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a b s t r a c t

This work presents an optimization technique that reduces the computational cost for
building the Convex Hull from a set of points. The proposed method pre-processes the
input set, filtering all points inside an eight-vertex polygon in O(n) time and returns
a reduced set of candidate points, ordered and distributed across four priority queues.
Experimental results show that for a normal distribution of points in two-dimensional
space, the filtering approach in conjunction with the Graham scan is up to 10× faster
than the qhull library, and between 1.7× to 10× faster than the Convex Hull methods
available in the CGAL library. Results on the worst case scenario (when all points lie
in the circumference) show that a slight random radial displacement of the points
make this method the fastest one. Moreover, when increasing the magnitude of this
displacement, the performance of the proposed method scales at a faster rate than the
other methods. In terms of memory efficiency, the proposed implementation manages
to use from 3× to 6× less memory than the other methods. The reason behind this
memory improvement is because the proposed method stores indices of the input arrays,
avoiding duplicates of the original floating points. Furthermore, the approach extends
the problem size up to n ≤ 240 by employing 5-byte indices (instead of 8-bytes) when
n ≥ 232. The optimization technique presented in this work has shown to be significantly
useful in accelerating the computation of the Convex Hull, and it is not limited just to
the combination with the Graham scan, but it can also be used in conjunction with other
Convex Hull algorithms.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Given a set of S = {p1, p2, . . . , pn} points in the plane, the convex hull of S is by definition the smallest convex region
containing all of the points in S. For two-dimensions, we will refer to this region as the polygon CH[1..h] ⊆ S, where
h ≤ n is the number of points of the minimal convex region enclosing S.

The convex hull has several applications in fields of science and technology. For instance, finding the smallest
rectangular region that can enclose a complex two-dimensional concave shape (useful for doing efficient packing in
industrial processes such as optimizing warehousing space) can be achieved by working with its convex representation,
which is simpler in geometry [1]. In principle, working with the convex hull not only can reduce the number of points,
but it can also bring the possibility to use important geometrical properties and assumptions that simplify further
computations on the object. Another application of the convex hull is detecting if two complex objects are free of collisions
or not, which can be done faster by checking their convex hulls [2] instead of their original more complex shapes. Collision
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detection is important for physic engines in video games, simulations of many bodies interacting physically, engineering
design and lately in autonomous driving where computations must be strictly in real-time.

The time for computing the convex hull of a set S = {p1, p2, . . . , pn} is lower bounded by the sorting problem (in a
computing model based on numerical comparisons), i.e., T (n) = Ω(n log n) [3]. This is because the convex hull can be used
to sort a list of x1, x2, . . . , xn numbers if they are placed in the plane as S = {(x1, x21), (x2, x

2
2), . . . , (xi, x

2
i ), . . . , (xn, x

2
n)}.

Given that sorting has been proved to be at least Ω(n log n) in time, the computation of the convex hull also obeys this
lower bound, otherwise it would lead to a contradiction.

Several convex hull algorithms have been proposed in the last decades, some of them are optimal, O(n log n), such as
the Graham scan [4] (which is used by the CGAL library), Divide and Conquer [5], Monotone chain [6] and incremental [7].
There is also the Chan’s algorithm [8] and the Kirkpatrick–Seidel algorithm [9], which are optimal output-sensitive
algorithm with costs of O(n log h). These algorithms can strongly benefit when h = o(n) being much faster than the
classic O(n log n) ones. For some specific scenarios, non-optimal algorithms have proven to be as fast as optimal ones
(and sometimes even faster); two well known ones are Gift Wrapping [10,11], which is O(nh), and quickhull [12] which
has an expected running time of O(n log n). Both of these algorithms have a worst case time of O(n2), but are still highly
effective when chosen for the right scenario.

