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Abstract

The numerical method proposed in this paper is an improvement of ADI method by Li [Z. Li and A. Mayo.
ADI methods for heat equations with discontinuities along an arbitrary interface. Volume 48, pages 311-
315. American Mathematical Society, 1994]. The proposed method is unconditionally stable for both two and
three-dimensional heat conduction interface problems, while Li’s ADI method is only stable for two-dimensional
problem. The method is a modification of Locally One-Diomansional (LOD) difference scheme, with correction
term added to the right-hand side of the standard LOD difference scheme at irregular points. The correction
term is determined so that the local truncation error is of order O(h) at irregular points. Then the method is
two-order convergent in both time and space directions. Numerical examples show good agreement with exact
solutions and confirm the order of convergence and stability.

Keywords: Splitting method, LOD scheme, Immersed interface method, Level set function
2010 MSC: 65M06

1. Introduction

Interface problems are those problems, in which discontinuous coefficients or singular sources are presented
across some interfaces. The solutions of these problems are often non-smooth or even discontinuous across
the interface. Hence, for interface problems, the accuracy of traditional difference scheme may be degraded
because the Taylor expansions that they are based on are not valid across the interface.

In 1994, Leveque and Li [1, 2] proposed an efficient numerical method, Immersed Interface Method (IIM),
for elliptic interface problems. It is a method with two-order accuracy in maximum norm. The difference
scheme of IIM is the same as the standard difference scheme away from interface. When the interface passes
through the difference stencil, the difference scheme should be modified by incorporating the jump condition
of variables across the interface. However, in two-dimensional problems another grid point should be added
to the standard five-point difference stencil, leading to a non-symmetric coefficient matrix. This problem was
improved by introducing the maximum principle preserving immersed interface method [3]. It produces a
diagonally dominant coefficient matrix and has been successfully implemented with a specially designed multi-
grid method [4]. Explicit jump immersed interface method (EJIIM) was proposed in [5] for two-dimensional
elliptic interface problems, which produces a symmetric linear system by adding proper correction terms on
the right-hand side (RHS) of difference equation. The decomposed IIM [6] was proposed to handle variable
coefficient elliptic interface problems. It decomposes the jump condition into each direction and produces a
symmetric problem. Li proposed a fast iterative immersed interface method (FIIIM) in [7] for solving elliptic
interface problems with discontinuous coefficients. The convergence analysis [8, 9] shows that the local trun-
cation error is allowed to be of lower order along some lower dimensional manifolds without influencing the
global convergence order of the solution.

For parabolic interface problems, IIM has been extended to deal with linear parabolic interface problems [4],
in which the Crank-Nicolson scheme is used to treat the diffusion term. Li considered the nonlinear parabolic
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interface problems in [10], mainly focusing on how to treat the moving interface. After that, Wiegmann and
Bube [11] investigated the same nonlinear parabolic interface problems, handling the nonlinear convection term
in a convenient way under the IIM strategy. The immersed interface based θ-difference scheme was proposed for
two dimensional heat-diffusion equations with singular own sources [12]. A stable and fast prediction-correction
implicit scheme [13] was developed to handle the thermo-elastic system with discontinuities.

For time-dependent problems, implicit schemes are popular because it can eliminate the time step restric-
tion. One disadvantage is that a large linear system of equations need solving at each time step. The approach
to overcome this drawback may be to use Alternative Direction Implicit (ADI) or splitting method, in which
only a sequence of tridiagonal systems need solving. The P-R ADI scheme [14] and the LOD scheme [15, 16]
are of these methods. In [17, 18], the P-R ADI scheme was applied to heat equations and Stefan problems,
respectively. However, Li’s modified P-R ADI scheme is only absolutely stable for two-dimensional heat con-
duction problems, while the LOD scheme can be extended directly from 2D to 3D without losing the merit
of absolute stability [19, 20]. The intention of this paper is to apply LOD schemes to heat interface problem
in 2D and 3D. The main objective is to add correction term to the RHS of standard difference scheme at
irregular points, thus it will not affect the stability of standard LOD schemes. The level set function [21] is
used to represent the interface due to its simplicity and strength in describing complex shapes.

The rest of this paper is organized as follows: In Section 2 we describe the problems to be solved and provide
some preparations for this paper. Then, the construction and analysis of LOD-IIM in 2D are presented in
Section 3. Similar extension of LOD-IIM to 3D problem is shown in Section 4. We display some numerical
examples in Section 5 before a concluding remark is made in Section 6.

