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Abstract

This paper deals with a weighted average scheme (or 0-scheme) for solving a nonlinear singularly perturbed parabolic reaction—
diffusion problem. The uniform convergence of the weighted average scheme on piecewise uniform and log-meshes is established.
Numerical experiments are presented.
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1. Introduction

We are interested in solving the nonlinear reaction—diffusion problem
— 1y + uyy) + 1 == f(x, 1,0, (1)
x,y,) e Q=wx(0,tr], wo={0<x<1,0<y<l},
0< fu<cs=const (x,y,f,u) € Q x (—00,00) (f, =0f/du),
where p is a small positive parameter. The initial-boundary conditions are defined by
(@, .0 =u’x.y), (x,y) €,
ulx,y, 1) =g(x,y,0), (x,y,1) €0wx(0,1F],

where 0w is the boundary of w. The functions f, g and u® are sufficiently smooth. Under suitable continuity and
compatibility conditions on the data, a unique solution u of (1) exists (see [6] for details). For u <1, problem (1) is
singularly perturbed and characterized by the boundary layers of width O(u| In u|) at the boundary 0w (see Section 3.2
for details). We mention that the assumption f;, >0 in (1) can always be obtained via a change of variables.

* Corresponding author.
E-mail addresses: 1. Boglaev@massey.ac.nz (I. Boglaev), matthew.hardy @anu.edu.au (M. Hardy).

0377-0427/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2006.01.026


http://www.elsevier.com/locate/cam
mailto:I.Boglaev@massey.ac.nz
mailto:matthew.hardy@anu.edu.au

706 1. Boglaev, M. Hardy / Journal of Computational and Applied Mathematics 200 (2007) 705-721

It is well-known that classical numerical methods for solving singularly perturbed problems are inefficient, since
in order to resolve layers they require a fine mesh covering the whole domain. For constructing efficient numerical
algorithms to handle these problems, there are two general approaches: the first one is based on layer-adapted meshes
and the second is based on exponential fitting or on locally exact schemes. The basic property of the efficient numerical
methods is uniform convergence with respect to the perturbation parameter. The three books [4,7,9] develop these
approaches and give comprehensive applications to wide classes of singularly perturbed problems.

Our goal is to construct a y-uniform numerical method for solving problem (1), that is, a numerical method which
generates p-uniformly convergent numerical approximations to the solution. We use a numerical method based on a
weighted average scheme. This 10-point difference scheme can be regarded as taking a weighted average of the explicit
scheme and the implicit scheme.

We mention that in [5], the uniform convergence of the weighted average scheme on the piecewise uniform mesh of
Shishkin-type [12], applied to a linear one-dimensional parabolic problem, was proved.

The structure of the paper is as follows. In Section 2, we construct the nonlinear difference scheme based on the
weighted average scheme. Section 3 deals with the uniform convergence of the weighted average scheme on the
piecewise uniform and log-meshes. The numerical experiments of Section 4 use the monotone iterative method to
solve the weighted average scheme. The accuracy is investigated for two types of layer-adapted meshes. The numerical
evidence further clarifies the theoretical stability constraints and convergence order estimates.

2. The weighted average scheme

Ona introduce a rectangular mesh o x @Y, @' =" x o
" ={x;, 0Si<Ny; x0=0, xy, =1; hy=xi41 —x;},
—hy . . .

o = {y11 0<J gNa Yo :07 yN)- = l? hyj =Vj+l1 _y/}’

o' ={ty =kt, 0<k<N;, N;t=1F}.

h

For a mesh function U (P, 1), P = (x, y) € @", t € @", we use the weighted average or 6-scheme

0" UP, 1)+ (1 -0 L"UP,t —1) + %[U(P, NH—UP,t—1)]=—F%, 2)
Fi=0f(P,.t,U)+(1—=0)f(P,t —7,U), (P,1)e€o xw,

U(P,1)=g(P,1), (P,1) €do x 0, UP,00=u’(P), P,

where 6 = const and, when no confusion arises, we write f(P,t, U(P,t)) = f(P,t, U). The linear operator P is
defined by

LU = —H (2P0 + ZRU),

where @% U and @% U are the central difference approximations to the second derivatives
72Uk = )T W, - U ()™ = U = UL -0,
DU =) WU 1y = U™ = Wl = Uf Dy -7,
hei=2""(heict +hyi),  hy;=2""hy j_1 + hyj),

where Ul.kj =U (xi, Vi tk).
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This 10-point difference scheme can be regarded as taking a weighted average of the explicit scheme (6 = 0) and
the implicit scheme (0 = 1). We shall assume that we are using an average with nonnegative weights, so that 0 <0< 1.

3. Uniform convergence of the difference scheme (2)

Here we analyze uniform convergence properties of the §-method (2). Introduce the following notation:
Vi = Uriot Uiy Uriot = () (heio) T v = () T ) (3)
Wj =Wy j—1+ Wyj, Wyj-1= (hyj)_l(hy,j—l)_l’ Wyj = (hyj)_l(hyj)_l’

U= max v, w=_ _max wj.
1<i<N—1 I<j<Ny—1

Suppose that the time mesh spacing 7 satisfies the constraint

1
(1 -0)<—

_— 4
u=(v +w) +c* @

The condition (4) guarantees the discrete maximum principle on the computational domain @" x @°. For the implicit
difference scheme with 6 = 1, there is no restriction on the time spacing .
The constraint of type (4) is known as the CFL condition. For the 0-method on the uniform mesh with step sizes Ay

and £ in the x- and y-directions, respectively, the condition (4) can be represented in the standard form

Ut Ut
(vx +vy)(1 = 0)<0.5, Vx=h—2, Vy=h—2~
x y
In the case of the linear one-dimensional differential equation —p2u,, + u; = — f (x, ), we obtain the condition

v(l1 — 0)<0.5 from [8].

