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1. Introduction

Numerical methods for stochastic differential equations (SDEs) have become one of most popular research areas in
the study of SDEs. Up to 2002, most of the existing strong convergence theory in this area requires the coefficients of the
SDEs to be globally Lipschitz continuous (see, e.g., [1-3]). Higham, Mao and Stuart in 2002 published a very influential
paper [4] (Google citation 606) which opened a new chapter—to study the strong convergence question for numerical
approximations under the local Lipschitz condition. Given that the classical Euler-Maruyama (EM) method may fail to
work for SDEs under the local Lipschitz condition but without the linear growth condition (i.e., highly nonlinear SDEs)
(see, e.g., [5,6]), implicit methods have therefore naturally been used to study the numerical solutions to highly nonlinear
SDEs (see, e.g., [7-9]).

Nevertheless, the explicit EM method has its simple algebraic structure, cheap computational cost and acceptable
convergence rate under the global Lipschitz condition. Influenced by [4], several modified EM methods have recently been
developed for the highly nonlinear SDEs. These include the tamed EM method [10-12], the tamed Milstein method [13],
the stopped EM method [14], and the truncated EM method [15,16].

On the other hand, many SDE models in applications have their special properties. For example, the square root process
and mean-reverting square root process in finance have nonnegative solutions (see, e.g., [2,17]). The stochastic Lotka-
Volterra model for interacting multi-species in ecology has positive solutions (see, e.g., [2,18,19]). The SDE SIS model in
epidemiology has positive solutions (see, e.g., [20]). These SDE models are all highly nonlinear. If we apply the modified
EM methods mentioned above to these SDEs, they fail to preserve the nonnegativity or positivity. Although there are some
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implicit numerical methods which can preserve these properties (see, e.g., [8]), explicit methods would be more desired
as explained above.

Therefore there is a need to develop explicit numerical schemes which can preserve the nonnegativity or positivity for
highly nonlinear SDEs. The aim of this paper is to modify the truncated EM method to create a new positivity preserving
truncated EM (PPTEM) for the well-known stochastic Lotka-Volterra model for interacting multi-species in ecology. The
reason why we will concentrate on this model is that it has typical features: highly nonlinear, positive solution and
multi-dimensional. Consequently, the methods developed in this paper can be applicable to other SDE models, e.g., the
1-dimensional SDE SIS model.

Our approach is to establish a new nonnegative preserving truncated EM (NPTEM) and then the more desired PPTEM.
The reader may wonder if it is enough to study the PPTEM only but not the NPTEM given that the solution of the underlying
stochastic Lotka-Volterra model is positive. The reasons why we study both NPTEM and PPTEM are: (a) Mathematically
speaking, we need to show the convergence of the NPTEM solutions to the true solution first, from which we can then
show the convergence of the PPTEM more easily. (b) The NPTEM has its own right as many SDE models in applications
have their solutions taking nonnegative values, for example, the well-known square root process and mean-reverting
square root process in finance (see, e.g., [2,17]).

2. Preliminary

Throughout this paper, unless otherwise specified, let (£2, 7, P) be a complete probability space with a filtration { ¢},
satisfying the usual conditions (that is, it is right continuous and increasing while 7, contains all P-null sets), and let E
denote the expectation corresponding to P. Let B(t) be a scalar Brownian motion defined on the complete probability
space. If 21 C £2, denote by £27 its complement, namely £2{ = £ — 2. Denote by I, the indicator function of £,
namely Ip, (w) = 1if w € §£2; and 0 otherwise.

Let RY be the d-dimensional Euclidean space and RY*? the space of real-valued d x d matrices. If A is a vector or matrix,
its transpose is denoted by AT. Let RY = {(x1,..., %)l € RY:x >0, 1 <i <d}and RL = {(x1,...,x)" € R? : x; >
0, 1 <i<d}.Ifx € RY then |x| is the Euclidean norm. If A is a matrix, we let |A| = /trace(ATA) be its trace norm.
Moreover, for two real numbers a and b, we use a vV b = max(a, b) and a A b = min(a, b).

Consider the d-dimensional stochastic Lotka-Volterra model (see, e.g., [2,18])

dx(t) = diag(x1(t), x2(¢), . .., x4(£))[(b — Ax(t))dt + o dB(t)], (2.1)
where x(t) = (x1(t), . .., x4(t))" is the state of the d interacting species and the system parameters b = (by, ..., by)’ € R,
o=(01,...,00) e R, A= (aj)axd € R4, It is worth noting that the scalar Brownian motion B(t) in this paper can

be generalised to a multi-dimensional one without any difficulty but we leave the details to the reader. We impose the
following assumption as a standing hypothesis, which is the only one for this paper.

Assumption 2.1. All elements of A are nonnegative, namely a; > 0 forall 1 <i,j <d.

From the ecological point of view, this assumption means that the d interacting species are competitive. The SDE (2.1)
has been studied intensively by many authors. For example, it is known (see, e.g., [2, Theorem 2.1 on p. 381]) that under
Assumption 2.1, for any initial value x(0) € }Ri, the SDE (2.1) has a unique global solution x(t) on t > 0 and the solution
will remain to be in Ri with probability one (namely, x(t) € Ri a.s. forall t > 0).