Despite the fact that the theory of the convex hulls has been extensively studied in asymptotic terms, there is still
an aspect that can be exploited to further improve the performance of convex hull algorithms; this is to discard points
that are guaranteed to lie inside the convex hull. Such task can be done as a pre-processing stage using an efficient
filtering algorithm on the input set S. As a result, one obtains a smaller input set S ′ ⊆ S, for which a known convex
hull algorithm can work on. The motivation behind this approach, is that the overall computational cost of filtering S
and computing CH(S ′) can be significantly lower than computing CH(S) directly from the original input set. Indeed, the
reduction of the problem size is directly related to the distribution of points, and the worst case scenario produces a set
S ′ = S. Nevertheless, practical problems in science and engineering rarely fall into these cases, as many of these data
inputs come from Gaussian distributions or random distribution of points. For this, it is interesting to know how much
of an improvement can the filtering approach be on different types of input sets.

This work presents a new filtering approach for the convex hull problem in two dimensions, that pre-processes an
input set S of points and discards all points that fall inside an eight-vertex polygon built at runtime. For random point
sets, the proposed method indeed reduces the set to S ′ ⊆ S, and when run in conjunction with the Graham Scan algorithm,
it is able to compute CH(S) up to 10× faster than the QHull library, and between 1.7× to 10× faster than CGAL running
with their two fastest Convex Hull methods.

The rest of the paper is organized as follows: Section 2 describes relevant related works within the scope of filtering and
accelerated convex hulls. Section 3 presents an overview of the pruning algorithm proposed in this work. Then, Section 4
presents the performance results of the new method, compared to QHull and CGAL libraries. Lastly, Section 5 concludes
our work and identifies some future works that can further improve the results presented here.

2. Related work

Two of the most reliable and efficient implementations of convex hull are the ones found in qhull [12] and CGAL [13]
libraries. They can even be considered standard references for comparing (by transitivity) to future solutions if they also
compare against these two libraries. The present work relies on this logic when comparing its performance.

In the last years there have been important efforts at improving the performance of the known algorithms that
compute the convex hull, mostly through two approaches; (1) through the proposal of a parallel variant of one of the
known algorithms and (2) through the filtering of points of S as a pre-processing stage. Additionally, some works focus
specifically on the 2D case, while others on the 3D one. Although our work corresponds to a filtering approach without
considering parallelism yet, we still include a description of the state of the art regarding parallel solutions, as it will be
useful for connecting our results with future directions aimed at improving the algorithm’s performance via massively
parallel architectures, such as GPUs.

For the case of parallel solutions, Miller and Stout presented a series of parallel approaches using different parallel
models of computation [14]. Their conclusion, that the convex hull cannot be solved faster than sorting, agrees with the
lower bound of the convex hull problem. Selim G. Akl proposed a theoretical O(1) time parallel algorithm for computing
the convex hull [15], although using a polynomial number of processors and some theoretical assumptions such as no
three co-linear points an that the AND gate can operate through multiple inputs in constant time. The algorithm assigns
all possible combinations of a point pi and a triplet {pj, pk, pq} to different processors. Each processor would write on a
table, at the corresponding column for pi, in a unique row for that processor, the value of 1 if pi lies outside the triangle
formed by {pj, pk, pq}, otherwise 0. This algorithm uses the fact that points of the convex hull have the property of being
outside of the triangle formed by any possible triplet of the input set S. Each of these point in triangle tests can be done
in constant time and the integration of all results within a column can be reduced by an AND operator in constant time
as well (while the other columns are reduced as well in parallel). Although the algorithm indeed can run in O(1) time, in
practice, it will be rapidly limited by the number of available processors, as it must be at least Ω(n4) since it is n times
all triplets, which corresponds to a tetrahedral number, i.e, n× n3

= Ω(n4).
Several GPU-based algorithms have been proposed for the 2D and 3D convex hull as well. Srungarapu et al. proposed a

GPU-based algorithm for the 2D Convex Hull [16]. The authors manage to minimize the impact of irregular memory access



H. Ferrada, C.A. Navarro and N. Hitschfeld / Journal of Computational and Applied Mathematics 364 (2020) 112298 3

patterns on the GPU (which are known to have a negative impact on performance), and achieve up to 14× of speedup over
a standard CPU-based Convex Hull solution. Mei presented an alternative CUDA based algorithm for the convex hull [17],
based on a sorting pre-processing approach. The method is based on two stages: (1) discard points inside a quadrilateral
and (2) compute the convex on the remaining set of points. The author reports up to 6× of speedup over the Qhull
implementation, when dealing with problems of 20M points. Other works have focused on the 3D (or higher dimensions)
version of the convex hull, achieving important speedups thanks to the parallel performance of GPUs [18–20].

