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Abstract

Let w be a nonnegative integrable weight function on [ — 1,1] and let p,, ,(x) = x"*!

+ .-+ be the polynomial of
degree n + 1 orthogonal with respect to w. Furthermore, let p{"’(x) = x" 4+ --- denote the polynomials associated with
Pus g and p{t"*(x) = x" + --- the polynomials orthogonal with respect to the weight function (1 — x?)w(x). In this paper
we give necessary and sufficient conditions such that the zeros of p{* and p¢! =" strictly interlace on [ — 1, 1] for large n.
In particular this problem is studied for the Jacobi weights w, 4(x) = (1 — x)*(1 + x)?, a, fe(— 1, ). In this case
P = gl fn 4 ).

For a large class of parameters, including, e.g. the ultraspherical case « = f, it is shown that the interlacing property
holds for each ne N. Also a fairly complete description of the parameters for which the interlacing property does not hold

is given.

Keywords: Zeros; Interlacing property; Orthogonal polynomials; Functions of the second kind; Associated polynomials;
Jacobi weights; Jacobi polynomials; Ultraspherical polynomials

1. Introduction and notation

Let o be the distribution function of a positive measure (which will also be denoted by ) on
[ — 1, 1] whose support contains an infinite set of points. Let p,(x) = x" + --- be the monic
polynomial of degree n orthogonal with respect to g, i.c.

Vi=0,..,n—1 fl x/p,(x)de(x) = 0. (1)
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By pi! “*?(x) = x" + --- we denote the monic polynomial on [ — 1, 1] orthogonal with respect to
(1 — x?)o(dx), and, as usual, by p{(x) = x" + --- the monic associated polynomial (of order one)
of p, defined by

1 Jl pn(x) - Pn(t)

AL =g | T dol), @

where do = o(1). It is well known that the orthogonal polynomials p, satisfy a recurrence relation
of the form

pn(x) = (X - o(n)pn—l(x) - ’lnpn—z(x)a pO(x) =1, p-1=0, (3)

where o, e R and 4, > 0 and that the associated polynomials satisfy the shifted recurrence relation

P(x) = (x — s )P 1 (%) — A1 P2a(x), p§V =1, p4) =0. (4)

Let us recall (cf. [2, pp. 86-87]) that the associated polynomials p" are orthogonal with respect to
a positive measure ¢! whose support is contained in [ — 1, 1]. To the measure ¢ on [— 1, 1] we
assign the measure

(1) —o(cos @) if @e[0,n],

a(cos @) — a(l) if pe[ —m,0], (5)

w(o) = {

on the unit circle. Obviously, if ¢ is absolutely continuous on [— 1, 1] then u is absolutely
continuous on [ — «, ] with

U (@) = o’(cos @) |sin ¢|. (6)

If we denote the Stieltjes transform of ¢ by

1
1
0 do)i= | ——dotx) WyeC\[- 1,1}, )
_l —
put
1 T el 4z
Fle,d)i= 5 J_neiq,_zdu«p) for |z] < 1, ®)

where ¢ = (1/2m) [, du(e), and set z =y — /y* — 1 for ye C\[— 1, 1], we get the following
relation between Q and F (cf. e.g. [4, p. 64]):

Flz, dy) = di S = 10(y.do). o)

Moreover, assuming that u is absolutely continuous and '€ L,[ — m, ], p > 1, we have (cf. [12] or
[7, pp. 21, 124]):

. . 1
RF (e, du) = lim RF (e, dp) = — /() ac.on [— 7], (10)
0

rf1
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JF(e%, dy) = lim,,, FF(re'’, dy) exists a.e. on [— =, 7] and
ip 1 ’
M _ 1 g[ AU} dt, (11)
sin @ TCo -1t—Xx

where x = cos ¢, pe[— 7, 7] and 2{ denotes the principal value. Hence

2(x) = lim 4(Q(x + i6) + Q(x — ig) = 2 J ® 4 (12)

£l0 t—Xx

Next denote by P,(z) = z" + --- the polynomial on [ — x, n] orthogonal with respect to dy, i.e.