Throughout this paper, we set

b= max |bj|, 6 = max|o;|, a= max a;. (2.2)
1<i<d 1<i<d 1<i,j<d
From now on, we will fix the initial value x(0) e Ri arbitrarily and, of course, x(t) is the corresponding solution. We will
also fix two real numbers T > 0 and p > 2 arbitrarily. We will further use C to stand for generic positive real constants
dependent on x(0), T, b, A, o, p but independent of the step size A which we will use in the next section. Please note that
the values of C may change between occurrences. Let us present two lemmas which will play their useful role in this
paper.

Lemma 2.2. Under Assumption 2.1,

IE( sup |x(t)|p> <C. (23)

0<t<T

Proof. Recalling that x(t) € Ri and applying the It6 formula and Assumption 2.1, we can easily show from (2.1) that
d(xi(t)° < plb + 0.5(p — 1)521(x(t))’dt + poi(xi(t)PdB(t),

fort > 0 and every i = 1, ..., d. By the Burkholder-Davis-Gundy inequality (see, e.g., [21, p. 76]), it is straightforward

to show that

IE( sup (xi(u))p> <C+ C/ E( sup (x,»(u))p)ds, vt € [0, T].
0

o<u<t O<us<s
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An application of the well-known Gronwall inequality gives

E( sup (uw)) = C.

0<u<T

This implies the required assertion (2.3). O

Lemma 2.3. Under Assumption 2.1,

IE( sup [x(t) — 1 — log(xi(t))]> <C, 1<i<d (2.4)

0<t<T

Proof. For each i, by the It6 formula, we have
dixi(t) — 1 — log(x;(t))]

d
§<—bi +0.502 + bixi(t) + J_Zl a,-jxj(t))dr + oi(xi(t) — 1)dB(t).

By Lemma 2.2, the first and second moments of the solution are bounded (by C) for t € [0, T]. Applying the
Burkholder-Davis-Gundy inequality (see, e.g., [21, p. 76]), we can then derive that

IE( sup [x(t) —1— log(xf(t))])

0<t<T

§C+E< sup / oi(xi(s) — 1)dB(s))
0

0<t<T

T
<c +35( / ji(uts) — 1Ps)
0

T
<C+36 (/ 2AEX(G)? + 1)@15)1/2
0

<C +36/2T(C + 1),

which is the desired assertion (2.4). O
3. Definitions of new numerical schemes

In this section, we will develop two numerical schemes. The first one will be called the NPTEM scheme, while the
second one the PPTEM scheme. We have explained in Section 1 why we do not only study the PPTEM but also the NPTEM
in this paper, although the solution of the underlying SDE (2.1) is positive with probability one.

3.1. Nonnegativity preserving truncated EM method
To define the NPTEM scheme, it would be convenient to treat the SDE (2.1) in R? instead of Ri. For this purpose, we

need to extend the definition of the coefficients of the SDE from ]Ri to RY. We denote the coefficients by

Fi(x) = (bix1, ..., baxq)', Fa(x) = —diag(x1, ..., x)Ax, G(X)=(01X1,...,0aXq)"
for x € RY. Define a mapping 7o : R? — R% by

Fo(x) = (x1 vV O,...,xsv0) forxeR
Define fi, f>, g : R? — R? by

f(X) = Fi(#o(x)), f(x) = Fa(#0(x)), &(x) = G(ito(x)) for x € RY

Obviously, fi(x) = Fi(x) etc. if x € R‘L In other words, f1, f5, g are the extended functions of Fy, F,, G, respectively. Recalling
that the solution of the SDE (2.1) has the property that x(t) € Ri a.s. for all t > 0, we can therefore write the SDE (2.1)
as the following equation

dx(t) = [f1(x(t)) + fa(x(t))]dt + g(x(t))dB(t) (3.1)
in RY. We observe that f; and g are linearly bounded, namely
i)l < blx|, 1g(0)l <Glxl, VxeR?, (3.2)

but f, is not. The classical EM method is therefore not applicable to the SDE (see, e.g., [5,10]). The truncated EM method
established by [15,16] may be applied but it cannot preserve nonnegativity, not mentioning positivity.
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The aim of this subsection is to modify the truncated EM method in order to create a new NPTEM method. For this
purpose, we first choose a strictly increasing continuous function y : [1, c0) — R, such that u(u) — oo as u — oo and

sup  |R(X) = sup |F(x)] < p(u), VYux 1 (3.3)

xeR4, |x|<u xeRY, [x|<u

Denote by ™! the inverse function of n and we see that w~lis a strictly increasing continuous function from [(1), 00)
to R, . We also choose a constant h > 1V (1) Vv |x(0)| and a strictly decreasing function h : (0, 1] — [u(1), co) such that

iirr})h(A) =oo and AY4h(A)<h, VAe€(0,1]. (3.4)

Note that for x € RY,

d

IEs(0P —Z (Zauxj) SZ (dea,)|x|25|A|2|x|4.

i=1 i=1 Jj=1

We can hence let p(u) = |A|u?, while let h(A) = hA=? for some 0 € (0, 1/4]. In other words, there are lots of choices for
M(%(?rng gl(v)en step size A € (0, 1], let us define the truncation mapping 7, : RY — {x e R? : [x| < u~'(h(A))} by

ma0 = (1 A (RCAD) o
where we set x/|x| = 0 when x = 0. That is, 7, maps x to itself or ©~(h(A))x/|x| depending on |x| < 1~ !(h(A)) or not.
It is useful to see that for all x € RY,

f(7to(ma(x))) = fo(wa(x)) = Fa(7o(wa(x))). (35)
Hence

[o(Fo(mra())] = fa(ma@®))l < u(uw™'(h(A)) = h(A). (3.6)
Moreover, noting 7o(4(x)) = (x| A w=1(h(A)))o(x)/|x|, we also have

