ds

= %frkj Xj (On, +1K)ex ds+zk]fyk(txk +8) (On, +i K e ds.

(3.16)

This yields (3.14). It is clear that a function whose restrictions are H'(€) solutions of the
elemental homogeneous Helmholtz equation and that satisfies the continuity conditions and
outer boundary conditions (3.14) is the unique solution of the Helmholtz problem (3.1).

0

3.2. The case of Maxwell’s equations. In this section we generalize the UWVF method
to the following Maxwell equations.

VXE - iwuH =0 in Q,
(3.17) VxH+iweE =0 in Q,
—Exn-cHxnxn=Q0-Exn+cHxn)xn)+g on 7y=0Q.
Our main idea is also to construct the correct spaces for the different trial space and test
space. The trial space U(77,) is defined by (2.18).

Let & and 1) denote piecewise smooth test vector functions in the mesh. Using the inte-
gration by parts identity we obtain

{ ka(—iwsE~a—H~an)dm=fagknk><H~§ds,

3.18 > . _
( ) fﬂk(—iw,uH-l/;k+E-V><1/Jk)dm:—f(mknkXE-tpkds.
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Adding the two equations we get

(3.19) | (B-iwsé + V X Y +H-iwptp, — V X &) dx = (g xH-& -0 XE -y ds.
Q. (/[0

We define the test space as follows.

iw§€k+V><'¢Jk=0 . }
{iwwk—Vxek:o o

With the definition of the test space, (3.19) reduces to

(3.20) V(T = {V = (i) s Vlg, = Vk

(3.21) (g xH-& -y xE - 9;) ds = 0.
(798
We further get
(3.22) Dyuy - Vi ds =0,
Q.

where the matrixes Dy and Z; are the same as in [17]. Define the matrixes L;Cr and L as
follows.

Li = L(—Zk, o(Z)?) and L; = \/Lz_a(—zk, -0 (Z1)?)

V2o
Define D = J_r(L}f)T(L]f). Then a simple calculation shows that D, = D; + D;. Using the
splitting of Dy, and the factorization of each term in the splitting we may rewrite (3.22) as
(3.23) (Lyw) - (Livi) = (Lpwy) - (L vi) ds = 0.

TN
Note that Zya = —ny, x a for any vector a and Z; = —(Z;)”. Then we have on the interface I'y j

1

V2o

Using (3.24) and the boundary condition of (3.17), we obtain

_ 1 .
(3.24) Ly = —=(-Zi,—0(Z)*) = _E(_z,,a(zj)z) =-Lj.

Lyu, =—-Lu; on Ty;
(3.25) { S A Y

L,:llk = QL;llk +8& on 0Ny,

where g = %. Substituting this into (3.23), and summing on all the elements, we get the
desired variational formulation: to find u € U(77,), such that

Z f (L,:uk) ) (L;:Vk) ds + Zf (L;Tuj) (L) ds
T Jooy T

kzj VT
- f QL{w) - (v ds = f & - (Lovods, Vve V(T
k MYk K Y%

We can derive the following result as in the proof of Theorem 3.1.
Tueorem 3.2. Let E,H € H(curl; Q), assume that ZyE, Z*H € (L*(0))%,k = 1,--- , N.
Then the reference problem (3.17) is equivalent to the new variational problem (3.26).

(3.26)
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4. Discretization of the variational problems. In this section we introduce discretiza-
tions of the variational problems described in the last two sections. The discretization for
Helmholtz equations is based on a finite-dimensional trial space V,(7;) C V(7;) and a
finite-dimensional test space W,(7) C W(7},). The discretization for Maxwell’s equations is
based on a finite-dimensional trial space U,(77,) C U(7},) and a finite-dimensional test space
V,(T1) € V(73,). We construct the precise definitions of such spaces with which to discretize
the VTCR method and the UWVF method.

4.1. The case of Helmholtz equation. In each element ;, we introduce a finite num-
ber of functions y; (I = 1,2,---, p) supported in €, and that are independent solutions
of the homogeneous Helmholtz equation (without boundary condition) in the element
k=1,2,---,N).

For simplification, we consider some constant number p of basis functions for every
elements €. Particularly, in this paper we will choose yj; as the wave shape functions on €,
which satisfy

yu(x) = XX x e Oy,
(4.1) ap-a) = 1,
l# s> a # ay,

where a; (I = 1, -, p) are unit wave propagation directions to be specified later.
The basis functions of V,(77) can be defined as

Yu(X), X € &,

0, x € Q; satisfying j # k kj=1,--- Ny l=1,---.p).

(4.2) Pu(x) = {
Thus the space V(77,) is discretized by the subspace

“4.3) Vo(Th) = span{gbklz k=1,---,N; l=1,--- ,p}.

During numerical simulations, the directions of the wave vectors of these wave functions,
for two-dimensional problems, are uniformly distributed as follows:

1=

(cos2n(l - 1)/p) _
(sm(zn(l— 1>/p>>) ¢=1-enp).