T

Vk=0,...,n—1 f e~i*eP, (ei) dp(p) = 0. (13)

It is well known that the P,’s satisfy a recurrence relation of the following type:
Py(z) = zP,_(2) — a,—1 P~ 1(z) VneN, (14)

where a,e(— 1, 1) and where P*(z) = z"P,(z~ !) denotes the reciprocal polynomial of P, (the reason
that the parameters a, are real and have absolute value less than one consists in the fact that u is
odd and has an infinite set of increase (cf. [4, Sections 30-31] and [17]). Furthermore, let
@,(z) = 2" + --- be defined by the recurrence relation

Qu(z) = 2Q2,-1(2) + ap- 127~ 1(z), neN. (15)

Q, is called polynomial of second kind, respectively, associated polynomial of P,. As in the real case
the system of associated polynomials €2, is orthogonal with respect to a measure ji which is defined
in terms of u as follows (cf. e.g. [9, Lemma 2] or [1, 14]): There is a unique measure j such that for
all |z) < I

F(z, dp)F(z,dp) = 1, (16)
and this measure /i is the one we are looking for. If the limit functions RF(e'?, du) and R1/F(e', dy)

exist a.e. on [ — m, m] and belong to L, for some p > 1, then (cf. e.g. [12, Lemma 2.1] and also [1])
u and fi are related by

1., | 14 ()
& O =R e an T Gl FE A+ (7

Now let us return to the polynomials p,. We recall the following relations (cf. [4, Sections 30-317,
[5, pp. 90-93] and [17, pp. 294-295]):

pa(x) = 27" 1Rz IP,, -4 (2),

—n+1 (18)
(1 —x2) — -n+1
Pn-1"(x) sin @ J(z P3n-1(2)
and
—n+1
P2 i(x) = Fz7"1Q,,-1(2)), (19

sin @
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where x = 3(z + z7 1), z = € and ¢ €[0, n]. Putting

Pa(x) = 27" IR0y, (2)), (20)
(18) and (19) immediately imply:

Pi(x) = pr(x) and  BiY,(x) = pitT(x). (21)

Using the relations (21), (17), (10) and (6) we conclude that the polynomials p{!’ are orthogonal with
respect to the weight function:

@)= P T=x =2 T @)

if both p and ji are absolutely continuous with y, i’'e L,[ — m, ] for some p > 1. For the
determination of the absolutely continuous part of the dlstrlbutlon function ¢/ by a complete]y
different approach we refer to [8] and also [6]. Let us denote by x; ,, x{1), x; ., X$1),j =1,

the zeros of p,,ptV, b, pt, where the zeros are arranged in increasing order ie.
X1,0 <Xa,p< o+ < Xpn etc. For the following let us also recall the well-known interlacing

property of the zeros of p, and p{t’, (cf. [2]):
—1<X1 <x1,, 1<"'<x(1)1n 1<x,,,,<1 (23)

This paper is organized as follows. Stimulated by a conjecture of Ronveaux [8] we will investigate
in Section 2 the interlacing property of the zeros of both p, and §, and of p{"’ and p{¥ = p! ~*?. Asiit
turns out the question whether x; , < X; , or x; , > X; , holds for large n, only depends on the sign
of 2 (2 is defined in (12)!). In Section 3 we apply this result to Jacobi weights wa, g» Or more precisely
to the monic associated Jacobi polynomials pi') ; and to the derivatives p,; , s of the Jacobi
polynomlals We get a description of the set of parameters for which Ronveaux’s conjecture: If
Vo + B + 1220 then

)
VaVi=1,...,n X, 5<x).s (24)

does not hold, respectively, holds for large n — recall that by [17] and (21) we have

1
1 pn+1 a,f pnla 5 = pr(llo)z B (25)

Then by a different method, based on Markov’s sufficient condition for the interlacing property
of the zeros of polynomials orthogonal with respect to different weights, a set of parameters
is described for which (24) holds (Theorem 3.6). The remaining part of this section is devoted
to prove the existence of an absolute constant ceR such that for all (a, f)e(c, 0)x(—1, — %)
(24) holds (Theorem 3.7). Finally a drawing is included showing the set of pairs («, ) for
which (24) holds, respectively does not hold and conjectures on the remaining open cases are
given.
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2. Sufficient conditions for the interlacing property

Lemma 2.1. Let neN. The zeros X; u, Xj.u X5 — 1, X0 _1, 0f Pus PusDS2 1, P42 1, satisfy the following
relations:
. 1 ~ 1 ~ ~
M V=1 ..,n—1, xD_ XD eln X 1,00 Ejons Xjr1,0),
(2) VJ = 1, PR (N Xj,n, .fj,ne(x]'_l’n, Xj+ L,,)ﬁ()?j_ly,,, x~1+ 1’"),

where Xg = Xg = — 1l and Xp11,n:=Xps1,n:= 1.

