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Abstract

Let {®,},, > be a sequence of monic orthogonal polynomials on the unit circle (OPUC) with respect to a symmetric and finite
positive Borel measure dNu on [0, 2x] and let —1, o, o1, 02, . . . be the associated sequence of Verblunsky coefficients. In this paper
we study the sequence {®p},, - ¢ of monic OPUC whose sequence of Verblunsky coefficients is

—1,=by, by, ..., —bNy_1,00,bN—-1, ..., b2, by,
o1, —b1, —bay, ..., —by_1,02,bN_-1,..., b2, b1, 03, ...
where by, by, ..., by are N — 1 fixed real numbers such that b; € (—1, 1) forall j =1,2,..., N — I, so that {5,,},120 is also

orthogonal with respect to a symmetric and finite positive Borel measure dJi on the unit circle. We show that the sequences of monic
orthogonal polynomials on the real line (OPRL) corresponding to {®;,},,~ ¢ and {5,, }n >0 (by Szego’s transformation) are related
by some polynomial mapping, giving rise to a one-to-one correspondence between the monic OPUC {Zﬁn }n > 0 on the unit circle and
a pair of monic OPRL on (a subset of) the interval [—1, 1]. In particular we prove that

sin@ | du(d,, (0))
sindy (0)| 7', (0)

du0) =|¢,_, 0]

s

supported on (a subset of) the union of 2N intervals contained in [0, 27] such that any two of these intervals have at most one
common point, and where, up to an affine change in the variable, {, , and cos ¥, are algebraic polynomials in cos 0 of degrees
N — 1 and N (respectively) defined only in terms of og, by, ..., by—_1. This measure induces a measure on the unit circle supported
on the union of 2N arcs, pairwise symmetric with respect to the real axis. The restriction to symmetric measures (or real Verblunsky
coefficients) is needed in order that Szegd’s transformation may be applicable.
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1. Introduction

Throughout this paper we will use B. Simon’s abbreviations OPUC and OPRL for orthogonal polynomials on the
unit circle and orthogonal polynomials on the real line, resp. (cf. [32-34]). OPRL on several intervals have been a
subject of investigation in the field of orthogonal polynomials (OPs) and special functions in the past 20 years. Often
this kind of OPs can be generated via a polynomial mapping, starting with a given sequence of OPRL and then making
a change of variable x + T(x), T being a polynomial fulfilling certain properties. This way to generate OPs was
considered in its general form in a pioneer paper by Bessis and Moussa [5], where several algebraic and analytical
properties were discussed, including the orthogonality measure—which becomes associated with a contour integral on
the Julia set related to the polynomial transformation. This construction was extended by Geronimo and Van Assche
[13], having shown that if {p,, (-; doo)}, > ¢ is a system of orthonormal polynomials with respect to some positive Borel
measure dog, with support contained in the interval [—1, 1], and 7 is a polynomial of degree N >?2 with real and simple
zeros, such that |7 (yy)| > 1 for all zeros yy, ..., yv—1 of T’—nowadays, such a polynomial T is called admissible (cf.,
e.g., [37]; for properties involving such polynomials, see [26])—, then there exists a positive Borel measure do and a
sequence of polynomials {p, (-; do)}, > o, orthonormal with respect to da, such that the relation

PN (x5 do) = pp(T (x); dao) (1.1)

holds foralln =0, 1,2, ... . If {p,(-; do)}, > ¢ and {p,(-; dog)}, > are two sequences of OPs such that (1.1) holds,
where T'is an admissible polynomial, then we say that { p,, (-; do)},, > o is obtained from { p,, (-; d6o)},, > o by an admissible
polynomial mapping. This kind of polynomial mappings arise in problems from Quantum Mechanics and Physics (see,
e.g.,[2,5,4,13] and the references therein) as well as in connection with the so-called sieved OPs (see, e.g., [1,6,8,13,17]
and references therein). Also, similar transformation laws for OPs were used to solve some algebraic problems in matrix
theory [20,10]. In this paper we explore this kind of transformations in another direction, more precisely to solve the
following inverse problem (P) in below concerning OPUC. We recall that monic OPUC {®,},, > ( are characterized by
the Szegd’s recurrence relation

Dp11(2) = 2Py (2) + Pp11(0) P (2), n=0,1,2,... (Po(z)=1) (1.2)
with |@,(0)] # 1 foralln=1,2, ..., where ®}(z) := 7" ®,(1/z), the numbers

Op 1= _(pn+l(0)» n=0,1,2,...

being called the Verblunsky coefficients associated with {®,},, > (, after Simon [34]. In the literature the o;,’s often are

called Schur coefficients or reflection coefficients. The natural convention o1 := —1 is useful.

(P). Let {®y}, >0 be a given sequence of monic OPUC, with real Verblunsky coefficients —1, ag, o1, . .. such that
o, € (=1,1) foralln =0,1,2,..., or, equivalently, orthogonal with respect to a symmetric measure on the unit
circle. Let b .= (b1, by, ...’LbN_l) be an (N — D-tuple of real numbers with b; € (—=1,1) 1<j<N — 1) and
introduce a monic OPUC {®,},>¢ = {@u(:; b)}, >0 whose sequence of Verblunsky coefficients —1,%,01, ... is
defined by

UuN—1 = Op—1, OonN4j—1:=—bj, d@uti)N+j—1:=bN—j, j=1,...,N—1 (1.3)

foralln =0,1,2,....The problem is to characterize all such sequences of OPUC {5,1},, >0

Since we are dealing with real Verblunsky coefficients, (1.3) can be rewritten as
B, n (0) = B, (0), 5211N+j(0) =bj, 5(2n+1)1v+j(0) =-by_j, j=1,....N—1

foralln =0,1,2,....

We will give explicit expressions for the perturbed polynomials 5,1’5 in terms of the original polynomials ®,’s,
as well as explicit formulas for the Carathéodory function and the orthogonality measure on the unit circle for the
perturbed polynomials.

The particular case when o ; = constant for all j € Ny is covered by the results of Peherstorfer and Steinbauer [30].
For N = 2 problem (P) was partially analyzed in [21], where the orthogonality measure has been computed in such
a case. The general case with complex Verblunsky coefficients «g, a1, o2, ... and complex parameters b1, ..., by_
with moduli less than 1 in Problem (P), remains a very interesting open problem.
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The restriction to real Verblunsky coefficients (or symmetric measures) is needed, since firstly we will transfer the
problem from the unit circle into the real line, and then we solve it there by using the methods and results of Geronimo
and Van Assche [13]. Then we mainly adapt the ideas from Peherstorfer and Steinbauer [30] (see also [35]), together
with Szeg6’s transformation, to treat the unit circle case. This procedure is summarized in the following scheme

(@) — (D)
J 0 (1.4)
L) — (P

where {Py},>( and {13;1 }n>0 denote the sequences of monic OPRL corresponding to the sequences {®,}, > and
{5,[}" >0» respectively (by Szegd’s transformation). As a key step in constructing the solution to problem (P) we will
show that {ﬁl}n >0 can be obtained from {P,}, > by an admissible polynomial mapping so that (1.1) holds. Thus
{ﬁn }n>0 is orthogonal with respect to a measure supported on several intervals of the real line, and this fact enables us
to show that {5,1},, > Will be orthogonal on the unit circle with respect to a measure supported on several arcs of the
unit circle. This kind of inverse problem on systems of OPUC with orthogonality measures supported on several arcs
on the unit circle appear in several works (see, e.g., [28-30,12]).

From an algebraic point of view we start with a sequence of Verblunsky coefficients, say —1, o, o1, 02, ...,
and then we make a perturbation of this sequence by inserting repeatedly blocks of N — 1 real parameters in the
following way:

—1,—=by,...,=bn_1,00,bN—1,...,b1,00, =Dy, ..., =by_1,00,bN—_1,...,D1, 03, .... (1.5)

Thus, the main question is to describe, in terms of the original sequence {®@,},( and the vector b, the sequence
{5n}n >0 of monic OPUC whose Verblunsky coefficients are given by (1.5).

When by =--- =by_1 =0 then (1.5) yields the so-called sieved orthogonal polynomials on the unit circle, studied
earlier by several authors, namely Marcelldn and Sansigre [22,23] (who studied the algebraic properties of the perturbed
sequence for the particular cases N =2 and 3), Badkov [3] (who firstly characterized the measure with respect to which
the perturbed sequence is orthogonal), and by Ismail and Xin Li (who also gave for this special case the orthogonality
measure for the perturbed sequence as well as the relation between the Carathéodory functions for the perturbed and
the original OP sequences).

As a similar problem, one can consider a new perturbed OPUC characterized by a sequence of Verblunsky coefficients

—1,b1,....bg—1,00,b1,....,b—1,00,b1,....,b_1,00,..., (1.6)

by, ..., bx—1 being an (k — 1)—tuple of complex numbers such that [b;| < 1forall j =1, ..., k — 1. Hence, denoting
by {¥y}, >0 the sequence of monic OPUC associated to (1.6)—assuming that for the original sequence {®,}, > the
corresponding Verblunsky coefficients fulfill |, | < 1 for all n > 1—, we have

Yin(0) = ,(0), ¥intj0)=—bj, j=1,....k—1

foralln=0, 1,2, ... . Thus, the main question associated with (1.6) is to describe the OPUC { ¥}, },, > ¢, giving explicitly
the orthogonality measure dv on the unit circle with respect to which it is orthogonal in terms of the orthogonality
measure dy on the unit circle with respect to which {@,},, > is orthogonal. This question has been raised in [19]. When
{otn}, > 0 18 a sequence of real numbers in the interval (—1, 1)—or, equivalently, du is a symmetric measure on the unit

circle—and {bg}]z;% is a symmetric sequence, in the sense that

biej=-b; (j=1,2,....k—1), (1.7)
the problem has been completely solved by Peherstorfer and Steinbauer [30] (see also [35]). In fact, these authors
shown that the relation between the Carathéodory functions associated with the measures du and dv is given by
W(z)
VR(@)

where W and R are some polynomials and @ a certain mapping (not necessarily a polynomial). It is clear that (1.8)
characterizes dv, by Stieltjes inversion formula (on the unit circle). The authors of [30] gave the explicit representation

C(z;dv) = C(O(2); dp), (1.8)
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for dv in terms of du, and they shown that if {0@},%/; | is the set of roots of a certain trigonometric equation T(ei‘)) =L :=
2]—112;(1)(1 — |be|*) and I'y = {e' : 0 € [020_1, O2¢]}, then O is an analytic function on (IZ\UI,;:1 I’y which maps this
domain onto the open unit disk

D:={z € Cl|z| < 1}.

