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Abstract

The numerical method proposed in this paper is an improvement of ADI method by Li [Z. Li and A. Mayo.
ADI methods for heat equations with discontinuities along an arbitrary interface. Volume 48, pages 311-
315. American Mathematical Society, 1994]. The proposed method is unconditionally stable for both two and
three-dimensional heat conduction interface problems, while Li’s ADI method is only stable for two-dimensional
problem. The method is a modification of Locally One-Diomansional (LOD) difference scheme, with correction
term added to the right-hand side of the standard LOD difference scheme at irregular points. The correction
term is determined so that the local truncation error is of order O(h) at irregular points. Then the method is
two-order convergent in both time and space directions. Numerical examples show good agreement with exact
solutions and confirm the order of convergence and stability.
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2010 MSC: 65M06

1. Introduction

Interface problems are those problems, in which discontinuous coefficients or singular sources are presented
across some interfaces. The solutions of these problems are often non-smooth or even discontinuous across
the interface. Hence, for interface problems, the accuracy of traditional difference scheme may be degraded
because the Taylor expansions that they are based on are not valid across the interface.

In 1994, Leveque and Li [1, 2] proposed an efficient numerical method, Immersed Interface Method (IIM),
for elliptic interface problems. It is a method with two-order accuracy in maximum norm. The difference
scheme of IIM is the same as the standard difference scheme away from interface. When the interface passes
through the difference stencil, the difference scheme should be modified by incorporating the jump condition
of variables across the interface. However, in two-dimensional problems another grid point should be added
to the standard five-point difference stencil, leading to a non-symmetric coefficient matrix. This problem was
improved by introducing the maximum principle preserving immersed interface method [3]. It produces a
diagonally dominant coefficient matrix and has been successfully implemented with a specially designed multi-
grid method [4]. Explicit jump immersed interface method (EJIIM) was proposed in [5] for two-dimensional
elliptic interface problems, which produces a symmetric linear system by adding proper correction terms on
the right-hand side (RHS) of difference equation. The decomposed IIM [6] was proposed to handle variable
coefficient elliptic interface problems. It decomposes the jump condition into each direction and produces a
symmetric problem. Li proposed a fast iterative immersed interface method (FIIIM) in [7] for solving elliptic
interface problems with discontinuous coefficients. The convergence analysis [8, 9] shows that the local trun-
cation error is allowed to be of lower order along some lower dimensional manifolds without influencing the
global convergence order of the solution.

For parabolic interface problems, IIM has been extended to deal with linear parabolic interface problems [4],
in which the Crank-Nicolson scheme is used to treat the diffusion term. Li considered the nonlinear parabolic
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interface problems in [10], mainly focusing on how to treat the moving interface. After that, Wiegmann and
Bube [11] investigated the same nonlinear parabolic interface problems, handling the nonlinear convection term
in a convenient way under the IIM strategy. The immersed interface based #-difference scheme was proposed for
two dimensional heat-diffusion equations with singular own sources [12]. A stable and fast prediction-correction
implicit scheme [13] was developed to handle the thermo-elastic system with discontinuities.

For time-dependent problems, implicit schemes are popular because it can eliminate the time step restric-
tion. One disadvantage is that a large linear system of equations need solving at each time step. The approach
to overcome this drawback may be to use Alternative Direction Implicit (ADI) or splitting method, in which
only a sequence of tridiagonal systems need solving. The P-R ADI scheme [14] and the LOD scheme [15, 16]
are of these methods. In [17, 18], the P-R ADI scheme was applied to heat equations and Stefan problems,
respectively. However, Li’s modified P-R ADI scheme is only absolutely stable for two-dimensional heat con-
duction problems, while the LOD scheme can be extended directly from 2D to 3D without losing the merit
of absolute stability [19, 20]. The intention of this paper is to apply LOD schemes to heat interface problem
in 2D and 3D. The main objective is to add correction term to the RHS of standard difference scheme at
irregular points, thus it will not affect the stability of standard LOD schemes. The level set function [21] is
used to represent the interface due to its simplicity and strength in describing complex shapes.

The rest of this paper is organized as follows: In Section 2 we describe the problems to be solved and provide
some preparations for this paper. Then, the construction and analysis of LOD-IIM in 2D are presented in
Section 3. Similar extension of LOD-IIM to 3D problem is shown in Section 4. We display some numerical
examples in Section 5 before a concluding remark is made in Section 6.

2. Preliminaries

2.1. Problem description

We consider the following heat conduction equation

%:Au—f(x,t), (x,t) € Q x (0,77, (2.1)
with initial condition,
u(x,0) = up(x), x €, (2.2)
and boundary condition,
u(x,t) = g(x,t), (x,t) €00 x(0,T], (2.3)

where A is the Laplace operator in 2D or 3D, with x = (z,y) in 2D and x = (z,y, 2) in 3D. The source f(x,t)
and initial value uo(x) may be discontinuous or singular across interface I'. The interface I" is immersed in the
domain € and divides €2 into two parts, 27 and Q. Due to the bad initial value and source term, the solution
u(x,t) will be discontinuous or non-smooth across the interface. Along the interface, the jump conditions [u]
and [uy] can often be derived from the problem itself,

[u] = Llilll" U(X, t) - ,lclgll" U(X, t) = w(x, t)v (2'4)
xeQt xEQ™

[un} = ’lclil’% Un(X, t) - ,lcl—r»rll un(xvt) = U(X7 t)7 (2'5)
xeQt xEQ™

where n is the unit outward normal vector, see Figure 1.

