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Abstract

Due to the high order spatial derivatives and stiff reactions, severe temporal stability
constraints on the time step are generally required when developing numerical methods
for solving high order partial differential equations. Implicit integration method (IIF)
method along with its compact form (cIIF), which treats spatial derivatives exactly and
reaction terms implicitly, provides excellent stability properties with good efficiency by
decoupling the treatment of reaction and spatial derivatives. One major challenge for
IIF is storage and calculation of the potential dense exponential matrices of the sparse
discretization matrices resulted from the linear differential operators. The compact rep-
resentation for ITF (cIIF) was introduced to save the computational cost and storage
for this purpose. Another challenge is finding the matrix of high order space discretiza-
tion, especially near the boundaries. In this paper, we extend IIF method to high order
discretization for spatial derivatives through an example of reaction diffusion equation
with fourth order accuracy, while the computational cost and storage are similar to the
general second order cIIF method. The method can also be efficiently applied to deal
with other types of partial differential equations with both homogeneous and inhomo-
geneous boundary conditions. Direct numerical simulations demonstrate the efficiency
and accuracy of the approach.

Key words. Integration factor method, compact representation.

1 Introduction

Let © be an open rectangular domain in R? and a final time 7" > 0. In this paper, we
consider solving a system of reaction-diffusion equations:

u—DAu+flu),  xe€f, te(0T), (1)
U’t:o = U, xc Q’
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where D > 0 is the diffusion coefficient. Different boundary conditions such as the homoge-
neous and inhomogeneous Dirichlet and Neumann boundary conditions will all be studied
in this paper. Due to severe time step constraints, one of the numerical difficulties to handle
such equations is to efficiently solve the diffusion term Aw coupled with the stiff nonlinear
reaction term f(u). In general, the time step relies heavily on the stiffness of reactions and
treatment of the high order derivatives. Integration factor (IF) or exponential differenc-
ing time (ETD) methods are popular methods for temporal partial differential equations
(PDEs) [3, 6, 7, 11, 16, 19, 20].

To efficiently store and compute the exponential matrices in IIF for two and three di-
mensional systems in Cartesian coordinates with regular meshes, a class of compact implicit
integration factor (cIIF) method [25] was introduced that has the same stability properties as
the original IIF [26], but with significant improvement on storage and computational savings
for high spatial dimensions. In order to efficiently handle the complex domains with circular
or spherical symmetry, cIIF methods were generalized to curvilinear coordinates through ex-
amples of polar and spherical coordinates [22]. One can also apply cIIF to stiff reactions and
diffusions while using other specialized hyperbolic solvers (e.g WENO methods [23, 13]) for
convection terms to solve reaction-diffusion-convection equations efficiently |31, 14, 15, 24].

The compact form of integration factor method was often very hard to be directly applied
to deal with problems involving cross derivatives. Recently in [17], the compact integration
factor (cIF) method was applied to solve a family of semilinear fourth-order parabolic equa-
tions, in which the bi-Laplace operator is explicitly handled. The proposed method can also
deal with not only stiff nonlinear reaction terms, but also various types of homogeneous
or inhomogeneous boundary conditions, while how to deal with inhomogeneous boundary
conditions with cIF was not addressed before. Meanwhile, the IF method was designed and
tested primarily for reaction-diffusion equations in previous studies. More recently in [9],
cIF method was extended to solve the dissipative hydrodynamic equation system for incom-
pressible fluid mixture flows with more complex mathematical structures. The IF strategy is
applied after the system is discretized in space into a large differential and algebraic equation
(DAE) system, which respects the total energy dissipation. The computational cost can be
dramatically reduced through the use of discrete Fourier transform (DFT) by taking advan-
tage of the circular structure of discretized matrices. The proposed approach has exhibited
great numerical stability and energy dissipation property.

One challenge for integration factor (IF) method is to find the matrix of high order space
discretization, especially near the boundaries. All previous studies have mainly focused on
second order discretization in space. In this paper, we generalize IF methods for efficiently
handling reaction-diffusion systems with high order accuracy for various inhomogeneous
boundary conditions. In this approach, we use standard fourth order central finite differences
for spatial discretization coupled with compact implicit integration factor methods for time
discretization. In two and three dimensional systems, the discretized matrices arising from
a compact representation of the diffusion operator need to be diagonalized once and pre-
calculated before each time step iteration. This new approach has similar stability properties
as the general second order cIIF along with a similar computational cost. Thus, the method is



particularly suitable for high order partial differential equations in high dimensional systems
with high order accuracy for both homogeneous and inhomogeneous boundary conditions.