Further, the restriction @|I'y : I'y — 0D := {z € C||z| = 1} is a continuous and bijective map and satisfies @ (I'y) =D
and O(z) € (—1, 1) forz € 3D\JE_, I'e.

If the b;’s in (1.6) are all real numbers belonging to the interval (—1, 1) and the symmetry condition (1.7) holds then
there exists a connection between the OPRLs—corresponding to the OPUC’s {®,,},, > o and { ¥, },, > o—by an admissible
polynomial mapping (but we notice that this connection needs not to hold in general if (1.7) fails). This holds since if
we consider (1.6) with by, ..., by_1 real and fulfilling (1.7), then we have (b, ..., bx—1) = (—bk—1, ..., —b1), SO we
see that for real Verblunsky coefficients (or symmetric measures) the perturbed OPUC described by (1.6) and satisfying
(1.7) constitute a special case of the perturbed OPUC described by (1.5).

The structure of the paper is as follows. In Section 2 we recall some basic results concerning the general theory of OPs,
both on the real line and on the unit circle. In Section 3 we will state the above mentioned connection by an admissible
polynomial mapping between the OPRL corresponding to the OPUC. Then, using these connections, in Section 4 we
give the answer to Problem (P), thus providing explicit representations of the new polynomials {®,,},, > o in terms of the
starting polynomials {®,}, > o, and determining both the Carathéodory function and the orthogonality measure for the
new set of perturbed OPs {(1~5n }n >0~ We finish the paper giving the asymptotic behavior of the orthonormal polynomials
{@,}n >0 corresponding to {5,1}” >0 When the initial measure belongs to Szegd’s class.

2. Background

For an updated overview on OPUC we refer to Simon [32-34]. Let du be a finite positive Borel measure on the
interval [0, 2] such that its support is an infinite set, and denote by {®,}, > ¢ the monic OPUC with respect to du, so
that

2m ) i
/ @)D, (1) du(0) = JiSpm G >0,m,m=0,1,2,...).
0

It is well known that {®,}, > satisfies the Szegd’s recurrence relation (1.2) with [®,(0)| <1 foralln =1,2,....
Conversely, given a sequence of complex numbers {0, },, > 9, With [, | < 1 foralln =0, 1, 2, ... , there exists a unique
finite positive Borel measure du such that the corresponding monic OPUC, {®,}, >, satisfies @;,41(0) = —2a, for all
n=0,1,2,....The Herglotz transform of a finite positive Borel measure du supported on [0, 27] is defined by

1 21 ei() 4z
C(z;dp) == — . du®, |z| <1 (2.1
21 Jo eld — z

In the open unit disk C(z; du) is an analytic function with positive real part, i.e., it is a Carathéodory function (C-
function). Conversely, given a C-function, C, there exists a unique positive Borel measure du such that C is the
corresponding Herglotz transform. This fact follows from the Stieltjes inversion formula,

0
%[u(e +0) 4 (6 — 0)] = const. + 11%111 f Re {C(re?)} dép.
r 0

Thus, introducing the so called associated polynomials of second kind corresponding to {®,},, >,

1 2n Li0 .
2@ = — | S, — 0, (2)1du(0), 2.2)
27 Jo eill — z

the following relations hold for |z| < 1
B, (2)C(z: dp) + 2u(2) =0, D;(2)C(z:dp) — Qi(z) = 0"
foreachn =0,1, ... (ctf. [27]).
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OPUC are closely related to OPRL with respect to measures supported on a bounded closed interval of the real line.
Let { Py}, > be a monic OPRL with respect to some finite positive Borel measure do with (infinite) support contained
in the interval [—1, 1]. Then, writing o(0) := da({r : 0<t < 0}) and p(0) := du({r : 0<t < 0}), a positive Borel
measure du on the interval [0, 27] can be defined by

o(l) —a(cos0), 0<0<m,
w(o) == {
o(l) + a(cos0), n<O0<L2nr,

which one usually write as
du(0) = |do(cos0)] (0<O<2n).

This is usually called the Szeg6 transformation (cf. [36,11,34]). Associated with this measure du there exists a monic
OPUC, say {®,},>(. Then, the coefficients of each polynomial &, are real and the relation between {®,}, > and
{Pn}n >0 can be deduced from

P}’l on on _ndjn, —1
PO e e IR

z—2H0n1(x) o —0ud L Py (z7h) 2
where
o—n zl—n
G =— Opi=—— 24
1+ @,,(0) 1 — @,,(0)

and {Qy}, > ¢ is the monic OPRL with respect to the measure (1 — xz) do (see [36, p. 294]). The interest of introducing
the sequence {Qy}, > is that from the above matrix relation one can give explicitly the @,’s in terms of the P,’s and
the Q,’s. Moreover, for the coefficients {f,, 7,.1},>0 of the three-term recurrence relation satisfied by the monic
OPRL {P,},, >0

XPp(x) = Ppp1(x) + B, Pa(x) + 9, Pa1(x), n=1,2,... 2.5
(Po(x) =1, Pi(x)=x — fy; 7, >0foralln =1,2,...), the relations

2B, = P20—1(0)[1 = @2, (0)] = P25 41 (O)[1 + P2, (0)],

491 =11 = D22 (O)]I[1 — 3, O[] + P2, (0)] (2.6)
hold for every n =0, 1, ... ([14, p. 67]). Using these formulas it can be shown that

On-1(x) = {Pri1(x) — alV Py(x) — a0 Py (1)), 2.7)

x2—1
foralln=1,2,..., where

1+ @2,(0)
a;{ll) = _Bn + ‘I)Zn—l(o)v a}SO) = TZ”(O) yn
n

Notice that formula (2.7) is the classical Christoffel formula when the quadratic symmetric polynomial perturbation
of a real measure is introduced (see, e.g., [9, Chapter 1]). Finally, recall that the Stieltjes function of the positive finite
Borel measure do, supported on a subset of [—1, 1], is defined and characterized by

+00 g (1) P
F(.x,dO') = /;OO t_x:—uonlll;’lilooT(x), XGC\[_I,I]

(2.8)

where ug := [ :L;O do(t) and Prfl)l is the monic associated polynomial of the first kind of degree n — 1 corresponding
to the sequence { P}, > . Then the Stieltjes and the Carathéodory functions associated to do and du are related by

2z _z—l—z‘l

F(x;do) = - C(z;dw), x 5

(Ix| = +00) (2.9)

(cf. [14, p. 64]).
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3. Connection with a polynomial mapping on the real line

Since we impose in Problem (P) that the starting measure du with respect to which {®,}, > is orthogonal is
symmetric, or, equivalently, the Verblunsky coefficients o, are real numbers belonging to (—1, 1), and that by, ..., by_1
also belong to (—1, 1), then Szegd’s transformation between OPs on the real line and on the unit circle is applicable.

Let {Py}, >0 and {Fn }n>0 be the sequences of monic OPRL corresponding to {®,}, > and {<1~§,, Jn>o (resp.).

In this section we will show that { P, },, > ( and (P}, > are connected by an admissible polynomial mapping in the
sense described in the introduction, i.e., there exists an admissible polynomial 7, of degree N, such that (up to an affine
change in the variable)

Poy(x) = Pi(T(x)), n=0,1,2,....

This connection enables us to study, on the real line, the properties of {}3,, }n >0 from those of { P}, > . Using these

properties, in the next section we will “return to the unit circle” and determine the properties of {5,1}" >0 in terms of
the properties of {®@,}, > ¢, according to (1.4), thus giving the solution for Problem (P).

3.1. Preliminary results

Let {f,},>0and {y,}, >, with 8, real and 7, ,; > O foralln =0, 1, 2, ..., be the sequences of coefficients which
appear in the three-term recurrence relation for { P}, > o,
XPn(x)zPn+l(x)+ﬁnPn(x)+VnPn—l(x), n=071727"' (3'1)

with initial conditions P_1(x) = 0 and Py(x) = 1.
In the sequel, we will assume N > 3. The case N = 2 has been partially treated in [21] and it can be directly worked
out with the ideas presented here. Put

1/N
N-1p_p2 b (1 =by)(1 —b?)

d = J s = ——l, V= #. 3.2
]Ul 2 P==g 7 242 (5-2)

In the sequel we will introduce some parameters Bn € Rand7, > 0. Our goal is to show that the associated sequence
of monic OPRL, denoted by { Py}, > . satisfies d" P, (x/d) = P,(x) foralln =1, 2, ..., where {P,},, > is the monic

OPRL corresponding to the OPUC {5,1}” >0-
Since, together with the b ’s, our data are the Verblunsky coefficients of {®,(z)},, > 9, we can introduce two sequences

{/[;n}n >0 and {7, }, > of real numbers by

_2b1, ]:07
baj—1(1 —byj)
. N
—baji1(1 + baj), j=1,2,...[3J—1,
by—2(1 —bn-1)
—(1+by-1)®241(0),  j=—5— and N is odd,
2dBuysj = N (3.3)
B 2bn_1, j= > and N is even
by—2(1 —bn-1)
. N+1 .
+(1 4+ by-1)DP2+1(0), j= and N is odd,
ban—2j—1(1 — ban—2j)
. N +1
—boy2jr1(L+bay_2j), j= {TJ +1,...,N -1
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and
(1= b)(1 = bPIL = P2 ()], j =0,

(1 = b2)(1 = bH[1 + D2, (0)], i=1,

) , N -1
(1—b2/’)(1—b2j7])(l+b2j_2), j=2,..., T ,
(L+by-2)(1 —b%_))

N
x[1 — ®2,11(0)], j= > and N is even,

4d2’7’\nN+j = N
: . +1
(1+by-_1)[1 — ®3,,,(0)], j=

and N is odd,
(1+by-2)(1 — b3y _y)
. N .
x[1 4+ @2,41(0)], j= 0 + 1 and N is even,

(1+ b2N72j)(1 - b%N—Zj—H)

X(1 = ban—2j42), j=L—J+2,...,N—1

foralln =0,1,2,....
We point out the following properties, which can be verified by a straightforward computation

Bon=PB n=012 ..,

ﬁnN+j=ﬁj=ﬁN—js j=1,2,...,\‘—J—1, n=0,1,2,...,
-~ -~ -~ . N -1
IaN+j+1 =Vjr1 =In—j» J=L2,...,|—— -1, n=0,12,...,

N-1
H VaN—j =Vn» B=12,...,
j=0

TN FTans1 =7 n=0,1,2,...