For three-dimensional problems, we use the optimal spherical codes from [24] to gener-
ate the wave propagation derections a; (I =1,--- , p).

The discrete test space W,(77,) C W(7,) for the UWVF method is constructed as follows.
First, we choose j; as the wave shape functions on €, which satisfy

4.4) Fu(x) = €5 x € Oy,
then the basis functions of W,(77,) can be defined as

ux), x €,

0, x € Q; satisfying j # k k,j=1,--- Ny I=1,-,p)

4.5 Eu(X) = {
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4.2. The case of Maxwell’s equations. In practice, following [3], a suitable family of
plane waves, which are solutions of the constant-coefficient Maxwell equations, are generated
on £ by choosing p unit propagation directions d;, / = 1, -+ , p (we use the optimal spherical
codes from [24]), and defining a real unit polarization vector G, orthogonal to d;. By using
such propagation directions and polarization vectors, we can define the complex polarization
vectors F; and Fy,, as

F[=G1+iG1Xd1, F1+p=G1—iG1Xd1 (121,'--,]7).
Notice that the complex polarization vectors are the same as in [5, 17], but differ slightly from

E
those in [13]. We then define the complex functions (HI)
I

(4 6) El = \//._l Fl exp(ikdl . X) nd EH], = \/,l_l G[ exp(ikdl . X)
: H, = i Ve F; exp(ixd; - x) H, = —ive G, exp(ixd; - x),

E
where k = w+/feu, [ = 1,---, p. Itis easy to verify that every functions [Hl] (I=1,---,2p)
1
satisfy the homogeneous Maxwell’s system (2.14).

E
Let @, denote the space spanned by the 2p plane wave functions [Hl) (q=1,---,2p).
I
Define the discrete trial plane wave space
@.7) U, (T7) = {v € L3(Q) : Vi €@ for any K € 'r,,}.

The discrete test space V,(73,) C V(7},) for the UWVF method is constructed by choos-

ing (il) (I=1,---,2p) as the wave shape basis functions on €, which satisfy

438 & = u Fyexp(ikd,; - x) and &ip = W Gy exp(ikd; - x)
' P = iV F, exp(ixd; - x) i, = —i V& G exp(ikd; - x).

5. Nonhomogeneous Helmholtz and Maxwell’s equations. The VTCR method in
Section 2 and the UWVF method in Section 3 were described only for the homogeneous
Helmbholtz equation and Maxwell equations. Recently, a PWLS method (see [15]) and a
PWLS-LSFE method (see [16]) were proposed for discretization of nonhomogeneous har-
monic Helmholtz and Maxwell’s equations. As pointed out in [16], for the PWLS-LSFE
method, a plane wave method combined with local spectral elements for discretization of
the nonhomogeneous Helmholtz equation and time-harmonic Maxwell equations was intro-
duced and error estimates of the resulting approximate solutions were derived. The error
estimates show that the approximate solutions generated by the PWLS-LSFE method pos-
sess high accuracy and the numerical results indicate that the approximation generated by
the PWLS-LSFE method is much more accurate than that generated by the original method
proposed in [15]. In this section, combined with the local spectral elements (see [16]), we
propose another way to discretize the nonhomogeneous Helmholtz and Maxwell equations
that involves using the VTCR method and UW VF method, respectively.

5.1. The VTCR method combined with local spectral element. In this subsection, we
design the VTCR method combined with local spectral element for solving Nonhomogeneous
Helmholtz and Maxwell’s equations. For convenience, we call the method as VTCR-LSFE
method.
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5.1.1. The case of nonhomogeneous Helmholtz equation. Consider the nonhomoge-
neous Helmholtz equation

—Au—-k*u = f in Q,

u = 8d on Y,

5.1 o _
am — 8n on ¥,
% +iku = g on v,

where f € L2(Q).
As in [16], the basic idea is to decompose the solution u of (5.1) into

(5.2) u=u+u?,

where u(" is a particular solution of (5.1) without the primal boundary condition, and u®
satisfies a locally homogeneous Helmholtz equation. Without loss of generality, we assume
that the function f is well defined in a slightly large domain containing Q as its subdomain
(otherwise, we can build a stable extension of f).

For each element €, let €2} be a fictitious domain that has almost the same size with €

and contains  as its subdomain. Let u'V € L?(Q) be defined as uV) |, = uf{l) o, for each Q,

where u]((l) €H' (€)) satisfies the local nonhomogeneous Helmholtz equation on the fictitious
domain €);:

k=1,2,...,N).
On +i0u" =0 on 9Q; ( )

The variational problem of (5.3) is to find uf{l) €eH 1(91’2) such that

f (Vuf{l) -V, = KZM;{])I_/k)dX + f iKu,((U\’/kdx = f fordx,
54) o o o

Vv € H'(Q)) (k= 1,2,...,N).
Let g be a positive integer and D be a bounded and connected domain in R”. Let S (D)

denote the set of polynomials defined on D, whose orders are less or equal to g. Set Sy(D) =
S q(D))3. Define the approximate solutions u;, as follows:

1 2
(5.5) wp = u” +ul”

where u"” € [T2, §,(€)) and u® € V,(T%).