To study the accuracy and efficiency, we first derive and implement the IF method to effi-
ciently solve reaction-diffusion systems with inhomogeneous Neumann boundary conditions.
Such approach can be similarly extended to all other inhomogeneous boundary conditions.
The direct numerical simulations exhibit the excellent performance of the proposed approach
through extensive numerical benchmark tests with linear and nonlinear equations. The rest
of the paper is organized as follows. The generalized IF method for reaction-diffusion systems
with inhomogeneous Neumann boundary conditions is derived in Section 2, and numerical
tests with linear and nonlinear cases are shown in Section 3. Finally a brief conclusion is
drawn.

2 High Order integration factor (IF) method with inho-
mogeneous Boundary Conditions

One-Dimension

First we consider a one-dimensional reaction-diffusion equation with inhomogeneous Neu-
mann boundary condition,

ot
) =g(t,z) xe€dQ, tel0,T)

{B_UZD‘ZQT‘;JrF(U), zeQ, tel0T] (2)

where © = [a,b]. We first discretize the spatial domain by the mesh: z; = a + ¢ x h, where
h=(b—a)/N and 0 < i < N. Using the fourth order central difference discretization on
the diffusion, we obtain a system of nonlinear ODEs

dU,i —Ui42 N 16UZ‘+1 - 3OUZ + ].611,1‘_1 — Uj—2
=D F(u; G. 3
dt ( 1212 T F(w) + 3)
Next we define vectors U and G and a matrix A by
U = (Uo R TP UN)C(FN—H)XI’ (4)
_ 17g(t,x0)
119(15,6960)
48
D 0
0
B 11g(t,zN)
48
17g(t,zN)
6 (N+1)x1



and

215 32 5
~#5 39 1 28

803 _ 391 X7 1 _5
48 4 3 16
—1 16 —-30 16 —1
D —1 16 -30 16 -1 6
BETTE RS (6)
—1 16 —-30 16 -1
7 3
oL oE

2 215
12, 824 - (N+1)x(N+1)

In terms of these vectors and matrix, the semi-discretized form (3) becomes

% _ AU + F(U) +G. (7)

To apply the integration factor technique to the compact discretization form (7), we
multiply (7) by the exponential matrix e~ on the left to obtain
d(e~A0)
dt

Integration of (8) over one time step from ¢, to t,.; = t, + At, where At is the time
step, leads to

= e AF(U) + e A6 (8)

At At
U,y = 221U, + A4 (/ e AT F(U(t, + 7))dr + / e ATG(t, + T)dT) . (9
0 0

As discussed in [18, 17|, to evaluate the integral resulting from the inhomogeneous bound-
ary terms

At
/ e ATG(t, + 7)dr,
0

we need to be careful since G(t,,+7) contains entries which decay with highly different speeds
along the time, and it involves the factors of 1/h? which could quickly amplify errors arising
from the time discretization, thus causing severe numerical instability. To overcome this
difficulty, we will apply an elegant approach proposed in [18, 17|, which is described with
details in the following.

To construct a scheme of rth order truncation error, we approximate the integrands in

(9),
Hi(7) = e M F(Ut + 7)), Halr) = Glta + 1),

using a (r—1)th order Lagrange polynomial at a set of interpolation points t,, 41, tp, . . ., tpio_r:
r—2 r—2
Pi(1) = Z SARE(U, _j)pi(T), Por) = Z G(t, — jAt)p;(1), 0<71 <At
j=—1 j=—1



where

r—2
T+ kAL
piin = 1] 77—« (10)
T (k—j)At

In terms of P;(7) and Ps(7) (9) takes the form,

AAt AAt
U,i1=¢e"7U,+e <

- Py(r)dT + /O / eATPQ(r)dT> : (11)

0

So the new rth order implicit schemes are

r—2
Un+1 . 6AAt[J' -+ At (Oél.F(Un+1 + Z o_ e(j+1 AAtF( o ] AAt Z /8 Jg jAt)) 7

.] =0 ]_—1

(12)

where oy, ag, a1, ..., @19 and By, By, B_1, ..., B_r12 are coeflicients calculated from the

integrals of the polynomials P;(7) and Py (7), respectively,

1 [ 2 kAt 1 A = 1 kAt
= — d = — AT —d —1<j<r—-2
T A H oAt P At/o ‘ HA(k—j)AtT’ ==
—1,k#j k=—1,k#j

(13)

In Table (1), the values of the coefficients «_; for schemes of order up to four are listed.

r | op Qo | X1 _9
11110 0 0
1 1
2 g 3 01 0
Sl | 0
IS T = L
24 24 24 24

Table 1: Values of a_; in (13) up to order four.