2. Preliminaries

2.1. Problem description
We consider the following heat conduction equation

∂u

∂t
= ∆u− f(x, t), (x, t) ∈ Ω× (0, T ], (2.1)

with initial condition,
u(x, 0) = u0(x), x ∈ Ω, (2.2)

and boundary condition,
u(x, t) = g(x, t), (x, t) ∈ ∂Ω× (0, T ], (2.3)

where ∆ is the Laplace operator in 2D or 3D, with x = (x, y) in 2D and x = (x, y, z) in 3D. The source f(x, t)
and initial value u0(x) may be discontinuous or singular across interface Γ. The interface Γ is immersed in the
domain Ω and divides Ω into two parts, Ω+ and Ω−. Due to the bad initial value and source term, the solution
u(x, t) will be discontinuous or non-smooth across the interface. Along the interface, the jump conditions [u]
and [un] can often be derived from the problem itself,

[u] = lim
x→Γ
x∈Ω+

u(x, t)− lim
x→Γ
x∈Ω−

u(x, t) = w(x, t), (2.4)

[un] = lim
x→Γ
x∈Ω+

un(x, t)− lim
x→Γ
x∈Ω−

un(x, t) = v(x, t), (2.5)

where n is the unit outward normal vector, see Figure 1.

2.2. Level set function
Since the interface can have a fairly complex shape, a smooth level set function φ(x) is introduced as

φ(x) = ±dis,

where dis is the shortest distance from x to the interface Γ. Thus the set of points with φ(x) = 0 represents
the interface Γ,

Γ = {x ∈ Rdim | φ(x) = 0}, dim = 2, 3. (2.6)

The set of all points with φ(x) < 0 and the set of all points with φ(x) > 0 represent two disjoint domains Ω−

and Ω+, respectively. The unit outward normal vector n can be approximated by n = ∇φ/|∇φ| at any point.
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Ω

Γ
φ = 0

Ω−

φ < 0

n Ω+

φ > 0

Figure 1: The diagram of domain, interface and unit outward normal vector n

In favor of level set function φ(x, y), we can determine the locations of intersection between interface and
grid lines. Suppose that the interface lies between (xi, yj) and (xi+1, yj), if we define

θx =
φi,j

φi,j − φi+1,j
,

then 0 ≤ θx ≤ 1 and the interface is located at

(x∗, y∗) = (xi + θxhx, yj), hx = xi+1 − xi. (2.7)

Similarly, when the interface lies between (xi, yj) and (xi, yj+1), we can define

θy =
φi,j

φi,j − φi,j+1
,

thus 0 ≤ θy ≤ 1 and the interface is located at

(x∗, y∗) = (xi, yj + θyhy), hy = yj+1 − yj . (2.8)

2.3. Corrected central difference schemes
In this subsection, we assume that the domain Ω is a rectangular, [a, b] × [c, d], and the interface Γ is a

circle immersed in Ω. The domain is discretized uniformly by a M ×N grid with grid coordinates
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Figure 2: Mesh grid of 25× 25 subdivision with reference to five-point stencil
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xi = a+ (i− 1)hx, yj = c+ (j − 1)hy, i = 1, · · · ,M + 1, j = 1, · · · , N + 1,

where hx = (b − a)/M , hy = (d − c)/N are space steps in x- and y-axis directions, respectively. Thus the
interface is not always align with the mesh grids. A grid point (xi, yj) is defined as regular if all the points
in the difference stencil are on the same side of the interface. On the contrary, if at least one point is on the
other side of the interface it is irregular. In Figure 2, the mesh grid of 25 × 25 subdivision with reference to
five-point stencil is displayed, with the solid circle being the interface Γ, the “∗” representing irregular points
and the “•” the regular points. Assume that uni,j represents the value of u(xi, yj , tn) and Uni,j is the numerical
approximation of u(xi, yj , tn), where tn is the n-th time level.

The second-derivative uxx and uyy are approximated by central difference schemes. For smooth solutions,
the central difference scheme is of second-order accuracy. However, when the solution is non-smooth or
discontinuous across the interface, the accuracy at irregular points will be degraded. Thus we should add
correction terms to the standard difference schemes at irregular points to improve the accuracy. The following
lemma, analogous to Lemma 3 in [5], is the basis for determining the correction term in Section 3 and Section
4.

Lemma 1. Suppose that the interface lies between (xi, yj) and (xi+1, yj), located at (x∗, y∗), and u ∈ C3(Ω−∪
Ω+), with derivatives extending continuously up to the boundary Γ. Then the following approximations hold
to O(h):

(uxx)i,j ≈ δxxui,j − (Cx2)i,j , (uxx)i+1,j ≈ δxxui+1,j − (Cx2)i+1,j ,

if (xi, yj) ∈ Ω− and (xi+1, yj) ∈ Ω+, where

(Cx2)i,j =
1
h2

(
[u] + [ux](xi+1 − x∗) +

1
2

[uxx](xi+1 − x∗)2
)
,

(Cx2)i+1,j = − 1
h2

(
[u] + [ux](xi − x∗) +

1
2

[uxx](xi − x∗)2
)
,

and (x∗, y∗) can be obtained by (2.7).