The discrete variational problems of (5.4) are: to find u,(:,: = u;])b; € §4(;) such that

f Vul) - Vi = kPl )y do + f ik )9y ds = f [ d,
(5.6) o 7 ’ oy &

V€S, Q) (k=1,2,...,N).

In this paper we choose the fictitious domain € to be the disc (for the two-dimensional
case) or the sphere (for the three-dimensional case) described in [16, Sec. 3].

It is easy to see that u® = u—u'" is uniquely determined by the following homogeneous
Helmholtz equations of uf) =u? |,

(5.7) M - uP =0 in Q(k=1,2,...,N),
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with the following boundary condition on y and the interface conditions on I'y;:

U, =8 —U over g,
On uk) = gn On u(l) over v,
(5.8) { (On +i/<)u =g—(On +u<)u(l) over y., (k#j;kj=1,2---,N).

;(2) u?® = (u(l) (1)) over Tyj,

6nku(2) + 0n u(z) (8,,ku(l) + On u(l)) over Iy;
According to the idea of the VTCR method described in Section 2, the variational prob-
lem of (5.7)-(5.8) is: to find u® € V(773) such that

(5.9

{ (2) - i0gvds + f za,,uf? vds
Y

-1
f (Oh + lK)u(z) - —Ohv + i((c’?n + ik)uf)) . v) ds
K

Yr

+ Z f (u(z) (2)) i(On Vi = On,vj) + i(On,u f) + 6,,,1452)) (v + vj)) ds}

J#k
_ Re{ f (g — V) - WBav ds + f (gn — O v ds
Ya T
1
+ fy 5((& —(On + l'K)u,il)) —6nv + l( — (O + u<)u ) v) ds —

1 - ———
Z 5 f ((u(l) u! )) i(On, Vi — ﬁn/vj) + l(@nk ull 4 c')njuil)) (v + v_j)) ds}, Yv e V(7).
k< YT

In this case, the discrete variational problem associated with (5.9) can be described as
follows: to find uf) € V,(7T) such that u(z) satisfy (5.9) for Vv, € V(7).

5.1.2. The case of nonhomogeneous Maxwell’s equations. Consider the nonhomoge-
neous Maxwell equations

(5.10)

{VxE—ipr:O .
in Q

VXxH+iweE =]

with the boundary condition (2.13). We need to transform nonhomogeneous problems into
homogeneous problems to use the VTCR method introduced in Section 2.

Similar to the case of Helmholtz equation, we assume that J is well defined in a suf-
ficiently large domain containing Q as its subdomain and decompose the solution E of the
problem (2.12) into E = EV + E®, where EWV is a particular solution of (2.12) without the
primal boundary condition, and E® locally satisfies homogeneous Maxwell’s equations.

For each element €, let Q; be the fictitious domain described in the last subsection.
The particular solution E(V ¢ (Lz(Q))3 is defined as EV |o = E( ) |o, for each Q, where

E,(cl) € H(curl; Q) satisfies the nonhomogeneous local Maxwell equations on the fictitious
domain €);:

1
(5.11) Vx(—VxE") +iweE” =J in O (k=1,2,...,N)
iwy
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with the homogeneous boundary condition

(5.12) “Exn+—(VxEP)xnxn=0 on Q.
lwy
The variational problem of (5.11) - (5.12) is to find E{" € H(curl, Q) such that

1 _ _ 1 Y
f(mVxE;”-Vka+iweE,§>-Fk)dm+f ;(E;”xn)xn-des
Qr M
(5.13) ¢

oQ;

=f J - Fdx, VFy € H(curl, Q) (k = 1,2,...,N).
o

When ] satisfies J € (LZ(QZ))3, the variational problem (5.13) possesses a unique solution
E\" € H(curl, Q) (see [20, Chap 4]).

Set the corresponding particular solution HV € (L*(Q))* which is defined as HY |o, =
H;cl) lo, for each Q, where H,(cl) = ﬁV X E;{l) € H(curl; ).