Proof. (1) In view of [4, 5.6] and of (18)-(20) we have
0 <const. =z "~ V(P,, _(2)Q%,_1(2) — 22, 1(2) P%,—1(2))
= RE" Py 127 Q20 1(2)
= 22""2(py(x) Bulx) + (1 — x*)pi2 1 (x)PL 1 (x)),

where z = €'?, x = cos ¢ and ¢ €[0, n]. Considering the last expression at the zeros X;, , of p, and

taking into account (23) with respect to &, we get that x{!)_, e(X; ,, X;+1,,). Now the assertion

follows from (23). The proof of the second statement follows the same pattern.
(2) X xj,, < Xj_1,, OF Xj_q,, = X , for some je{2, ..., n} then
(xj— i,ns xj,n)m()zj~ 1,n x~j,n) = @,

which is a contradiction to part (1). []

Remark. From Lemma 2.1 we also get the more or less known interlacing property (cf. [16]) of the

zeros of p, and pi¥; = p*7* and of p, and P, ie.:

~(1 =(1 5 1 1 &
Xiw <X -1 < o <Xy o <Xpp oand Xy, <xhoy < <2y ,op < Fpwe (26)
Now the question arises under which conditions the relations

>) (>)
ot 1 (1
Xjn < Xj,n x;‘,r):—l < x_(i,’)l—l

hold. As the following theorem shows this depends on the sign of 2 only.

Theorem 2.2. Let o be absolutely continuous such that
e (logo'(x))/\/1 —x*eL.[ —1,1].
o Vxe[§,E]1c—1,1] J1—x%’(x)>0and 6’eC[&,, &),

Then there exists an noe N such that for all n = ng and all je {1, ... , n}:

) I o PN
Xjn<Xj;, and Xin-1 <Xjn-1,
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respectively, if X; n, X; 0, X$)_ 1, X400 _ |, respectively, belong to a compact subinterval of the interval

(&1, &) on which 0'2) 2.
Proof. Set a = arccos &; and b = arccos &,. In view of the assumptions we have (cf. the proof of
Theorem 2.1(b) and Remark 2.1(b) in [5]):
. QX" ;
o P~
uniformly on [a + J, b — §] for all 6 > 0. It follows that there exists an n, such that for all n > ny:

sign <f ﬁig::;) = sign (S F (")) (27

on every compact subset of (a, b) on which #F does not have a zero. Since
) e
0 < J(Q3,-1(€*)P%,-1(c))

=R(z7" Q5,1 (€9)F (27" Py, 1(€9) — Rz 1Py, - 1(ei¢))f(2—"+ 1Q,5,-1(€%)
= (Fu(2) P52 1 (X) — pa(x) P52 1 (x)) sin @, (28)

we conclude by considering (28) at the zeros of p, and p» ,, respectively, and taking into account
(26) and Lemma 2.1 that

>) . a) >) ~(1)
x]',n<xj',,, and Xjn—1 <xj",,_1,

respectively, if (28) holds. The assertion follows from (27) in conjunction with (11) and (12). [

Remark. If £; = — 1 and &, = 1, respectively, then the open interval (¢4, &,) in Theorem 2.2 can be
replaced by the half closed intervals [ — 1, &) and (&4, 1], respectively and by [ —1,1] if
—~h=&L=1

If the assumptions of Theorem 2.2 are fulfilled and if 0(><) 2on(xj_1,,— & Xj42,, + ¢ for some
¢ > 0 and sufficiently large n, then Theorem 2.2 and Lemma 2.1 imply:

~ 1 ~ 1 ~
Xjn < Fjon <X <Xy <Xje 1w < Fjr 1
Rjn<Xjp<XV_  <xt <% .,<x;
Jin jsn jon—1 jon—1 j+t1,n jt1,n
respectively. Furthermore, let us mention that if ¢ is absolutely continuous and if ¢’ is of the form

v(x)/</1 — x? for some continuously differentiable function v > 0 on [ — 1, 1], then we only have
to look for-the uniquely determined function F, analytic in the open unit disc, which satisfies

Voe(0,m) RF(€"¥) = v(cos ).