According to different relative position between the interface and irregular points, the correction term Cx2
is different.

Remark 1. If the interface lies between (xi, yj) and (xi+1, yj), (xi, yj) ∈ Ω+ and (xi+1, yj) ∈ Ω−, then the
correction term will be

(Cx2)i,j = − 1
h2

(
[u] + [ux](xi+1 − x∗) +

1
2

[uxx](xi+1 − x∗)2
)
,

(Cx2)i+1,j =
1
h2

(
[u] + [ux](xi − x∗) +

1
2

[uxx](xi − x∗)2
)
.

If the interface lies on the grid point, then we should decide from which side the limit value of primary
variables at this point will approach. Without losing the generality, we assume that the limit value approaches
from “Ω+” direction.

Remark 2. If the interface lies on the grid point (xi, yj), (xi−1, yj) ∈ Ω+ and (xi+1, yj) ∈ Ω−, then the
correction term will be

(Cx2)i,j = − 1
h2

[u]− 1
h

[ux]− 1
2

[uxx], (Cx2)i+1,j =
1
h2

[u]− [uxx].

If the interface lies on the grid point (xi, yj), (xi−1, yj) ∈ Ω− and (xi+1, yj) ∈ Ω+, then the correction term
will be

(Cx2)i,j = − 1
h2

[u] +
1
h

[ux]− 1
2

[uxx], (Cx2)i−1,j =
1
h2

[u]− [uxx].

Remark 3. The correction terms Cy2s in y-axis direction can be determined analogously to Lemma 1, Remark
1 and Remark 2.

With the help of these correction terms, we can approximate the second derivatives to be of local truncation
error O(h) at irregular points.
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3. Numerical methods

In this section, we will construct the LOD-IIM scheme for heat interface problem (2.1)-(2.3) in 2D.

3.1. The idea of LOD-IIM
For heat equation (2.1) in 2D, it can be discretized by LOD scheme as,

(I − ∆t
2
δxx)Un+ 1

2 = (I +
∆t
2
δxx)Un − ∆t

2
(I +

∆t
2
δxx)fn+ 1

2 , (3.9)

(I − ∆t
2
δyy)Un+1 = (I +

∆t
2
δyy)Un+ 1

2 − ∆t
2

(I − ∆t
2
δyy)fn+ 1

2 , (3.10)

where ∆t is the time step, I the identity operator. The truncation error of magnitude O(∆t2 + h2) can
be achieved for smooth problems, while for interface problems it will be degraded. In order to improve the
accuracy of LOD scheme for interface problems, we need to add some correction terms to the RHS of LOD
difference schemes. We add one correction term on the RHS of equation (3.9), then (3.9) becomes,

(I − ∆t
2
δxx)Un+ 1

2 = (I +
∆t
2
δxx)Un − ∆t

2
(I +

∆t
2
δxx)fn+ 1

2 −∆tC. (3.11)

We call (3.11) and (3.10) the LOD-IIM schemes for 2D interface problem (2.1)-(2.3). Here and from now on,
we suppress the subscript of space in our notation and assume that all terms are computed at (xi, yj) if it can
not cause any confusions.

3.2. Local truncation error analysis
In this subsection, we will discuss how to determine the correction terms C by local truncation error

analysis. In order to achieve two-order convergence in maximum norm, we should make the local truncation
error to be of order O(h) at irregular points and of O(h2) at regular points. At regular points it is natural to
satisfy local truncation error of order O(h2) due to the central difference schemes, while at irregular points we
should correct it so that the local truncation error is of order O(h).

Applying the operators (I − ∆t
2 δxx) and (I + ∆t

2 δyy) to equations (3.10) and (3.11), respectively, after
some manipulations we can get the actual finite difference scheme from tn to tn+1,

Un+1 − Un
∆t

= M − fn+ 1
2 − ∆t2

4
δxxδyyf

n+ 1
2 − (I +

∆t
2
δyy)C, (3.12)

where
M =

1
2
δxx(Un+1 + Un) +

1
2
δyy(Un+1 + Un)− ∆t

4
δxxδyy(Un+1 − Un).

Since the interface is fixed and all the quantities are continuous with time, we can check the local truncation
error of difference scheme (3.12) by examining each term. The left hand side in (3.12), with U substituted by
the exact solution u, yields

un+1 − un
∆t

= u
n+ 1

2
t +O(∆t2).