EQ)] [E —ED

It is easy to see that [ ] is uniquely determined by the following homo-

H® H-HD
E® E® lo
geneous Maxwell equations of k2 = ) L
H§< ) H® | o

(5.14)

\Y XE,(CZ) - iwqu) =0
in Qk=12,...,N),

V x Hf) + iweEf) =0

with the following boundary condition on 7y and the interface conditions on I';; (k < j; k, j =
1,...,N):
(5.15)

- Ef) XNy, =gg— (—Eﬁf) X ng) on  yik =Ya N O,
Hf) X Xn, =g, — H;cl) X N X Ny on  Ypi = yn N 0L,
—EP xn + o(H xm) xmg = g — (E xny + o (H” x mp) x ny) on Y =y, N oY,
Ef) X nﬁ{z) +E;Xn;= —(E]((l) X ng + E;l) X ;) over I7yj,
Hf) X ng + H(jz) Xn; = —(Hf{” Xy + H;l) X nj) over I7yj,

k< j, k,j=1,2,...,N).
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E®

The variational problem of (5.14)-(5.15) is: to find ( ] such that

H®

N N
Re{Zf (—Ef)xn)-ig‘xnxnds+2f i(Hf)xnxn)-(_qpxn)ds
k=1 Y Ydk k=1 Y Vnk

N
1 -
+ f —((—Ef)><n+o-(H§(2)><n)><n)-i£><n><n
k=1 Y Vrk 2
1
(5.16) +i( - E® xn+oHP xn)xn)~—(—1/)xn)) ds
a

1
+ Z 3 f ((—Ef) X ny — E§2> X)) - i((gk X 1) X g + (€ X 1) X nj)

j#k Ly

+ i((Hf) X ng) X ng — (Hf) X nj) X nj) (= X + P X nj)) ds}

M=

- &

+

N
f(gd+E,((1)><n).i§xnxnds+Zf i(gn—Hil)ann).(—szn)ds
Ydk k

=1 Y Vnk

=~
Il

1

M=

1 __ W
f 5((& - (-E" xn+o(H" xn) x n)) i€ Xnxn
=1 Y7k

o~

+ i(g, — (-E{” xn+ oc(H" xn) xn)) é(—w X n)) ds

1
+Z Ef ((—Eg) X g —E(jl) xnj).i((gk X ) X 0y +(£j><nj)><nj)

Jj#k L

+ i((H X mg) x g = (H{" xn,)x n;) - (=P X g+ 3 X nj)) ds}, V(. &) € V(Th).

The cost of the solution of the above problem is same as that of the homogeneous Maxwell’s
equations.

5.2. The UWVF method. In this subsection, we design the UWVF method combined
with local spectral element for solving Nonhomogeneous Helmholtz and Maxwell’s equa-
tions. For convenience, we call the method as UWVF-LSFE method.

5.2.1. The case of nonhomogeneous Helmholtz equation. Consider the nonhomoge-
neous Helmholtz equation

(5.17) g—"‘l+iku = g on .

{ —Au—-tu = f in Q,

As described in subsubsection 5.1.1, the basic idea is to decompose the solution u of
(5.1) into
(5.18) u=ub+u?,

where u(! is the solution of (5.4), and u® satisfies a locally homogeneous Helmholtz equation
(5.7) with the following boundary condition on 7y and the interface conditions on I';:
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(5.19) (On, + iU, = (=0n, + iU |r, + (=0, + iUV, — (On, + iOU|r,,,
: (On, + i)UP)y, = —(O, + iUV, +g.
According to the idea of the UWVF method described in Section 3, the variational prob-
lem of (5.7) and (5.19) is: to find u® € V(77,) defined by such that

(5.20)
(=0, + iU (<O +1K)exds = Y | (=On, + iU G, + i K )ex ds
T~ O% ez YT !
:ng(anknz)edeZf (—anj+ik)u§‘> (On, + 1K )ey ds —
v kzj YTk

(Z

kg Y Th

(Ong + iU B, + 1K ey ds + Z f (Ong + iU (B, +i K ey ds), Ve € W(Th).
k Yk

Similar to the subsection 5.1.1, the numerical approximate solutions u;, can be decom-
posed into

(5.21) wp = u +u,
h h

where uzl) € Hszl S 4(€) satisfy (5.6) and uf) € V,(T) satisty (5.20) for Ve, € W,(77,).

5.2.2. Error estimates of the approximation solutions. Since the trial function space
is different from the test function space for the case of complex wavenumbers «, the new
variant of the UW VF method is essentially a discontinuous Petrov-Galerkin method. It is dif-
ficult to prove that the bilinear form meets the inf-sup condition, thus in this subsubsection we
derive error estimates of the approximate solutions u;, defined in the last section for the partic-
ular case of real wavenumbers « only, where the UWVF method is a standard discontinuous
Galerkin mehtod.

Let s and m be given positive integers satisfying m > 2s + 1. Let the number p of plane
wave propagation directions be chosen as p = (2m + 1) in 2D and p = (m + 1)? in 3D,
respectively. Since each element €, is convex, it is star-shaped with respect to a ball.

As in [19], for a bounded and connected domain D C €, let || - ||s.p be the k—weighted
Sobolev norm defined by

S

2(5=J)14,]12
Mlon = D KW .

J=0

It turns out that the UWVF can be recast as a special plane wave discontinuous galerkin
method as pointed out in [9]. Let || - ||, and || - |I¢h+ be the energy norm defined in (3.1) and
(3.2) from [12] for the case of « = =6 = %, respectively.