The case 0=0.5 corresponds to the Crank—Nicolson difference scheme [3]. It is well-known that for a linear problem
(1) with constant coefficients, the Fourier analysis leads to the unconditionally stable Crank—Nicolson difference
scheme. We know mathematically (and by common experience if u represents, say, temperature) that u(x, y, t) is
bounded above and below by the extremes attained by the initial data and the values on the boundary up to time .

In the case of the linear one-dimensional differential equation — ,uzuxx + u; = 0, the condition (4), v(1 — 0) <0.5,
is very much more restrictive than that needed in the Fourier analysis of stability, v(1 — 260) <0.5. For example, the
Crank—Nicolson scheme always satisfies the stability condition, but only if v<{1 does it satisfy the condition given for
the maximum principle. In view of this large gap one may wonder about the sharpness of this condition. In fact, the
maximum principle condition is sharp, but a little severe; with N, =2, U(()) = Ug =0, U? =land g(0,7)=g(1,1) =0,
it follows that U 11 = (1 —2(1 — 0)v)/(1 4 26v) which is nonnegative only if the given condition is satisfied.

Thus, the maximum principle analysis can be viewed as an alternative means of obtaining stability conditions. It has
the advantage over Fourier analysis that it is easily extended to problems with variable coefficients and to nonlinear
problems as well. We mention here that, in general, the maximum principle analysis gives only sufficient conditions
for stability of difference schemes.

3.1. Truncation error of the difference scheme (2)

Firstly, we consider the Crank—Nicolson difference (2) with 0 = 0.5. Fix t € o® and (x;, y;) € ", and introduce
the one-dimensional differential equation in the space variable x,
d*u(x, yj, 1)
2—2] =y (x, i, 1), X <X <Xil,
dx
10u(x,yj, t)

1
l//(X)(-xvyjs[)EEf(x7yj’tvu(xayj7t))+§ ot
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(x)

Using the Green function G, of the differential operator p>d?/dx? on [x;, x;41], we represent the exact solution

u(x, yj, t) in the form

Xit+1
u(x,yj, ) =ulxi, yj, )¢ (x) +ulxit1, yj, )Py (x) + / Glgx)(x, s)lp(x)(s, yj,t)ds,

X
where the local Green function Gl(x) is given by
G§X)(X,s): 1 {d)li(s)d)zl'(x)v x<s,
2w (s) L)y (s), x>,
w§X)(S) = ¢ ()1, () ]iey — D1 () [y ()]s
and ¢y;(x), ¢,;(x) are defined by

Xit] — X X =X
T =

hxj ’ hxi

¢1i(x) =

, X SXK Xt

Equating the derivatives du(x; —0, y;, t)/dx and du(x; +0, y;, t) /dx, we get the following integral-difference formula
Xi

202 L[ @) L e )
W Diu(xi, yj,t) = " b1 (DY (s, yj, ) ds + G (Y (s, vy, 1) ds. Q)
X1 Xi—1

hxi Xi
Now, representing x//(x)(x, yj,t)on [x;_1, x;j41] in the form

d (x)
4 ds,
ds

w”(x,y,-,t)=w<xi,yj,z>+f

the above integral-difference formula can be written as

10u(P, 1)

5 +IOP, ,w),  (PD) e x o,
SR (P.t.u),  (P.1)

1
W 22u(P, 1) = ST (Pt +

where we denote

Xi s (x) .
I(X)(xi,yj,t,u)z%/ $r.i-1(5) </ w(K) ds
Xt JXi_1 X,

N
1 Xit1 s d (x) vt
tar ) 0 ( / | et dé) ds. ©)

Similarly, for the one-dimensional differential equation in the space variable y

5 d2u(xi, y, 1)
//t N —

42 =y (x;, y, 1), Vi <Y <Yj+i,

10u(x;, y, 1)

, 1
lﬂ(”(xl',y,t)zEf(xi,y’f,”(xi’y’t))—i_f o

we can prove the formula

1 10u(P,t
PP, 1) =2 (Pt 0) + 5% +IVP Lu), (P eo x o,
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where we denote

1 Vi S Ay (x;, &t
I(y)(xi,yj,t,u)z—/ ' QDz’j_l(S) (/ Mdf) ds
Vj-1 y

hyi Jy, i dé
1 Vj+1 s d (y)(x.’ %))

+h_ ®1;(s) (/ wd—ldf ds, (7
yi Jyj Vi ¢

where ¢ ;(y) and @, ;(y) are defined by
Yj+1—Y Y=Y
(Plj()’):ﬁ;l—‘v P2, () = A =, Y <y<yjr
yj yj

Thus, the exact solution u to (1) satisfies the integral-difference equation

Ou(P, 1) .

ghu(Pvt)—i_ at —_f(P,t,M)_I(P,t,u), (P5t)€whxwf»

I(P,t,u) =[IDP, t,u) + VP, t,u)],

where the difference operator & " is defined in (2). From here and (2), it follows that for 0 = 0.5, the truncation error
T (P, t) can be represented in the form

T(P,t)=T{(P,t) — S[I(P,t,u) + I(P,t — 1, u)],

Ti(P,t) =

w(P,t)y—u(P,t—7 1 |:6u(P, 1) N Ou(P,t — ‘c)]
T 2 ot ot '

Using the Taylor expansions about the center of the 10 mesh points, namely (P, t1,2), tip =1t — %T, we obtain
Ti(P.1) = 35U (P, 1 10) + 250U (P, 1)) — feTuini (P15 ) — {6 Tusi (P 1),
12 <tf/’§ <t, t—1 <tf/’§ <112

Thus, we have proved the following lemma.