Keeping in mind the fact that

uxx = δxxu− Cx2 +O(h), uyy = δyyu− Cy2 +O(h),
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the term M on the RHS of (3.12) can be corrected as, with U substituted by u,

1
2
δxx(un+1 + un) +

1
2
δyy(un+1 + un)− ∆t

4
δxxδyy(un+1 − un)

=
1
2

(un+1
xx + unxx) +

1
2

(un+1
yy + unyy) +

1
2

(Cn+1
x2 + Cnx2) +

1
2

(Cn+1
y2 + Cny2)

−∆t
4
δxx
(
un+1
yy − unyy + Cn+1

y2 − Cny2 +O(h)
)

+O(h)

=
1
2

(un+1
xx + unxx) +

1
2

(un+1
yy + unyy) +

1
2

(Cn+1
x2 + Cnx2) +

1
2

(Cn+1
y2 + Cny2)

−∆t
4
(
Cn+1
y2x0 − Cny2x0 +O(h−1)

)
− ∆t

4
δxx(Cn+1

y2 − Cny2) +O(h) (3.13)

= u
n+ 1

2
xx + u

n+ 1
2

yy +
1
2

(Cn+1
x2 + Cnx2) +

1
2

(Cn+1
y2 + Cny2)

−∆t
4

(Cn+1
y2x0 − Cny2x0)− ∆t

4
δxx(Cn+1

y2 − Cny2) +O(h+ h−1∆t2) (3.14)

= u
n+ 1

2
xx + u

n+ 1
2

yy + F +O(h+ h−1∆t2), (3.15)

where
F =

1
2

(Cn+1
x2 + Cnx2) +

1
2

(Cn+1
y2 + Cny2)− ∆t

4
(Cn+1

y2x0 − Cny2x0)− ∆t
4
δxx(Cn+1

y2 − Cny2),

in which, Cny2x0 = ± 1
h2 [uyy](x∗, yj , tn), satisfying δxxunyy = Cny2x0 +O(h−1). Since all quantities are continuous

with time, the quantity O(h−1) in (3.13) will become O(h−1∆t) when we expand all quantities at time level
tn+ 1

2
, thus (3.14) holds. Combining (3.12) and (3.15), we get

(I +
∆t
2
δyy)C = F − ∆t2

4
δxxδyyf

n+ 1
2 , (3.16)

which is the tri-diagonal system for correction term C at each time step. The tri-diagonal systems arising from
the operator splitting and the computation of correction term can be solved by Thomas method [20] efficiently.

3.3. Computation of jump conditions
The formula of correction term F in (3.16) is the combination of jump conditions of u and its derivatives.

Since the jump conditions are usually defined in normal or tangential direction by the problem itself, we need
to define a local coordinate system at (x∗, y∗) on the interface

ξ = (x− x∗) cos θ + (y − y∗) sin θ,
η = −(x− x∗) sin θ + (y − y∗) cos θ,

(3.17)

where θ is the angle between the x- and ξ-axis. The ξ-axis is normal to the interface while the η-axis is
tangential, see Figure 3. We can prove that 2D equation (2.1) under the local coordinate (3.17) is unchanged.

ξ

θ
x

η

(x∗ ,y∗ )Γ

Ω−

Ω+

Figure 3: The diagram of local coordinate system
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In the neighborhood of point (x∗, y∗), we parameterize Γ locally by ξ = χ(η), η = η. Then, we have χ(0) = 0,
χ′(0) = 0 provided the interface is smooth at (x∗, y∗), with χ′′(0) being the curvature at (x∗, y∗).

Suppose that the jump conditions (2.4) and (2.5) are only defined on the interface, then we can obtain
required jump conditions under the local coordinate system,

[u] = w(η, t), [uξ] = [un] = v(η, t), [uη] = [u]η = wη(η, t),

[uηη] = −χ′′[uξ] + wηη, [uξη] = χ′′[uη] + vη, [uξξ] = χ′′[uξ]− wηη + [f ] + wt,

which are similar to that in [17, 22]. Thus the jump conditions in the x- and y-directions are given by following
formulas,

[ux] = [uξ] cos θ − [uη] sin θ, [uxx] = [uξξ] cos2 θ − 2[uξη] cos θ sin θ + [uηη] sin2 θ,

[uy] = [uξ] sin θ + [uη] cos θ, [uyy] = [uξξ] sin2 θ + 2[uξη] cos θ sin θ + [uηη] cos2 θ.

4. Extend LOD-IIM to 3D

In this section, we extend the LOD-IIM scheme to heat interface problem (2.1)-(2.3) in 3D.

