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Abstract

For the numerical evaluation of Cauchy principal value integrals of the form 3(1 JOx = 2)dx, Le(— 11,
feC*[ —1,1], we consider a quadrature method based on spline interpolation of odd degree 2k + 1, k e N,. We show
that these rules converge uniformly for A € (— 1, 1). In particular, we calculate the exact order of magnitude of the error
and show that it is equal to the order of the optimal remainder in the class of functions with bounded sth derivative if
s€ {2k + 1, 2k + 2}. Finally, we compare the rule to the well-known quadrature rule of Elliott and Paget which only
converges pointwise.
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1. Introduction

In this paper, we consider a particular method for the numerical evaluation of the Cauchy
principal value integral

0= | 1)
= lim < A*E&de+ 1 f(x)ﬂ dx), (2)
e~ 0+ -1 X— 4 A+e X — A

where Ae(— 1,1) and f € C°*[ — 1,1], s = 1. (These hypotheses ensure the existence of I[ f;1].)
For the approximation of these integrals, we will use quadrature formulae Q, of the form

n

QL fiA1:= 3 a4 f(x), (3)

v=1
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where, in particular, the weights a, depend upon A but the nodes x, do not. A sequence (Q,),=; of
quadrature formulae will be called a quadrature rule.

Cauchy principal value integrals appear in numerous practical applications, for example in
various integral equations which originate from such fields as aerodynamics or fluid mechanics
[7,9]. For the numerical solution of these equations it is very important to have a quadrature rule
where for every suitable function f the remainder

R,Lf:AL:=101;4] — Qulf;54] (4)

converges to zero uniformly for all A € (— 1,1). We will show a very simple necessary condition for
uniform convergence in Section 4 below from which it follows that a number of frequently
considered quadrature rules do not have the uniform convergence property (although their
pointwise convergence is well known).

Before we state our results, we will introduce some notation. For every pue N,, we define
pu(x):= x* If L is a linear functional on C'[ — 1,1], we define its degree of exactness deg(L) by

L{p.1=0 VYue{ol,...d}
L[ps+1] #0.

Our main tool for the comparison of the quality of quadrature formulae is the Peano constant of
order s of R, defined as

Os(Ru[-341):=sup{|R,[f; 2]l | f € A}, (5)

where ;= {f|f®~ 1 is absolutely continuous and || f®| < 1}. Here and in the following, | f'||
denotes the usual sup-norm of f.

It is well known that o,(R,[-;4]) < oo if and only if deg(R,[-;4]) = s — 1.

As an immediate consequence of (5), we have the following estimate for the quadrature error:

IR.Lf5 AT <SP N 0s(Ra[ -5 A1) (6)

if deg(R,[-;4]) = s — 1, and the value g,(R,[-;4]) is the smallest possible in this inequality.
This explains why Peano constants are frequently used as a quality measure for quadrature
formulae. The theory of Peano constants is also a very important part of the classical numerical
integration theory, see e.g. [2].
Finally, we introduce the interpolation operator our quadrature rule is based upon. Let s € N

deg(L)=d: <> {

and, for every ne N, n > 2s + 2, define x,,:= — 1+ (2v/n) (v=0,1, ...,n). Then, for every
f e C[ — 1,1}, we define intpol 5! [ f] to be the uniquely determined spline of degree 2s + 1 with
knots xg41,Xs42, ..., Xy,-s—1 Which interpolates f at the points x¢,x, ..., X,. These splines are

called splines with not-a-knot-end condition (see [8] or [4] for the case s = 1). To obtain the
quadrature formula, we simply set

024! [f;41:= I[intpol33y' [f1: 4] (7)

The case s = 0 has been investigated in [10]; Dagnino and Santi [4] have previously considered the
case s = 1. In particular, StrauB [10] and Dagnino and Santi [4] have given explicit expressions for
the weights of the quadrature formulae or a numerically stable method for their evaluation so that
we do not have to consider this here.
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In our Theorem 2.1 below, we have been able to improve Dagnino and Santi’s statement on the
order of convergence [4, Theorem 2], and our Theorems 3.1 and 3.4 below show that this new
estimate is unimprovable. Statements on the general case have been set up in [8], whose results are
also improved and completed by our Theorems 2.1, 3.1 and 34.