The second approach for improving convex hull computation is to propose pre-processing techniques that can help
reduce the input set S and transform the problem into a smaller one, without affecting the output result. This reduction
on the input set S has an immediate effect in performance, as there is less work to be done for the convex hull algorithm
hence it will take less time (more performance). The challenge however is to find an efficient way to discard these points,
that is faster than what it would take for the convex hull algorithm when processing them. Our work is directly related to
this challenge, and the act of discarding points is also known as filtering the input set S. The idea of filtering was already
used by Barber et al. in their QuickHull algorithm [12], where they discard all points that lie inside a polygon that grows
in edges as the recursion advances, starting from a line of extreme points. Quickhull is the algorithm used for the Qhull
library. The work of Mei [17], which was mentioned as a parallel solution, also includes a filtering stage, based on the
construction of a quadrilateral polygon where all points that fall inside are discarded. This filtering stage is done with the
help of sorting algorithms, which will facilitate the computation for the next stage of the algorithm.

In this work we present a new variant of filtering technique for reducing the input set S, one that is based on a fast
filtering process that occurs inside an eight-side polygon. Four priority queues are employed to hold the remaining points
on the four regions that fall outside the polygon (one queue for each region). The usage of priority queues produces a
partial sorting of points during the filtering stage, which can then be used in favor for an ordered extraction of points
when employing a convex hull algorithm such as the Graham Scan.

3. Overview of the algorithm

The algorithm proposed in this work is essentially a filtering technique that generates a set of points S ′ ⊆ S, in the
plane, for which a convex hull algorithm can work on afterwards. This section focuses on explaining the filtering part,
which is the main contribution in this work. This filtering process with the convex algorithm make up four relevant stages,
(1) building an octagon, (2) points filtering and grouping into priority queues, (3) Partial Ordering and (4) Convex Hull
computation. The first three stages take O(n) time, while the convex hull stage takes O(n′ log n′) in our current approach,
where n′ is the size of the filtered set S ′ ⊆ S.

Algorithm 1 describes the process to compute the convex hull. Lines 2..10 describe the filtering stage and lines 12..14
correspond to the convex hull computation over the reduced set of n′ ≤ n points. At line 2, the procedure findExtremes()
finds, in linear time, the 8 points that define the filtering convex octagon CP(E). The for loop at line 4 iterates for all n
points and discards the ones inside CP(E), through the conditional at line 5. The points that are candidate for the convex
hull are the ones outside CP(E), for which one of the four priority queues is chosen (findQueue(...)) to insert the point.
The final stage, between lines 11–14, computes the convex hull CH[1..h], with h ≤ n′, for all the points stored into the
priority queues Q1,Q2,Q3,Q4 using the Graham method [4] which runs in O(n′ log n′) time in its worst case for the n′
candidate points.

An important aspect to keep in mind is that these candidate points end up being partially sorted by the priority queues.
Therefore it is important for the convex hull algorithm to take advantage of this effort already made in advance. The
following sections describe more in detail the relevant parts of the algorithm.

3.1. Building the filtering convex octagon

This stage builds an eight-side polygon from the input set, which is then used to filter the points inside and keep the
remaining ones (the ones outside the polygon) as candidates. For each coordinate axis, in linear time, we identify the set
of right-most, upper-most, left-most and lowest-most points, named P = {ri, up, le, lo} respectively. All points inside the
quad formed by these points are guaranteed to not belong to the convex hull. Although one could already begin filtering
from this stage, the proposed method goes one step further and converts the quad into an octagon before filtering. For
this, the algorithm will find four new points from S and add them to the set P , making it an octagon. These new points,
denoted m1,m2,m3,m4, will help the polygon cover a larger filtering surface than in its quad version. The placement of
m1 considers the line Lri, which is parallel to the y-axis and passes through point ri, and the line Lup, which is parallel
to the x-axis and passes through point up. Then, the location of m1 will be the point from S that is closest to the corner
intersection between Lri and Lup, denoted c1. The process is analogous for m2,m3 and m4, just changing Lri and Lup to the
corresponding lines and corners as shown in Fig. 1.