X fo(fo(ma(x))) = x' fa(ma(x)) = (Fo(x)) Fa(fto(a(x))) < O. (3.7)

We can now form the discrete-time NPTEM solutions X (t;) =~ x(t) for tx = kA by setting XA(0) = X4(0) = x(0) and
computing

Xaltkr1) = Xa(te) + [filXa(t)) + H(Xa(6)]A + g(Xa(tk)) ABy, (3.8)
Xa(tip1) = Ro(maXaltir1))), (3.9)

fork=0,1,..., where ABy = B(tx+1) — B(ty). Please note that )_(A(tkH) is an intermediate step in order to get the NPTEM
solution X4(ti+1). We extend the definitions of both X4(-) and X4(-) from the grid points ¢, to the whole t > 0 by defining

[e ]
Z (64 (E) (3.10)
and
o0
Xa(t) =Y Xa(tligo)(t) (3.11)
k=0

for t > 0. Clearly, X4(t) = 7o(w4(Xa(t))) so it preserves the nonnegativity although X,(t) does not.
3.2, Positivity preserving truncated EM method

For each step size A € (0, 1], define one more truncation mapping 7, : R — R‘i by
FaX)=(AV X, ..., AV, xeRY
Please note that 7, maps R? to RY while 7 to RY so they are different. The PPTEM solution is defined by
X4(t) = falmaXalt)), t =0, (3.12)
where X4(t) has already been defined by (3.10).
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The reader may wonder why we do not define the PPTEM in a similar fashion as the NPTEM, namely by replacing 7o
in (3.9) with 7, while keeping everything else unchanged. This is certainly possible but the mathematics will become
slightly more complicated because 774 does not preserve the nice property that 7, has while 77y does. More precisely, 74
maps R? into the ball in R¢ with center 0 and radius x~'(h(A)) but 7, may map some x in the ball outside the ball. In
terms of mathematics, we have

lraX)| < u”'(h(4)), Vx € R,
but we may have
[Fa(ma())| > ™ '(h(A))

for some x € R? with |x|] < p~'(h(A)). For example, if x = (1~ '(h(A)),0,...,0), then A4(wa(x)) = (" (h(A)), A,
.., A) and

Fa(ma()] = V(1 '(h(A)P + (d — 1)A% > 7' (h(A)).

4. Main results
4.1. Statement of main results

Our aim of this paper is to show that both NPTEM solution X,(t) and PPTEM solution XI(t) converge to the true
solution x(t) in LP for any p > 2 as described in the following main theorems of this paper.

Theorem 4.1. Under Assumption 2.1,

lim IE( sup [Xa(t) — x(t)lp) =0 (4.1)

A—0 0<t<T

Theorem 4.2. Under Assumption 2.1,

lim IE( sup [XH(t) — x(t)|”) —o. (4.2)
A—0 0<t<T

The proof of these theorems is highly technical. To make it more understandable, we break it into a number of lemmas
in the next subsection and prove the theorems afterward.

4.2. Lemmas

For the mathematical analysis, we need to define a new process
t t
xa(0) =30) + [ Ra(o) + RN + [ e(Rals)o) (43)
0 0

for t > 0. We observe that x,(t) = X(ty) for all k > 0. Moreover, x(t) is an Itd process with its Ito differential
dxa(t) = [fi(Xa(t)) + falXa(t)Idt + g(Xa(1))dB(L). (4.4)

We also denote the ith component of x(t), X4(t) or X(t) by X,i(t), Xa,i(t) or )_(A,i(t), respectively.

By (3.2) and (3.6), it is easy to see from (3.8) that for any q > 2, ]El)_(A(tl)|q < oo and then, by induction, ]El)_(A(tk)lq < 00
for all k > 1. By (4.3) we can then further see that E|x(t)|? < oo for all t > 0. But we will show a better result (see
Lemma 4.4).

We start with the following lemma, which shows that x(t) and X4(t) are close to each other in the sense of L”.

Lemma 4.3. For any A € (0, 1], we have

Elxa(t) — Xa(t)” < CAP(h(A)P, ¥t € [0, T]. (45)
Consequently
lim Efxa(t) — XA =0, Vtelo,T]. (4.6)

Proof. By (3.6),
[oXa(0))] = La(Fo(maXa(0)))] < h(A). (4.7)
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Using this and (3.2), we can easily show from (4.3) that
Elxa(t)" < C(h(A)Y +C / B ds
0
for t € [0, T]. This implies

sup Ea) < C(H(A) +C / E|Ra(s)"ds

O<u<t 0

< C(h(A)y + C/Ot( sup ]E|xA(u)|p)ds.

0<us<s

The well-known Gronwall inequality shows

sup Elxa(u)l” < C(h(A)). (4.8)

0<u<T

Now, for any t € [0, T], there is a unique k > 0 such that t € [t, t,+1) and hence XA(t) = Xa(te) = xa(ty). It then follows
from (4.3) that

Elxa(t) — Xa(t)]’ = Elxalt) — xa(te)l?
t t
<CA"'E / A Ra)P + (Xa(s)IPIds + CAP=2/2 f (R a(s))/"ds.

This, along with (3.2), (3.6) and (4.8), implies
Elx(t) = Xa(t)” < CAP(R(A)P + CAP(h(A)P < CAP*(h(A)Y

which is the first assertion. Noting from (3.4) that AP/2(h(A))P < AP/4, we obtain the second assertion from the first one
immediately. O

The following lemma shows a much better result than (4.8).