The following lemma is a direct consequence of Theorem 4.3 in [16].

Lemma 5.1. Let g > 2 and 2 < s < g + 1. Assume that ¢y < kh < Cy and f € H*72(Qs).
Then the following error estimates hold

N =2
5 h s—J s—[— ;
(5.22) O I =PI )2 <C) I e gy (G=0,1,2)
k=1 =0
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and
K h s =3 5
(5.23) I =1l < €1+ —5)2 ()" D N iy,
=0

where Qs defined in [ 16, Sec.4.1.1] is the union of Q and the boundary layer with the thickness
0, and cgy, Cy are the constants.
The following approximation can be viewed as a version of Theorem 4.5 in [16].
LemMMA 5.2, Letg > 2,2 < s < min{’"T”, g+ 1} and kh = O(1). Assume that f € H2(Qy)
and u € H*(Q). Then

5=2
0 2 13 As—1—g)+d (53 -
(5.24) [u® = uPlly, < Cx2h* maxtm T3 gDl a0 + D Kl |
=0

where A > 0 is a constant depending only on the shape of the elements (in particular, A = 1 for
the case of two dimensions), 6, = max{21 — 1, 1}, and € = &(m) € (0, 1) satisfies e(m) — 0F
when m — +oo.

Proof. Define

(5.25) Aw,vy = f (=0, + i)Wy (=0, + 1 K Ve ds,

7 Jooy,
(5.26) Bow,v) = | (=0, + i)W G, +1K)vc ds,

kj YTk
(5.27) I(v) = Z f g (On, +1K)vi ds,

k Yk
and
(5.28) Cu,v) = Z f (On, + iKWy Bn, +1 K )Vg ds.
T Jooy

Then we get
(5.29) AW® V) = Bu®,v?) = 1060P) + B, v?) - CuV,v?)
and
(5.30) AP VD) =BG V) = 106457) + B vy — cl vP).

From (5.29) and (5.30), we have
(31 AW® = ul? VD) = Bu® — ul? V) = B - u" vy — c@® - ulP V).
Let Q), be the operator defined in Lemma 4.4 from [16]. It follows by (5.31) that

2 2 2 2
AW = u?, 0 = u?) = Bu® =2, 0u® — u?) =

(5.32) : 5 | 5
B(u(l) - ”Z ), Qhu(z) - “;1 )) - C(u(l) - uﬁl ), Qhu(z) - “51 )).
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By the bilinear form Aj(:, -) defined in [9, 12], we can deduce that
(5.33) Aw,v) = Bw,v) = =Ap(w,v).
Then, by the direct manipulation, we can deduce that

||u(2) — uf)Hzﬂ =Im ﬂh(ua) — uf), u?® - uf)) =

I { A 2,0~ )+ B~ 2, )

2 2 2 2 2 2 2 2
:Im{—A(u()—u;),u”—Qhu”HB(u()—u;),u()—Qhu“)

(5.34) : ) | )
= B = ), 0 = )+ Ca - i, 0 — 2}

—Im {ﬂh(u(z) _ uf’, u® = 0,u®) - Bu® - “ﬁ,l)’ O - 14;12))+
1 2
C® ~ ), Qu® - ).
By the proposition 3.5 in [12] and the definition of || - ||7.-h+, we have

2 2)112 2 2 2 2
535, 16 = uP1Z < u® = uDll, - 1@ = 0@l
’ 1 1 2 2 2 2
+ 1 = Pl - (1® = Q@ + 1 = u 7).

It can be verified directly by (5.35) that
(5.36) @ = u? iy, < Cmax {|lu® = ullg @ = Qpu@ g+ ).

As in the proof of Theorem 4.5 in [16], we can obtain (5.24). 0

From Lemma 5.1 and 5.2, we obtain the final results as in the proof of Theorem 4.6 in
[16].

THEOREM 5.3. Under the assumptions in Lemma 5.2, we have

(5.37)

s=2
—17s-3 “As—1-e)+% —~(s-3 s=1-2
llu — upllg, < Ck™2h*"2 max{m (s-1-21g »q (s 2)}[||M||s,/<,g"‘zl<s ||f||H’(QJ)],
=0

52
1y 51 “As—1-e)+ 2 _(s-3 —1-2
llu = wllo < C(1+ (i)™ y*™" margm ™ @+Aq“znpwmmn+§jﬁ’|vmum}
=0

5.2.3. The case of nonhomogeneous Maxwell’s equations. Consider nonhomogeneous
Maxwell’s equations

VXE —iwuH =0 in Q
(5.38) VXxH+iweE =] in Q
—Exn-cHxnxn=0-Exn+ocHxn)xn)+g on 7y=0Q,

E
As described in subsubsection 5.1.2, the solution u = [H] of the problem (5.38) is