Define the matrices

1 1
— I —AAt
o (At AtC > ’
=A! L _ LA E>1 14
gk - Atk+1€k—l Ate Y - . ( )

Then the coefficients §_; for schemes of order up to four are listed in Table (2).

Remark 1: Even though the integration factor method are derived in the context of inho-
mogeneous Neumann boundary conditions, it can be similarly extended to inhomogeneous
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r B Bo B B2

1 &o 0 0 0

2 &1 =&+ &o 0 0

3 & + 36 =&+ &o 26— 26 0

4] 36 +36+36 | 36— +36+6 [ 36 +36 -6 | —36+:6

Table 2: Values of f_; in (13) up to order four where § are defined in (14)

Dirichlet boundary conditions.
Two-Dimensions

Now we consider a two-dimensional reaction-diffusion equation with with inhomogeneous
Neumann boundary conditions:

M- D2+ 28 +F(u), (z,y)€Q tel0,T]
‘g—;‘(t,x,y) = q1(t,z,y) (x,y) €09, tel0,T] , (15)
g—‘y‘(t,x,y) = go(t, z, ) (x,y) € 0, te€][0,T]

where 2 = [a,b] X [c,d]. We first discretize the spatial domain by the mesh: (z;,y;) =
(@ +1 % hy,c+ j x hy), where h, = (b —a)/N,, hy, = (d —¢)/N,, and 0 < i < N, and
0 < j < Nj. Using the fourth order central difference discretization on the diffusion, we
obtain a system of nonlinear ODEs

dum - D —Ui42,5 + 16U¢+17j — 30Ui,j + 16&1;1’]' — Uj—2,5 (16)
dt 12h2
—Uj j2 + 16, jp1 — 30u; ; + 16w, ;1 — u; j—
+ LIt R ;’J bl W2 4 F(u; ;) + Gi + Go.
12hy
Next we define matrices U, Gy, Go, A, and B by
Up,0  Uo1 - Uo,N,
U1,0 Uy - UN,
U= [ . S Y : (17)
UNa 0 UNa 0t NNy S (v, 1) (V1)
_ 1Tgi(tzoyo)  17gi(txown) .. 17g1(t,w0,yn)
llgl(t,tgo,yo) 11gy (tug()uyl) . 1191 (t:3360:yN)
48 48 48
" 0 0 . 0
G = 7 X : : . : ) (18)
0 0 e 0
_Ugiteny) _ Ugteyy) . _ lgteyyn)
48 48 48
1791 (¢t,2 N ,Yo) 1791 (teny) .. 17¢(tan.yn)
6 6 6 (Np+1)% (Ny+1)



=5

and

_171(tzoyo)  Ugitzomo)
6 48

_ Tgitz1,y0)  1lg1(tz1,90) 0
48

6

_17g1tzNy0) 1101 (BN ,Y0) 0
6 48

-2 32 12 %
80 57 1
s 3l 7 3
-1 16 =30 16
D -1 16 =30
= X
12h2 -
-1
_ 5
§16
2
215 803
% a1
32 —-31 16
57
12 5 30
32 1
B= D X 3 3 o
C12A2 5 _5 9
Yy 2 16

In terms of these matrices, the semi-discretized form (17) becomes

NV _AusUByF

dt

Since A and B can be diagonalized,

A =P,D,P,!

0
0

0 _ Ngitzyyn) 1701(tzN,Y0)
6

_ 11g: (t)m()»yN)

17g1(t,20,yN)

6
1791 (t»zl’yN)

48
_ 1191(t7$1»yN)
6
Y

48

(Na+1)x (Ny+1)

48 (19>

(Nz+1)x(Nz+1)

(21)

ot
Nt

_32

1
16 3 3
57 12

16 —-31 32
—1 88 _215
48 6

(Ny+1)x (Ny+1)

(U) +G1 + Go. (22)

B = PgDgPg'.