Lemma 4.4. Let Assumption 2.1 hold. Then

sup IE( sup |xA(t)|") <C. (4.9)

0<A<1 0<t<T

Proof. Fix any A € (0, 1]. By the It6 formula and the Burkholder-Davis-Gundy inequality etc., it is not difficult (see,
e.g., [2, pp. 59-63]) to show that

t
IE( sup |xA(u)|") <C+ C/ IE( sup |xA(u)|”)ds + J1(t) (4.10)
0

O0<u<t 0<u<s

for t € [0, T], where

1Oy =E(sup [ plxa(oIP BHR0S).
0

O<u<t

By (3.6) and (3.7), we have

XL ($)p(Xals) = ([xals) = Xa()1" 4+ X4(5))fa(Fo(ma(Xa(s))))
< h(A)xa(s) = Xa(s)].

Hence
Ja(t) SE/ plxa(s)P~*h(A)[xa(s) — Xa(s)|ds.
0

Using the Young inequality
pa’~%b < (p — 2)a’ +2b°/%, Va,b >0,

as well as Lemma 4.3, we can then derive that

ht)<E f [(0 — 2)Ixa(S)IP + 2((A)P xa(s) — Xa(s)”]ds
0

t T
(-2 / Elxa(s)Pds + 2(h(A)P2 / (Elxa(s) — a(s))'/2ds
0 0

6
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t
<(p-2) [ Eia(Pds + Ca(H(A)Y
0

< (p—Z)/ IE(sup IxA(u)l”)derC,
0

0<u<s

where we have used (3.4) in the last step. Substituting this into (4.10) yields

IE( sup |xA(u)|p> <C+ C/(:IE( sup |xA(u)|p>ds.

0<u<t 0<u<s

An application of the Gronwall inequality gives

IE( sup |XA(U)|p) <C.

0<u<T
As this holds for any A € (0, 1] while C is independent of A, we see the required assertion (4.9). O

The following lemma improves the second assertion in Lemma 4.3.
Lemma 4.5. Let Assumption 2.1 hold. Then

lim IE( sup [xa(t) —)‘(A(t)|") —o. (4.11)
A—=0  N\o<t<T

Proof. Let m be the integer part of T/A. Then, by (3.2) and (4.7) as well as Lemma 4.4, we derive that

IE( sup |xa(t) — XA(th)

0<t<T

sE(max sup I[f1(>'<A(tk))+fz(xA(tk))](t—tk)+g(>'<A(tk))(B(t)—B(tk))lp)

O<ks=m g <t<ty 4

<CE( max [[Xa(el” + (HA)P147) + 1o

<CAPE( max [xa(6)” + (HA)) +Js
0<k<m

<CAP[C + (h(A)P1+J2 < CAP(h(A)P + 2, (4.12)
where
J2 = C( max [IXa(e)” sup [B(6) — B(eP]).
0zk=m e SE<lep
Now, choose a sufficiently large integer n > 3 Vv p, dependent on p and T, for which
2 p
() T+ <2 (4.13)
2n—1
But, by the Hélder inequality,
S 2n 2 p/2n
Jo = & ( max [IXae0™ sup 1B(6) — B |) |
O<k=m g <t=<tg+1
=z S 2n 2 p/2n
= (X B[ Watwd™ sup 1B0) - Bw™])"
k=0 e=t=tk+1

But, by Lemma 4.4 (replacing p there by 2n though n here depends on p), IEl)_(A(tk)lzn is bounded by C for every t;. Note
also that for each k, X(ty) is independent of SUPg <t <qi IB(t) — B(t)|*". We hence have

p/2n

b= (3 R =] sup 50— )]
k=0

th<t=<tg41
m
p/2n
=c(X_E[ sw 1oy - Bea])
k=0 [k <t=Cj41

By the Doob martingale inequality (see, e.g., [2, Theorem 3.8 on p. 14]), we further derive that

b= (O[] s - B
k=0

2n>p/2n
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m
2n 2n p/2n
< c( [ ] 2 —1 !!A“)
<c(>. ] )

k=0

2n 2n p/2n
< c([ ] (T + 1)(2n — 1)!!A”’1) ,
2n—1
where (2n — 1)!! = (2n— 1) x (2n — 3) x - - - x 3 x 1. (Please note that C above should depend on n but as n depends on
p and T, we can still use the generic positive real constants.) However,

n

1
2n— Nm < - 2i—1)=n.
[(2n — 1)1 gn;(z )=n

Thus

b < CnP/Z(L” ) (1 o s ap-vrn,
- 2 1

Using (4.13) while noting (n — 1)/2n > 1/3 as we choose n > 3, we obtain
Ja = CaPB
Substituting this into (4.12) gives

IE( sup [xa(t) —>'<A(t)|") < C(h(A)PAP 4 CAP® < C(h(A)P AP/,

0<t<T
But, by (3.4),
(h(A)P AP = APIR2(AVAR(A)P < CAP/T2,
We hence obtain

B( sup Jxa(t) = Xa(0)") = CAP/.

0<t<T
This implies the required assertion (4.11). O
In the remaining part of this section, we need a couple of new notations. For each r > |xq|, define the stopping times
T = inf{t > 0 : |x(¢t)| =1}
and
par =inf{t > 0: |xa(t)] > 1},
where throughout this paper we set inf@# = co. Moreover, we set
Opr =T AN pPar (4.14)
and define the closed ball
S, ={xeR: |x| <r].