E=E" +E®@
H=H"+H?
HVjg =H" = LV E]".

iwp

decomposed into u = [ ) =uD +u®, where EV is the solution of (5.13), and
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E® E-E®D
It is easy to see that u® = ( ) [

HO = HoH 1)] is uniquely determined by the following

E® lo E®
homogeneous Maxwell equations of 1= F |=u®:
H? | H®| ™ Tk

(5.39)

VXEY — iwpH? =
{ k o in O k=12,...,N),

VxH? +iweE? = 0

with the following boundary condition on y and the interface conditions on I'y; (k < j; k, j =
I,...,N):

L +u?) = -L7 @' +u?) on Ty
(5.40) Lo S
L +u?) = oL@ +u®)+g on 9Ny
E®

The variational problem of (5.39)-(5.40) is: to find u® = [H(z)

) such that

ZLQ (Liu?) - (L+vk)ds+2f Liu'®) - (Livi) ds
k k

k#j

- f L) - (Lyve) ds
k
_Z f 8- (Lyvp) ds—z f (L;uy)).(L;vk)+(L,;u<k‘>).'(L,;vk)) ds

k#j

+Zf Q(L* Dy (Lpvi) ds = (Lew)) - (L vk)) s, YV e V(Th).
k Yk

(5.41)

6. Numerical experiments. In this section we apply the VTCR method and UWVF
method to solve several homogeneous and nonhomogeneous Helmholtz and time-harmonic
Maxwell equations with complex wavenumbers, and we report some numerical results to
compare the accuracy of the approximate solutions generated by the VTCR method, the
UWVF method and the PWLS introduced in [16].

For the examples discussed in this section, we adopt a uniform triangulation 77, for the
domain Q as follows: Q is divided into small cubes of equal meshwidth, where 4 is the length
of the longest edge of the elements. As described in section 3, we choose the number p of
basis functions to be p = (m + 1)? for all elements £, where m is a variable positive integer.

To measure the accuracy of the numerical solution u;, and E;, we introduce the relative
L? error

_ ”Mex - uh”Lz(Q) _ ”Eex - Eh”LZ(Q)

||uex||L2(Q) ||Eex||L2(Q)

for analytic solution u., € L*(Q), or E,, € (L*(Q))?, and

N N
J Zj o |u€x,j - uh,j|2 J Zj w |Eex,j - Eh,jl2
err. = v

or err. =
Ni ’ Ni
Elj o |uex,j|2 Zj o |Eex,j|2
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for the exact solution u,, ¢ L*(Q), or E,, ¢ (L*(Q))?, where u,,. j»Eex,j and uy, j, Ej, ; are the
exact solution and numerical approximation, respectively, of the problem at vertices referred
to by the subscript j.

For the examples discussed in this section, we assume that 4 = 1. We perform all
computations on a Dell Precision T5500 graphics workstation ( 2*Intel Xeon X5650 and
6*12GECC ) using MATLAB implementations.

6.1. A point source smooth problem. The first model problem consists of a point
source and associated boundary conditions for homogeneous Helmholtz equation:
1 eiwlrfrol

u(r,rg) = ——— in
) 47 |r — 1|

u .
— +iku=g on v,
on g Y

in a cubic computational domain Q = [0,1] x [0, 1] X [0,1]. r = (x,y,z) is an observing
point. To keep the exact solution smooth in €, the location of the source is off-centered at
ro = (2,2,2) outside the region. In addition, we also consider the singular case in section 6.5.

Tables 1-3 show the L? relative errors of the approximations generated by the VTCR
method, UWVF method and PWLS method.

TaBLE 1
Errors of approximations with respect to p.

p 9 16 25 36
VTCR | 9.27e-2 | 8.97e-3 | 1.52e-3 | 1.08e—4
w=4r—-1i | UWVF | 528e-2 | 5.40e-3 | 4.99¢e—4 | 4.63e-5

= % PWLS | 2.19e—1 | 1.83e-2 | 5.48e—4 | 4.80e-5
VTCR | 1.03e—1 | 8.49e-3 | 1.40e-3 | 9.95e-5
w=8r—2i | UWVF | 7.54e-2 | 5.88e-3 | 4.95e—4 | 4.81e-5

h = % PWLS | 3.4le—-1 | 3.93e-2 | 7.12e—4 | 4.96e-5

TaABLE 2
Errors of approximations with respect to 4 for the case of w = 4r — 1i.

h i 5 i
VTCR | 1.43e—1 | 8.97e-3 | 6.24e—4
p=16 | UWVF | 7.75e-2 | 5.40e-3 | 3.40e—4
PWLS | 1.72e-1 | 1.83e-2 | 1.31e-3
VTCR | 2.71e-2 | 1.52e-3 | 1.06e—4
p=25| UWVF | 1.4le-2 | 4.99¢e-4 | 1.50e-5
PWLS | 2.09e-2 | 5.48e—4 | 2.24e-5