The task of finding the points mi takes linear time as it only requires one pass on the input set S. For the distance
function we chose the Manhattan distance [21], that is, for each corner ci, 1 ≤ i ≤ 4, we find the point in S that minimizes
the sum of the vertical and horizontal distances to this corner. Indeed, in some cases, the Manhattan distance will not
provide the closest point to the corner as the Euclidean distance would [22], but these cases tend to occur with low
frequency, and when they occur, it can be seen that the chosen point still lies very close to the closest one using Euclidean
distance. Furthermore, Manhattan distance compensates its behavior by offering simpler computation, i.e., no square roots
are required.
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Algorithm 1 heaphull. To compute the convex hull CH[1..h] in 2D.
Input: n floating points, in 2D, stored in an array P[1..n].
Output: an integer array CH[1..h] with the h points of the hull in counter-clockwise order.
1: procedure heaphull(P, n)
2: E ← findExtremes(P,n) ▷ find the 8 extreme points in O(n) time
3: n1 = n2 = n3 = n4 = 0 ▷ counter for the 4 priority queues Qi
4: for j = 1 to n do
5: if P[j] is outside the convex octagon CP(E) then
6: i← findQueue(P, n, j) ▷ find Qi for P[i] (O(1) time)
7: store j in the priority queue Qi
8: ni ← ni + 1
9: end if

10: end for
11: CH ← ∅
12: for i = 1 to 4 do
13: CH ← CH ∪ hull(Qi, ni) ▷ CH for points of Qi in O(ni log ni) time
14: end for

15: return CH ▷ the convex hull CH[1..h], with h ≤
4∑

i=1

ni = n′ ≤ n

16: end procedure

Fig. 1. The Filtering Octagon. The queue Q1 handles the area from right to up (the rightmost and uppermost points in S) in counter-clockwise order;
and stores all points in the hatched area (green points), which is itself a polygon formed by the points right , m1 , up and the corner c1 . Note that, the
vertices of the convex hull from right to up will be in decreasing order given the X-coordinate; for that reason Q1 is a maximum priority queue in
X-component. The others queues work analogously. Q2 also is a maximum priority queue given the Y -coordinate. Q3 and Q4 are minimum priority
queues given the X and Y component respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

3.2. Point filtering and grouping into priority queues

The next stage of the algorithm does a complete pass on the input S, and for each xi ∈ S, it checks if it is inside P or
not. If xi lies inside P , then this point is filtered by the algorithm. Checking if a point is inside a polygon is a task that
takes O(|P|) time where |P| is the number of vertices of the polygon P . In this case, |P| = 8, therefore the task takes O(1)
constant time. It is important to note that in many practical cases, where the distribution function of the input set S is
similar to the normal or uniform distribution, most of the points are inside of the filtering polygon, and these will be
discarded in linear time.

If the point lies outside P , then the algorithm will insert the point into one of four possible priority queues which
are implemented using min/max heaps, denoted Q1,Q2,Q3,Q4. Each heap Qi holds the points of one of the four regions
formed by P and the corner points. These heap insertions do not heapify the structure yet, they only group the points
into different regions.

In order to establish a counter-clockwise order, we set Q1 to be a maximum priority queue, based on the X coordinate,
and stores points from right to up. The other queues work analogously, as illustrated in Fig. 1.
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3.3. Partial ordering

Once the filtering process finishes, the stage ends with a set of four heaps that hold the candidate points for the convex
hull. At this stage, the algorithm does the heapify operation on each heap. The heapify process consists of re-arranging
the points inside the heap so that for every node, the heap property is satisfied. In the case of the convex hull, it means
that each node appears before its children when doing a counter-clockwise sweep from the center of the octagon.