The following lemma shows both x(t A 64 ) and xa(t A 0,4 ;) are close to each other.

Lemma 4.6. Let Assumption 2.1 hold. Then for each r > |xo|, there is a A1 = A4(r) € (0, 1] such that

B( sup [x(t A 04,) = xalt A 0a)P) = A2, VA € (0, A (4.15)

0<t<T

where C; is a positive constant dependent on r, T etc. but independent of A.
Proof. Define

for(®) = f((Ix] AT)x/|x]) for x € RY.

Obviously, f> -(-) is bounded and globally Lipschitz continuous in R? but its Lipschitz constant depends on r. Consider the
SDE

dy(t) = [fiy(t)) + fo,r(())1dt + g(y(t))dB(t) (4.16)
on t > 0 with the initial value y(0) = x(0). It has a unique global solution y(t) on t > 0. For each step size A € (0, 1],
we can apply the EM method to the SDE (4.16). That is, we form the EM solutions Y(t;) = y(t) for ty = kA by setting
YA(0) = x(0) and computing

Ya(tirr) = Yat) + [i(Ya(t)) + fo,r(Ya(ti))]A + (Y a(te)) ABy, (4.17)

8
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for k=0, 1,.... Extend the definitions of Y,(-) from the grid points t; to the whole t > 0 by setting
o0
Yalt) =Y Ya(tdlin ().
k=0
and then define the Itd process

Yalt) = x(0) + f FA(Ya($)) + for (Ya(s))1ds + / £(Y.a(s))dB(s)
0 0
for t > 0. It is well known (see, e.g., [1,2]) that

E( sup y(6) = ya(0F) < G AP,
0=<t<T

Let us relate y(t) and yA(t) to x(t) and x(t), respectively. It is straightforward to see that
X(tAT)=y(tAT) asforallt € [0, T].
We now choose A; € (0, 1] sufficiently small for x~(h(A;)) > r. Obviously, for all A € (0, A4],
LmaX)) = for(x), Vx €S,
This, together with (3.5), yields
f(mo(ma(x)) = for(x), VX ES;.
Comparing (3.8), (4.3) with (4.17),(4.19), we then see that
XA(EAPar)=Yalt Apay) asforallt e [0, T]

provided A € (0, A;]. Combining (4.20)-(4.22), we obtain the desired assertion (4.15) immediately. O

4.3. Proof of Theorem 4.1

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

We are finally in a position to prove our main theorems. We prove Theorem 4.1 first in this subsection and then

Theorem 4.2 next. Obviously,
E(sup 1Xa(0) = M0P) < 3705(4) +1a(4) + J5(4))
<t<T

where

Ja(2) = E( sup Xs(6) = Xa(0)")

0<t<T

Ja(A) = E( sup [Xa(t) — xA(t)I”),

0<t<T

Js(8) = B( sup_ fea(t) = X(O)P)-

0<t<T

(4.23)

By Lemma 4.5, we already have that J4(A) — 0 as A — 0. To complete the proof, we hence only need to show both J3(A)

and J5(A) tend to 0.

Let us first show J5(A) — 0. Let ¢ € (0, 1) be arbitrary. Recalling the definition (4.14) of 6, o and using Lemmas 2.2

and 4.4, we can derive that

POra <T)<P(t; <T)+P(ora <T)
1
:ﬁ[E(|X(Tr)|p1{rr5T]) + E(le(Pr.A)lpI[p,,Agr])]

E%ph;( sup |x(t)|P) +1E( sup |XA(t)|p)]

0<t<T 0<t<T
C
<—.
=5
We can hence choose a real number r = r(e) so large that
P(Ora <T) < &’
For this r, by Lemma 4.6, we have
E( sup [x(t ABar) — Xa(t A eA,r)|") SGAP? VA €(0, A4,
0<t<T '
9
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where A; now depends on ¢ (as r dependent on ¢). Thus, for A € (0, A¢], we derive

J5(4) = B (I, sz P [xa(6) = X(OF) + E(lig 5om) P Ixalt) = X(O)P)
0=t<T 0<t<T
12 5\ 112
< [P(6r.a < T)] [E(Osittlg xa(t) — X(t)] ")]

+ B sup Ixalt A0,a) = X(EA 6L
0<t<T

< Ce + C. AP,

But, by Lemma 4.4 (recalling p is arbitrary once again),

[ sup 1xatt) — x|

0<t<T

12
<p@p-1)/2 [E( sup |XA(f)|2p> + E( sub |x(t)|2p)] =6
0

0<t<T <t<T

We then have
J5(4) < Ce + G AP?, VA € (0, Aql.
This implies

limsupJs(A) < Ce.
A—0

As ¢ is arbitrary, we must have that J5(A) — 0as A — 0.
Let us finally show J3(A) — 0 to complete our proof of Theorem 4.1. By Lemmas 2.2 and 4.4, we can find a positive
number r = r(¢) so large that

P(£21)>1—¢/3, (4.24)
where

21 ={|x(t)| V |xa(t)| <r forall0O <t <T}.
For a sufficiently small § € (0, 1), define

Gi=Inf{t > 0:x(t) <8}, 1<i<d.