Lemma 1. The truncation error of the Crank—Nicolson scheme (2), 0 = 0.5, can be estimated by

ITOlr <§ max fup (x, y, 01T + SUTO | h + 11 (=Dl ], (®)
(x.y.neQ

where I (P, t,u) =1 (P, t,u) + I (P, t,u), Y (P, t,u) and IV (P, t, u) are defined in (6) and (7), respectively.
For 0 € [0, 1]\{0.5}, the truncation error T (P, t) can be represented in the form
T(P,t)=Ti(P,t) = [0I(P,t,u) + (1 = O)[(P,t —7,u)],

e [96”(’)’ Da- e)w} .

ot ot

T

Using the Taylor expansions about a mesh point (P, t), we obtain
Ti(P,1) = —Sou (P ) + (1 — Otuy (P 1)), 1 —t<1f’ <1,

Thus, we prove the following lemma.
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Lemma 2. The truncation error of the difference scheme (2) for 0 € [0, 11\{0.5} can be estimated in the form

3
IT @)l < (5 - 9) max lws G, y, DT+ O (Ol + (A = O (7 = D - &)

(x,y,t)e
3.2. Bounds on I and 1Y) from (6), (7)

We suppose sufficient smoothness of functions f, g and «” in (1) and also sufficient compatibility conditions between
the initial and boundary data, in such a way that for [ sufficiently large integer and 0 < a < 1, the solution of (1) satisfies

u(x,y, 1) € CH*HelE0/2@5 5 [0, 1p]).

Using the mean-value theorem, the right-hand side in (1) can be written in the form f(x, y,#,u) = f(x, y,t,0) + f,u.
Now, we may consider (1) as a linear equation with the smooth coefficient f;, and use the bounds of the exact solution
and its derivatives obtained in [12] for a linear problem. According to [12], the solution can be decomposed into two
parts u = S + E, where S and E are the regular and singular parts of u, respectively. In turn, the singular part can be
decomposed in the form

E=9+ Y+ Yoo+ Y10+ Yo1 + 111),

where @ and ¥ are essentially one-dimensional boundary layer functions in some neighborhoods of sides x =0, x =1
and y =0, y = 1, respectively, and 13, m, n =0, 1 are corner layers in the neighborhood of (m, n). According to the
results from [12], the following bounds hold true:

KS(x, y,1)
<C, 10
Oxkx9ykyorki (10)
Kd(x,y,1) <M MG, () = Ho(x) + 1T (x)
AT~ | S “II(x), Xx) = X x),
Ouckx Dyky otk K 0 !
KP(x,y,1) o . . .
———— | <Cu VI(y), H(y)=1 + 11 ,
axkx@yky@tkr n (y) ()’) O(y) 1()’)
K (x v, 1) A
PN LC =y k) 17 NI  omon=0,1,
Oxkx0ykr otk u m (I, (y)

Io(x) = exp(—k1x/1), 1 (x) = exp(—r1(1 —x)/p),
ITo(y) = exp(—ray/w), 11 (y) =exp(—ka2(1 — y)/ 1),

where k = (ky, ky, k), kx + ky + 2k; <I, and here and throughout C denotes a generic positive constant which is
independent of u and the mesh parameters.
From (6), it follows that
dé) ds
df) ds.

Ay (&, yj, 1)

@ L "
IVWJmmK—/<WJw/
l ! hxi Xi—1 2)1 ! Xi—1 dé

1 Xit1 Xi+1
+ o b1i(s) /
xi Jx; Xi

From (10), the following estimate on dx//(x ) /dx holds true

Ay (&, yj, 1)
dé

Ay (x, yj, 1)

<CM+p ' Iw)], 0<x<],
dx
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and on the intervals [0, %] and [%, 1], we have

dl//(x)(x, Vi, ) _

Cll+ p ' My(x)], 0<x<
dx

Ay (x, y;, 1)
dx

<CH+p '], 5<x<L
Hence, we obtain

C
=3+ 13) + Bi(hyi—1, xi-1) + Bi(hyi, x)],

IO, vi tu)| <
| (x; YVj )|\2hm

v _ _
x €04, Biw = pale (O i) [1 = exp(—p~kw)],

C
19 ey g £, W] < = [y + 1) + Bi(hxizr, 1 = xi) + By, 1 = xign)], i €[5, 1). (11)
X1
Similarly, 7™ (x;, y i, t, u) is estimated by

C
O (xi, 1, W< 5 — [(h2 L1 + Bathyio1.yi1) + Balhyg. )l
v _ _
y; € 0,1, Bv,w) = o XPH Hw)[1 — exp(—p 2],

C
DGy o £, < =13y + 1) + Balhyj1, 1= y)) + Ba(hyy, 1= yjen)l, - yj €15, D, (12)
V]

3.3. The difference scheme (2) on special fitted meshes

Here we estimate convergence properties of the difference (2) defined on meshes of general type introduced in [10].