2. Error estimates for the quadrature rule

In this section, we will deduce upper bounds for some of the Peano constants of the quadrature

rules Q254 !. First, we note that by definition we have

deg(RI$ [54]) > 25 + 1

and hence Q25! has got Peano constants at least up to the order 2s + 2. For some particular

values of A, the degree of exactness may be even higher.
The main statement of this section is as follows.

Theorem 2.1. For se Ny, n>2s + 2 and j€ {0,1} we have
025+2-(REN'[:2])=O(n > 2"1nn). (8)

In particular, the O-term holds uniformly for all Ae(— 1,1).
For the proof, we need the following lemma.

Lemma 2.2. For j,ke (0,1} and f € A 554, ;, we have
I(f — intpol 334 ' [ fD® || S cjpsn™ 27277 9)

where c;;  depends on j, k and s only.

For the case s = 0, i.e. piecewise linear interpolation, this is a well-known property. The case
s =1 has been shown in [1, (1.7), (1.8)], and the proof of the general case can be found in [5,
Theorem 37 (see also [8]).

Proof of Theorem 2.1. Because of the symmetry of the problem, we can restrict ourselves to the case
A=20.Let fe Ay, and r:=f— intpol 25" [ f]. We have to consider two cases depending on
the distance between the singularity 4 and the end point of the integration interval:

1) A+(1/m<L:

A—1/n A+ 1/n 1
|R,31+1‘[f;/1]|<f ') | ix + ]f ') x|+ f ) |y,

- x— A i—tmX — A atn|X — 4

[\ _J \ v J . J

=:R, =:R, =:R;
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Here, we have:

A—1/n
||r||f S rlin 4+ ) < o072 (102 + )

r“/" r(x) — r(4)

A-1/n X—4

<Irl f
).+1/n

and it follows

R; < dx

l+1/n .
<|v ||j % < 2ejpn B2,
A= l/n

< Cosn B2 In((1 = A)n) < cjosn” > 2 Inn

s 2¢; 15+ CjosIn2 + 2¢ slnn
|R3++11[f;/1]| At J;)12s+2 = £

2 A+({1/m)>1:

2i—1 1
R'%si-l . <R r(x) r(x) d_
REALF3AT < Ry + L_w.x—ﬂ—d" s
& v J | ~ J

=:R, *Rs

with R, taken from part (1). In this case, we have:

R, < -1 p(x) —r(4) 24-1 dx
+= l—l/nx_)“

dx + |r(2)]
A—1/n X—4
l/n

< |7 (/1— 1 +%> + |r(/1)-—r(1)|ln

S F 72— (1 —A)In(l — 4)

< ¢y s 2721 + 1nn),
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(10)

where, for the last inequality, we can use the fact that the function g given by
g(t)= —(1 —t)In(1 —¢t) decreases monotonously in [1—(1/e),1] and consequently in

[1 —(1/n),1] if n > 3. Hence, g(4) < g(1 —(1/n)) = (1/n)Inn for n > 3.

R < f () =i
> 24-1

dx < Q2 =20) |7 | < 2¢j,, 0 2721,
x —_
Putting this together, we have, for n > 3,

R28+1[f;l]Scj’o'SIn2+3cjls (CJOS+cjls)1nn

n+1 +
n2s 2—-j

The statement of the theorem follows readily from (10) and (11). [

(11)
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Remark. It has been shown in [1] that, for the special case s = 1, the statement of Lemma 2.2 also
holds for j € {2, 3}. Using this and proceeding exactly as in the proof of Theorem 2.1, one can also
show that for j € {0, 1,2,3},

Q4~j(Rr?+1 [-;4]) =O(n *"Inn)

holds uniformly for A e (— 1,1), i.e. for (@2, )%, not only the third and fourth but also the first
and second Peano constants are of optimal order.