By Lemma 2.3,
_ Xi(8s,i) — 1 — log(xi(4s.i))
P55 <T)= E(I{:a,fﬁr] 5~ 1= log(3) )
<;E( sup [xi(t)—1— log(x-(t))]) < #
6 —1—1log(8) \ozizr ’ ~ 8 —1—log(s)

Noting that § — 1 — log(8) — oo as § — 0, we can find a § = §(¢) so small that

8 .
P({B.i<T)§ﬁ, 1<i<d.

Set {5 = Miny<i<q {s,;. Then

d

P(gs <T) < P(UL {5 < TY) < ) PG <T) < /3.
i=1

So P(¢s > T) > 1 — ¢/3. This implies
P($2;)>1—¢/3, (4.25)
where

2, = {112321 O;I'tlgTXj(t) > 8}
On the other hand, for the pair of chosen r and §, define
24 ={ sup [X(t AOar) —xa(t AOs)| < 8/2}.
0<t<T
10
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By Lemma 4.6 and the well-known Chebyshev inequality, we see that there is a A; = Aj(e) (as r = r(¢)) such that
w~'(h(41)) = r and

P(Q5) = IP( sup [%(t A Oap) — Xa(t AOap)| = 5/2) B N
0<t<T (8/2)

Consequently, there is a A; = A,(¢) € (0, Aq] such that

P(£24)>1—¢/3, VA €(0, Az]. (4.26)
Set 23, 4 = §21 N £2, N §2,. Combining (4.24)-(4.26) gives

P(2354)>1—¢, YA €(0, Ayl (4.27)
From now on, we consider any step size A € (0, A,]. Note that for every w € §25 4, 0ar > T,

Sup Xa(t) < Sup. Xa(t)l < 1 < p”'(h(A1) < w ' ((A)), (4.28)

and

inf Xai(t) > inf xxi(t) > inf x(t) = sup |xi(t) = x4.(t)]
0<t<T 0<t<T 0<t<T 0<t<T

> 3§ — sup |x(t) —xa(t)] >8—56/2=46/2. (4.29)

0<t<T

In other words, for every » € £23 4, Xa(t) € RY with [X4(t)] < u~'(h(A)), whence X4(t) = Ro(a(Xa(t))) = Xa(t) for all
t € [0, T]. Consequently,

J(4) = E(lgg,, sup [Xa(6) = Xs(0)")

0<t<T

¢ 12 - 2p\11/2
= [prs. )] [=( sup a0 = Xa(o)”)

1/2

=26 [ sup Ixa(0¥)]
0<t<T

<Ce

provided A € (0, A;], where Lemma 4.4 has been used once again. As ¢ is arbitrary, we must have that J5(A) — 0 as
A — 0. This completes our proof of Theorem 4.1.

4.4. Proof of Theorem 4.2

Once again, it is obvious that
E( sup XG0 —x(0) < 37 Us(4) +5(4) +J5(4)). (430)
<t<T

where J4(A), Js(A) have been defined before and

Jo(4) = E( sup 1X£(0) = Xa(0)).

0<t<T

Clearly, all we need to do is to show that J§(A) — 0 as A — 0.Let A € (0, A; A (8/2)] be arbitrary. We see from
(4.28) and (4.29) that for every w € 234, Xa(t) € Ri with [X4(t)] < u~(h(A)) and info<c<r Xa(t) > 8/2, whence
XI(t) = 7A(ma(Xa(t))) = Xa(t) for all t € [0, T]. Consequently,

Jo(4)=E(lgs, sup IX3(t) = Xa(0)))

0<t<T

< [reas.] [ sup i) ~%ar)]"

<t<T
p (2P v 2p\ "2
< 226 [ sup 1X;5(0) + B ( sup Ka0)”)] "
0<t<T 0<t<T
But, by Lemma 4.4,
IE( sup |)_(A(t)|2p> <cC.
0<t<T
1
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On the other hand, for any x € R,

d d
a0l = (3o(avar) = (3 + )
i=1 i=
< (d+ xPP < 227 (dP + |x|*P).
So
P = |7 a(raXaO))” < 227 + [maXa(0O)))
< 27N + Xa(0)P).

XA ()

Consequently

u«:( sup |x3(r)|2") <cC.

0<t<T

In other words, we have shown that
Je(A) < C/e

provided A € (0, Ay A (§/2)]. As ¢ is arbitrary, we must have that Js(A) — 0 as A — 0. This completes our proof of
Theorem 4.2.

5. Examples with simulations
In this section, we will discuss two examples for illustration.

Example 5.1. To illustrate as well as to verify our new PPTEM scheme, we consider the scalar stochastic Lotka-Volterra
competitive model

dx(t) = x()[(b — ax(t))dt + o dB(t)] (5.1)

for a single species, where individuals within the species are competitive, x(t) € (0, 00), b, a, o are all positive numbers.
The main reason we discuss this model is because it has an explicit solution so that we can compare it with the NPTEM
numerical solution in order to verify the NPTEM scheme.
We write the Lotka-Volterra model (5.1) as the SDE (3.1) in R by defining
{ﬁ(x) =bx, fo(x)=—ax’, gx)=ox forx=>0, (5.2)
filtx) =f(x) =g(x)=0 forx <O0. '
Define 1« : Ry — Ry by u(u) = au® for u > 1. Its inverse function of ;=" : [a, 00) — R, has the form = '(u) = Vu/a
foru>a.Let h =1V aAx(0) and define the strictly decreasing function h : (0, 1] — [a, c0) by h(A) = hA~? for some

0 € (0, 1/4]. Hence pu~'(h(A)) = ,/fz/aAe. The mapping T(mwa(-)) : R — [A, ,/fz/aﬂ] has the form

Aa(a(x)) = (A VX) Ay h/aA?, forx € R.