The asymptotic interlacing behavior of X; , and x;,, and of X{!)_, and x{!)_ |, respectively, will
then be completely described by the behavior of sign £ F(e'?) on (0, ). Let us note that the first
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author succeeded in analyzing the interlacing properties of the zeros of the orthogonal polynomials
pa(x; wy), respectively p,(x; w,) for arbitrary weight functions w,, w, for the Szegd-class by develop-
ing the basic idea of Theorem 2.2 in a suitable way (cf. [13]).

3. Interlacing properties of the zeros of the derivatives and of the associated polynomials of Jacobi
polynomials

Fora, f > — 1 and xe( — 1, 1) let us define

wa,ﬂ(t) dt
t—Xx

0w p.x)= 12|

b

where w, 4(t) = (1 — t)*(1 + t)? is the Jacobi weight. The following nice closed formula for 2 has
been given by Grosjean [2, (27)]

1 X
2w, B, x) = o Wa,ﬂ(x)<Z(°<, B) — c(o, B) L m dt>, (29)
where
Z(a,B)= f R By and cln =20 LELITEED

Using this representation we obtain

Lemma 3.1. If (o, fle(— 3%, c0)x (=14, o0)u(—1, = x(—1, — 1) then 2 has exactly one zero in
(— 1, 1), and for the remaining values of o and f 2 does not have a zero in ( — 1, 1).

Proof. By (29) the function x > 2(a, f§, x)/w,, g(x) is strictly increasing if « + § + 1 < 0 and strictly
decreasing if « + f + 1 > 0. Hence 2 has at most one zero. If & < 0 then

1 ) ]
a1 Wap(®¥) 51 2°m(l — x) -1 t—x
2a+1 1 1 Y » 1 . Y
=2 lim a.@j i-(l—s—)—ds=llimy'“g’f U= 4
. 1/y ta 1 _ B 1 0 a
= lhm Wj _g_y_tl dt =— Wj d dt = cot(am).
T L0 0 1—1 i o 1—1t

If @ = 0 the limit is — co. A similar argument shows that

2, B, x) _ { —cot(fm) if <0,

lim )
o0 otherwise. O

x—1 Wep(x) B 0

As an immediate consequence of (29) and (30) we get the following corollary.
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Corollary 3.2. If —1 < <0 then

—————“Q(“’ﬂ’x)=cot(/3n)+C(°:;B)r i ! d

Waz,[}(x) _ t)a+1(1 4 t)ﬁ+1 .

Let us recall that p, , s(x) = x" + --- denotes the monic Jacobi polynomial on ( — 1, 1) ortho-
gonal with respect to w, 4, and p{; , g(x) = x"~! + --- denotes its associated polynomial defined
by (2). By [6, 8] (compare (22)) the latter are orthogonal with respect to the weight function

Wa,ﬂ(x)
Wa,ﬂ(x)z + Q((X, ﬁ’ X)2 '

x4 . g denotes the jth zero of pil) 4 and in view of (25) ) , , is the jth zero of pj 4 1 4, 5- Let us also
note for the following that ( — 1)"~'p}, , s( — X) = p} p.(x) and ( — 1)"p1) 4( — x) = p{'}, .(x). Obvi-
ously, /1 — x*w, 4 satisfies the assumption of Theorem 2.2 on any interval [ — 1 + ¢, 1 — ¢] for
arbitrary ¢ > 0. Combining Theorem 2.2 and Lemma 3.1 we get immediately a description of those
parameters for which conjecture (24) on the zeros of p'} s and pj,+ ;. s does not hold, respectively,
holds for large n on compact subintervals of ( — 1, 1). More precisely we have the following

corollary.

wilh(x) = const. (31)

Corollary 3.3. (1) If (x + 3)(B + %) > O then for n > ng none of the following statements is true:
Vigisn x>0 5 or VIigisn X, <X .
) If (a, pe(— 1, — P x(—3, o) then for all n > ny:
XD s < )Ej.,‘,’,,a,ﬂ if Xjmaps XjmapEl — 1+ 61 —¢]

Itis very likely that the interval [ — 1 + ¢, 1 — €] can be replaced by [ — 1, 1]. Hence Ronveaux’s
conjecture (24) has to be modified in the following way.