Multiplying (22) on the left by P,' and on the right by Py yields

d(P,'UPg)
dt

=DAP,'UPg + P,'UPgDg + P, F(U)Pg + P,'G,Ps + P,'G,P3.
(23)



Let
V=P,'UPg, F=P,'FPg, G =P,'GPs, G =P,'GPs.
Then (23) becomes

dV
dt

To apply the integration factor technique to the compact discretization form (24), we
multiply (24) by the exponential matrix e PA! on the left, and e PB! on the right and
integrate over one time step from ¢, to t,.1 = t,, + At, where At is the time step. This leads
to

= DAV + VDg + F(PAVPE) + G + Go. (24)

At
Vi1 = DAV, ePBAY 4 (Pad ( / e PATF(PAV(t, + 7)Pgl)e PBTdr
0

At At
+ / e PATG (1, r)e PR dr + / eDATQQ(tn—i—T)eDBTdT) Do (25)
0 0

Similar to the one-dimensional case, to construct a scheme of rth order truncation error,
we approximate the integrands in (25) using a (r — 1)th order Lagrange polynomial at a set
of interpolation points t,.1,tn, ..., thio_r:

r—2
Pi(r) = > AN F(PAV, P54 (1),
j=71
Z Gi(t, — jA)p;(7), Z Gty — jAp,(T), 0<T <AL (26)
Jj=-1 j=—1
where
r—2
T+ kAt
p;(7) kl:[,gi»(’f—ﬁﬁt (27)
= RFE]D

In terms of P;(7), i = 1,2, 3, (25) takes the form,
At
V,y1 = ePasty, Peal y oDast (/ Py (1)dr
0

At At
+ / e_DATPQ(T)e_DBTdT—i-/ €_DATP3(T)€_DBTdT) ePBAL, (28)
0 0

Let Do = diag(dy, df,--- ,d%,. ) and Dg = diag(d}, d5, - ,dy,). Note that multiplication
of diagonal matrices on the left and right becomes component-wise matrix multiplication of
the form

(DaGDg)i; = d{(G)i d.. (29)



So the second integration in (28) can be done component-wise. Now the new rth order
implicit schemes are

r—2

Vi1 = ePA%V,ePB8 4 Ay (alﬁPAvnHPgl) +) o UTIPAME(PLV, Pyl)el TP

§=0
r—2 r—2
+ AteDAAt (Z ﬁ—j © g~1 (tn - ]At) + Z 5—j © g~2(tn _ ]At)> GDBAta (30)
j=—1 Jj=-1
where “o" denotes component-wise matrix multiplication, and a1, ag, a_1, ..., a_,,o and
b1, Bo, B-1, ..., B_ryo are coefficients calculated from the integrals of the polynomials,

1 At =2, + kAt

o_; = — ———dr
TOAL ), Ny (k — j)At
1 (A P A
o —(Da+Dg)7 ' T 1< i<r—9.
B-; At/ e H ,(k:—j)Ath’ 1<j<r—2 (31)
0 k=—1,k#j

In Table (1), the values of the coefficients a_; for schemes of order up to four are listed.
Define the matrices

1 T
= - _(di +dj)At
(S0)is de+db (At A€ >

(&k)ig = de + db (Atk—i-l (Ek-1)ij — A_te (% +dﬂ)At> k>1. (32)
g J

Then the coefficients 5_; for schemes of order up to four are listed in Table (2).

From here the solution of U can be recovered by U = P, VPg'.

Remark 2: For the cases when A or B can not be diagonalized, the terms from inhomo-
geneous boundary condition can be incorporated into the nonlinear term F. For instance,
the equation (22) can be written as

dU —
where F(U) = F(U)+G, +G,. We can follow the same ideas for compact implicit integration
factor (cIIF) method as discussed in [25]. For instance, the second order cIIF2 method is
given by

At - _
U1 = e*0,eP% + — (F(U,) + F(Upp1)) -

Three-Dimensions

)



Now we consider a three-dimensional reaction-diffusion equation with Neumann boundary
conditions:
(% — DAy + F(u), (z,y,2) €Q, te[0,T]

ot
Nt x,y,2) =gt z,y,2) (x,y,2) €09, te0,T]
( (34)

x,y,z) €0, tel0,T]

2)
g_l;(t7x7y7z> - 92(t7$7972)
g_g(ta$7yaz) = 93(t7$»yyz) (xaya Z) € aQ? te [O7T]

\

where Q = [a;,a,] X [b,b,] X [, cu]. Let N, N, N, denote the number of spatial grid
points in z, y, z-direction, respectively, h,, hy,, h. be the grid size, and wu; ;; represent the
approximate solution at the grid point (x;,y;, 2x), 0 <i < N,, 0<j < Ny, and 0 < k < N,.
A fourth order central difference discretization on the Lapacian operator yields

dujjr D (—Ui+2,j,k + 16w 56 — 30w 55 + 16U 1 51 — Ui—2 ik

dt 12h2
L g + 16w j115 — 30u; 5, + 16w, 11 — Ui j2k
12h2
Yy
L — U j gy T 16U j 1 — 30w, + 16U, 511 — ui,j,k—?)
1212
+ F(uijr) + Gijr (35)