We first apply the NPTEM to the Lotka-Volterra model (5.1) (namely the SDE (3.1) with f, f, and g being defined by
(5.2)). That is, set X4(0) = X4(0) = x(0) and compute

Xaltkr1) = Xa(te) + [filXa(t)) + HXa(6))]A + g(Xa(tk)) ABy, (5.3)
Xaltir1) = (0 V Xa(tis1)) Ay h/aA? (5.4)

fork =0, 1, ..., and then extend the definitions of X,(-) from the grid points ¢, to the whole t > 0 by (3.11). The PPTEM
solution is then defined by

XE(t) = (A Vv Xa(t)) Ay R/aA®, t>o0.

By Theorem 4.2, we can conclude that XX(T) converges to x(t) defined by (5.6) in the sense that

iiElOE( sup [X1(t) — x(t)|p) —0. (5.5)

0<t<T
Given an initial value x(0) > 0, the solution x(t) remains to be positive. Let z(t) = 1/x(t). By the It6 formula,
dz(t) = [a+ (0 — b)z(t)]dt — oz(t)dB(t).

12
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By the variation-of-constants formula (see, e.g., [2, Theorem 3.1 on p. 96]),
t
2(t) = exp(—[b — 0.502]t — oB(t)) (z(O) n a/ exp([b — 0.502]s + oB(s))ds).
0

This gives the explicit solution of (5.1):

t -1
x(t) = exp([b — 0.50*]t + o'B(t)) (ﬁ + af exp([b — 0.50%]s + (rB(s))ds) ) (5.6)
0

Although the integration in this formula cannot be calculated analytically, it can be approximated numerically by the
Riemann sum. More precisely, define
¢(t) = exp([b — 0.50%]t + oB(t)), 0<t<T. (5.7)
Int the remaining of this example, we set A = T/N for an integer N > T and t, = kA for 0 < k < N. We approximate
k
o 9(s)ds by
k—1

Wate) = Y 0.5A[¢(t) + ¢ltiy1)], 0 <k<N (5.8)
i=0

and of course set ¥,(tp) = 0. We then form the discrete-time Riemann approximate solutions Y(t;) & x(tx) by

Ya(te) = é(te)/(1/x(0) + a®a(ty)), 0 <k <N. (5.9)
We will show in the Appendix that
lim IE( sup [Ya(te) —x(tk)|2) —o0. (5.10)
N—oo  \g<k<N

Although it is sufficient to compare our new PPTEM solutions XA*( ty) with Y (t), we will do better by comparing it with
the well-known backward Euler-Maruyama (BEM) scheme (see, e.g., [4]) as well. To be more precise, the BEM applied to
the Lotka-Volterra model is to form the discrete-time BEM solutions Z4(t,) ~ x(ti) by setting Z,(0) = x(0) and computing

ZaA(tky1) = Za(te) + [[1(Za(8)) + f2(Za(er1 )] A + 8(ZA(tk))ABy
for k > 0. It is known that

lim ( sup [Z4(6) — (6 =0.
N—oo 0<k<N

For numerical simulations, we let b = 10, a = 1, ¢ = 0.5, X(0) = 6 and choose 8§ = 1/4, h = 1000, whence

w(h(A)) =/ ﬁ/AG. The simulations on Fig. 5.1 show the sample paths of the solution for t € [0, 10] by three schemes

of the PPTEM, Riemann and BEM. The simulations in the left graph use A = 10~3 while on the right A = 1074,

They show that three sample paths generated by the three schemes are very close to each other. More precisely, the
simulations are designed to produce the squares of the max differences between PPTEM and Riemann as well as BEM and
Riemann:

max |XZ(tk) - YA(tk)l2 =0.002809 and sup |Za(ty)— YA(te)> = 0.005086
0<k<10% 0<k<104

when A = 1073; while
max_[XI(t) — Ya(t)l” = 0.0002235 and  sup |Za(f) — Ya(ti)] = 0.0002527
0<k<10° 0<k<10°

when A = 1074, These seem to indicate that PPTEM is closer to Riemann than BEM. To confirm this, we repeat the above
simulations 100 times (namely, simulate 100 sample paths for each of the three schemes) and produce the mean squares
(MS) of the max differences:

1 100 . . 2 1 100 . : 2
— sup XTI (6) = Y (¢ ) and — (su Z(t) =Y. (¢ )
o0 2 (0w X0 = Vi) s D ( sup 12400 — Ya(w)

= 0<k<N
where j stands for the jth sample paths. To reduce the time of simulations without losing any necessary illustration, we
only simulate the paths for t € [0, 1] but we make comparisons for A = 1072, 1073, 1074 and 10~>. The outcomes of the
simulations are shown in Fig. 5.2. They show that our new PPTEM solutions are closer to Riemann solutions than BEM
slightly. They also indicate that our new PPTEM solutions converge to the true solution with the rate of order 0.5, though
we have not proved this in theory yet but we will tackle it in the future.

13
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Fig. 5.1. The computer simulations of the sample paths of the solution to Eq. (5.1) by PPTEM, Riemann and BEM. Left: A = 1073, Right: A = 1074,
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Fig. 5.2. Mean squares of differences for A = 1072, 103, 10~% and 10> with sample size of 100.