A mesh of this type is formed in the following manner. We divide each of the intervals @* =[0, 1] and @” =[O0, 1] into
three parts [0, 6], [0x, 1 — 0], [1 — 0%, 1], and [0, 6], [0y, 1 — 6y], [1 — gy, 1], respectively. Assuming that N, N,
are divisible by 4, in the parts [0, 6,1, [1 — oy, 1] and [0, ay], [1 — oy, 1] we allocate Ny/4 + 1 and Ny /4 + 1 mesh
points, respectively, and in the parts [oy, 1 — ;] and [oy, 1 — 7] we allocate Ny /2 + 1 and Ny /2 + 1 mesh points,
respectively. Points gy, (1 — o) and gy, (1 — ) correspond to transition to the boundary layers. We consider meshes
@"* and " which are equidistant in [xy, /4, x3n,/4] and [yn, /4, y3n,/4] but graded in [0, xn, /4], [x3n,/4, 1] and
[0, yN),/4], [ygNy/4, 1]. On [0, xn, /4], [x3n, /4, 1] and [0, yNy/4], [y3Ny/4, 1] let our mesh be given by a mesh generating
function d with d(0) =0 and d(1/4) = 1 which is supposed to be continuous, monotonically increasing, and piecewise
continuously differentiable. Then our mesh is defined by

oxd(&;), ¢i=i/Ny, 1 =0,...,Ny/4,
xi=d o+ (=N /&he, i=NJé+1,....3N/4,
1 —oyxd(&)), & =(Ny —i) /Ny, i=3N,/4+1,..., Ny,
Gyd(fj), fj=j/Ny, J=0,...,Ny/4,
yi=10y+ (G —Ny/Ahy, j=Ny/4+1,...,3N,/4,
1= oyd(;), =Ny — ))/Ny, j=3Ny/4+1,...,N,,

hy=2(1=20)N;",  hy=2(1-20,)N;".
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We also assume that d(d(&))/d & does not decrease. This condition implies that
hxi ghx,i-{—lv i=1,..., Nx/4 -1, hxi >hx,i+l» = 3Nx/4+ 1,..., Ny — 1,
hyi<hy i1, j=1,...,Ny/4—=1, hyj=h, v, j=3N,/4+1,...,N,—1.

3.3.1. Uniform convergence of the difference scheme (2) on the piecewise uniform mesh
We choose the transition points ¢, (1 — ¢,) and gy, (1 — gy) asin [12], i.e.,

Oy = min{4_1, vipln Ny}, oy = min{4_l, vapln Ny},

where v and vy are positive constants. If g, = %, then Ny y are very large compared to 1/ which means that the
difference scheme (2) can be analyzed using standard techniques. We therefore assume that

oy =vipln Ny, oy=uvoulnN,.
Consider the mesh generating function d in the form
d(&) = 4¢.
In this case the meshes @"* and @ are piecewise uniform with the step sizes
N7V <hy<2NJ', hyy=40uN ' In Ny, (13)
Nyt <hy <2N;'. hyu=40uN; " In Ny,

Now, using (11) and (12), we estimate the truncation error 7 (¢) in (8) on the piecewise uniform mesh (13). In (13),
we choose v12 = 1/ 2. To evaluate the right-hand side in (11) on (0, %], we consider the following three cases:

x; € (0,0y),xi =0 and x; € (0, %]. If x; € (0, 0x), then hy ;| = hy; = hyy, and by the Taylor expansions we have
1D (xi, i, t, )| <Chyu(1+ 1Y), xi €0, 0y).

If x; = oy, then hy ;1 = hyy, hy; = hy, and by the Taylor expansion and taking into account that 6, = puln Ny /K1,
we have

119 (0, yj, 1, u)| < P <h§# + 02+ h;" + Ij—;,x)
<Clhu(l + 17 + by + (11N 'L
If x; € (o4, %], then hy ;1 = hy; = hy, and we have
119 i,y 6. w)| SClhy + (xiNO ™' xi € (ox, 3.
Similarly, we can prove these three estimates on the interval [%, 1), and we conclude the estimate
119, yjs | SClhgg (U4 1) 4+ b + GaN) ™' xi € (0, 1.
In a similar way, using (12), we can prove the estimate
11 iy yjo 6, )| S Clayu(U+ g7 + hy + 2N~ yj € 0, 1.
From here and (13), it follows that
119 i,y w)| SCNT InNY), [T (xi, yj, 1, )| KC (N InNy),

and, hence, the second term in the estimate of the truncation error 7 in (8) on the piecewise uniform mesh (13) is
estimated by

L@l + 116G =Dl p1<SCN"INN), N =min{Ny; N, .
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Using (10), the first term in (8) is estimated by

% (Fr’fltz)iéQ |use (P, t)|r2 gCrz.
Thus,

IT@lr SC(N"'InN +7%), N =min{Ny; Ny}. (14)
Similarly, for 7'(¢) from (9), we can prove the estimate

IT(0) || n <C(N"'In N + 7). (15)

Now, we prove the theorem.

Theorem 1. Let the time mesh spacing t satisfy the CFL condition (4). Then the difference scheme (2) on the piecewise
uniform mesh (13) converges p-uniformly to the solution of (1):

max ||U () — u(t) |5 <SC(N"'InN +10 - 0.5t + %), (16)
tew’
where N = min{N,; Ny} and constant C is independent of u, N and .