When the heapify process is done after all points are inserted (instead of doing it separately at each insertion), the
amortized cost becomes O(n) [23] instead of O(n log n) time. The O(n) cost can be obtained by adding the costs of heapify
at each level of the heap, i.e.,

log(n)∑
i=0

n
2i+1O(i) ≤ n

log(n)∑
i=0

i
2i (1)

where O(i) is the cost of doing heapify at a node that is i levels away from the leaves of the tree. By using the following
property of geometric series

n∑
i=0

i · c i =
ncn+2 − (n+ 1)cn+1 + c

(c − 1)2
(2)

we have that in the limit n→∞, the cost of heapify converges to

lim
n→∞

n
log(n)∑
i=0

i
2i = lim

n→∞
4n

( n
nn −

n+ 1
4n +

1
2

)
(3)

= 2n ∈ O(n) (4)

3.4. Convex hull computation

The computation of the convex hull follows a process similar than Andrew’s method [24] to construct the hull
exploiting this sorting between the points. It starts with Q1, and extracts point by point, and moving to the next heaps in
order Q2,Q3,Q4 as their points are all extracted.

For each point pj extracted from queue Qi, we determine at which side of the line Plast , Pext it is, where Pext is the last
extreme point in the area handled by the queue (for Q1 it is up), and Plast is the last point added to the current segment
of the partial hull from the points stored in the queue. For the first extracted point there is no Plast point. Accordingly,
if pj is in the external side of the line (i.e on the right side in a counter-clockwise direction) we add this point to the
potential convex hull CH[1..h] and check if some previous points recently incorporated would need to be deleted or not.
This verification is similar to the Graham’s algorithm test, which can be made checking whether triplets of consecutive
vertices are in counter-clockwise order, simply by computing slopes between points. The resulting polygon of this stage
is indeed the convex hull CH[1..h] of S, which is ordered in a counter-clockwise direction starting at the rightmost point
in S.

3.5. Correctness of the algorithm

We ensured the correctness of our algorithm in each stage. First, when we evaluate all point from S and discard points
from the input set, we check that these points are inside of our filtering polygon. Consequently, any point enclosed by
a closed polygon, which vertices are in S too, cannot be considered as part of the convex hull. In the second stage, each
time that we incorporate a new vertex in the current convex hull, we have ensured that it is in the right side (given
a counter-clockwise order) of the line from the last point insert and the final extreme point corresponding to the area
handled by the queue. Therefore, we incorporate only convex edges to the hull. Also, given the implicit order in the
queues, when we extract points from them, we have ensured to obtain edges in the correct order.

3.6. Running time analysis

We recall that we are given a set S[1..n] and we output another set C[1..h] ⊆ S. We saw that the optimal worst case
time to construct the convex hull is O(n log n), and there are some output sensitive algorithms which achieve O(n log h)
time. Our algorithm also achieves O(n log n) optimal time. Moreover, we can refine our complexity to O(n+n′ log n′) time,
where h ≤ n′ ≤ n. n′ represents the total points inserted in the queues; that is, the points not discarded at the filtering
stage.



6 H. Ferrada, C.A. Navarro and N. Hitschfeld / Journal of Computational and Applied Mathematics 364 (2020) 112298

3.7. Improvements to the memory space

One of the contributions of this work is the efficient memory usage. In order to save memory, when n ≥ 232, we
employ 5 bytes of memory, instead of a built-in 8-byte data type, to reference any index i ∈ [0..240

− 1] in the heaps.
In the other case, i.e., n < 232, we only use 4 bytes per index in the queues. It is important to note that the approach
indeed can be extended to 6-bytes in case problem sizes of n > 240 points are being handled. By using less bytes per
value, the implementation supports an input set of up to n = 240 points (xi, yi) where xi and yi are 32-bit floating point
values. With this approach the queues require n′ log n bits, and the final convex hull needs h log n bits. Finally, the data
structure requires O(n′ log n) bits in total.