Define Am = %A(Nx+1)X(N$+1), Ay = ;%A(Ny-i—l)x(Ny—i-l)a and AZ = h_DgA(Nz—i-l)x(Nz—i—l), where

-—2§§ 32 12 -2 2
80 57 1 5
A T

-1 16 =30 16 -1
-1 16 =30 16 -1

AP><P = .
-1 16 =30 16 —1
5 1 57 803
_5 1 57 _31 803
16 3 4 48
5 32 215
5 5 12 32 —% ) pup

Then (35) has the following compact representation

Nz N’y Nz
U, = (Z(Ax)i,lul,j,k + ) (Ay)jatisk + Z(Az)k,lui,j,l> +F(U) +g, (36)
=0 =0

=0

where U = (u; 1), F(U) = (F(ui k), and G = (G, jx). G is defined as

_17g1(tx0,90,20) .. _ 1791(t,%0,y0,2N,)
6 6
D : , :
Go,jk = N X : - : )
_ 17g1(t,z0,yny 20) _ 1791 (t.x0,yny 2N
6 6 (Ny+1)x(N.+1)
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11g: t107y0720) .. Ugi®txo.y0,2n,)
48
g b :
1k = ﬁ : )
11g1(2, xmyzvy 20) 11g1(t,20,YNy ,2N,)
48 (Ny+1)x(Nz+1)
_ g C(?N,y077~'0) .. _la(tan.yo.en,)
48
g = '
Nz—1,5,k — E y )
1191(t JZN yNy 20) _ Ngi(tan,yny ,2N;)
48 (Ny+1)x (N +1)
171 (ten,yo,20) . 1791(t.@N Y0.2N,)
6 6
D ) , :
OGN, jk = 7 X : :
1791 (t.x N YNy -20) 1791 (LN YNy 2N, )
6 6 (Ny+1)x(Nz+1)

Gioks Gink, GiNg—1k> GiNg ks and Gijo0, Gij1, Gijn.—1, Gijn. are similarly defined. For
Z7é Oalva - ]_,Nx, j 7é OalvNy - 1aNy7 and k 7é 0717Nz - 17Nza gi,j,k‘ =0

The three summation terms in (36) are similar to the two vector-matrix multiplications
in the two-dimensional case in (22). In addition to a left multiplication and a right multi-

plication in (22), there is a “middle" multiplication in (36).

Since A, can be diagonalized,

A, =P D.P', y=uy,z (37)
Define an operator D by
Nz Ny Na:
(DU = > (PP ) je(Priattac s (38)
f=0 e=0 d=0

11



Applying D to the first term of (36) yields

(DU 1stterm_ZzZi )Py dePDP Y e

f=0 e=0 d=0 =
NZ Ny Nz NI
=33 P (P e > (P ia(PeDa P agtine, s
£=0 e=0 1=0 d=0
Nz Ny Nz
=22 D (P s (P )e(DePy it s
£=0 e=0 1=0
Nz Ny Nac Nﬂc
= Y P s (P )i Y (Da)ia(Pr agtive g
f=0 e=0 [=0 a=0
Nz Nz Ny Nz
:Z(Dx)zaZZZ(Pz_ )kf(P_ )je (P )agtie, s
a=0 f=0 e=0 =0
Nz
- Z(Dw)i,a<DU>a,j,k‘
a=0

Make the following substitutions,
V=DU, F=DF, G=0DG.

Then applying D to (36) yields

Nz
Vt:(z levljk"'Z ]lelk‘l‘Z klv”l>—|—]—"(D_1V)+g

1=0
Define an operator £(t) by

Nz NZI Nz

Ui =3 3> (7 nle ™) mle™ Pttt

n=0 m=0 [=0

Taking derivatives of (41) yields

AL U Ak
AL (o (e Boam S

=0

Letting £(t) act on both sides of (40) and using (42), we obtain

ALV

s LOF(DV) + L(t)G.

12

(40)

(42)

(43)



Integrating (43) over one time step from ¢, to ¢,.; and using a transformation s = t,, + 7
for the integration, we obtain

At At

L(tws1)Varr = LUE)Va+ L(t) | LOFDO 'Vt +7))dr + L(t) [ L(T)G(t, +7)dT.
0 0
(44)
Applying L(—t,41) on both sides of (44) yields

Vi1 = L(—AH)V,, + L(—AY) - L(T)F(D'V(t, +7))dr + L(—At) - L(T)G(t, + 7)(7)dT.