Proof. Introduce the notation
W(P,t)=U(P,t) —u(P,1).
Using the mean-value theorem, from (2) we conclude that W (P, t) satisfies
OL% (P, )+ HYWP, = —[1-0L"P,t —1) = IW(P, 1 — 1)
—T(P,1), (P,1)ea xaof,
W(P.0)=0, Pedo. ZL)(P.ny=2"+ fu(P.1),

where T is the truncation error of the exact solution u to (1) and f,(P,t) = f,[P,t,u(P,t) + n(P,t)W(P,1)],
0 <n(P,t) < 1. Represent the above difference equation in the following equivalent form:

A+ 0rfY W = 0L (W) + 40T W + (1 = OLA W + .0 (wh)

1= =0l Wl — Ty,

=l w) F Sl AW = ula W Ao WE ),

ij’
/%T(Wil}) = 1 (wy, Wilfj+1 + wy-,j—IWi]fj—l)-

Under the CFL condition (4) all the coefficients on the right are nonnegative, and we conclude the estimate
WDl <IW @ = Dlign + T @) lign-

Since W (P, 0) =0, by induction we conclude that

< o =1,... .
IIW(tk)II\kflgltaétkIIT(l)IIwh, k=1,...,N;

Taking into account Nt = ¢, we have

max |[W@)|[|<tp max [[T@)lg-
rear 1<i<tp

From here, (14) and (15), we prove the theorem.
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3.3.2. Uniform convergence of the difference scheme (2) on the log-mesh
We choose the transition points o, (1 — 6,) and 6y, (1 — gy) asin[1],1i.e.,

oy =vipln(1/p), oy =vouln(1/p), (17)
In[1 —4(1 —
a4 = n[ 1( u)é].
npu

Firstly, we estimate the truncation error 7' (¢) from (8) on the log-mesh (17), where vy 2 = 1/x; 2. The mesh points in
(17) are chosen such that

4/(i1Ny), i=0,...,Ny/4—1,
hei < { 2/Ny, i=Nc/4,...,3N:/4— 1,
4/(kiNy), i=3Ny/4,...,Ny—1,

exp(—p~k1x;) — exp(—p ' k1xip1) <4/Ny,  x; €0, 3],
exp(—u~ i1 (1 = xiq1) —exp(—p ki (1 = X)) <4/Ny,  x; €[5, 1),

where we assume that N, < ,u_l. From here, we estimate (11) by

119 (xi, pj, 1, u)| < [max{4(1 +x1); 12}],  x; € (0, 1).

K1 Ny

In a similar way, we estimate (12) by

11D (xi, yj, 1, u)| < [max{4(1 + K2); 12}],  y; € (0, 1).

Ko Ny
From here, it follows that
119yt )| SCNGY 11 (i, yju 1w SCNGY
and, hence, the second term in the estimate on the truncation error 7 from (8) on the log-mesh (17) is estimated by
SOl + 11 =Dl SCNT, N = min{Nx; Ny}.
Using (10), the first term in (8) is estimated by

& max_|uy (P, )| <Cr
(P.eQ

Thus,
1T Dll e SCNT' + 7).

Similarly, for T (¢) from (9), we can prove the estimate
IT @Ol p SCNT' +70).

For the difference (2) on the log-mesh (17), Theorem 1 on u-uniform convergence holds true with the following error
estimate:

max [|U(t) — u(t)|lgn <C(N_1 +10 —0.5]T + 12), N =min{N,; Ny}, (18)
tem’®

where constant C is independent of u, N and 7.



1. Boglaev, M. Hardy / Journal of Computational and Applied Mathematics 200 (2007) 705-721 715
4. Numerical experiments

In this section, we consider the model problem

u—4
5—u’

_,uz(uxx +uyy) +up=—

x,y,t) ewx(0,10], o={0<x<l1} x{0<y<l},
u(w,0)=0, u@w,0)=1, wu@w,t)=1, e (,]10].

The steady state solution to the reduced problem (u = 0) is u, = 4. For <1 the problem is singularly perturbed and
the steady state solution increases sharply from u = 1 on 0w to u = 4 on the interior. The solution to the parabolic
problem approaches this steady state with time.

For the model problem, we solve the nonlinear difference (2) with the monotone iterative method, based on the
method of upper and lower solutions, from [2]. The paper [2] introduced a monotone iterative method for solving the
weighted average scheme. The method’s parameter-uniform convergence was proved for nonlinear, two-dimensional
problems. This method is a practical and robust alternative to Newton’s method for solving the nonlinear algebraic
system arising from the weighted average scheme at each time level.

The numerical solution at r = f, is simply given by the initial condition V (", to) =0, V(dw", 1) = 1. The mesh
function X(O) (P, t1) defined by K(O) (P,t1))=V(P, 1), P € ", is clearly a lower solution with respectto V (P, fp). We
initiate the algorithm with Z(O) (P, t1) and thus generate a sequence of lower solutions. At each time level #;, we define
a converged solution V (P, ;) = X(”*)(P, tx) with n, = n.(#;) minimal subject to I|K(”*)(tk) — Z(”**l)(tk)ﬂah <0,
where 0 is a specified tolerance. At the next time level, f;41, we require an initial iterate that is a lower solution with
respect to V (P, t). Since the boundary condition and function f(u) = (u — 4)/(5 — u) are independent of time, we
may choose K(O) (P, tgy1)=V(P,tx), P € @". Now, from [2, Theorem 1], it follows by induction on k that the mesh
function V (P, tr+1) defined by V(a)h, ter1) =4, V@', tr+1) = 1 is an upper solution with respect to V (P, t;) and
thus our computed mesh functions satisfy

0<V™(P.y)<4, Ped@", 0<n<n, O0<k<N:.