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(with 7y = 0). Notice that (3.8) comes from the Geronimus relation (2.6), and it motivates the choice of d as in (3.2).

Also, we see that if N is even then 8, .. j is also independent of n foreach j =0,1,..., N — 1.
Forr, s € No, we define 4, ;(x; n), with x € C and n € Ny, as
0 if r>s+2,
Ars(x;n) =41 if r=s+1,

det(tridiag [x — Byyi» Tunir 11, if r<s,
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where we have used the notation tridiag[e;, f;, gli_, (0<r <s) to denote the tridiagonal matrix of order s — r + 1

defined by
ey gr 0 0 0 0 7
fre1 g1 &rp 0 0 0
0  Jfrv2 e 0 0 0
tridiagle;, fi, &ili_, =
0 0 0 es—2  gs—2 0
0 0 0 fs—1 es—1 g1
L 0 0 0 ... 0 fs es

These determinants 4, s(x; n) were introduced by Charris and Ismail in [7] for the symmetric case and by Charris,
Ismail, and Monsalve in [7,8] for the general case. Notice that 4, ;(x; n) is a polynomial in x of degree s —r 4 1 (with
the usual convention that polynomials with negative degree are zero) which satisfies

A s (x5 n) = Ay pyic (065 1) Apit s (X3 1) = PNkt Arrk—1 (X6 1) Ay g2, 5 (x5 1) (3.10)

forallr,s,k,n=0, 1, ... . This property can be easily checked (otherwise, see Muir [24, p. 518]). In particular, if we
choose k = 0 we find

Ars (e m) = (8 = By ) Ar 5 (1) = Tuyeg 1 A s (s 1) (3.11)
forallr,s,n=0,1,...,andfork =5 —r — 1 we get
Apg @65 1) = (¢ = By Aris 1 (65 1) = Ty s Ars 25 ) (3.12)
forr,s,n =0, 1,/.\. ..
It is clear that f3,, is real and 9, ; >0 foralln =0, 1, 2, ... . Thus, according to the spectral theorem for OPs (see

Ismail [18, pp. 31-32]), the sequence of polynomials { I?,, }n >0 characterized by the three-term recurrence relation

XPy(x) = Py () + Bu Pu(x) 49, Pt (x), n=0,1,2,..., (3.13)

with initial conditions ﬁ_l (x) =0 and ﬁo(x) = 1, is a monic OPRL with respect to some positive measure.
It follows from (3.11) and the standard theory of OPs that, in terms of the monic numerator polynomials corresponding
to the sequence { Py}, > (, we have the representation

Ars(csn) = POV (v),

AR r,s,n=0,1,2,....

(3.14)
According to the block structure of the definition of the sequences {/ﬁ\n}n >0 and {7, }, >, it is convenient to write
the above recurrence in the following way:

(X = Bunt ) Pun+j () = Punj+1(X) +TPynsj Panj—1(x),

j=0,1,...,.N—-1, n=0,1,2,..., (3.15)

with initial conditions ﬁ_l(x) = 0 and ﬁ)(x) = 1. We now show that this sequence {13,,},1 >0 can be obtained from
{ P}, >0 by an admissible polynomial mapping. For that, notice first that, for each n, (3.15) is a system of N equations
of the type (1.1) studied in [8]. Therefore, following section 2 of [8], and observing that, in the notation of [8] we have
i j(x;n) = 4, + 1, j), it follows from (2.5) and (2.6) in [8] that

J
AL N1 ) Pyny j(x) = A1 j—1(x; n) Pryyn (x) + n?nzxuri Ajp1,n—1(x; 1) Py (x)
i=1

(3.16)
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forall j =0,1,...,N—1landn=0,1,2,...,and

T N1 1) Puy—1 (%) = = Plus1yn (0) + [(8 = Bup) A1 N—106 1) = Tunsr Ao v—10c )] Py (x) (3.17)

foralln=0,1,2,....In(3.16) replace n by n — 1 and then take j = N — 1 to find

N-1
A n—1(sn =D Pyv_1(x) = A y2(x;n — 1) Py (x) + (l—[ ’77(n—1)1v+i) PN (x),
i=1

which, after multiplication by 7,y and taking into account that

N—1 N N—1
,V\nN H:;(nfl)N+i = ’V\(nfl)N+i = l_[ ’“)Tani ="n
i=0

i=1 i=l
(the last identity follows from (3.8)), gives
Fan A1 = D Py 1 (60 =Ty A v n = DPan () + 3, Py (6) (3.18)

foralln=0, 1, 2, ... . Now, multiply both sides of (3.17) by 41 y—1(x; n —1) and both sides of (3.18) by 4 y—1(x; n),
and then take the difference of the resulting equalities to obtain

AL =151 = 1) Py () + 7,41, 8—1 (5 1) Pu—tyn ()
={4din-1(x;n— D[(x _EnN)Al,N—l(XQ n) = Puns142.8-1(x; 1)]

— T AN WAL N2 = DYPay (), n=0,1,2,.... (3.19)
In order to proceed, we need the following:

Lemma 3.1. Foreveryn =0, 1,2, ... the relations

Ain—i(x;n) =4; n—i(x;0), 1<i<[N/2], (3.20)
By = ans1d2n—1(x;n) =Py At n—2(xsn — 1) = g — A2 N1 (x; 0), (3.21)
D2, 41(0) —yA1 N—2(x; n) = By — yd2, n—1(x; 0) (3.22)

hold, so that the left-hand sides of (3.20)—(3.22) are independent of n.

Proof. The proof of (3.22) follows by using the ideas of the proof of (3.21), so we only prove (3.20) and (3.21). We
need to divide the proof in two cases, according to the parity of N. We will assume that N is even (the case when N is
odd can be handled similarly). It is clear that (3.20) holds for i = N /2, since

Anjo,Njp2(xin) =x — B,nyn/2 =X — Byjp  independent of n.
In order to prove (3.20) for a fixed 1 <i <N /2 — 1, notice that if N is even then the only elements which depend on n
in the determinant 4; y—; (x; n) are'y\nNJrN/z and'y\nNJrN/ZH. This suggests us to apply (3.10) withr =i, s =N —i
and k = N/2 — i, so that

Ai N—i (5 ) = Ai N2 (6 AN 1, N—i (6 1) =Dy o1 Ai N 2= 1 (65 ) AN a2 N—i (X5 1) (3.23)

foralln=0,1,2,....Now, by (3.12), we have

Ainp(xsn) = (x = By )i Njp—1 (X5 1) = Tyninpdi N 2-2(x5 ) (3.24)
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foralln =0, 1,2, ... .Furthermore, foreveryn =0, 1,2, ..., we can write

Ao n—i(;n) = det(tridiag [x — By Fan o 100 240)

- -~ A2 A2 N
= det(tridiag [x — ﬁnN+J" Vné\/-i-j’ ynéV—s—j]j:/i//Z-i-l)

A2 A2 Nj2-1
VnN+jo Tanailj=i )

= det(tridiag [x —,ﬁ\n N+j>
=A4iNj2-1(x;n)
=i Nj2-1(x;0), (3.25)

where the third equality can be justified by (3.6)—(3.7) and an elementary property of determinants (according to which
if two determinants of the same order m are such that the first row of one of them is, when reversed, the last row of the
other, the second row, when reversed, the (m — 1)st row of the other, and so on, then the two determinants are equal),
and the last equality is also justified by (3.6)—(3.7). In the same way we can show that

AN N—i(xsn) =dinp2(x;n) =Adinp2(x;0), n=0,1,2,.... (3.26)
Therefore, by using (3.24), (3.25) and (3.26) in (3.23), and observing that

Pan+ny2 F Pananja1 = L+ by-2)(1 — b%_1)/2d*> independent of n,
we obtain

Ain—i(x;n) = (x —EN/Q){Ai,N/z—l(x: 0))* — w2+ 78D iN2-10x50)4; nja—2(x; 0)

foralln =0, 1,2, ..., from which (3.20) follows.
To prove (3.21), we start by applying (3.12) to 45 y—1 and (3.11) to 41, y—2, in order to write

Ao N1 (x5 n) = (x = By_) Ao n—2 (6 n) = Ty Ao n—3(x; n),
Aina(ein—1) = (x =)oy -a(in— 1) =Tdz y 2 (xin = 1),
or, according to (3.20) and (3.6)—(3.7),
Mo -1 (x5 m) = (x = B Ao, n—2(x; 0) = T Ao N3 (x; 1),
Aya(ein = 1) = (x = B) Ao n—2(x; 0) = Tpds N a(xin — 1),
hence
Panp1d2.N-1(xsn) + P,y AN 2(xin — 1) =7 (x — B A2 n—a(x; 0) —~ Do {un142.N-3(x; 1)
+ PN A3 n—2(x;n — 1)} (3.27)
(we also have used (3.9)). Now, we apply (3.11) to 4, y—3 and (3.12) to 43, y—2, and proceed as before to obtain
Ao N3 ) = (x = By) A3,y -3 (x5 n) =3 day-3(x; 1)
= (x = B2 Az n-3(x; 0) = T3 da N3 (x5 1),
My n—a(xin—1) = (x = By_) A3 n—3(rin — 1) =Ty _p A3 y—a(xin — 1)
= (x = B2 A3,n-3(x; 0) = T3 A3 v a(xsn — 1)
and then, by using (3.27) as well as (3.9), one sees that the left-hand side of (3.27) is
T = B A2, n-2(x; 0) =99y (x = By) A3, n-3(x; 0)

+ 9031 4a N—3(x; ) + P,y A3 N—a(x; n — D)}
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Now, we apply (3.12) to 44 y—3 and (3.11) to 43 y—_4, and proceed as before, and then if we apply successively the
same procedure, at the end we will get at the expression

N/2—1
Tavi1dan a1 (sn) + Ty diva@in =)= > (=D T 5 (x = Bi)div—i(x; 0)
i=2
+ (DN Gy En(xin), (3.28)
where
TN 1 AN 2N 21 (X n) + T v AN a1 a(xsn — 1) if N/2 is even
En(x:n) = {A"N“ J2NIE NN . . (3.29)
Yanc1AN2—1np2(sn) + 7, vAN2, N2+ (xsn — 1) if N/2 is odd.