4.1. The LOD-IIM in 3D
For 3D heat conduction equation (2.1), the LOD scheme reads

(I − ∆t
2
δxx)Un+ 1

3 = (I +
∆t
2
δxx)Un −∆tfn+ 1

2 , (4.18)

(I − ∆t
2
δyy)Un+ 2

3 = (I +
∆t
2
δyy)Un+ 1

3 + ∆tfn+ 1
2 , (4.19)

(I − ∆t
2
δzz)Un+1 = (I +

∆t
2
δzz)Un+ 2

3 −∆tfn+ 1
2 , (4.20)

which is unconditionally stable and the local truncation error is of O(∆t2 + h2) for smooth problems. For
interface problems, we also should correct the LOD scheme. We add one correction term C to the RHS of
(4.18), thus the equation (4.18) becoms

(I − ∆t
2
δxx)Un+ 1

3 = (I +
∆t
2
δxx)Un −∆tfn+ 1

2 −∆tC. (4.21)

Equations (4.21), (4.19) and (4.20) are the LOD-IIM scheme for 3D heat interface problems. Here we suppress
the subscript of space and assume that all terms are computed at (xi, yj , zk).

4.2. Local truncation error analysis
Eliminating intermediate terms Un+ 1

3 and Un+ 2
3 in (4.19)-(4.21) and after some manipulations, we get the

actual difference scheme for Un+1,

Un+1 − Un
∆t

= M1 +M2 +M3 +M4 − fn+ 1
2 − (I +

∆t
2
δyy)(I +

∆t
2
δzz)C, (4.22)

where
M1 =

1
2
δxx(Un + Un+1) +

1
2
δyy(Un + Un+1) +

1
2
δzz(Un + Un+1),

M2 = −∆t
4
δxxδyy(Un+1 − Un)− ∆t

4
δxxδzz(Un+1 − Un)− ∆t

4
δyyδzz(Un+1 − Un),

M3 =
∆t2

8
δxxδyyδzz(Un + Un+1), M4 = −∆t2

4
δxxδyyf

n+ 1
2 − ∆t2

4
δxxδzzf

n+ 1
2 − ∆t2

4
δyyδzzf

n+ 1
2 .

The terms M1, M2 and M3 need correcting, while M4 should be cancelled out by C.
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Since the primary variables are continuous with time, we check the local truncation error of (4.22) by each
term, with U substituted by u. For the first part M1, we get

1
2
δxx(un + un+1) +

1
2
δyy(un + un+1) +

1
2
δzz(un + un+1)

=
1
2

(unxx + un+1
xx ) +

1
2

(unyy + un+1
yy ) +

1
2

(unzz + un+1
zz ) + C1 +O(h)

= u
n+ 1

2
xx + u

n+ 1
2

xx + u
n+ 1

2
xx + C1 +O(h), (4.23)

where
C1 =

1
2

(Cnx2 + Cn+1
x2 ) +

1
2

(Cny2 + Cn+1
y2 ) +

1
2

(Cnz2 + Cn+1
z2 ).

Similar to (3.15), M2 can be corrected by

−∆t
4
δxxδyy(un+1 − un)− ∆t

4
δxxδzz(un+1 − un)− ∆t

4
δyyδzz(un+1 − un) = C2 +O(h+ h−1∆t2), (4.24)

where

C2 = −∆t
4
(
Cn+1
y2x0 − Cny2x0 + δxx(Cn+1

y2 − Cny2) + Cn+1
z2x0 − Cnz2x0

+δxx(Cn+1
z2 − Cnz2) + Cn+1

z2y0 − Cnz2y0 + δyy(Cn+1
z2 − Cnz2)

)
.

In term M3, if u is discontinuous across interface Γ, it will be a quantity of O(h−6∆t2). In order to acquire
a local truncation error of order O(h), we should correct δxxδyyδzz(un + un+1) to be of order O(h−1). For
convenience, we consider the following formulas,

δxxδyyδzzu = δxxδyy
(
uzz +

h2

12
uzzzz + Cz4 +O(h3)

)

= δxxδyyuzz +
h2

12
δxxδyyuzzzz + δxxδyyCz4 +O(h−1)

= δxx
(
uzzyy + Cz2y2 +O(h)

)
+
h2

12
δxx
(
Cz4y0 +O(h−1)

)
+ δxxδyyCz4 +O(h−1)

= Cz2y2x0 + δxxCz2y2 +
h2

12
δxxCz4y0 + δxxδyyCz4 +O(h−1),

where

Cz4 = ± 1
h2

(
[u] + [uz](zi±1 − z∗) +

1
2

[uzz](zi±1 − z∗)2 +
1
6

[uzzz](zi±1 − z∗)3 +
1
24

[uzzzz](zi±1 − z∗)4
)
,

Cz2y2 = ± 1
h2

(
[uzz] + [uzzy](yi±1 − y∗) +

1
2

[uzzyy](yi±1 − y∗)2
)
,

Cz4y0 = ± 1
h2 [uzzzz](xi, y∗, zk), Cz2y2x0 = ± 1

h2 [uzzyy](x∗, yj , zk).