Hence we may suppose that f, = 1/(5 — u)? is bounded below and above by ¢, = % and ¢* = 1, respectively. Thus,
the CFL condition (4) for the model problem is defined by ¢* = 1.

We take as our convergence tolerance ¢ = 107>. With either the piecewise uniform mesh (13) or log-mesh (17), we
take Ny = Ny = N. Because of mesh nonuniformity, the linear systems may be nonsymmetric. Therefore, we solve all
linear systems with the restarted GMRES (m) algorithm from [11].

4.1. Spatial order of accuracy

For each of the implicit and Crank—Nicolson schemes, we investigate the numerical order of convergence with respect
to N~!'. Let V¥ be the numerical solution computed on a mesh with N, = y = N. We measure the error in VN by
comparing it to the reference solution V2V, computed on the mesh with N, = N y = 2N. With the norm

[VIl= max |V(P,1)],

(P,1)e@" x@"
we suppose that the error Ey = || yN — V2N|| satisfies
Ey=C(N!?,
where constant C is independent of N, and p is the numerical order of convergence. For each N, we compute py from

_ In(En/E2N)

PN In2

)
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and we compute a p-uniform order of convergence p as in [4]

IH(EN/FZN)
pN =,
In2

where Ey = max,Ey.

4.1.1. Spatial accuracy on the piecewise uniform mesh (13)

The implicit and Crank—Nicolson schemes, respectively, correspond to 0 = 1 and 0 = % in the generic (2). We solve
each of these schemes with the monotone iterative method from [2]. For each of yu = 1072,1073,10~% and 1073, we
compute a sequence of solutions {VN }, where N =32, 64, 128, 256 and 512. For the boundary layer thickness, we take

9

D] = = —\/alogzN

in (13). Thus, we choose the computational boundary layer thickness independently of N and the solution V" may be
directly compared with V2V,

For the various values of u and N, we give in Table 1 the right-hand side of the CFL condition (4). Clearly, the
implicit scheme satisfies the CFL condition for all choices of time step 7. To ensure that the Crank—Nicolson scheme
satisfies the CFL condition, we choose t = 10~2 for all wand N.

The error for each scheme is shown in Table 2. For i< 1073, the error is independent of x and decreases with N. The
numerical order of convergence py and py is shown in Table 3. Each scheme’s numerical order of spatial accuracy is
between one and two.

Table 1

The right-hand side of the CFL condition (4) for the piecewise uniform mesh (13)

U\N 32 64 128 256 512

1072 7.09 x 107! 3.79 x 107! 1.32 x 107! 3.67 x 1072 9.45 x 1073
1073 7.92 x 107! 4.87 x 107! 1.92 x 107! 5.61 x 1072 1.46 x 1072
1074 7.92 x 107! 4.87 x 107! 1.92 x 107! 5.61 x 1072 1.46 x 102
1073 7.92 x 107! 4.87 x 107! 1.92 x 107! 5.61 x 1072 1.46 x 1072
Table 2

The error Ey for the implicit and Crank—Nicolson schemes on the piecewise uniform mesh (13)

I\N 32 64 128 256

Implicit scheme

1072 1.259 x 107! 4279 x 1072 1.237 x 1072 3.376 x 1073
1073 1.467 x 107! 6.346 x 1072 1.843 x 1072 5.128 x 1073
1074 1.467 x 107! 6.346 x 1072 1.843 x 1072 5.128 x 1073
1073 1.467 x 107! 6.346 x 1072 1.843 x 1072 5.128 x 1073
Crank—Nicolson scheme

1072 1.260 x 107! 4287 x 1072 1.240 x 1072 3.388 x 1073
1073 1.469 x 107! 6.353 x 1072 1.847 x 1072 5.127 x 1073
10~* 1.469 x 107! 6.353 x 1072 1.847 x 1072 5.127 x 1073
103 1.469 x 107! 6.353 x 1072 1.847 x 1072 5.127 x 1073

The time step is T = 1072,
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Table 3
The numerical order of convergence py and p for the implicit and Crank—Nicolson schemes on the piecewise uniform mesh (13)

I\N Implicit scheme Crank—Nicolson scheme

32 64 128 32 64 128
1072 1.556 1.791 1.873 1.555 1.790 1.872
1073 1.209 1.784 1.846 1.209 1.783 1.849
1074 1.209 1.784 1.846 1.209 1.783 1.849
1073 1.209 1.784 1.846 1.209 1.783 1.849
PN 1.209 1.784 1.815 1.209 1.783 1.849

The time step is T = 1072,

Table 4
The right-hand side of the CFL condition (4) for the log-mesh (17)

U\N 32 64 128 256 512

1072 1.12 x 107! 2.65 x 1072 6.33 x 1073 1.54 x 1073 3.80 x 10~*
1073 1.14 x 107! 2.70 x 1072 6.45 x 1073 1.57 x 1073 3.87 x 10~*
1074 1.14 x 107! 2.71 x 1072 6.46 x 1073 1.57 x 1073 3.87 x 10~*
107 1.14 x 107! 2.71 x 1072 6.46 x 1073 157 x 1073 3.87 x 1074
Table 5

The error Ey for the implicit and Crank—Nicolson schemes on the log-mesh (17)

u/N 32 64 128 256

Implicit scheme

1072 1.012 x 1072 2.485 x 1073 6.219 x 1074 1.553 x 10~*
1073 1.029 x 1072 2.535 x 1073 6.331 x 1074 1.581 x 107*
1074 1.031 x 1072 2.540 x 1073 6.342 x 1074 1.584 x 104
1073 1.031 x 1072 2.541 x 1073 6.343 x 1074 1.584 x 10~*
Crank—Nicolson scheme