Now, from the definition of the’y\i ’s we find

PO (4d*)?
VoV3 .- VN2 = .
2TINEEET (0 by ) (1= b2, ) (1= by)(1 — b2)

Hence, taking into account that iy 5 | = By />, as well as (3.9) and the definition of the 4, 5’s, we can write

PaN+14AN2.8 241 1) + v AN 21 N2 (x5 — 1)
=9 = By = By ) = Dunvi1Pann 241 T IaNT—1yn4n 2}
=7(x = Byjp—1)(x = Byj2)

20+ by-2)(1 by (1= ba) (1 = b?)
(4d?)?

=7 (x _/ﬁ\N/Zfl)(x _EN/Z) — 73+ Inje)) A= By,

where, for the second equality, we have used (2.6). Similarly, one proves
VuN1An =1, 8205 n) + PN Anj2,nj24+1 (x5 — 1)
=7 —EN/2—1)(X —TB\N/z) — G273 Injp-) A+ By
Therefore, we conclude that (3.29) becomes
En(ein) =7, = By o 1)@ = By 2) = Gz - o) L= (=DV2B,1,
from which, by (3.28) and taking into account that x — FN 2= Any2,N—Ny2(x; 0), we obtain

B = Vuns1d2n—1(x;n) =Py A1 n—2(x;n — 1)

NJ2
= (=D D% G = B Ain-i(x: 0),
=2

which proves (3.21) when N is even. [

Remark 3.2. The motivation for the previoufs\ Lemma comes from the known fact that (3.20) for i = 1 as well as
(3.21) are necessary conditions in order that { P, }, > ¢ be obtained from {P,} > ( by an admissible polynomial mapping
(cf. [5], [13, Theorem 6], [8, Theorem 4.1 and Remark 4.2]).
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3.2. Description of the polynomial mapping in R

We now introduce the polynomial of degree N defined by

N (x) == do.N—1(x; 0) — @1(0). (3.30)
From (3.11) and (3.21) we get

iy (x) = = A n-1(x:0) + B, =Py 1 don—1(xin) =P, nA1n—2(xin — 1). (3.31)
Then use (3.19), (3.20) and (3.31) to obtain

Posiyn () = (v () = B) Paw () = 9, Pu—n (), n=0,1,2,...,
from which one easily proves by induction that

Pun(x) = Py(ny(x)), n=0,1,2,.... (3.32)
We are ready to show how the sequences {P,}, > and {Fn}n > are related.

Theorem 3.3. Denote by {P,}, > and {ﬁn}n>0 the sequences of monic OPRL corresponding to the sequences of
OPUC (@}, > and { Dy}, > introduced in Problem (P). Let my be the monic polynomial of degree N defined by

iy (x) := do,N-1(x; 0) — @1(0).

Then, the relation between { P}, > and {ﬁn }n>0 is determined by

P,(x)=d"P, (2) n=01,2, ..., (3.33)

where { 13,1},! > i the sequence of monic OPRL obtained from { P}, > by

o~

J
Panyj(x) = A j—1(x;n) Py (nn (x)) + H’V\nzvﬂ' Ajr1,N—1(x; n) Py(ny (x)) (3.34)

i=1

An-1(x)
forall j=0,1,...,N—1landn=0,1,2,...,and

An_1(x) == 4y y—1(x; 0).

Proof. Let {f,.7,11}n>0 and {f,.7,,1},>0 be the sequences of parameters which appear in the three-term

recurrence relations for { Py}, > ¢ and {ﬁn }n > 0. respectively. According to the Geronimus relations (2.6), a straightfor-
ward computation yields

By =dBy, Tpi1 =dF1, n=0,1,2,..., (3.35)

where {En,'y\n +1}n >0 is the sequence defined by (3.3)—(3.4). Hence, (3.33) holds, where {ﬁ,,}n >0 1s the sequence of
monic OPRL defined by (3.13). We have shown that this sequence {E, }n >0 satisfies (3.32), hence it is obtained from
{Pu}, >0 by an admissible polynomial mapping, 7y being the admissible polynomial. Therefore, taking into account
(3.32) and since 41 y—1(x; n) is independent of n, so that A1 y—1(x; n) =Ay_1(x) foralln=0,1, 2, ..., from (3.16)
we get the explicit representation (3.34). Thus the theorem is proved. [

Notice that the polynomial 7y is obtained from ﬁN by adding the constant fj; = —®;(0) = oy, hence it is not clear
that it generates a polynomial mapping in the sense described in [13], since for that 7 must have N real and simple
zeros such that the values of 7y calculated in the zeros of the derivative 7, must be out the true interval of orthogonality
[, n] of the sequence {P,}, > (Which, in our case, is a subset of [—1, 1])—cf. [13, Lemma 1]. Fortunately, Lemma
3.6 in below shows that our polynomial 7y satisfies, in fact, such properties (in fact, it will be shown that 7y is an
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admissible polynomial). For the proof we first need to state the connection between the sequences of OPRL {Qn}n >0

and {Qn}n >0, Where {Qy},, > ¢ is constructed from { P, },, > o by (2.7)~(2.8) and {Qn}n > 18 constructed from {P Jn>o0
via the same procedure, so that

On_1(x) = R {(Prs1 () =@V Py(x) — @ Py (1)) (3.36)
foralln=1,2,...,with
~ ~ ~ ~ 1+ 452 ).
(D ._ 0) ._ n
a,’ = + D0, 1(0), @) = —e—— 3.37
n Bn 2n—1(0) n 1 2n(0)/ ( )

Theorem 3.4. Denote by do and dG the measures with respect to which {Py},( and {Fn }n>0 are orthogonal,
respectively, and let { Qn}, > o and { Qn}, > o be the sequences of monic OPRL with respect to (1 —x%)doand (1—x%)d3,
respectively. Then

~ X X

Oun—1(x)=d™py_, (5> On—1 (nN (5)) (3.38)
foralln=1,2,...,where py_y is the monic polynomial of degree N — 1

Pn—1(x) = [y (0) = /1% = d ™) An-1 ()] (3.39)

Proof. Taking into account (1.3), (3.35) and (3.3)~(3.4), by (3.37) we find @y = 0 and @'y = d, a5 /7,» hence
from (3.36) we can write

~ - = .
@ =D Gy @) = d"™ Py () = & 20N By ()
n

foralln=1,2,....Now, we compute f’n N+1(x) and 13\,, N—1(x) from Theorem 3.3, so that the above equality can be
rewritten as

d'"N An_1(0)(x2 = d7?) Qun—1(dx)

= Po1 (In (X)) 4+ Tyt A2 N1 065 1) Po (i (0)) = Doy @)

N-1

A1 N—2(n = 1Py () + (]‘[%,UNH) Pw(nN(x»} :

i=1
or, taking into account that l_[l{v:_ll/y\(n—l)N-&-i =7,/7an- as well as (2.7),
d' =N Ay ()G = d ™) Qun—1(dx)

= [1%(x) — 11Qn—1 (Ty (%))

+{a" + P Ao -1 (s n) =T,n7 el A n—a (i n — DYP (i ().

Therefore, we see that (3.38) will be proved if we can show that the expression inside {} in this last equality vanishes
foralln =1, 2, ..., which, according to (2.8), is equivalent to showing that

1+ @,(0)
J—% v A N2 n—1)=0 (3.40)

foralln=1, 2, ... . This will follow from Lemma 3.1. In fact, by (3.21), the left-hand side of (3.40) can be written as

D2n-1(0) = B, + Py 1 d2.N-1(x; 1) —

2w
D2p—1(0) — By + yd2n—1(x;0) — —— Ay y2(x;n — 1),
" o 1 — ®5,(0)

and since the relation 27,y /[1 — @2,(0)] = y holds, we conclude from (3.22) that the last expression vanishes. [
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Remark 3.5. If by = by =--- = by_1 =0, straightforward computations give
d=20"NN""ay(x)=Ty(dx), Ay-1(x)=py_ () =dUy_(dx)

(Ty and Uy —1 being the classical Chebyshev polynomials of the first and second kind, resp.), hence (3.32) and (3.38)
generalize formulas (3.7) in [19]. Moreover for general by, ..., by_1 € (—1, 1) one see that there is a one-to-one
correspondence between the family {<D }n>0 of OPUC and the two families { P }n>0 and {Qn},, >0 of OPRL on (a
subset of) the interval [—1, 1].

Lemma 3.6. Ifz1, 22, ..., zN—1 denote the zeros of Ayn—_1 then, up to permutations,
! ! (3.41)
—— =<7 <D< - -<IN-1< = —, .
d =20 <<1 22 IN-1 ZN d
and for this ordering
vz =DV i=0,1,...,N. (3.42)

As a consequence, ty has N real and simple zeros, all in ] — dl’ é[ and interlacing with those of Anx_1, and T[/N has
N — 1 real and simple zeros y1 < yy <--- < yn—1 such that

lny(yi)| =1, i=1,...,N—1.