0 0
(45)
To derive (45), we have used two identities:
LO)V =V and L(—rt)L(st)V =L((s—71)t)V (46)
for any two scalars r and s. Both of these can be easily proved based on the definition of L.

Similar to one and two dimensional cases, to construct a scheme of rth order truncation
error, we approximate the integrands in (45) using a (r — 1)th order Lagrange polynomial

at a set of interpolation points ¢, 1,t,, ..., thio
) -2
)= ) L(=JANF(D Vo )p(7), )= Z Gt —jAt)p;(1), 0 <7 <A,
j=—1 j=—1
(47)
where
r—2
T+ kAt
pim= 11 77—~ (48)
T (k—j)At
In terms of P;(7), i = 1,2, (45) takes the form,
At At
Vi, = L(—AH)V,, + L(—At) (/ Py(7)dr +/ E(T)PQ(T)dT) : (49)
0 0
So the new rth order implicit schemes are
Vn+1 = ,C(—At)Vn -+ At <051.F(D1Vn+1) + Z Oé,]'ﬁ(—(j + 1)At)f(pilvn,j)
j=0
r—2
+ L(=A) Y B0 Gt —JN)) (50)
j=—1

13



where o denotes component-wise multiplication of the three-dimensional matrices, and a;,
g, 1,y -y O_prg and By, Bo, B_1, ..., B_r1o are coefficients calculated from the integrals
of the polynomials,

2

/At = T+ kAt

a_j = T

At — 7)At
-1 k;é

1 At 1—[2 T—i-k?At

= = —-1<3<r—-2. 1

At l,k;éy

In Table (1), the values of the coefficients a_; for schemes of order up to four are listed.
Define the matrices

1 1 1 4 Yt d?
R S P B VY
©liow = gy (At A )
(& )ik = F+ &+ (Aﬂ“ (&y—1)ijk — ArC (d1+dj+d’“)m), v 2L (52)
i T4 Ty

Then the coefficients §_; for schemes of order up to four are listed in Table (2).
From here U can be recovered by U = D~V where

zNy :c

)ik = Z Z de(Pr)idUde.f- (53)

fOeOdO

Remark 3. The scheme (50) has a form similar to the one- and two-dimensional case.
The evaluation of the nonlinear term F at ¢, is still local and decoupled from the global
diffusion term such that a nonlinear system of the size F needs to be solved at each spatial
grid point. Such approach can also be similarly extended to systems with any high spatial
dimensions.

3 Numerical Examples

To study the efficacy and accuracy of the fourth order compact implicit integration factor
(cITF) method, we will implement it on two- and three-dimensional systems. We test it on
examples with either homogeneous or inhomogeneous boundary conditions for both linear
and nonlinear systems. In the calculation, the exponential of the square matrix is com-
puted using “expm" of MATLAB, which uses a scaling and squaring algorithm with a Pade
approximation.

Because the matrix exponentials depend only on the spatial grid size, the time step, and
diffusion coefficient, during the entire temporal updating, they only need to be calculated
once initially for a fixed numerical resolution. The local nonlinear systems resulting from
cIIF are solved iteratively using Newton’s method.
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In all examples, the cIIF scheme is implemented with fourth order in space and second
order in time. It is implemented in MATLAB up to 7" = 1 at which the L> difference
between the numerical solution and the exact solution is measured. For the cases when the
exact solution is not given, we take the numerical solution with relatively fine mesh as the
“exact" solution. We set h, = h, for the two-dimensional examples and h, = h, = h, for the
three-dimensional examples. The inhomogeneous boundary condition algorithm has a higher
requirement on the space to time step ratio, A%, for stability than the homogeneous boundary
condition algorithm. So we use a smaller time step for the inhomogeneous examples. The
scheme is executed on a PC laptop with Intel Core 2 Solo processor with 4GB RAM. The
error, spatial order, and code execution time results are in Tables (3) and (4). The fourth
order accuracy can be observed for all the examples except for example 8, and we believe
that the order might be compromised since the selected time step is not sufficiently small,
while the simulation takes too long for such a three-dimensional system.

Example 1: linear problem in two-dimensions with homogeneous Neumann boundary condi-
tions

We consider a linear reaction-diffusion equation

;

Gu —0.2 <% + %) + 0.1, (,y) e ={0<z<2m7/2<y<bdr/2};
520y, t) = gu(2m,y,t) = 0;

(54)
Gu(x,m/2,t) = Gi(w,5m/2,1) = 0;
[ u(x,y,0) = cosx + siny.
The exact solution of the system is
u(z,y,t) = e " (cos z + siny). (55)

Ezxample 2: nonlinear problem in two-dimensions with homogeneous Neumann boundary con-
ditions

We consider a nonlinear reaction-diffusion equation

( Gu—0.2 <%+giy§) + sinu, (,y) e Q={0< 2z <2m,7/2 <y < br/2};

Qu(0,y,t) = 24(2m,y,t) = 0;

(56)
g—Z(x,w/Q,t) - g—Z(x,Sw/Q,t) = 0;

( u(z,y,0) = cosx + siny.