Although it is also possible to implement re-sizable arrays, we decided to avoid it given the additional time needed
to allocate new arrays and copy their values. Moreover, although 240

∼1012 points are theoretically possible to handle
with this approach, in practice they would require roughly 5 TB of memory for the input data, which to the present date
is not possible to handle on a single computer node (the computer used in the tests has 128 GB of RAM). Nevertheless,
the performance results presented in this work still cover problem sizes that are 5 times larger than the largest size that
CGAL and QHull could handle in our test machine.

3.8. Filtering in N-dimensional space

The filtering algorithm can be extended to 3D space or even a higher dimensional one. The intuition is that the extreme
points of the initial filtering structure can correspond to different axis-aligned hyper-planes. The intersections of these
hyper-planes define a bounding-box (orthotope) for which the closest points to the corners, in conjunction with the
original extreme points, are sufficient to build the filtering structure.

In the case of two-dimensions, four intersections are found between the parallel lines to the coordinate axes, and
four additional corner points are added to the polygon (the closest ones to each corner), giving as a result an Octagon.
In general, for N dimensions, the extreme points define 2N axis-aligned hyper-planes which compose an N-dimensional
axis-aligned bounding box. As a result, in a N dimensional space, the filtering polytope has 2N + 2N points (assuming the
extreme points are not co-linear).

It is important to note that although the filtering indeed can work for higher dimensions, one would need to choose
a convex hull that is suitable for the corresponding dimensions. For instance, the Graham Scan does not work for 3-
dimensions, therefore it may be possible that the partial ordering done through heaps could be modified to another
strategy that will eventually be more useful to the corresponding convex hull algorithm for N-dimensional space, such
as quickhull.

4. Experimental performance results

We implemented the proposed algorithm in C++ which will be referred as heap-hull1 for the remainder of this
manuscript. Our implementation uses simple floating point arithmetic, therefore roundoff error occurs with each
calculation, especially when the points are very close each another or nearly at the lines of the convex hull edges.

We compared its performance against qhull.2 and CGAL.3 libraries. In the Computational Geometry community, these
are two of the most used and cited libraries. From these libraries, we considered the following functions to compute the
2D-convex hull:
• Qhull: the qh_new_qhull function, which implements the quick hull algorithm [12]. It requires O(n2) time in the

worst case for n input point and O(n log n) in the average case.
• CGAL: the convex_hull_2() function. It uses the best option between two algorithms: the Bykat algorithm [25], which

has a worst-case running time of O(nh) and the Akl–Toussaint algorthm [26], which requires O(n log n) time, where
n is the number of input points and h is the number of vertices of the final convex hull.
• CGAL: the ch_graham_andrew()method. This function implements Andrew’s variant of the Graham scan algorithm [4]

and follows the representation of Mehlhorn [24]. The algorithm requires O(n log n) time in the worst case for n input
points.

Although CGAL library contains other functions to obtain the convex hull, we did not include any other method from it.
The reason is because the performance of the selected methods was superior.

The two libraries, qhull and CGAL, can output fictitious points in their results. This means that a point p′ could be
given as a vertex of the convex hull with p′ not belonging to the original input S. By contrast, our implementation does
not produce new points for the convex hull. In fact, the heap-hull method limits its result to a subset of the input S.
This is because our queues store indexes of the original input arrays instead of approximated or rounded floating point
values. For this, we can then retrieve the original points whenever they are required. Despite this difference between the

1 Available at https://github.com/hferrada/heaphull.
2 Available at http://www.qhull.org Accessed: October 1, 2018.
3 Available at http://www.cgal.org Accessed: October 1, 2018.

https://github.com/hferrada/heaphull
http://www.qhull.org
http://www.cgal.org
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Fig. 2. Illustration of the normal case, when the points came from a normal distribution with µ = 0.5 and σ 2
= 0.1.

proposed method and the others, we have noted that the number of points for the resulting convex hull is still the same
on all three cases (CGAL, Qhull and Heap-hull).