The “±” sign is determined by the the relative position between interface and irregular points. Thus the
correction term C3 for M3 should be

∆t2

8
δxxδyyδzz(un + un+1) = C3 +O(h−1∆t2), (4.25)

where

C3 =
∆t2

8
(Cnz2y2x0 + δxxC

n
z2y2 +

h2

12
δxxC

n
z4y0 + δxxδyyC

n
z4

+Cn+1
z2y2x0 + δxxC

n+1
z2y2 +

h2

12
δxxC

n+1
z4y0 + δxxδyyC

n+1
z4 ).

Combining (4.22), (4.23), (4.24) and (4.25), we can acquire the linear system for correction term C in (4.22)
at each time level,

(I +
∆t
2
δyy)(I +

∆t
2
δzz)C = C1 + C2 + C3 +M4.
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4.3. Computation of jump conditions
The jump conditions in 3D can be acquired similarly to that in [23]. At a point (x∗, y∗, z∗) on the interface,

we need to define the following local coordinate transformation to simplify the derivation of jump relations,

ξ = cosβ cosα(x− x∗)− cosβ sinα(y − y∗)− sinβ(z − z∗),
η = sinα(x− x∗) + cosα(y − y∗),
ζ = sinβ cosα(x− x∗)− sinβ sinα(y − y∗) + cosβ(z − z∗),

(4.26)

where α is the angle between x-axis and the projection of outward normal direction on xOy plane, β is the
angle between the outward normal direction and xOy plane. The local coordinate system (4.26) transforms
(x, y, z) to (ξ, η, ζ), with ξ paralleling to the normal direction of the interface pointing toward the + side. The
η- and ζ- axes are in the tangent plane passing through (x∗, y∗, z∗). Similar to that in [2], the equation (2.1)
in 3D is unchanged in the local coordinate. In the neighborhood of this point, the interface can be expressed
as

ξ = χ(η, ζ), with χ(0, 0) = 0, χη(0, 0) = 0, χζ(0, 0) = 0.

The jump conditions (2.4) and (2.5) are only defined on the interface, thus the jump relations in the first
derivative under the local coordinate read,

[uξ] = [un] = v(η, ζ, t), [uη] = wη(η, ζ, t), [uζ ] = wζ(η, ζ, t).

The second derivative jump conditions give,

[uηη] = wηη − [uξ]χηη, [uηζ ] = wηζ − [uξ]χηζ , [uζζ ] = wζζ − [uξ]χζζ ,

[uξη] = vη + [uη]χηη + [uζ ]χζη, [uξζ ] = vζ + [uη]χηζ + [uζ ]χζζ , [uξξ] = wt − [uηη]− [uζζ ] + [f ].

The third derivative jump conditions read,

[uηηη] = wηηη − 3χηη[uξη]− χηηη[uξ], [uηηζ ] = wηηζ − 2χηζ [uξη]− χηη[uξζ ]− χηηζ [uξ],

[uζζζ ] = wζζζ − 3χζζ [uξζ ]− χζζζ [uξ], [uηζζ ] = wηζζ − 2χηζ [uξζ ]− χζζ [uξη]− χηζζ [uξ],
[uξηη] = vηη + (χ2

ηη + χ2
ηζ)v − χηη[uξξ] + 2χηζ [uηζ ] + 2χηη[uηη] + χηηη[uη] + χηηζ [uζ ],

[uξζζ ] = vζζ + (χ2
ηζ + χ2

ζζ)v − χζζ [uξξ] + 2χηζ [uηζ ] + 2χζζ [uζζ ] + χηζζ [uη] + χζζζ [uζ ],

[uξηζ ] = vηζ + (χηη + χζζ)χηζv − χηζ [uξξ] + (χηη + χζζ)[uηζ ] + χηζ([uηη] + [uζζ ]) + χηηζ [uη] + χηζζ [uζ ],

[uξξη] = wtη − [uηηη]− [uηζζ ] + [fη], [uξξζ ] = wtζ − [uηηζ ]− [uζζζ ] + [fζ ],

[uξξξ] = [utξ]− [uξηη]− [uξζζ ] + [fξ].