Since we do not know the exact solution, we treat the calculated solution for a very fine
spatial mesh as the exact solution. The fine mesh is 1280 x 1280 x 640, (N, x N, x N;). The
clIF scheme took about 12.5 hours to calculate the solution on this fine mesh.
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Example 3: linear problem in two-dimensions with homogeneous Dirichlet boundary condi-
tions

We consider a linear reaction-diffusion equation

(

G —0.1 (% + gi;;) + 0.1u, (,y) eQ={0<z<2m,7/2 <y <br/2};
u(0,y,t) = u(2m,y,t) = 0;

(57)
w(z,m/2,t) = u(x,bn/2,t) = 0;
[ u(x,y,0) =sinz cosy.
The exact solution of the system is
u(z,y,t) = e “'sinxcosy. (58)

Example 4: nonlinear problem in two-dimensions with homogeneous Dirichlet boundary con-
ditions

We consider a nonlinear reaction-diffusion equation

;

Gu—0.1 (% + giyé‘) + sinu, (,y) eQ={0<z<2m7/2<y<bdr/2};
u(0,y,t) = u(2m,y,t) = 0;
uw(z,m/2,t) = u(x,5m/2,t) = 0;

(59)

[ u(z,y,0) =sinx cosy.

Since we do not know the exact solution, we treat the calculated solution for a very fine
spatial mesh as the exact solution. The fine mesh is 1280 x 1280 x 640, (N, x N, x N;). The
clIF scheme took about 11.6 hours to calculate the solution on this fine mesh.

Example 5: linear problem in two-dimensions with inhomogeneous Dirichlet boundary con-
ditions

We consider a linear reaction-diffusion equation

( G —0.1 (% + %) + 0.1u, (x,y) € Q={r/2 <z <br/2,0 <y <271}
u(m/2,y,t) = u(57/2,y,t) = e cos y;

u(x,0,t) = u(x, 2w, t) = e Osinz;

[ u(z,y,0) =sinxcosy.
The exact solution of the system is

u(z,y,t) = e “'sinxcosy. (61)
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Example 6: linear problem in three-dimensions with homogeneous Dirichlet boundary condi-
tions

We consider a linear reaction-diffusion equation

%:O.l( —|—ng2+ )+02u (x,y,2) € Q={0< 2 <2m,7/2 <y <57/2,7/2 < 2z < 51/
u(0,y, z,t) = u(2m,y, z,t) = 0;

u(z,m/2,2,t) = u(x, 5w /2, 2,t) = 0;

u(z,y,m/2,t) = u(x,y,5m/2,t) = 0;

(

[ u(x,y,2,0) =sinz cosycos z.

(62)
The exact solution of the system is
u(z,y,2,t) = e "sinz cosy cos z. (63)

Ezxample 7: linear problem in three-dimensions with homogeneous Neumann boundary con-
ditions

We consider a linear reaction-diffusion equation

( ?;tt —()2((%32 -|-8y2 -|—gz >+O.1u (,y,2) €Q={0<z<2m,7/2 <y<br/2,7/2<z<5m/
9u((),y, z,t) = a“(27r y,z,t) = 0;

ER
4 g—(x,ﬂ'/Q, Z,t) = 8—Z($,57T/2, z’t) =0;
Bz, y, m/2,t) = 94 (x,y,57/2,1) = 0;
L u(x,y,2,0) =cosz +siny + sin 2.
(64)
The exact solution of the system is
u(w,y,t) = 6_0'1t(COSZL’ + siny + sin 2). (65)

Example 8: linear problem in three-dimensions with inhomogeneous Dirichlet boundary con-
ditions
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We consider a linear reaction-diffusion equation

%:O.l <%+%+%) + 0.2u, (x,y,2) €Q={n/2 <z <br/2,0<y<2m0<z<2m};

w(m/2,y,2,t) = u(bn/2,y, z,t) = e " cosy cos z;

-0

uw(x,0,2,t) = u(z,2m, 2,t) = e " sinxcos 2;

(
u(z,y,0,t) = u(z,y,2m,t) = e " sinz cos y;
(

L u(z,y,2,0) =sinx cosycos 2.