Proof. By definition, Ay_1 = P(l) _ is an element of the OP family {P\(l)},1 >0, hence Ay_1 has N — 1 real and simple
zeros. Furthermore, the true interval of orthogonality of {P( b >0 is a subset of the true interval of orthogonality of
{P,l}n >0 [9, p. 87]. Therefore, taking into account that P (x)=d™ P (dx) and that the true interval of orthogonality

of {P }n>ois asubsetof [—1, 1], it follows that all the zeros of /1 ~—1 belong to the interval | — 1/d, 1/d[. This justifies
(3.41). In order to prove (3.42), put n = 1 in (3.38) to get

%) —1=d'""Nx? —d HAn_1(x) On—1(dx), (3.43)
which implies
lnn(zi) =1, i=0,1,...,N. (3.44)

By (3.8) and (4.4) in [9, p. 86], we find P\Iill)(x)P\N x) — PN+1 (x) 1()c) = y; > 0. In this equality set x = z; and
x = zj41 for an arbitrary but fixed i € {l,..., N — 2}, to get PN(Z,)PN(ZH-l) = Vl/Pji,l)(z,)Pji,l)(zlﬂ) <0, the
last inequality being justified by the separation theorem for the zeros of an orthogonal polynomial system [9, p. 28].
Therefore, Py (z;) and Py (z;i+1) have opposite signs fori =1, 2, ..., N —2. This still is true fori =0 andi =N — 1.
In fact, for i = N — 1 the statement follows from PN(ZN) = PN(I/d) > (0 and PN(ZN—l) = V]/P\Ig,l)(qu) < 0; and
for i = 0 we see that PN(ZO) = PN(—l/d) has the same sign as (=D, and PN(Zl) = Vl/i’},l)(m) has the opposite
sign of (—=1)N. We conclude that PN (zi) and PN (zi+1) have opposite signs fori =0, 1,..., N — 1, hence

N (zi) — TN (zis1) = Py(zi) — Py(zign) #0, i=0,1,...,N —1.

This together with (3.44) implies ny (z;)7n (zi+1) = —1 forall i =0, 1, — 1, and since ny(zy) = 1 (which
follows from 7y (zy) = PN(l/d) + Bo > — 1, this last inequality being Justlﬁed by PN(l /d) > 0 and the basic fact
Po €lé, nlc]l — 1, 1], (3.42) is proved. The remaining statements in the Lemma are now obvious. [J

Remark 3.7. By definition, the three fundamental polynomials 7y, Ay—_1, and py_; depend only on the choice of
o, bl, .. bN 1. Fig. 1 shows a plot of these polynomials in the special case N = 5 and for the choice oy = —%,
b = 2, bz = 3, by = ;11 and by = %. Furthermore, it follows from the previous Lemma that n;,] ([—1, 1]) is the
union of N intervals of the real line contained in the interval [—1/d, 1/d], such that two of these intervals have at most
one common point. In the graphic we can see the five intervals that form the set n&l ([—1, 1] in the example under

consideration (notice that 1/d ~ 1.91874).
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Fig. 1.

3.3. Relation between the measures on the real line

The previous Lemma and Theorem 3.3 show that, in fact, 7y (x) is an admissible polynomial mapping. Thus, the
following proposition holds.

Theorem 3.8. Under the conditions of Theorem 3.3, let do, do, and do denote the measures associated with the

sequences of monic OPRL { Py}, > o, {Fn Jn>0, and {13\,, Jn >0, respectively, and let [, n] be the true interval of orthog-
onality of { Py}, >0 (With —1 < < n<1). Then the following statements hold:
(i) The Stieltjes transforms of do and do are related by

F(z: d%) = —AN 1(2) F(nN (d) da) 2 e C\my! (e ). (3.45)
(i1) Up to constant factors, the relation between the measures is given by
-1 ()
a5 = dz (3) = ANI—)(C")da (w (3)). 5 emy'acn. (3.46)
w(3)

so that supp(d@) is a subset of [—1, 1] contained in the union of N intervals.

Proof. In order to prove (3.45), we first show that

PO )= Ay 1) P (an(x), n=0,1,2,... (3.47)
(this relation is expected, according to the results in [13]). We know the three-term recurrence relation (3.1) for the P,’s,
also satisfied by the numerator polynomials P( )l’s with P( ) =0and P(l) 1. According to (3.32), the contraction

of the three-term recurrence relation for the P,’s must yield (3.1) with argument 7 (x). The numerator polynomials

P( )] satisfy the same three-term recurrence relation as Pn, SO Pt 1\2 | must be a linear combination of the two solutions
of (3.1) with argument 7 (x), hence

PiN_1 () = o) Py (i (x)) + B) Py ey (x), n=0,1,2, ...

where o(x) and f(x) are two polynomials independent of n. But, for n = 0 we see that o(x) = 0, and withn =1 we
find f(x) = Py pl 21 (x) = Ay—_1(x), and thus (3.47) is proved. Now, by (3.47) and Markov’s Theorem, it is easy to state
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the relation between the Stieltjes transforms. Indeed, since we can always assume that 1y = ug := fsupp(d ) do(y), we
get
"(1) ( (D
~ 2) . P (N (2)
F(z;d%) = —7p lim Pay—1® _ = —upAy_i(z) lim =17
n—>+oo  P,n(z) n—+o0o  P,(nyn(z))

= AN 1R)F (nn(2)i do),  z ¢y (1€ 7))

hence

= 31 (509 = bans(5) P (en (3) ). Semiacnn

We now prove (3.46). According to Lemma 3.6, one can write

. N 11
ny ([E.n]) = U Ji C [—2, E] )
i=1

where J1, ..., Jy are N closed intervals in the real line (disposed from the left to the right) such that J; and J; 4 have
at most one common point. Let Dy := [—-1/d, y1], D; = [yi—1, ] (i =2,...,N — 1), Dy := [yn—1, 1/d], and
consider the functions 7; : D; — ny(D;) (i =1, ..., N) defined by 7;(x) := ny(x) for x € D;. Then, each T; is
bijective and T; (J;) =[&, ]l fori=1, ..., N.We know that [£, ] C [—1, 1] and we also have (3.42). Hence iy (z;) ¢1¢,
(mli =1,..., N — 1), and we see that z; is located between the intervals J; and J;4| (z; may be the right-hand point
of J; or the left-hand point of J;;1). We first prove that, under the hypothesis of the Theorem, the right-hand side of
(3.46) defines, in fact, a measure with finite moments. For that, it is sufficient to show that
da(my (x))

/ [AN-1(X)|——F—— <+ 00 (3.48)
Ty (D) Ty (%)

(because [, 1] is compact). Notice that |y (y;)| = 1 foralli=1, ..., N—1.Hence,if |ty (y;)| > 1 foralli=1, ..., N—1
orif —1 < ¢ <n < 1 then it is clear that (3.48) holds. However, if ny (y;) = &= —1 or ny(y;) =1 = 1 for some i then
from Lemma 3.6 we see that necessarily y; = z;, hence Ay_1(x)/ ”?v (x) has no pole at x = y;, and we can conclude
that

sup
xeny' Q&nD

s

‘AN] (x)
My (x)

and (3.48) also follows. Now, for z € C\n ~ (& n]), noticing that Ay and 7 v have the same sign in each interval
Ji, we get

/ |A*()|M

N (& X —2 T ()

—Z / AN Gontrly (1)) do ()

X —z nN()

N

_ fﬂ 1 A7 o)) 4ot
¢ ST ) - AT ) ’

the last identity follows from the substitutions y =y (x), x € J; (i =1, ..., N). Therefore, since decomposition into
partial fractions gives

Ay-1(2) =i T C8))
y =y @) T3 =z ()
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it follows that, for z € ([:\n;,1 (&, 0D,

/ 1 QOENVED _ 1@ F (e (2): do) = F (23 0,

[An—1(x)]
Sy X — 2 my (%)

which proves (3.46). O
4. Solution to Problem (P)

We are assuming that the Verblunsky coefficients for {@,(z)}, > are real and satisfy —1 < @, (0) <1 for all n =
1,2, ... .This is equivalent to say that du is symmetric, in the usual sense that du(0) + du(2n — 0) = 0, which means
that

2n 2n
fwwmm+()fwmmm—m=o

for every f € %[0, 2x]. Then 0 € supp(dy) if and only if 27 — 0 € supp(dp), and so one can write

0 = min supp(dp), 6Oj := max supp(dp). 4.2)
0<O<n 0<0<
Under these conditions, since b = (by, ..., by_1) is a finite sequence of real numbers belonging to the interval (—1, 1)

then the measure with respect to which {®,}, - is orthogonal is also symmetric. In order to find this measure it is
convenient to introduce some notation and preliminary results.

4.1. Notation

We set
C*:=C\{0}, 0D :={ze€C:l|z|=1,3(z)<0}.
Define
hz)=z—-v2—1, zeC, (4.3)

by choosing the branch of the square root so that |k(z)| = |z — /2% — 1| < 1 for z € C\[—1, 1]. Then & is analytic on
the complex plane with a cut along the real interval [—1, 1], with expansion

no=2ty Il e (“44)
2z 873
We also define
1 1
g(2) = 24 (z + E)’ 4.5)

which is an analytic function on C* that maps 0D onto the real interval [—1/d, 1/d] and maps C*\0D onto C\[—1/d,
1/d]. Further, we set

Ep = {6 € [0, 2x] : %cos@ € n;,l([—l, 1])} , (4.6)

I'y = {eie 10 € Ep}. 4.7

By Lemma 3.6 we can write

N
ty (=1 1D = L.
=1
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where I1, ..., Iy are N closed intervals on the real line (disposed from the left to the right) such that I, and ;41 have
at most one common point and ny (Iy) = [—1, 1] for every £. Then we see that I'}, is the union of 2N arcs on the unit
circle,

2N
FbEUFg,
=1

so that to the (rescaled) interval d I, corresponds the two symmetric arcs (with respect to the real axis) I’y and I'oy4+1—¢,
foreachf=1, ..., N (see Fig. 2 for an illustrative example with N =5 and the same data as in Fig. |—notice that the
five intervals appearing in Fig. 1 are Iy, I», . .., I5, while in Fig. 2 these were rescaled, so that the five intervals on the
real line appearing in Fig. 2 are d11,d1>, ..., dIs, originating 10 arcs I'1, '3, ..., I'1p). Finally, set

E, = {OG[O,Zn]:eieng} £=1,2,...,2N), (4.8)
sothat Eq, ..., Epn are 2N intervals contained in [0, 27] such that E, and E1 have at most one common point, and
2N
Ep = U Ey.
=1

Lemma 4.1. Fix z € C*. Then

() z € I'vy if and only if ny (g(2)) € [—1, 1].
(i) Ifz € I'y then py_1(8(2))An-1(8(2)) € [0, +o0l.
(iii) Ifz € OD\I'p then py_;(8(2))AN-1(g(2)) €] — o0, O[.
@iv) If z belongs to the punctured disc 0 < |z| <2 — /3 or to the annulus lz] > 2+ /3, then |ty (g(2)| = 1/dN > 1.