The machine in which we executed all the experiments has an Intel Core i7-6950X CPU with 10 cores at 3.50 GHz and
25M Cache L3, and 128 GB DDR4 RAM. It runs Arch Linux, and we use g++ with −O3 optimization.

4.1. Description of the typical and worst Case tests

For all tests, the input consists of n points in the plane, whose coordinates are float random values from two probability
distributions. The tests consist of returning the convex hull from the input set. In order to better characterize the proposed
algorithm, we have established two types of tests, one that represents the typical case and another one that represents
the worst case.

1. [Typical] Points following a Gaussian distribution. The first test represents a typical case where points occupy
the space using a normal probability distribution. This test is a good representation of all data sets that come from
physical phenomena or human data coming from interactions or processes, as these events naturally tend to behave
similar to a Gaussian distribution. The test is created by generating n random points (xi, yi), 1 ≤ i ≤ n, whose x, y
coordinates come from a normal distribution with µ = 0.5 and σ 2

= 0.1. This obtains a set where practically all
the points are in the interval [0, 1], which, in addition, produces high accuracy in the computations with floating
point arithmetic. Fig. 2 illustrates the distribution of points for this test, from lower to higher input size.

2. [Worst Case] Points on a circumference from a uniform probability distribution. The second test places all (or
most) of the points on the line of a perfect circumference. This experiment can be considered one of the hardest
tests for the proposed heap-hull method because only a small fraction of the input set S can be filtered; the rest
of the points end up placed into their corresponding heaps and eventually form part of the convex hull or become
discarded at later on in the convex hull stage. The test is created by generating n points on a circumference (or very
close to it) centered at the origin with radius r = 0.25. The test offers a p parameter to be chosen, which produces
a displacement probability for each point in the range [r − rp, r + rp]. This displacement may move the point
inwards to the center, or outwards the circumference, making a band of points surrounding the circumference. The
distribution of points is illustrated in Fig. 3 using different values of p ∈ [0, 1]. The expectation of the test is to
have n(1− p) points in the circumference and np points displaced inwards or outwards.

For the two categories of tests the problem size n varies in the range [104..109
]. Then, two performance metrics are

computed; (1) the average running time with a standard error below 1%, and (2) the peak memory consumption.

4.2. Filtering in the worst Case

Table 1 summarizes the percentages of filtering points in the worst case test. From the table, we recall that p is the
probability of a point being displaced from the circumference line. Two sizes n are considered, a large one n = 108, and
a smaller one n = 104. The behavior of the filtering process is similar for any n ≥ 104 with p ≥ 0.16. The table only
shows up to p ≤ 0.16, because once p > 0.16, the % of discarded points remains stable around ∼ 0.97n. The red numbers
indicate that the construction time of the heap-hull loses against the fastest implementation in CGAL. The blue color means
that the running times among heap-hull and the libraries are practically identical. The rest of the entries, in black color,
mean that the performance of heap-hull, for the worst case, is significantly better than the other libraries. Performance
results are detailed in the upcoming plots within this Section.
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Fig. 3. Illustration of the worst-case test with randomly selected displacement at different values for p ∈ [0, 1].

Table 1
Average percentage of discarded points at the filtering stage in the heap-hull algorithm for the worst
case. (For interpretation of the references to color in this table, the reader is referred to the web version
of this article.)

4.3. Performance plots

For the first category of tests (normal distribution in the plane), the performance results are presented in Fig. 4.
The plots include the construction time and the memory peak for each convex hull method. For the running time we

observe that heap-hull offers a speedup of ∼10× with respect to cgal-grah and qhull, and ∼1.7× of speedup with respect
to cgal-ch2, which is the best method from CGAL. In terms of the amount of memory usage, the CGAL library reached a
maximum input size of n = 109 points (less than 232). Both of CGAL’s methods, for such value of n, required near 100
GiB of RAM, while heap-hull used less than 10 GiB of RAM for the same n. Even for n = 5 · 109 which is larger than 232,
heap-hull still did not surpass the memory usage of CGAL running for n = 109. In the case of qhull, for small data sets,
their implementation does not perform well in terms of memory usage. On the other hand, for large problem sizes such
as n ≥ 106 it uses less memory than CGAL, however for n = 109 it caused an overflow and the machine’s memory was
not enough for the execution.