The fourth derivative jump conditions read,

[uηηηη] = wηηηη − 6χηη[uξηη]− 3χ2
ηη[uξξ]− 4χηηη[uξη]− χηηηη[uξ],

[uζζζζ ] = wζζζζ − 6χζζ [uξζζ ]− 3χ2
ζζ [uξξ]− 4χζζζ [uξζ ]− χζζζζ [uξ],

[uηηηζ ] = wηηηζ − 3χηζ [uξηη]− 3χηη[uξηζ ]− 3χηηχηζ [uξξ]− 3χηηζ [uξη]− χηηη[uξζ ]− χηηηζ [uξ],
[uηζζζ ] = wηζζζ − 3χηζ [uξζζ ]− 3χζζ [uξηζ ]− 3χζζχηζ [uξξ]− 3χηζζ [uξζ ]− χζζζ [uξη]− χηζζζ [uξ],

[uηηζζ ] = wηηζζ − χζζ [uξηη]− 4χηζ [uξηζ ]− χηη[uξζζ ]− (2χ2
ηζ + χηηχζζ)[uξξ]

− 2χηζζ [uξη]− 2χηηζ [uξζ ]− χηηζζ [uξ],
[uξηηη] = vηηη + 3(χ2

ηη + χ2
ηζ)vη + 3(χηζχηηζ + χηηχηηη)v − 3χηη[uξξη] + 3χηη[uηηη] + 3χηζ [uηηζ ]

− χηηη[uξξ] + 3χ2
ηη[uξη] + 3χηζχηη[uξζ ] + 3χηηη[uηη] + 3χηηζ [uηζ ] + χηηηη[uη] + χηηηζ [uζ ],

[uξζζζ ] = vζζζ + 3(χ2
ζζ + χ2

ηζ)vζ + 3(χηζχηζζ + χζζχζζζ)v − 3χζζ [uξξζ ] + 3χζζ [uζζζ ] + 3χηζ [uηζζ ]

− χζζζ [uξξ] + 3χ2
ζζ [uξζ ] + 3χηζχζζ [uξη] + 3χηζζ [uηζ ] + 3χζζζ [uζζ ] + χηζζζ [uη] + χζζζζ [uζ ],
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[uξηηζ ] = vηηζ + 2χηζ(χζζ + χηη)vη + (χ2
ηζ + χ2

ηη)vζ +
(
χηζ(2χηζζ + χηηη) + χηηζ(2χηη + χζζ)

)
v

− 2χηζ [uξξη]− χηη[uξξζ ] + χηζ [uηηη] + (χζζ + 2χηη)[uηηζ ] + 2χηζ [uηζζ ]− χηηζ [uξξ]
+ 3χηζχηη[uξη] + (χηηχζζ + 2χ2

ηζ)[uξζ ] + 2χηηζ [uηη] + (2χηζζ + χηηη)[uηζ ]

+ χηηζ [uζζ ] + χηηηζ [uη] + χηηζζ [uζ ],

[uξηζζ ] = vηζζ + 2χηζ(χζζ + χηη)vζ + (χ2
ηζ + χ2

ζζ)vη +
(
χηζ(2χηηζ + χζζζ) + χηζζ(2χζζ + χηη)

)
v

− 2χηζ [uξξζ ]− χζζ [uξξη] + χηζ [uζζζ ] + (χηη + 2χζζ)[uηζζ ] + 2χηζ [uηηζ ]− χηζζ [uξξ]
+ 3χηζχζζ [uξζ ] + (χηηχζζ + 2χ2

ηζ)[uξη] + 2χηζζ [uζζ ] + (2χηηζ + χζζζ)[uηζ ]

+ χηζζ [uηη] + χηζζζ [uζ ] + χηηζζ [uη],

[uξξηη] = [utηη]− [uηηηη]− [uηηζζ ] + [fηη] + χηη
(
[utξ]− [uξξξ]− [uξηη]− [uξζζ ] + [fξ]

)
,

[uξξζζ ] = [utζζ ]− [uζζζζ ]− [uηηζζ ] + [fζζ ] + χζζ
(
[utξ]− [uξξξ]− [uξηη]− [uξζζ ] + [fξ]

)
,

[uξξηζ ] = [utηζ ]− [uηηηζ ]− [uηζζζ ] + [fηζ ] + χηζ
(
[utξ]− [uξξξ]− [uξηη]− [uξζζ ] + [fξ]

)
,

[uξξξη] = [utξη]− [uξηηη]− [uξηζζ ] + [fξη], [uξξξζ ] = [utξζ ]− [uξηηζ ]− [uξζζζ ] + [fξζ ],

[uξξξξ] = [utξξ]− [uξξηη]− [uξξζζ ] + [fξξ].

Then we can obtain the jump conditions required in the (x, y, z) coordinate system by the local coordinate
transformation.