The exact solution of the system is

u(z,y, z,t) = e *sinx cosy cos z. (67)

4 Conclusions

In high spatial dimensions, the compact representation of integration factor approach was
found to be very efficient for solving systems involving high-order spatial derivatives and
reactions with drastically different time scales, which in general demand temporal schemes
with severe stability constraints. In general, it is difficult to develop cIIF with high order
accuracy, especially for inhomogeneous boundary conditions. In this paper, we have devel-
oped a cIIF method for solving a class of stiff reaction-diffusion systems for inhomogeneous
boundary conditions with fourth order accuracy in space. In this approach, the stability
condition, computational savings, and storage are similar to the original cIIF with second
order accuracy.

Although the high order IF method has been presented only in the context of implicit
integration factor methods for reaction-diffusion equations, such approach can easily be
applied to other integration factor or exponential time difference methods. Other types
of equations with high-order derivatives, (e.g. Cahn-Hilliard equations with fourth-order
derivatives) may also be potentially handled using this approach for better efficiency. To
better deal with high spatial dimensions, one may incorporate the sparse grid [28, 30, 24|
into the compact representation technique. The flexibility of compact representation allows
either direct calculation of the exponentials of matrices, or the use of Krylov subspace [5, 10,
27, 14, 15, 24| for non-constant diffusion coefficients to compute their exponential matrix-
vector multiplications for further saving in storage and computational cost. In addition,
the presented approach based on the finite difference framework for spatial discretization
could also be extended to other discretization methods such as finite volume [8, 12, 21| or
spectral methods [4, 29]. Overall, the compact representation along with integration factor
methods provides an efficient approach for solving a wide range of problems arising from
biological and physical applications. Given its effectiveness in implementation and good
stability conditions, the method is very desirable to be incorporated with local adaptive
mesh refinement [1, 2, 22|, which will also be further explored in future work.
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N, x N, x N, Error | Order | CPU Time (s)
Example 1
20 x 20 x 640 | 3.28 x 1074 - 0.10
40 x 40 x 640 | 9.08 x 107° | 5.18 0.45
80 x 80 x 640 | 2.04 x 10~7 | 5.48 2.57
160 x 160 x 640 | 9.93 x 1079 | 4.36 15.43
Example 2
20 x 20 x 640 | 2.09 x 1073 - 0.25
40 x 40 x 640 | 9.27 x 107° | 4.49 0.83
80 x 80 x 640 | 3.00 x 107° | 4.95 5.16
160 x 160 x 640 | 1.48 x 107" | 4.34 29.68
Example 3
20 x 20 x 640 | 2.02 x 10~* - 0.09
40 x 40 x 640 | 1.21 x 107° | 4.06 0.35
80 x 80 x 640 | 4.72 x 10~ | 4.68 2.49
160 x 160 x 640 | 1.61 x 107% | 4.87 14.99
Example 4
20 x 20 x 640 | 2.13 x 1073 - 0.20
40 x 40 x 640 | 6.24 x 107° | 5.09 1.08
80 x 80 x 640 | 1.52 x 107° | 2.04 5.03
160 x 160 x 640 | 7.96 x 10~" | 4.26 27.92
Example 5
20 x 20 x 1280 | 2.31 x 1074 - 1.52
40 x 40 x 1280 | 5.35 x 107% | 5.43 4.74
80 x 80 x 1280 | 2.47 x 1077 | 4.44 23.73
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N, x Nyx N, x N, | Error | Order | CPU Time (s)
Example 6
20 x 20 x 20 x 640 | 4.93 x 10~* - 17.33
40 x 40 x 40 x 640 1.36 x 107 | 5.18 96.14
80 x 80 x 80 x 640 | 3.06 x 1077 | 5.48 872.26
160 x 160 x 160 x 640 | 1.49 x 1078 | 4.36 9670.20
Example 7
20 x 20 x 20 x 640 1.99 x 1074 - 14.66
40 x 40 x 40 x 640 1.20 x 107° | 4.05 85.02
80 x 80 x 80 x 640 4.69 x 1077 | 4.67 824.93
160 x 160 x 160 x 640 | 1.60 x 107® | 4.87 9349.11
Example 8
20 x 20 x 20 x 1280 | 2.53 x 10~* - 351.10
40 x 40 x 40 x 1280 | 5.53 x 107° | 5.52 3120.31
80 x 80 x 80 x 1280 | 5.53 x 1077 | 3.32 38662.07

Table 4: Error, order, and CPU time results of the three-dimensional examples.
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