Conjecture 3.4. For allneNand allj =1, ... , n we have

) )
L (1)
Ximap <Xjnap ONtheset0<2.

If we want to have an inequality sign for all zeros, this conjecture transforms into the following.

Conjecture 3.5. If (o, fe(— 1, — 4 x(— 4, o), then we have for all neN and all j =1, ... ,n:

(1) =(1)
xj.n,a,ﬂ < xi,n,a,ﬁ'

It is also worth mentioning that in contrast to the assumption of Ronveaux [8], the sign of
o + f + 1 seems to be secondary since

sign(a + B + 1) = — sign(c(a, B)) = sign 2'(«, ),

but, as we have seen, the inequalities for the zeros depend only on the sign of 2(«, ). Theorem 2.2
gives us some information for large values of n only. In order to prove Conjectures 3.4 or 3.5 we
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have to look for a different method. One possible tool is provided by a well-known theorem of
Markov (cf. e.g. [17]), which states the following: Suppose we are given two weight functions
W and w on ( — 1, 1), which satisfy

)y d W(x)
Vxe(—1,1) 0< W)’

(32)

thenforallneNandallj=1, ... ,n:x; ,,(><) X nand x; , denote the jth zero of the nth orthogonal
polynomial with respect to w and W, respectively. If both weight functions are even then

()dW()
w(x)

In the case under consideration we set W(x)=(l — x*)w,p(x) (recall that by (21)
(1 — x%)w,, g(x) = Wi h(x)), w(x) = wil}(x) and obtain from (29) and (31) that (32) is equivalent to

(@ pX (@ B, x)

Vxe(0,1) 0<

:-me\ﬁz[?%i]szxm. (33)

Vxe(—1,1) —(y~ 5x)(2X2(oc, B, x)(y — 6x) + - , (34
where
y=f—0a o=a+p+1 and X(a,p, x):= —i“’ﬂg;.
o, B

By this approach we get the following positive results (note in particular the positive result for the
ultraspherical case).

Theorem 3.6. (1) Let « > — 1, then for allneN and all j = 1, ... , [3n]:

. >)
g0 P ifao< —3.

J.n,a,a Jin,a,a
In view of the symmetry of the zeros the converse inequality holds for all j > [3n].
(2 Foralloao> —%,allneNandallj=1, ... ,n

(1) 5 (1) (1) ~
Xjma,~1/2 > Xjna 12 and Xjn —1/2,a <x5~,1,),,_1/2,a.
If « < — % the converse inequalities hold.

() Ifae@3, 1) then for allneN and allj=1, ... ,n
x{H < x and xM > x4

jona, —a jna, —a jn, —a,a Jjm —a,at

@ Ifp<s -t a>tanda+p+1<0thenforallneNandalj=1, ... 6n

(1)

(1) 1 ey
X g <X . p and XS > X

NN N j.n Ba’
Proof. (1) In this case Z(x«, f) = 0 and therefore the function X reduces to

c(a, B) aam

x 1
X =
Tt fo (1 _ t2)a+1 dt

I(a, x).



70 F. Peherstorfer, M. Schmuckenschliger/Journal of Computational and Applied Mathematics 59 (1995) 61-78

Therefore for o > — 4 (34) can be written equivalently

I(a, x) s

—_ - 1 2 —_—.

1 — X 2a + 1) I(a, x)* < ax + l)c(a, 5
We will prove that the left-hand side is actually bounded by 1. Define

_ (e x) 2

F(o, x) := (1 — ] Qo + 1) I(a, x)°.

Since F(a, 0) = 1 it is enough to prove that for all xe (0, 1): (6/0x) F(«, x) < 0. This is equivalent to
I(a, x) 201 (o, x) 1 (4o + 2) I{a, x)

- - <
x2(1 _ x2)a (l —_ x2)a+1 + x(l — x2)2a+1 (1 _ x2)a+1 0

X

= < I(e, x)(1 4+ 2o + 1)x2).