1072 1.013 x 1072 2.485 x 1073 6.219 x 1074 1.553 x 10~*
1073 1.029 x 1072 2.535 x 1073 6.331 x 1074 1.581 x 1074
104 1.031 x 1072 2.540 x 1073 6.342 x 1074 1.584 x 10~*
1073 1.031 x 1072 2.541 x 1073 6.343 x 1074 1.584 x 1074

The time step is T =5 x 1074,

4.1.2. Spatial accuracy on the log-mesh (17)
For the boundary layer thickness, we take

1
NG

in (17). Thus, the computational boundary layer thickness is independent of N and the solution V" may be directly
compared with V2V,

For the various values of ; and N, we present in Table 4 the right-hand side of the CFL condition (4). To ensure that
the Crank—Nicolson scheme satisfies the CFL condition, we choose t = 5 x 10~ for all wand N.

The error for each scheme is shown in Table 5 and the numerical order of convergence is shown in Table 6. Each
scheme’s numerical order of spatial accuracy is very close to two.

Now, the results of Table 3 on the piecewise uniform mesh and Table 6 on the log-mesh are with t = 10~2 and
=15 x 107, respectively. To check that the numerical order of convergence is independent of 7, we repeated the

V] =02 =
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Table 6
The numerical order of convergence py and p for the implicit and Crank—Nicolson schemes on the log-mesh (17)
HU\N Implicit scheme Crank—Nicolson scheme

32 64 128 32 64 128
1072 2.026 1.999 2.001 2.026 1.999 2.001
1073 2.021 2.002 2.002 2.021 2.002 2.002
1074 2.021 2.002 2.001 2.021 2.002 2.001
1073 2.021 2.002 2.001 2.021 2.002 2.001
PN 2.021 2.002 2.001 2.021 2.002 2.001

The time step is 7 =5 x 107,

Table 7

The error Ey for the implicit and Crank—Nicolson schemes on the log-mesh (17)

u/N 32 64 128 256

Implicit scheme

102 1.012 x 1072 2.484 x 1073 6.215 x 1074 1.552 x 1074
103 1.028 x 1072 2.533 x 1073 6.326 x 1074 1.580 x 10~*
10~* 1.030 x 1072 2.538 x 1073 6.337 x 1074 1.583 x 1074
103 1.030 x 1072 2.539 x 1073 6.338 x 1074 1.583 x 1074
Crank—Nicolson scheme

1072 1.012 x 1072 2.485 x 1073 6.219 x 1074 1.553 x 1074
103 1.029 x 1072 2.535 x 1073 6.331 x 1074 1.581 x 1074
10~* 1.031 x 1072 2.540 x 1073 6.342 x 1074 1.584 x 1074
1073 1.031 x 1072 2.541 x 1073 6.343 x 1074 1.584 x 1074

The time step is T = 1072,

log-mesh experiments with 7 = 1072, The error and numerical order of convergence are shown in Tables 7 and 8,
respectively. The values are very similar to those of Tables 5 and 6. We thus conclude that the spatial accuracy is
independent of 7. This also demonstrates that the CFL condition (4) is not strictly necessary for stability.

4.2. Order of accuracy with respect to T

We consider now the temporal accuracy of the implicit and Crank—Nicolson schemes on the piecewise uniform mesh.
In the absence of an exact solution for the model problem, the Crank—Nicolson scheme with 7, = 1073 is solved with
the monotone iterative method from [2] for 5000 time steps. This generates a reference solution V. (P, t) for 0<t <5.
With n, = 4 iterations on each time step, the reference solution is fully converged. We then generate “coarse” solutions
Vi (P, t) by taking 11 = 0.1 or 2 = 0.04 and solving both the implicit scheme and the Crank—Nicolson scheme with
the corresponding monotone iterative method. At the common times, t = 0.2, 0.4, ..., 5.0, each of these solutions is
compared with V_ (P, ).

In Tables 9 and 10, for the implicit scheme with N =256 and 512, we present the maximum error E;(¢) = ||V (¢) —
Vi, (O)llgn», =11 and T = 17, as a function of . As ¢ increases, the ratio E, /E¢, tends to 71 /12 = 2.5, consistent with
first order convergence with respect to 7.

In Tables 11 and 12, for the Crank—Nicolson scheme with N = 256 and 512, we present the maximum error
E:(t)=|V:(t) = Vi, (O)llgr, T=11 and =17 as a function of 7. As tincreases, the ratio E, / E, tends to (11 /'52)2 =6.25,
consistent with second order convergence with respect to 7.