Example 5.2. Let us now discuss a 3-dimensional Lotka-Volterra SDE model

dx(t) = diag(x;(t), x2(t), x3(t))[(b — Ax(t))dt + odB(t)], (5.11)
14



X. Mao, F. Wei and T. Wiriyakraikul Journal of Computational and Applied Mathematics 394 (2021) 113566

— x_1
— x 2
B — x_3
o _|
<
. o
= o
x
o _|
[aV]
o
o A
1 T T T T T
0 2 4 6 8 10

Fig. 5.3. The computer simulations of the sample paths of the solution to Eq. (5.11) by PPTEM.

where x(t) = (x1(t), x2(t), x3(t))" is the state of the 3 interacting species and the system parameters

4 0 -03 -0.2 3.8
b=|6|],A=|-03 0 —0.1(, o=|(45].
5 —-0.1 -0.2 0 4.2

Unlike Example 5.1, there is so far no explicit solution to a multi-dimensional Lotka-Volterra SDE model. We hence choose
the SDE model (5.11), where the 3 species will all become extinct with probability 1 (see, e.g., [2,18]). Applying our PPTEM
to the model will enable us to test if the scheme will not only preserve the positivity of the solution but also reproduce
the extinction. For numerical simulations, we let x(0) = (3, 2, 1) and use A = 107>, The simulations in Fig. 5.3 show the
sample paths of the solution for t € [0, 10] by the PPTEM. They support the theoretical results.

6. Conclusion

In this paper we developed two new numerical methods, NPTEM and PPTEM, for the highly nonlinear multi-
dimensional stochastic Lotka-Volterra model. Although PPTEM should be more appropriate for the Lotka-Volterra model
as its solution is positive, we discuss NPTEM first and then PPTEM in order to simplify the proofs as well as to make our
theory more understandable. However, we emphasise once again that the NPTEM has its own right as many SDE models
in applications have their nonnegative solutions.

Acknowledgments

The authors would like to thank the editor and referees for their helpful comments. The first author would like to thank
the Royal Society, UK (WM160014, Royal Society Wolfson Research Merit Award), the Royal Society and the Newton
Fund, UK (NA160317, Royal Society-Newton Advanced Fellowship), the EPSRC, The Engineering and Physical Sciences
Research Council (EP/K503174/1) for their financial support. The second author would like to thank National Natural
Science Foundation of China (61911530398, 61773122 and 11601085). The third author would like to thank the Royal Thai
Government for the scholarship of the Development and Promotion of Science and Technology Talents Project (DPST).

Appendix. Riemann approximate solutions

In this appendix we will prove (5.10), namely that the Riemann approximate solutions (5.9) converge to the true
solution of the SDE (5.1) in I2. Note that ¢(t) defined by (5.7) is the solution to the following linear scalar SDE

do(t) = bop(t)dt + o p(t)dB(t) (A1)
on t € [0, T] with the initial value ¢(0) = 1. It is known (see, e.g., [2, p. 304]) that for any positive integer n > 2,
Elp(t)|" = ent[b+0.5r72(n—l)] < enT[b+0.5r72(n—1)] —K, 0<t<T. (A2)

15
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where =: stands for ‘denoted by’. Applying the Holder inequality and the property of the It6 integral (see, e.g., [2, p. 39])

we can then derive that, for0 <s <t <Twitht —s <1,

Elp(t) = g(s)" < 2" (¢t — s / E|bg(u)|"du

+ 2" 10.5n(n — 1))t —s)"~ 2/2/ E|o¢(u)|"du
=< Rn(t - S)H/Z»

where K, = 2"~'K, (b" + 0"(0.5n(n — 1))"/2). Note that

B( sup |Ya(t) - x(6?) = [E( sup Va(e) —"“k)'z")]l/n

0<k<N 0<k<N

N 1/n
< [mem R

recalling Y,(0) = x(0). Set I(t) = fo ¢(s)ds. It follows from (5.6) and (5.9) that

) $(t)
|X(fk) YA tk | ‘ l/X(O + al(tk) I/X(O) + alpA(tk)

_ ag(t)l(tk) — Yalti)l 2 _
= 1/(0) + (e 1/x(0) + ava(ty) = alx(0)|“p(ti) (i) — Ya(ti)l-

Hence, by the Holder inequality,
EX(ti) — Ya(t)*" < az”IX( I EIG()™) 2 (EN() — wa(ti)|*)/?
O)I*"y/Kan(EII(ti) — Walti) ™)'

for any integer n > 2. But

4n

k—1 ti
ElI(ti) — Walte)| ™ < k! ZE\ / ¢(s)ds — 0.5A(¢(ti—1) + ¢(t:)

G 4n
K 12@\ / 0.5(¢(s) — p(ti-1))ds + / 0.5(¢(s) — (t:))ds

<0.5(2ka)"- 12 i) — ot s+ [ B0 - o)

i1
_(2kA)4”K4nA2" < (2T)"K4n A",
where (A.3) has been used. Substituting (A.6) into (A.5) yields

Elx(t) = Ya(t)”" < (2aT " x(0)|*"/ KanKan A"
Substituting this into (A.4) implies

1/n
E( sup [Va(t) - x(6)?) < [2aT)" (O)[*"y KanRsn A"N]
0<k<N
= 4@ [X(0)[* (\/ KanRan T2 1 A" 1) ",

In particular, choosing n = 16, we get

IE( sup |Ya(ti) _X(tk)|2> < 4a?|X(0)|*(KoaKsa)/32T3/16 A /16,
0<k<N

This implies (5.10) immediately.
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