<~

Since o = — 1 this comes down to

X
(1 — x?)*(1 + Qa + 1)x?)
which in turn follows from

0 1

—_ < —

axf(a’ x) ~ (1 . x2)a+l

Simplifying one gets that this inequality holds as long as for all xe(0,1): — ax? < 1. This
completes the proof of the first assertion.
(2) Since

f(o, x) =

< I(e, x),

x 1
J(O(, X) = f—l (1 _ t)l +a(l + t)1/2
we obtain the inequality
J
(1 — x)*(1 + x)!/?

which proves part (2). This could also be proved by using well-known relations between
Pna, 172 A0d P2y 4o and Payyy 4,0 TESPectively (cf. [17, 4.1.5]).
(3) In this case we have

dt =227 (a, x),

- JZ(a + %) < 4_1’

1 1+ x\*
X(x, — o, x) = — cot(am) + sin(om:)(l — x) ,

and (34) translates to

2a [3
Vxe(—1,1) <i ti) x—2cos(cx1t)<i ii) (x+a)+x+20>0.
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Since cos(xm) < 0 the inequality trivally holds if x > 0. If — a < x <0 then the left-hand side is
bounded from below by

2a
x(1+<1+x> >+2a>x<1+1+x>+2a>2x+“>0.

1—x 1—x 1—x
It remains to prove the inequalityin thecase — 1 < x < —a: Puttingx = — y,z=(1 — y)/(1 + )
and C = — cos(am) we obtain the inequality
2 Qo — 2
Vi<a<y<l <za+c<1—ﬁ>) <= y+c2<1—9‘-> .
y y y
Since (a + b)* < 2(a® + b?) this inequality follows from
2
Yo —
2% 4 c2<1 - 9) <=7 (35)
y y

For4 <a <y <1 we have
y —y _ax—-y)
1+y = 14a
Therefore (35) holds provided

1 —oyQa —y)
a<y<l C*<g .
asy 1+a(y—a)?

Now the right-hand side of this inequality is bounded from below by

v

N

yRo—y) _ 20—1_a—3
> = .
1—o® T 1—0a*" 2 ¢

Hence (36) immediately follows from sin?(3trx < t/(1 — t), which is true for all 0 <t < 1.

(4) Since y + 6 < 0 and y — é <0 we conclude that for all — 1 < x < 1: y — dx < 0. Also, by
Lemma 3.1, ¢X (1) < 0 and since J is an increasing function of x, the left-hand side of (34) is always
negative; on the other hand the right-hand side is positive. [

For Theorem 3.6 (4) and (1) in the case « < — 4, cf. [11].
The remaining part of this section is devoted to the proof of the following.

Theorem 3.7. There exists an absolute constant cye R such that for all (o, B)e(co, 0)x(— 1, —3),
allneNandallj=1, ... ,n

(1) (1) (1) (1)
Xjn,a,p > Xjna B and Xjn, 8.a < XjonB.a

In what follows we assume f < — 4 and « + f + 1 > 0; in this case — y > § < 0 and therefore
y —ox <Oforall xe(— 1,1),also X( — 1) > 0. Putting { = — 7/d > 1 then by Conjecture 3.4 (34)
is equivalent to

c(a, B)
(1 +a+ B)(x + Owe p(x)

X?(a, B, x)—n X(a, B, x)+1>0. (37
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Putting : = — B — $€(0,4), Co() := (1/m) cos(ym)I'(} — #) and
_ cp) [*_ 1
$lo 1, x) == A+ B))-1Witg1+5(0 a
c(o, B) !

Yo, n, X) == P, 1, x) — T+ B (1 + o+ B)(x + Ow, p(x)°

(37) translates to
Cédy + Cosin(nm)(¢p + ¥) + 1 > 0.
Putting x = 2y/(1 + a) — 1 it is easily checked that

y
lim (a1, %) =f 12 dE = boln, y)
0

and
] y B eyyn+ 1/2 Yot — n _
hm (o, 1, x) = fo et de - y+n Z%L t +n)? e't"" V2 dt = Yo, y).

Moreover, for all compact subsets K of Rg and all ¢ > 0 we have

lim inf Do, 1, VY (o, 1, ¥) — (1 + &)do(n, Y)¥o (1, y) =0,

a= o (1,9)€(0,1/2]1x K

where iy~ := min(y, 0). In the limit « > co we therefore obtain the following inequality:

C3dotho + Cosin(nm)(do + Yo) + 1 > 0.
By “blowing up” y — nx this transforms into

sin(nm)

HCon"2 ¥ + L Con® ¥ + Con"/nsin(qm)® + 1 >0,

where

* * p—1
d)(n,x):=f " 12emdt  and W(n,x):=f (- 2emds,

0 o (t+1)?
Putting Ko(n) = Co(n)n" we get that (41) is equivalent to

2

cosZ(nm)
Ko® + (sin(ym))/</n

Let us make a few simple observations:
e If (42) holds for some K > K, then it also holds for K, instead of K.