TaBLE 3
Errors of approximations with respect to /4 for the case of w = 87 — 2i.

h i 1 i
VTCR | 4.18e-2 | 1.65e—2 | 8.49e-3
p=16 | UWVF | 2.02e-2 | 1.04e-2 | 5.88e-3
PWLS | 1.03e-1 | 6.23e-2 | 3.93e-2
VTCR | 9.37e-3 | 4.13e-3 | 2.10e-3
p=25| UWVF | 2.16e-3 | 9.82e-4 | 4.95¢e-4
PWLS | 3.52e-3 | 1.47e-3 | 7.12e—4
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The results listed in Tables 1-3 indicate that the approximation generated by the UWVF
method is much more accurate than that generated by the VTCR method and the PWLS
method.

6.2. A nonhomogeneous Helmholtz equation in three dimensions. The exact solu-
tion of the second model problem is defined in the closed form

Uex =z In(1 + wxy), (x,y,2) € Q,

where Q = [0, 1] x [0, 1] x [0, 1].

We set w = 27 and choose the number p of the plane wave basis functions as p =
25. Table 4 shows the relative L? errors of the resulting approximations generated by three
methods.

TaBLE 4
Errors of approximations with respect to # and g (w = 2x, p = 25).

h I T 1 I I

VTCR l.Oi‘e—l 6.236—2 4.2§e—2 3.058—2 2.3481e—2
qg=2 | UWVF | 1.0le-1 | 6.29¢-2 | 4.28e-2 | 3.09e-2 | 2.34e-2
PWLS | 1.01le-1 | 6.30e-2 | 4.28e-2 | 3.09e-2 | 2.34e-2
VTCR | 4.74e-2 | 2.88e-2 | 1.94e-2 | 1.40e-2 | 1.02e-2
UWVF | 4.74e-2 | 2.88e-2 | 1.94e-2 | 1.40e-2 | 1.02e-2
PWLS | 4.74e-2 | 2.88e-2 | 1.95e-2 | 1.41e-2 | 1.03e-2

_Q
Il
w

The results listed in Table 4 indicate that the approximations generated by three meth-
ods with the local space consisting of third order polynomials is much more accurate than
that generated by the corresponding method with the local space consisting of second or-
der polynomials. Moreover, the approximations generated by the VTCR-LSFE method, the
UWVF-LSFE method and the PWLS-LSFE method almost have the same accuracy.

FiG. 1. (Left): Err. vs % (Right): —log(Err.) vs —log(h).

Figure 1 (left) and Figure 1 (right) show the plot of Err. with respect to % and —log(Err.)
with respect to —log(h), respectively. It displays a linear plot which verifies the validity of the
theoretical results in Theorem 5.3.

6.3. Electric dipole in free space for a smooth case. We compute the electric field due
to an electric dipole source at the point X9 = (0.6,0.6,0.6). The dipole point source can be
defined as the solution of a homogeneous Maxwell system (3.17). Wesetu = lande=1+1i
in (2.12) (o is determined by u and & according to the known formula). The exact solution of
the problems is

6.1) Eex = —iwlp(x,xp)a + _LV(V(b - a)
iwe
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where

exp(iw VEIX = Xo)
An|x — Xo|

P(x,Xo) =

)

the amplitude / = 1, the vector a = 17%, 17%, 17%) and Q = [-0.5,0.5]°. To keep the ex-
act solution smooth in , we move the singularity xo from (0.2,0.2,0.2) (see [17]) in the
computational domain to (0.6, 0.6, 0.6) outside the region.

Tables 5-6 show the L? relative errors of the approximations generated by the VTCR
method, the UWVF method and the PWLS method.

TABLE 5
Errors of approximations with respect to p.

p 16 25 36 49 64
VTCR 3.52 6.79e—1 | 1.63e-1 | 6.60e—1 | 4.6le-2
w=2r | UWVF | 328e—-1 | 1.67e—1 | 9.30e-2 | 4.84e-2 | 2.55e-2

=1 [ PWLS | 2.71e—1 | 1.36e—1 | 7.48¢-2 | 4.04e-2 | 2.21e-2
VTCR 7.90 2.33 3.74e-1 1.41 9.22e-2
w=4r | UWVF | 1.72e—-1 | 5.82e-2 | 1.91e-2 | 7.06e-3 | 2.61e-3
h= % PWLS | 1.43e—1 | 4.56e-2 | 1.55e-2 | 5.64e-3 | 2.0le-3

TABLE 6

h i 8 i
VTCR | 6.79¢e-1 | 2.91e-1 1.72e-1
p=25w=2r | UNVF | 1.67e—1 | 3.15¢e-2 1.14e-2
PWLS | 1.36e—1 | 2.88¢-2 | 1.11e-2
VTCR | 9.07e-1 | 3.74e—1 | 2.11e-1
p=36,w=4r | UWVF | 1.67e—1 | 1.91e-2 | 5.42¢-3
PWLS | 1.31e-1 | 1.55e-2 | 4.34e-3

The results listed in Tables 5-6 indicate that the approximation generated by the PWL-
S method is much more accurate than that generated by the VTCR method and possesses
slightly higher accuracy than that generated by the UW VF method.