3. A lower bound for Peano constants

Having shown the order of magnitude of the Peano constants, we will now show that there do
not exist any quadrature rules whose Peano constants are of a smaller order.

Theorem 3.1. Let s € N be fixed. There exists a positive constant c; depending on s only such that the
following statement holds:

Let Q, .1 be a quadrature formula with nodes — 1 < xo <x; < --- <Xx, <1, and let R, be its
remainder. Then, there exist Ae(— 1,1) and f € A such that

|Ru+1 [f52]] Z esn”*Inn. (12)
This immediately yields the following corollary.

Corollary 3.2. For every quadrature formula Q,, we have

sup os(R,[-;4]) = csn *Inn,

Ae(—1.1)

with a constant ¢, which is independent of Q,,.
Adding a further hypothesis on the quadrature formula, we can obtain even more.

Definition 3.3. Let a quadrature rule (Q,)%; be given with nodes —1=: x¢,<
Xya < -+ < Xpn:= 1. We say that the quadrature rule is of almost equidistant type if there exist
absolute constants A > 0 and B > 0 such that for all ne N and all ve {0,1, ... ,n — 1} we have

A

n < Xy + 1,n — xv,n S

s 1w

Theorem 3.4. Let s € N be fixed. There exists a positive constant dg depending on s only such that the
following statement holds:
If (Qn)e=1 is a quadrature rule of almost equidistant type, then for all Ae(— 1,1) we have

s+1

os(R.[31]) = dn~*(Inn —1n3B) (13)

where A and B are as in Definition 3.3.
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Corollary 3.5. Under the hypotheses of Theorem 3.4, we have
inf  oy(R,[-;4]) =d;n *Inn.

Ae(—1,1)

For the proof of Theorem 3.1, we need the following lemma directly deduced from [10, Lemma

2].

Lemma 3.6. Let — 1 <xo<Xx; < -+ <X, <1 be given. For 0 <j < 2n+ 2 define t;:= — 1+
j/in+ 1), and for 1 <j<2n+2set A;j:=(tj—y,t;). Then, the following statement holds:

There exist m intervals {A¥|i=1,2,...,m} < {4;|j=1,2,...,2n+2} and Ee[ — 1,1] with
the following properties:

(1) xu¢gd¥for k=0,1,...,nandi=1,2, ..., m,

@ mz=t(n+1) and

B 0<t—~E<3if(n+1) fortedrandi=12, ..., $(n+1)].

Proof of Theorem 3.1. Let B, be the basic spline with knots 0,1, ...,s + 1, and define
M, = essSuUP,cio.s+ 11| BY(x)|, the derivative being understood in the generalized sense. We have to
show the existence of 4 and f with the desired properties. Let us first consider the number & from
Lemma 3.6. We will assume & > — 1, the case £ = — 1 requires only minor modifications. Now,
set A:= £ and define (using the notation of Lemma 3.6)

B((s+3)(n+1)(x—t;-y)—1) '
f AT TR,
M (n + 1)°(s + 3)° or XE[[, l,t]] if ti-1

f(X):: and (tj_l,tj)G{Al*},
0

else.

Using this definition, we have f € # " and f(x,) = 0 for all v. Consequently, Q..+ ;[ ;4] = 0. Using
Lemma 3.6, parts (2} and (3), we have

[Rus 1 L5 A = [ILf54] — Qusa LS5 411

m L(n+1)/6_|1
-3 f(x) dx?m D ; f(x)dx
a3

j=1 A’;x_/l 3 j=1

1 Lin+1)16 41
CAMGs+ )T DI+ )T S

S In{in+7)]
ZAIM,G 13 s+ )!(n+ 1)

which is the statement of the theorem. [

Remark. StrauB [10] has claimed this for the cases s = 1 and s = 2, but there is an error in his
proof because he constructs a function ¢, which is not in ' as he claims.
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The proof of Theorem 3.4 can be done in a very similar manner using the additional assumption
on the nodes instead of Lemma 3.6.