+ /7 sin (mr)) .

(38)

(39)

(40)

(41)

(42)

e If (42) holds for some upper bound & of @ instead of @, then it also holds for ®. This follows

immediately from the fact that the left-hand side is a decreasing function of @.
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e Since — ¥ and & are increasing on (0, 1) it suffices to prove (42) for x > 1.
The following lemma gives some more information than will actually be needed.

Lemma 3.8. Let 0 < n <3 and let x(n) be the zero of the function — ¥(n, x). Then the following
holds:
(1) For n <% we have x(n) < 1/9 + log 1/n.
(2) There exists a constant ¢ > 0 such that for all n: ¢~
(3) For n <% and x > 1 we have

— ¥, x)< 2\/;

m(l — X + ﬂlOgX)

P>ux(n) = ¢

Proof. (1) For x > 1 define

x—1 s
f("’x)'_fo J1+ 52 + 5)? J\/§(1+s)2

Then — ¥(n,x)= —e"f(x — 1,7n) + g(n). Since all partial derivatives of f with respect to # are
positive, we obtain by Taylor’s theorem

(1 +s)"ds and g¢g(n)= e™s" ds.

0
f(n,x) =10, x) + 5_f1f(0’ x)
=12+ —4+=—— — log(1 ,
2+ x +"< o (4 X~ log( +x))>
Since the third derivative of g is negative on the whole interval (0, 1) we get
g(n) < gO) + g0y + 39" (0)n* = 1 — 3y + %y

Combining these with the estimate €” > 1 + n + 4n? we conclude that — e"f(n, x — 1) + g(n) is
bounded from above by

25

32 2
(1—nx+rplogx 2n) + n? <3 \/_2+x—logx)> 43)

For x > x, the coefficient of #2 is smaller or equal than zero and for x > 1/ + log 1/x the first term
is bounded from above by

n<10g<1 +7 log%) — 2) <n(log(l +e 1) —2)<0.

Hence x(7) < 1/n + log 1/n. Setting a = $log(1 + e ') and b = 1 — a we can determine x, to be
the zero of the function

RNy

3

(2+x—10gx+2bx)

ie. xo < 5. Thus, if n < £ then 3% — 2\/;/(1 + x)(3 + x — log x + 2b/n) is negative for all x > 5.
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(2) The upper bound is a consequence of part (1). As for the lower we get by Kimball’s inequality:

'//o(n,y)éeyy"‘m(l_e:y— ! >
n+i  y+n

This implies x(n)n > log 2.
(3) We note that (43) can be written as

2 32 2
\/—(l—nx+nlogx)+n< f<2+x—logx+$>>

3

and for n < % the coeflicient of 52 is negative for all x > 1. [J
Remark. Actually #x(n) converges to the first positive zero of the function
Jx t~12etdr —e*x 112,
0
which is easily shown to be smaller than 1.

Lemma 3.9. For all x > 0 and all n€[0, §] the following inequalities hold:
B, x) < 2x127e™(1 — e ¥ and  — P(p, 1) <2 — /o)™

Proof. First of all we consider the two extremal cases y = 0,ie. = —3andnp=4,ie. f= — 1;

though the second case is excluded (42) is still defined!
o If 7=0then & =2./x, — ¥ =2,/%/(1 + x) (and (42) holds provided K < 1/,/2).
o If =1 then & =2(e’*> —~ 1) and — ¥ =2 — 2e¥?/(1 + x), (in this case (42) holds provided

K </2/(/e— 1.
By Hélder’s inequality both the function ¢ — @(t, x) and t — — Y(t, 1) are log-convex. Hence
the assertions follows by considering the extremal cases. []

Proof of Theorem 3.7. First we will prove the following claim.

Claim. (42) holds for
K(n) = e V2eo?tm*1dn’  gnd  $(y, x) := 2x1/2 e

instead of Ko and ® (by Lemma 3.9, ® is an upper bound for ®!).