Proof. Fix z £ 0.If z € I'}, then z = el for some 0 € Ey, hence g(z) = (1/d) cos 0 and by definition of E} we get
iy (g(z)) € [—1, 1]. Assume now 7y (g(z)) € [—1,1]. Put z = pe“), with p >0 and 0 € [0, 2z[. We first show that
p = 1. Assume p # 1. Since

1 -1

prp cos@—i—ip_p

2d
we see that g(z) lies over the ellipse whose major and minor axes lie on the real and imaginary axes of the complex

plane (resp.), the lengths of the major and minor axes being equal to (p + p~')/2d and |p — p~'|/2d (resp.), with
focal points at +1/d, independent of p. This implies g(z) ¢ [—1/d, 1/d]. Hence, if sin 0 =0 then g(z) is a real number

g(2)= sin 0,
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outside the interval [—1/d, 1/d] and so from Lemma 3.6 we see that ny(g(z)) ¢ [—1, 1], which is a contradiction
with the hypothesis. If, however, sin 6 # 0 let us show that, again, 7y (g(z)) ¢ [—1, 1]. In fact, suppose sin 0 #~ 0 and
nn(g(z)) =€ € [—1, 1]. Then g(z) would be a complex non-real zero of the polynomial ¢y, of degree N and with real
coefficients, defined by

tvn(x) =40 — iy (x).
But, this is impossible. Indeed, if —1 < £ < 1 then by Lemma 3.6 we find
in(@)IN EieD) = [€ = (=DM (6= (DY <0

for every i =0, 1, , N — 1, so all the zeros of ¢y are real (and simple, one in each interval ]z;, z;+1[). If £ = £1,
then g(z) would be a zero of the polynomial on the right-hand side of (3.43), which is impossible since Ay_; and
Q ~N—1 belong to orthogonal families and so all their zeros are real. We conclude that p = 1. Therefore, z = e'’, hence
g(z) = (1/d) cos 8, so that wy ((1/d) cos 0) = ny(g(z)) € [—1, 1] (by hypothesis), which implies 6 € E}, so z € I'p.
This proves (i). Now, by (3.39) we can write

sin 0

—5PN-1@@NAN-1(8(2), z= ¢l ¢ oD,

T (8(@) — 1= ——

from which (ii) and (iii) follows, taking into account (i) and the fact that 7y (g(z)) is a real number for z € 0D. In order
to prove (iv), put z = peie, with p > 0. If sin 6 = O the statement in (iv) comes from (i). Assume sin 0 # 0. According
to Lemma 3.6, there exists N real distinct numbers r1, ..., ry, with —1 <ry <---<ry < 1,suchthatri/d, ..., ry/d
are the N distinct zeros of 7. Then

[y .
nN(g(z))=d—Nl_[ (§(z+z )—U)-
j=1

Putr; = cosa; with —m < a; <0 (1< j<N), and let 7 be that positive real number such that cosh 7 = %(p +p h1t
is straightforward to verify that

2
= [cosh i — cos(0 — ;)] - [cosh i — cos(0 + ;)]

1 -1
E(Z-}-Z )—r;j
forall j =1,..., N. Therefore, if cosh n>2, i.e., if p ¢12 — /3,2 + +/3[, we have |ny (g(2)|>1/dV > 1. O

4.2. The fundamental mappings © and K

In the next lemmas we introduce two mappings, & and K, which play a fundamental role in the description of the
perturbation process on the unit circle defined by Problem (P). We notice that these lemmas are motivated by the lecture
of the paper [30] by Peherstorfer and Steinbauer.

Lemma 4.2. If g and h the mappings defined in (4.5) and (4.3), set

O(z) =

homyog(z) ifzeC*
{ 4.9)

ifz=0
and let Ey, I'y, 'y and E; (£ =1, ...,2N) as in (4.6)—(4.8). Then
(1) O is analytic on C\I'y, and maps this set into D.

(i) |©€?)| =1 for 0 € Ey; and O?) € (-1, 1) for 0 € [0, 27]\Ep.
(iii) Foreveryt=1,...,2N, the mapping O|I'; : I'y — 0D~ is continuous and bijective, so

Oy)=0oD", €=1,...,2N.
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(iv) Let ¥y : Ep — [0, 7] be defined by
In(0) = —Arg(@E?), 0eE) =1,...,2N) (4.10)

where Arg denotes the principal argument. Then On|E; : E¢ +— [0, ] is bijective and continuous at all points
of E¢ up to the end points, forall £ =1, ...,2N, and

1
cosy(0) =y (E cos 9) , 0¢€Ey. 4.11)

(v) ©(z) =0ifand only if z=0. Moreover, 0 is a zero of order N of © and

0@ _ e o,

lim — == H(l —b3). (4.12)
j=1

Proof. We know that g is analytic on C* and £ is analytic on C\[—1, 1]. Thus, since in C* we have @ =h omy o g, it

follows that @ is analytic for all z € C* such that 7y (g(z)) € C\[—1, 1]. Using the fact that |@(z)| < 1 for z € C*\I'},

we see that z = 0 is a removable singularity, so @ is also analytic at z = 0. Furthermore, according to (4.4) and (iv) in

Lemma 4.1, we have

0@ _hewy@@y 1 1 1 1
N N 227N (g(2) 8 N7 (g(2)) ’

from which (4.12) follows. To conclude the proof of part (i) note that, by Lemma 4.1, if z € C*\I'y, then ny(g(2)) ¢
[—1, 1], hence we find |©(z)| = |h(nn(g(2)))| < 1, so that &® maps C\I'}, into D, the (geometric) interior of the unit
circle.

To prove (ii) notice that if 0 € [0, 27] then by the choice of the branch of the complex square root in the definition

of h, we have
L coso 2 (Leoso) =1 ir L os0) =1
ay | —cosO)— [ny | =cosO)— if iy |—cosl)>1,
N\a N \d N\d
i0 1 . , (1 , 1
OE")=1nn gcosﬁ —i (1 —my ECOS@ if Ty gcosé) e[—1,1], (4.13)
Leos0) + [ (Leoso) =1 if L cosd 1
7y | = cos ny | —cos0) — if iy |—cosl)<—
AV N\d Ma
(on the right-hand side all the square roots are the ordinary real square roots). Therefore, if 0 € E}, we have nN($ cos0) €

[—1, 1], hence |@('?)| = 1. If 0 € [0, 27]\ Ey, then either nN(ﬁ cost) > 1 or nN(é cos ) < — 1 and so, taking into
account that x — v/x2 — 1 €] — 1, 1] for x > 1, it follows that @(eie) €] — 1, 1[ in either cases.

Next we prove (iii). Fix £ € {1, ...,2N}.Foreachz € I'; we can write z=el with either —n <0< 0and é coslely
ifeefl,..., N},0r0<0<nand$cose € hy_¢if€ € {N+1,...,2N}. Ineither cases, by the computations above,
we have

1 : 2 (1 0
O()=ny 30059 —i [l —my ECOSQ , z=¢eV ely, (4.14)

from which the continuity of @|I'y follows. Since ny (I¢) = [—1, 1], (4.14) also gives @(I'y) = 0D~ and so O|I; :
I'y — 0D~ is onto. It is easy to see that @ is also one-to-one.
To prove (iv) notice that, according to (iii), we can write

@(610) — e—iﬁN(o)’ 0 c Eb (415)
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where ¥y : Ep — [0, ] can be chosen such that 95 |E : E; — [0, ] is bijective and continuous at all points of Ej
up to one of the extreme points, forall £ =1, ..., 2N. Itis clear that this mapping ¥y can be explicitly given by (4.10)
and, further, by (4.15) and (4.14) it also satisfies (4.11).

Finally, the relation (z —+/z2 — 1)(z++/22 — 1)=1 shows that i(z) # Oforallz € C and since O (z)=h (ny(g(z)))
for z # 0, this implies that @ has no zeros different from 0. This completes the proof of (v). U

Remark 4.3. The previous lemma shows that ©(z) = 0(zN) as 7 — 0, so that the behavior of @(z) near the origin is
similar to that of zV.

In the sequel denote by Int(I";) the arc I'; without the end points, and set

2N

Int(I'y) := |_J Int(I"y).
=1

These sets are the analogue of certain arcs described in [30]. We also define —n =0y <0 <---<0Oy_1 <Oy =0by

1 .
gcosﬁj =zj, j=0,1,...,N

where z1, ..., zy_1 are the zeros of Ay _ (cf. Lemma 3.6). Hence
An_1(g@) =0 iff z=e0, j=1,2,....,N—1.

Notice that each one of all these points eFil; (j=0,1,..., N) is an extreme point on some arc Iy, hence all these
points belong to I'p. Notice also that the totality of the extreme points of the arcs I'y (£ =1,2,...,2N) is given by the
setofpointseii@i (j=0,1, ..., N)together with the points e Tt (=1,...,N=1),where —n<{; <---<{ny_1 <0
are defined by

1 .
gcoséj:wj, j=1,...,N—1,

w] <---<wpy—1 being the zeros of py_; (which also are all real and simple and belong to the open interval | —
1/d, 1/d]). It follows that

on_1(g@) =0 iff z=e"Y, j=1,2,... . N—1

Next we put

O(z) —1/0(z
uy-1(z) = %ﬁz@ 7#0,£1.

By Lemma 4.2, uy—1(z) becomes an analytic function in C*\I'y. Further, from (3.39),
duy_1(2) = py_1(@@)AN-1(2()), 7 #0, 1.
Lemma 4.4. Define K : C\{eii()-/}yzo — C by

dun-1(2)/An-1(8(2)) if z € CH\[eF0}N |

K(z) := { (4.16)
1 if z=0.