The results for the second category of tests (worst case) are presented in Figs. 5 and 6. From the results, we observe
that in general heap-hull will perform better or worse depending if it manages to filter a significant part of the input set
S, or not, respectively. The first four plots of Fig. 5 show different variations of the worst case, following the displacement
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Fig. 4. Time construction (left) and memory peak usage (right) for the heap-hull against qhull and CGAL’s implementations to compute de convex
hull.

rule given by the p value. When p is small, such as p = 0 and p = 0.05, the performance of heap-hull is indeed worse than
CGAL and QHull for large values of n. In practice p = 0.0 implies that no point will be filtered, thus all points will need to
be inserted in their corresponding queues as convex hull candidates. For values in the order of n = 104 (see Fig. 6), the
crossing point where heap-hull takes the lead in performance occurs at ∼p = 0.05, and for values in the order of n = 108,
it occurs at ∼p = 0.08. After this crossing points is met, heap-hull remains as the fastest one for such order of n. It is
interesting to note that for either case, the amount of displacement required to make heap-hull efficient is smaller than
p = 0.10.

In terms of memory efficiency, heap-hull uses significant less memory than the CGAL and Qhull implementations. This
difference is more notorious for large n, such as n = 108, where it is up to 6× and 3× more efficient than cgal-grah and
qhull, respectively.

5. Conclusions

This work has presented a fast and memory efficient method for discarding interior points in the 2D convex hull
problem. The technique is based on building an eight-vertex polygon in which all points that reside inside it get discarded,
and the remaining ones are assigned onto different priority queues, all this in linear time.

The partial sorting of the candidate points is a key aspect for the method because the heapify process takes O(n)
amortized time, and it facilitates the computation of the actual convex hull (which benefits from any level of ordering
among points) afterwards. Furthermore, the implementation associated to this work uses succinct structures, enabling
the algorithm to use a reduced amount of memory compared to the other approaches, while at the same time reaching
large data sets of up to n ≤ 240 input points, which is considerably greater than the limit of n ≤ 232 found on Qhull and
CGAL.

The benefits of speed and space of the proposed method manifest better when a significant number of the input
points lie inside the convex hull. This scenario is a typical case in many applications where phenomena tend to group its
points following a normal distribution, which for a two-dimensional problem can be seen as clusters of points that are
more dense at their centers. Experimental performance tests using random points following a normal distribution in a
two-dimensional space show that the proposed method is between up to ∼10× faster than the qhull library and between
1.7× to 10× faster than the CGAL library methods.

Indeed, the worst case scenario, where all points lie in a circular convex hull, is not beneficial for the proposed
approach, as the computational effort put on discarding points does not give any beneficial return. However, the
experimental results on a variation of the worst case scenario have shown that a slight displacement of the points from the
circumference makes the proposed method the fastest one with an increasing speedup based on how much displacement
is put onto the test (100% of displacement makes the problem a point cloud). This favorable sensitive behavior on the
worst case is an important property for the proposed method, as in practice there are very few scenarios that present a
perfect worst case input, and in that case it is highly probable that a special heuristic may end up being the best solution.

The filtering approach presented here can be a useful tool for many practical problems that require a fast computation
of the convex hull using a reduced amount of memory in the process as well. Furthermore, it was shown the filtering
technique can be extended to higher dimensions. As a future work, it would also be interesting to study how this method
can further improve its performance through parallel computing, when in the presence of multi-core CPUs as well as
with modern GPUs that offer massively parallel computation for highly parallelizable problems. Indeed, some of the GPU
approaches mentioned in the related work may be suitable for future integration with our method.
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Fig. 5. Construction time (the 4 top figures) and memory peak usage (the 4 bottom figures) for the heap-hull’s worst case against qhull and CGAL’s
implementations.
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Fig. 6. Running time (left) and memory peak usage (right) for the heap-hull’s worst case against qhull and CGAL.
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