A lower bound for the expression on the right-hand side of (42) can be obtained as follows:
the elementary inequality €* > 1+ x and the inequality between the geometric and the
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arithmetic mean imply:

2 cos?(nm) . 2 sin (4m) K&/
E<K5+sin(nn)/\/ﬁ+ "sm("n)>> 2 <CXP< Ké./n > 05" 0m) + ) SmZ(M))

2 : cos2 (ym) Ké sin2 (yn) 9) ) :
2 (exp( sin (ﬂﬂ)>> < : N > > oxp <sm 2 () — sm~(111t)>‘
K Ktb\/— sin(nm) K¢ K‘Pﬁ

Thus (42) holds if

=
S

=

2 sin(nn))
— ¥ <= exp| sin?(ym) — — )
K2 p( n K‘Pﬁ

For n <% and x > 1 we get by Lemma 3.8:

— ¥, x)P(n, x) < 2x”2"’e""12—+[ix(1 —nx +nlogx) =

4
xx x7"e™(1 — nx + nlogx).

Since for all ¢t = 0: (1 — t)e' < e~ "? we conclude that the above expression is bounded by

4x
1+ x

e~ 72 (x — log x)2/2

Combining this with the estimate (44) we see that the inequality

sin{ym)

x—1/2+ne—r]x 2 0
2K\/ﬁ

sin®(ym) + $n%(x — logx)* + log( I > + log<1 + l) -
2K? X
implies (42) for all x > 1 and all < 4. Since # > 0 and x > 1 we have
x~ 1/2+ne—r1x < x~ l/Ze—n;

though its enough to prove

esin?m) + n*/2 | Sin(”lﬂ)
| e 2y IR 12,9 = 0.
og( 2K )“"g (1 +x> T R (45)
1

In order to show this we first notice that for all # < 3

An) = M o1+ (cosTam)/2 —n
2/n

is smaller than 1. Now define

1
£, = log G(l . ;» \/(r/)'
X
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If f, has a local minimum at y, then 2/(1 + y) = A(q)/\/ ; The value of £, at the point y is therefore given by

1 2
log (';— <1 + ;)) - m = h(y).

Since f,(1) = 1 — A(y) > 0 and f,( 00 ) > 0 it suffices to prove that for all y > 1: h(y) > 0. But k(1) = 0 and
W(y) = Ofor all y > 1. Thus finishing the proof of our claim in the case n < 2. But by Lemma 3.9, (42) trivially
holds for

2\/; sin(nm)
K="
2 — e

and for 5 > 2 this is greater than the value of K(#) in our claim. It can be checked easily that K() is strictly
greater than K (#); this is important for the following argument.

It remains to prove (38) for sufficiently large values of «. This inequality holds trivially if ¢ > 0 and on
compact subsets of [1, c0) x [0, 3], ¥(a, 1, 2y/(1 + a) — 1) converges uniformly to ¥/, (#, y) as « converges to
o0; by Lemma 3.8 there exist absolute constants ¢, and ¢, such that for all y = ¢,: ¢4(y) = ¢, . Differentiation
of ¥(a, 1, x) with respect to x yields another constant c; such that for all y = ¢;:

2
D3¢<a, ”’ﬁ.} . 1) > 0.

By uniform convergence we conclude that there exist constants ¢, and ¢, such that for all y > ¢,, « = ¢5 and
allo<n<d:

(o n—2—_1)>0
o, 4, — .
1 1+«
Since K is strictly greater than K, the theorem follows from (39). [

To conclude this paper we summarize the results in Fig. 1 (the right one illustrates our conjecture). The
meaning of the symbols is declared by

. : . o) 1)
+: VaVj<m X mag < Xinap

- i - g (1)
AN Ximap” Xinap

. s .o (1) >
0: 3Iny Vn>n, Jj,k<n Ximag <Xinap o f

Let us also recall our general Conjecture 3.4.

Conjecture. For allneN and all j = 1, ... , n we have

o P
XD

)
oma imap oOntheset0< 2, ,.
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f=-1/2

B=-1/2 |

B=-1

a=-1 (1:-1/2 a:cﬂ Q

Fig. 1.

Added in proof. As one of the referees informed us, A. Elbert and A. Laforgia [3] also proved
Ronveaux’s conjecture (24) in the ultraspherical case (compare Theorem 3.6(1) of this paper). Yet
we have not seen their manuscript nor do we know about their method of proof.
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