This mapping K fulfills the following properties:

(1) K is analytic on C\I'y,.
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(ii) For every £ =1,...,2N, K|Int(I'y) is a real and continuous function (regarded as a function with domain
Int(I'¢)) which never vanishes, and

PN—_1 (— cos 0)
K@ =DV | ——m—= z=el e I, (4.17)
An_1 <E cos 0)
(iii) K (z) is purely imaginary for z € 0D\ I'p.

Proof. The zeros of Ay_1(g(z)) - (z — 1/z) are the numbers eFil; (j=0,1,...,N),all of which belong to I'y,, and
we know that O is analytic in C\I'y. This implies that K is analytic on C*\I'. Since Ay _1 is a monic polynomial of
degree N — 1 we see that N1 An (g(2) — (2d)1_N as z — 0. Hence, for z # 0 but near zero, and taking into
account (v) in Lemma 4.2, we get

d zN @2(z)—l_) d 2 _,
N Ay 1(2(2) Oz) 2 —1 Qd)'=N ea)V

K(z) =

as z — 0, so that K is continuous at z = 0, and since it is analytic on a punctured neighborhood of z = 0 then K is also
analytic at z = 0. This proves (1).

Next we prove (ii) for a fix £ € {1, ..., N} (the proof is similar for £ € {N + 1,...,2N}). Take z € Int(I'y). Then
z=¢l, with —r <0 <0 and (1/d)cos 0 € I;. Since ny ((1/d) cos 0) €] — 1, 1], from (4.13) we get

0@ -1/0@ _ -1 [ , (1
z—1/z _sinH\/l “N(dcos‘))- (4.18)

But, according to (3.43),

1 : 1 !
1—- n%\, (E cos 0) = d % sin’ Opn—1 (E cos 9) An-1 (3 Ccos 9) :

In particular, this equality shows that py_; and Ax_1 have the same sign at (1/d) cos 0, so that their product or quotient
is strictly positive in /;. Therefore

1 —sin 0 1 1
\/1 -7y (3 cosH) =— \/pN_l (3 0039) An—1 (3 cos@),

and so from (4.18) and the definition of K, and taking into account that

sgn {ANl (% cos 9)} =sgn {n}, (% cos 9)} =(—DHN ¢,

we deduce (4.17), from which we get (ii). Statement (iii) follows from (4.13) by observing that if z = ell ¢ oD\ I
then 7ty ((1/d) cos 0) is real and lives off [—1, 1]. This completes the proof. [J

4.3. Solution to Problem (P)

We can now state our main result. We need to introduce some appropriate monic 2n N—associated polynomials,
namely polynomials 455»2"1\1)(2) and Q;an)(z) defined recursively by

(2 =2 =2 = (2 *
oM@ =1, 8PV (@) =207V (@) + By OB (),

~ ~ ~ ~ ~ k
oF"M @ =1, QP @) =20 (2) - Brny; QT (2) (4.19)
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forall j=1,2,...,2N — l and n = 0,1,2,....General m—associated polynomials were introduced and studied
by Peherstorfer in [25]. Notice that @;,,y4;(0) = b; is independent of n for j =1,2,..., N — 1, so that the above

recurrence relations give

V@) =9, 2" @=2(. j=12...N-1L

Notice also that foreach j =1,2,...,2N — 1 the polynomials 55.2"1\7) (z) and EZ(/.Z"N) (z) can be expressed in terms of

determinants of order j, involving only z and the corresponding Verblunsky coefficients.

Theorem 4.5. Let {®,}, > be a monic OPUC with respect to some measure du. Assume that dp is symmetric, so
that (4.1)~(4.2) hold. Letb = (b, ..., by_1) € (=1, DN~ and let {Pu}, >0 be the monic OPUC whose Verblunsky
coefficients are defined as in (1.3). Let O, K, and ¥y be the mappings introduced in Lemmas 4.2 and 4.4. Finally, set

1
EE’" = {6) € [0, 2x] : Ecos@ € njvl([f, 11])} C Ep,
& :=cos Oy, n := cos 0. Then the following statements hold:
(1) The polynomial sequence {5,, tn>0 is explicitly given by

dz)N
20(z)

Pru+(2) = ( ) (GT (@ ) ®2,(02)) + G (23 m) B3, (O(2)}

forall j=0,1,...,2N —landn=0,1,2,...,where
1 (~ ~
GE@m =3 {37V 0 k@8 @),
J 217 J
(ii) The Carathéodory functions associated with {®y,},, ~ o and {5,1 bn >0 satisfy

- 1
C(z;du)=mc(9(z);du), lz] < 1.

(iii) The measure di with respect to which {5,1}” >0 Is orthogonal is

sin0 | dudn(0))
sindy(0)| Iy (0)

~ 1 ~
d7i(0) = — [{y1 0)] . supp(di) C E;"

where {y_1(0) := An_ (% cos 0). Alternatively,

Zgen @ duy 0))
K@) @O

du(0) =

where y £ denotes the characteristic function of the set Eg’".
b

Proof. From the Szego relations (2.3), foreveryn =0, 1,2, ... we find

1 4 @2,(0) 1 — @,(0) z — 2z~
21—n P (x) + 21—n 2

1
D, (2) =2" { Qn—l(x)} ,

(4.20)

4.21)

(4.22)

(4.23)
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x=(z+ z’l)’/vZ (we choose z so that z =x — +/x2 — 1 = h(x)), and a similar relation holds for the polynomials of
the sequence {®P,}, > (. Hence

— Bon(0) 2 — 2~
zl—nN 2

~(O55) {3 e (B e e (D)

the last equality being justified by relations (1.3), (2.4) and Theorems 3.3 and 3.4. Put X = ny (x/d) = %(Z + 7z,

1+ @2y (0) ~ 1
21_+PnN(x) +

~ 1 ~
Doy (2) = 2N { QnN_l(x>}

where we choose Z so that Z = X — +/ X2 — 1 = h(X), which gives Z(z) = O(z). Notice that, by Theorem 3.4,
z—2z7! x 2d X*-—1
e (f)e
2d d 22 Ay <E>

_ d zZ—-z7z1vz—-z"1
C An—1(g(@) z—2z7! 2

ko2
=5 (@)( )

(we need to assume that z is neither &1 nor a zero of Ax_1(g(z)), but this is not important—cf. Remark 4.6 in below).
Then

~ 248\ (1 K
cban(z)=<( 21) ) {an(XH%Z)(Z—Z‘)Qn_l(X)}.

From this equality, and taking into account that, according to (2.3), the relations

1
—P(X)=Z7"00(2) + 2"y (Z7Y,

n

1
5 (2= Z7N0,1(X) = Z7"D2,(2) — Z" D2, (271

hold, we easily get

1— K
B2 (O(2)) + T(Z)

~ 24"\ 1+ K
<152n1v(z)=<( 2 ) { +KG)

20(z) 2 D5, (9(2))} , (4.24)

which proves (4.20) for j =0. To prove (4.20) for j =1, 2, ...,2N — 1 we start by applying an identity from Corollary
3.1 in [25] to write

Do +j(2) = 5 @2an (@) + Poy ()P (@) + § (B2 (2) = B3,y (DR (2) (4.25)

forevery j=1,2,...,2N — 1. Since g(1/z) = g(z) for z € C*, we have ©®(1/z) = O(z) and K (1/z) = —K (z), hence
from (4.24) we obtain

Qd)V\" { 1-K(2) 1+ K(2)
2 2

D3,y (2) = ( 26000 D2,(0(2)) + —¢§n(@(z))} . (4.26)
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Therefore

dz)N

m) {92:(0(2)) + 5,(0(2))},

52nN(Z) + 53;1/\/(1) = (

Qdz)N
20(z)

Do (2) — B, (2) = ( ) K(@2){92(0(2)) — 93,(0(2))},

and using these expressions in (4.25) gives (4.20) for j =1,2,...,2N — 1.
In order to prove (ii), notice first that, by Lemmas 4.2 and 4.4, if |z| < I then also |@(z)| < | and K (z) # 0, so that
the right-hand side of (4.21) is well defined. Notice also that if |z| < 1 then z ¢ I'},, hence ”N(Z_;) =ny(g(2) ¢[—1, 1],

so that x/d € (E\n;,l([f, n), since [¢, #] C [—1, 1] (in fact, [, #] is the true interval of orthogonality of { P}, > ).
Then from (2.9) and Theorem 3.8, for |z| < 1 we can write

5 pen =S ()£ ( ()i 00)

_Anaig@) z-zt 27 -7
B d Z-z1 2

Clz:df) ==

F(X;do)

1

Finally, as a consequence of Theorem 3.8 and Szegd transformation between dii and d&, we see that {5n}n20 is
orthogonal with respect to the measure

o I Avoi((/d) cos 0)] 1
du(0) = |do(cos 0)| = —sgn{sin 0} nﬁ\,((l/d) c0s0) do <nN <d cos 9))

(0<0<2m), with support contained in E é’", which by (4.11) and Szeg6 transformation between du and do leads to
(4.22). The equivalent form (4.23) can be easily justified by using (4.18) together with (4.11). [

Remark 4.6. We have not defined K (z) at the zeros of Ay—1(g(z))(z — 1/z), which are the points z = eFli (j =
0,1, ..., N). However, it is not important how K is defined at these points, since if we rewrite (4.20) as

Qdz)N

20(z) ) {55'2”)(2)[‘1’2”(@(2)) + 33,(0(2))]

~ 1
PN+ (2) = 3 (

+ K027 (2)[92(0(2)) — 85,(0)]}

then we see that K (z) appears as a factor in a product where @5, (0(z)) — @3, (0(z)) is also a factor, and this factor
vanishes at all the points z = eFi0i In fact, since @(eii@i) =nn(zj) = (—l)N_j foreach j =0, 1, ..., N, then either
@(eii@f) =1or @(eiief') = —1, and it is clear by definition of reversed polynomial that &;, (1) — @3,1(1) =0=
Do (—1) — @5, (—1).