Remark. The function f defined in the proof of Theorem 3.1 also fulfills f’(x,) = 0 for all v and
fY9(4) = 0 for all j. Hence, the statement of Theorem 3.1 (and the statement of Theorem 3.4) still
holds if the definition of the quadrature formula is extended to include derivatives and a free node
of arbitrary order, i.e. if formulae of the type

n k

Qlf;2]1= 2 (a () f(x,) + b (D) f () + Y (A V(1) (14)
1

v=1 v=

are used rather than those from (3).

4. Uniform convergence

We have now seen that there exists a uniformly convergent optimal order quadrature rule for
Cauchy principal value integrals. The uniform convergence property is very important in the
solution of Cauchy-type integral equations, but not all quadrature rules have got this property. As
a counterexample, we will now consider the rule (QEF) of Elliott and Paget [6] which is character-
ized by its nodes being the zeroes of the nth Legendre polynomial and its degree of exactness being

= n — 1. It is well known that for this rule, we also have

0s(RFP[-;41) = O(n™*Inn)

for every fixed s (see [3, Theorem 2.3]), but this only holds pointwise and not uniformly. This can
easily be seen from the following statement.

Theorem 4.1. Let Q, be a quadrature formula which does not have a node at the point x = — 1. Then,
for all se N,

Remark. For reasons of symmetry, an analoguous result holds if x = + 1 is not a node of Q,.

Corollary 4.2. If for every n € N one of the points + 1 is not a node of Q,, then o,(R,[ -; A]) does not
converge to zero uniformly for Ae(—1,1).
Proof of Theorem 4.1. Let x; be the smallest node of @, and let 6:= x; + 1. Define

0 ifx?xl,

J(x)i=47 26 ¥ 1 s+ 1
<s+1>EBS<7(x+1+5)> if x <x;,
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where B and M, are defined as in the proof of Theorem 3.1. Obviously, Q,[ ;4] =0and f € /1.
Thus,

Os(Ra[ ;A1) Z (R, [ f5ADl = [IL f; 2]
f(x) dx‘=‘ o f(x)—=f(4)
x— A

_lx_i

14+
|xq — 4]

dx — f(A)In

-1

Zf(i)‘lnli” __J‘x‘ M'dx
[ — x| -1 X — 4
;f(l)‘lnl—H|—5||f/||-
(A — xq]
Hence,
Jim ouR,[:42)> tim (2 lnu.ljjlil ~5171) =

since
26 V1 s+ 1
-1 = —B .
=2 )55 ) >0 o
In order to illustrate this behaviour, using suitably adapted methods from standard Peano
kernel theory, we have computed some Peano constants for the Elliott-Paget rule as well as for
Q. . 1 (the simplest rule of those under consideration in this paper) and different values of 4. For the

computation, we have used the MATHEMATICA software package [11] which guarantees the
required accuracy. The results are given in Tables 1 and 2.

Table 1
01 (RL[;4]) for me {5,50,150} and 4 € {0,0.5,0.9,0.999,0.999999 }

A 5 nodes 50 nodes 150 nodes

0 0.906205689 0.106280442 0.042522716
0.5 0.871377865 0.095630046 0.039022727
0.9 0.665255668 0.084301498 0.035949679
0.999 0.541480654 0.071257879 0.028124487
0.999999 0.539359575 0.069588031 0.026618531
Table 2

01 (REP[-;A]) for ne {5,50,150} and e {0,0.5,0.9,0.999,0.999999 }

A 5 nodes 50 nodes 150 nodes

0 0.712324122 0.148469902 0.061214677
0.5 0.997568219 0.221382703 0.057030160
0.9 1.121191341 0.084807772 0.063762076
0.999 15.007892409 0.347592935 0.042810338
0.999999 31.800253774 28.777635487 28.029703245
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