6.4. A nonhomogeneous Maxwell’s equations in three dimensions. To illustrate the
effectiveness of the proposed approach for nonhomogeneous Maxwell’s equations (2.12), we
consider the following analytical solution

6.2) E.. = sw(xz cosy, —z siny, xy)',

where u and € are the same as that defined in last subsection. In this example, the source term
J determined by the above solution does not vanish over the entire computational domain
[0,1]°. The discretization of the underlying equations is the same as that of the equations
described in Section 5.1.2 and 5.2.3.

We set w = 27 and choose the number p of the plane wave basis functions as p = 25.
We report the results of the PWLS-LSFE methd when & decreases and g increases. Table 7
shows the relative L? errors of the resulting approximations generated by three methods.

TaBLE 7
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Errors of approximations with respect to 4 and g (w = 27, p = 25).

h 1 | 1 1 1

VTCR | 1 .6(5)6-1 1 .2ge-l 6.7%6-2 5.1 ?6-2 4.0?6-2
qg=2 | UWVF | 791e-2 | 5.17e-2 | 3.62e-2 | 2.65e-2 | 2.0le-2
PWLS | 1.80e-2 | 1.21e-2 | 8.50e-3 | 6.41e-3 | 5.00e-3
VTCR | 3.60e-2 | 2.24e-2 | 9.80e-3 | 6.40e-3 | 4.40e-3
g=3 | UWVF | 1.78e-2 | 9.20e-3 | 5.30e-3 | 3.30e-3 | 2.20e-3
PWLS | 4.70e-3 | 2.32e-3 | 1.30e-3 | 7.47e-4 | 4.58e-4

The results listed in Table 7 indicate that Z>-norm accuracy of the approximation gener-
ated by the PWLS-LSFE method is much more accurate than that generated by the UWVF-
LSFE method, which possesses slightly higher accuracy than that generated by the VTCR-
LSFE method. Moreover, the approximations associated with three order polynomials in
local spectral spaces is much more accurate than that associated with two order polynomials
in local spectral spaces.

FiG. 2. —log(Err.) vs —log(h).

Figure 2 show the plot of —log(Err.) with respect to —log(h). It displays a linear plot for
the PWLS-LSFE and the UWVF-LSFE method.

6.5. A point source singular problem. In this section we compute the acoustic pressure
due to a point source at ry = (0.7,0.7,0.7). The point source defines the nonhomogeneous
Helmholtz equation (5.17) or (5.1). The exact solution of the Helmholtz equation is

1 eiwlr—rol

(6.3) u,rg) = —— i
47 |r — 1ol

The Helmholtz equation satisfied by u(r,ry) is an exceptional nonhomogeneous equation
whose source term f is just a scalar Dirac function 6(r — rp). The right-hand side of each
subproblem defined by (6.3) is analytically computed in the following way:

f S Vi dr = vi(ro).
Qi

The mesh for the case of w = 47 — 1i consists of 512 elements and 12 800 degrees of
freedom (DOFs).

Fig. 3 shows the solutions for the free-space dipole at w = 4 — 1i, where the solutions
are computed by (6.3), the PWLS-LSFE method, the UWVF-LSFE method and the VTCR-
LSFE method, respectively. The top row shows the real part and the full amplitude of the exact
solution, the second row shows the real part of the numerical solutions generated by the three
methods, the third row shows the full amplitude of of the numerical solutions. The bottom row
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presents the distribution of the errors of the approximate solutions generated by the PWLS-
LSFE method, the UWVFE-LSFE method and the VTCR-LSFE method, respectively.
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Fi6. 3. Comparision of solutions for the free-space dipole at w = 4n — 1i and A1/h = 4.

Fig. 3 shows that the approximation generated by the PWLS-LSFE method is much more
accurate than that generated by the UWVF-LSFE method, which possesses higher accuracy
than that generated by the VTCR-LSFE method.

7. Conclusion. In this paper two variants of the variational theory of complex rays
and the ultra weak variational formulation have been introduced for the discretization of the
Helmholtz equation and time-harmonic Maxwell equations with complex wave numbers, and
have been generalized to discretize the nonhomogeneous Helmholtz equation and Maxwell
equatons. The well posedness of the approximate solutions generated by the two methods is
derived. The numerical results show that the resulting approximate solution generated by the
UWVF method is clearly more accurate than that generated by the VTCR method, and the
UWYVF method is comparable to the PWLS method in the numerical accuracy.

Acknowledgments. The authors wish to thank the anonymous referees for many in-
sightful comments which led to great improvement in the results and the presentation of the
paper.
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