Remark 4.7. From (iv) in Lemma 4.2, the mapping 6 € E; — vy (0) € [0, 2] is bijective and continuous a.e. for
all=1,2,...,2N, so the precise meaning of (4.22) is

2N .
ooy 1 sinf | du(dy(0))
/E f(ﬁ)du(ﬁ)—E;/EZ FO) [tn-10)] LMM) T

for every f € €[0, 2n]. Similarly for the meaning of (4.23).
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Remark 4.8. dji induces a measure on 0D which, in general, will be supported on the set I’ ﬁ’” ={el:0e Eﬁ’n} C
I'y, which is the union of 2N arcs on the unit circle, pairwise symmetric with respect to the real axis. In particular, if

by=---=by_1=0and [&, n]=[—1, 1] then Fg’" = I'¢g = 0D (cf. Corollary 4.10 in bellow).

Remark 4.9. For the special case oz; = constant for all j € No Theorem 4.5 is due to Peherstorfer and Steinbauer
[30].

Corollary 4.10 (Badkov [3], Ismail and Li [19], Marcellan and Sansigre [22]). Let by =---=by_1 =0 in Theorem
4.5. Then
-~ 1

du0) = N du(NO), 0<0<2m, 4.27)

Czdp)=CENidp, |zl<1, (4.28)

Py =2/ D,(2Y), j=0,1,...,N—1; n=0,1,2,.... (4.29)
Proof. Assume by =---=by_; =0. In this case the arcs I'; are explicitly given by

g L—1—N {—N
ry={e: <0< nt, £=1,2,...,2N. (4.30)
N N

In fact, by Remark 3.5 we have Ay_1(x) = py_;(x) = dUn—1(dx), hence by previous considerations, the extreme
points of the arcs Iy are the points eFi0; such that —n = Op<0)<---<0Oy_1 <Oy =0and (1/d)cosl;=z;, where

z0=—1/d,zy =1/d and z1 <--- <zy_1 are the zeros of Uy_1(dz). As a consequence, z; = —(1/d) cos(j/N)r,
hence ; =(j — N)/Nmnforall j=0,1,..., N, and (4.30) follows from ['; = {eie 1 0p-1<0<L0p} fore=1,2,...,N
and since I'y4; and I'yy1—; are symmetric with respect to the real axis for each j =1, 2, ..., N. Notice that (4.30)

implies that I'y, is the whole unit circle: 'y, = U%ﬁ] 'y =0D.
Now we compute the mappings @ and K. According to Remark 3.5 we can write
z+77! _ NN
2 2

nn(g(@) =Tn <

742771 N —N
An-1(8(2) = pn-1(8(2)) =dUn—1 < 7 )=d —.
z—2z
Hence, on one hand we have

N if |1z] <1,
O(z) = { cos(NO) —i[sin(NO)| if z=¢€! (—n<O<n),
N if |z[>1,

where the last equality is justified by the choice of the branch of the square root. According to (4.30) we can also write

N if |z] <1,
- b L—1—N E—N
O@z)={DVN ifg=elf T T n (E=1,...,2N), 4.31)
N N
N if |z| > 1.

On the other hand, for K, using the definition as well as (4.17), we find
1 if |z] <1,

g, b—1—N ¢t — N
K(z) =1 (=Nt ifz:elg,Tn<0<

n (t=1,...,2N),

-1 if |z] > 1.
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It follows immediately from (4.21) that (4.28) holds. Also, using again Remark 3.5 with cos 0 = dx we find
{N_10)=dUpn_1(cos0) =dsin(NO)/sinh, y(0)= N0,
so that (4.22) gives (4.27). Now, since by = --- = by_1 =0, we have

5(2nN)(Z)={Z1’ j=0’1’~~-,N—1,

! FNGN + g1 (0)), j=N.N+1,....2N—1,
E)@”N)(Z)={ZJ’ Jj=0,1,...,N—1,
! NG = B 1(0), j=N.N+1,....2N — 1.

Hence, in order to prove (4.29), notice first that if |z] < 1 then
Gl@m=z/, j=01,...,2N—1,

0, j=0,1,...,N—1,

Gi(mn) =1 .

' Ny, 1(0), j=N,N+1,...,2N —1;

and if |z| > 1 then
0, j=0,1,...,N—1,

G}L(Z;n)z . _
" N®y,11(0), j=N,N+1,...,2N —1,

G @m=z, j=01,..2N~1

(For |z| =1 the computations are similar.) In any case, substituting these expressions in (4.20)—take into account that
(2dz)N/2@(z) equals 1 if |z| < 1 and it equals z2V if |z| > 1, and use the recurrence relation for {Du}, > 0—gives

Zj(p2n(ZN)y j=0,1,...,N —1,
ZNDy 1 (2Y), j=N,N+1,...,2N -1
foralln =0, 1,2, ..., which is equivalent to (4.29). O

52n1v+j (2) = {

Remark 4.11. Itis a curious fact that the mapping z — ©(z) corresponding to the case b=0is not given by @ (z) =z
in the whole complex plane (as could be expected), but in fact it is given by (4.31).

4.4. Asymptotic behavior of the perturbed polynomials

Recall that the measure dyu belongs to Szegd’s class if {#,(0)}, >0 € 2, the Hilbert sequence space of all square-
summable sequences. This is equivalent to the integrability of the logarithm of the absolutely continuous part in the
Lebesgue decomposition of du. In this case, the asymptotic behavior of the OPs {®,},, > ( can be obtained by using the
so-called Szeg6 function,

1 [2melf g
D(z; dp) :ZGXP{E,/O eiG_Zlog,u/((?)dﬁ .zl < 1.

In fact, the asymptotic results

. _ . * _
0@ =0. i 6}(0)=

D(z; dw)

hold uniformly in compact subsets of the unit disk D (cf. [36,15,16,34]), ¢, being the orthonormal polynomial
corresponding to the monic polynomial @, so

- 1
®n (Z) = kﬂ(pn(Z)s kn = 1_[ W (432)
-
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(n=20,1,2,...) and ¢} is the reversed polynomial of ¢, (see Simon [32, p. 1]). If du belongs to the Szegé class
thNen it is clear that the same does not hold for the measure dji in Problem (P), up tob = (0, ..., 0), since otherwise
{24(0)},>0 ¢ £2. However, the asymptotic behavior for the orthonormal polynomials can be easily obtained as the
next proposition shows.

Theorem 4.12. Let the assumptions in Theorem 4.5 hold, and assume that du belongs to the Szego class and let
{@n}n>0 be the corresponding sequence of orthonormal polynomials. Under these conditions,
(i) foreach j =0,1,...,2N — 1 the limit G;(z) := limn_H_ooG; (z; n) exists for every z € C\I'y, and
G;(z:0) if j=0,1,...,N — 1,
Gj(x)=12Gy_,(z:0) ifj=N,
2Gj-1(2) —bZN—jG;k-,](Z) ifj=N+1,...,2N —1

(with the usual definition G7—1 (z) := /1 Gj_1(1/z), evenif G j_1(z) is not a polynomial).
(ii) Strong asymptotics '

: 0()\"~ _ G ..
,1£TW(Z—N) Oon+i D= by ay =0 AN

hold uniformly in compact subsets of C\I'y, where v; is a constant defined by

] 1

[[ —= ifj=0,1,...,N—1
s=1 Vl—b%
YTl vy

ifj=N,N+1,...,2N — 1.

N/2
@ = 1w

Proof. As in (4.32), we have @, (z) = kn®,(z) with ky, := ]—[?21 1/,/1— |<1~>j (0)|2. According to (1.3), it is straight-
forward to verify that

~ /M) 'vikay,  j=0,1,...,N -1
konn+j =
" @@y ke, j=N.N 1., 2N — 1.

Hence, taking into account the relation kp,,4+1 = k2, /4/1 — (D%n 11 (0) and the fact @,,(0) — 0 as n — +o0 (since du
belongs to Szego class), we have

~ n
k A ea)Y
lim v (COTY o aN -1
n—+oo  ky, 2

Now, by (4.20) in Theorem 4.5,

0\~ Toantj [N B
(%) §0an+]'(2) = % <%) {GT(Z$ n)(rDZn(@(Z)) + G/ (Z; n)q);n(@(z))}

But, by Lemma 4.2, if z € C\I'}, then |©(z)| < 1 and compact subsets of C\ I}, are mapped by @ in compact subsets
of the unit circle |z| < 1, and so, since du belongs to Szego class,

m ¢,,(0(2)) =0, ngrfoo(PZ(@(Z)):1/D(@(Z);du)

li
n—-+00o

uniformly in compact subsets of C\I'p. Since G;!:(Z; n) are independent of n for all j =0,1,..., N — 1, we get (i)
and (ii) for these values of j. For j = N, N + 1,...,2N — 1 we notice that both lim,_, 4« GjF(z; n) exist for every
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fixed z € C\I'p, which can be easily seen by using the determinantal expressions for E);znm(z) and 525.2"1\/) (z) (as
determinants of order j, in terms of z and the corresponding Verblunsky coefficients), and taking into account that
®,(0) — 0 as n — +o00. Further, (4.19) gives the recurrence

G (zin) =2G_1(z:n) + Poun g (O)[G (5 m)]*

(for j=1,...,2N —1). Therefore, for j=N we get Gy (z; n)=2G y_1(z; 0)+ P21 (0)[G y_ (2 0)]*, so Gy(zn) —
zGy_;(z;0)asn — +oojand for j =N +1,...,2N — 1, since Glf(z; n) =szf_l(z; n) — sz_j[G7_l(Z; n)]*, by
taking the limit as n — +o0o we obtain a recurrence relation for G ;(z). This completes the proof. [J

Remark 4.13. By the assumptions of Theorem 4.12 the Verblunsky coefficients for the sequence {5,1 }n >0 are asymp-
totically periodic. Therefore, under the assumption ) , >0 lan| < 0o (which needs not to hold if we only assume Szegd’s
condition), the limit statements given for such sequence by Peherstorfer and Steinbauer in [31, Section 3] can be applied
in order to get the strong asymptotics for the perturbed sequence {®,},, > ¢.

Remark 4.14. From the asymptotics of the perturbed OPUC {5,1},, >0 we can now find the strong asymptotics of the
perturbed OPRL {13,,}” > 0. Further, information concerning the spectral properties of the Jacobi operator with entries
{an},>1 C R" and (b}, >0 C R, where by = ﬁn and @2 =7,, {En » Tnt11n >0 being the sequences introduced in (3.35),
can be obtained (in terms of the spectral properties of the Jacobi operator corresponding to the OPRL { Py}, > o).
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