5. Numerical examples

We have performed a number of numerical experiments to check the accuracy of LOD-IIM schemes for heat
conduction interface problems (2.1)-(2.3). Example 1 and Example 2 are constructed in 2D and Example 3 is
in 3D. The convergence order of the scheme is given as

Order =
log(‖EN1‖/‖EN2‖)

log(N2/N1)
.

5.1. Example 1
In this example the interface is a circle x2 + y2 = 0.25, the solution domain Ω = [−1, 1] × [−1, 1]. The

source term f(x, y, t) is defined as

f(x, y, t) =

{
exp(−t)(x2 − y2), r ≤ 1

2 ,

0, r > 1
2 ,

where r =
√
x2 + y2. The exact solution u of this problem has the same formula as f . The boundary condition

and initial condition are specified by u.
In this example, both the function u and its normal derivative un have jumps, and these jumps vary along

the interface. The jumps in u and un are chosen from the exact solution u. The figure of numerical solution
and error plot on a 41× 41 mesh are shown in Figure 4. The grid refinement analysis is presented in Table 1,
in which the final time is T = 2.

Table 1: Grid refinement analysis in Example 1 with T = 2 (∆t = h)

N ‖EN‖∞ Order

21 1.423648325615812e-007 ∗
41 3.824634103519187e-008 1.9645
61 1.737130295512146e-008 1.9865
81 9.777828435808544e-009 2.0266
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Figure 4: The numerical solution (a) and the error plot (b) of Example 1 on a 41× 41 mesh with T = 2

5.2. Example 2
This example is constructed so that the exact solution is

u(x, y, t) =

{
exp(−5

4 t) sin(x)(y2 − 1)2, r ≤ 1
2 ,

0, r > 1
2 ,

(5.27)

where r =
√
x2 + y2 and the source term f(x, y, t) is derived from (2.1) and (5.27). The solution domain is

[−1, 1]× [−1, 1] and the interface is a circle Γ : x2 + y2 = 0.25.
The figure of numerical solution and error plot on a 41×41 mesh are shown in Figure 5. The grid refinement

analysis of this example is presented in Table 2 with the final time being T = 2.
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Figure 5: The numerical solution (a) and the error plot (b) of Example 2 on a 41× 41 mesh with T = 2

Table 2: Grid refinement analysis in Example 2 with T = 2 (∆t = h)

N ‖EN‖∞ Order

21 1.642819273395233e-004 ∗
41 4.497643828924426e-005 1.9362
61 2.058874627652226e-005 1.9668
81 1.169251833249396e-005 1.9952
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5.3. Example 3
In this example we will verify the convergence order and stability of proposed LOD-IIM scheme on 3D heat

conduction interface problems. Li’s ADI-IIM is not stable for 3D problems unless the time step ∆t ≤ 1.5h2.
The example is constructed so that the solution domain is Ω = [−1, 1]× [−1, 1]× [−1, 1] and the interface is a
sphere x2 + y2 + z2 = 0.25. The exact solution u(x, y, z, t) read

u(x, y, z, t) =

{
exp(−5

4 t) sin(πx) cos(1
2πy) sin(πz), r ≤ 1

2 ,

0, r > 1
2 ,

(5.28)

where r =
√
x2 + y2 + z2. The source term f is determined by (2.1) and (5.28). The grid refinement analysis

of this example is presented in Table 3 with the final time being T = 0.5. From Table 3 we can find that if the
time step is chosen as ∆t = h, the proposed LOD-IIM scheme is stable and has two-order convergence, while
the ADI-IIM will diverge as h goes to zero.

Table 3: Grid refinement analysis of Example 3 with T = 0.5 (∆t = h)

N ‖EN‖∞(LOD-IIM) Order ‖EN‖∞(ADI-IIM)

21 0.178307188424012 ∗ 0.010432810826413
41 0.046849107433850 1.9977 0.274416875175221
61 0.021125369398121 2.0047 3.979258572813444e+010
81 0.011964182356746 2.0050

6. Concluding remark

In this paper a dimension by dimension splitting immersed interface method is proposed for both 2D and
3D heat conduction equations with interfaces. The method reduces a multi-dimensional interface problem
into several one-dimensional interface problems by several steps, and in each step we only need to solve a
tri-diagonal system. One correction term is added to the RHS of standard LOD difference scheme to ensure
the local truncation error of order O(h) at irregular points. In 2D problems, the correction term C is obtained
by solving N tri-diagonal linear systems of order N at each time step, while in 3D problems N sparse linear
systems of order N2 need solving at each time step to get the correction term C. Although more time is taken
to compute the correction term C in 3D problems, the whole time will be less than directly solving a large
sparse linear system of order N3 at each time step. Good aggrement with analytical solution is shown by
several numerical experiments and the order of convergence is found to be of second order in both time and
space.
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