In Fig. 1 we plot E; against ¢ for each of the schemes and time steps t. This demonstrates the improved accuracy of
the Crank—Nicolson scheme with respect to the implicit scheme.
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Table 8
The numerical order of convergence py and p for the implicit and Crank—Nicolson schemes on the log-mesh (17)

I\N Implicit scheme Crank—Nicolson scheme

32 64 128 32 64 128
1072 2.026 1.999 2.001 2.026 1.999 2.002
1073 2.021 2.002 2.002 2.021 2.002 2.002
1074 2.021 2.002 2.001 2.021 2.002 2.002
1073 2.021 2.002 2.001 2.021 2.002 2.002
PN 2.021 2.002 2.001 2.021 2.002 2.002

The time step is T = 1072,

Table 9

The error E(¢t) for the implicit scheme with N =256

t ETI Etz E‘z:] E‘rg Er] /E‘zz
0.2 8.799 x 1072 3.695 x 1072 8.948 x 1072 3.746 x 1072 2.39
0.4 6.018 x 1072 2517 x 1072 5.792 x 1072 2.472 x 1072 234
0.6 4.414 x 1072 1.859 x 1072 4.389 x 1072 1.797 x 1072 2.44
0.8 3.837 x 1072 1.565 x 1072 3.785 x 1072 1.563 x 1072 242
1.0 3.297 x 1072 1.358 x 1072 3.327 x 1072 1.349 x 1072 2.47
2.0 2413 x 1072 9.771 x 1073 2.429 x 1072 9.809 x 1073 2.48
3.0 2.141 x 1072 8.613 x 1073 2.140 x 1072 8.617 x 1073 2.48
4.0 2.027 x 1072 8.137 x 1073 2.023 x 1072 8.119 x 1073 2.49
5.0 1.924 x 1072 7.720 x 1073 1.924 x 1072 7.718 x 1073 2.49
U 1072 <1073

Table 10

The error E(¢) for the implicit scheme with N =512

t E, E, E E, E, /Er2
0.2 1.017 x 107! 4.599 x 1072 1.033 x 107! 4.419 x 1072 234
0.4 6.336 x 1072 2.625 x 1072 6.213 x 1072 2.565 x 1072 2.42
0.6 4.730 x 1072 1.940 x 1072 4,705 x 1072 1.920 x 1072 245
0.8 3.914 x 1072 1.598 x 1072 3.916 x 1072 1.600 x 1072 2.45
1.0 3.425 x 1072 1.391 x 1072 3.415 x 1072 1.396 x 1072 245
2.0 2.449 x 1072 9.883 x 1073 2.449 x 1072 9.888 x 1073 2.48
3.0 2.160 x 1072 8.693 x 1073 2.159 x 1072 8.687 x 1073 2.49
4.0 2.033 x 1072 8.161 x 1073 2.033 x 1072 8.162 x 1073 2.49
5.0 1.928 x 1072 7.734 x 1073 1.928 x 1072 7.734 x 1073 2.49
Hn 1072 < 1073

5. Conclusions
From the numerical evidence, we make the following observations:
e Although the theoretical estimate (16) predicts almost first order spatial accuracy of the implicit and Crank—Nicolson

schemes on the piecewise uniform mesh (13), the numerical experiments indicate that the spatial accuracy is be-
tween one and two.
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The error E.(t) for the Crank—Nicolson scheme with N =256

t E‘zl E‘cz ET] Etz E‘El /Erz
0.2 1.833 x 1072 2.728 x 1073 1.477 x 1072 2.724 x 1073 542
0.4 5.097 x 1073 8.320 x 1074 4.609 x 1073 7.208 x 10~4 6.39
0.6 2.486 x 1073 4.065 x 10~ 2.569 x 1073 4.121 x 1074 6.23
0.8 1.503 x 1073 2.397 x 1074 1.465 x 1073 2357 x 1074 6.22
1.0 1.061 x 1073 1.696 x 104 1.021 x 1073 1.630 x 1074 6.26
2.0 3.237 x 1074 5.201 x 107 3.277 x 1074 5.252 x 107 6.24
3.0 1.654 x 10~ 2.726 x 1077 1.664 x 104 2.701 x 107 6.16
4.0 9.977 x 1077 1.641 x 107 9.903 x 107 1.654 x 107 5.99
5.0 7.694 x 1077 1.785 x 107 7.677 x 107 1.183 x 107 6.49
u 1072 <1073

Table 12

The error E.(¢) for the Crank—Nicolson scheme with N =512

t E‘cl Erz Erl Etz E‘El /Erz
0.2 1.901 x 107! 3.504 x 1073 9.318 x 1072 3.378 x 1073 27.58
0.4 7.023 x 1072 9.006 x 10+ 2.380 x 1072 9.032 x 10~* 26.35
0.6 2.929 x 1072 4238 x 10~* 7.069 x 1073 4210 x 10~* 16.79
0.8 1.318 x 1072 2.536 x 1074 2.304 x 1073 2532 x 1074 9.10
1.0 6.254 x 1073 1.730 x 10~* 1.066 x 1073 1.723 x 1074 6.19
2.0 3.305 x 1074 5.339 x 107 3.305 x 1074 5.308 x 1073 6.23
3.0 1.668 x 10~* 2713 x 107 1.667 x 104 2.705 x 107 6.16
4.0 1.001 x 10~* 1.552 x 107 9.986 x 107 1.669 x 1077 5.98
5.0 7.727 x 107 1.188 x 107 7717 x 1073 1.191 x 107 6.48
u 1072 <1073

E (1)

Fig. 1. The value of E+(¢) = || V(1) — Vi, (1)l as a function of 7 for each of the schemes with 7 = 0.1 and 7 = 0.04.
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e Similarly, although the estimate (18) predicts first order spatial accuracy of the implicit and Crank—Nicolson
schemes on the log-mesh (17), the numerical experiments indicate a spatial accuracy of two.

e On the piecewise uniform mesh (13), the numerical experiments confirm that the implicit scheme is first order
convergent with respect to the time step t while the Crank—Nicolson scheme is second order convergent with

respect to 7.
e For the Crank—Nicolson scheme, the time step 7 can exceed the CFL condition (4) by an order of magnitude
without loss of stability. (For the implicit scheme, of course, the CFL condition imposes no restriction on 1.)
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