2.2. Level set function

Since the interface can have a fairly complex shape, a smooth level set function ¢(x) is introduced as
o(x) = dis,

where dis is the shortest distance from x to the interface I'. Thus the set of points with ¢(x) = 0 represents
the interface I, ‘
I ={x eR¥ | ¢(x) =0}, dim=2,3. (2.6)

The set of all points with ¢(x) < 0 and the set of all points with ¢(x) > 0 represent two disjoint domains Q~
and Q7 respectively. The unit outward normal vector n can be approximated by n = V¢/|V¢| at any point.



Figure 1: The diagram of domain, interface and unit outward normal vector n

In favor of level set function ¢(x,y), we can determine the locations of intersection between interface and
grid lines. Suppose that the interface lies between (x;,y;) and (z;41,y;), if we define

0, = bij 7
Dij — Dit1,
then 0 < 0, <1 and the interface is located at

Similarly, when the interface lies between (z;,y;) and (x;,y;j+1), we can define

0. — i j
Y i — i
thus 0 < 6, <1 and the interface is located at
(@, y") = (@i,y; +0yhy), hy =yjs1 —y;. (2.8)

2.3. Corrected central difference schemes

In this subsection, we assume that the domain € is a rectangular, [a,b] X [¢,d], and the interface T" is a
circle immersed in €2. The domain is discretized uniformly by a M x N grid with grid coordinates

1

.............. +  Regular points
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"""""" Q+ * lrregular points
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Figure 2: Mesh grid of 25 x 25 subdivision with reference to five-point stencil



where h, = (b —a)/M, hy = (d — ¢)/N are space steps in z- and y-axis directions, respectively. Thus the
interface is not always align with the mesh grids. A grid point (x;,y;) is defined as regular if all the points
in the difference stencil are on the same side of the interface. On the contrary, if at least one point is on the
other side of the interface it is irregular. In Figure 2, the mesh grid of 25 x 25 subdivision with reference to
five-point stencil is displayed, with the solid circle being the interface I', the “x” representing irregular points
and the “e” the regular points. Assume that u}’ ; represents the value of u(x;,y;,tn) and U;"; is the numerical
approximation of u(z;,y;,t,), where t,, is the n-th time level.

The second-derivative ug, and u,, are approximated by central difference schemes. For smooth solutions,
the central difference scheme is of second-order accuracy. However, when the solution is non-smooth or
discontinuous across the interface, the accuracy at irregular points will be degraded. Thus we should add
correction terms to the standard difference schemes at irregular points to improve the accuracy. The following
lemma, analogous to Lemma 3 in [5], is the basis for determining the correction term in Section 3 and Section
4.

Lemma 1. Suppose that the interface lies between (z;,y;) and (vit1,y;), located at (x*,y*), and u € C3(Q~U
QF), with derivatives extending continuously up to the boundary I'. Then the following approximations hold
to O(h):

(Uxac)i,j ~ 5a:xui,j - (sz)i,p (um)z‘H,j ~ (5macui+1,j > (Cac2)i+l,ja

if (i, y;) € Q7 and (zi41,y;) € QF, where

(Coa)is = 55 (10 + i = 5°) + G ltnal (w1 = 2?).
(Codirng = =5z ([6) + [l = &) + 3 el — 2°)2))

and (z*,y*) can be obtained by (2.7).

According to different relative position between the interface and irregular points, the correction term Cjo
is different.

Remark 1. If the interface lies between (z;,y;) and (zi+1,y;), (@i,y5) € QT and (z,41,y;) € Q~, then the
correction term will be

(Codig = =3 ([0 ) @1 — %) + Gzl i1 — 7)2),
(Con)irng = g (1] # [l — %) + S umal i — 2°)?).

If the interface lies on the grid point, then we should decide from which side the limit value of primary
variables at this point will approach. Without losing the generality, we assume that the limit value approaches
from “QT” direction.

Remark 2. If the interface lies on the grid point (z;,v;), (Ti—1,y;) € QO and (z41,y;) € Q~, then the
correction term will be

(Carbig = =yl = el = Sltwel,  (Codisng = gl = [l

If the interface lies on the grid point (z;,y;), (xi—1,y;) € Q7 and (wit1,y;) € QF, then the correction term

will be
1 1 1 1

il + 3] Jsl, Codicns =

(Ca2)ij = — N 5

u] — [Ugz].

Remark 3. The correction terms Cyas in y-azis direction can be determined analogously to Lemma 1, Remark
1 and Remark 2.

With the help of these correction terms, we can approximate the second derivatives to be of local truncation
error O(h) at irregular points.



3. Numerical methods

In this section, we will construct the LOD-IIM scheme for heat interface problem (2.1)-(2.3) in 2D.

3.1. The idea of LOD-IIM
For heat equation (2.1) in 2D, it can be discretized by LOD scheme as,

At 1 At At At 1

(1= 5 0a)UmT% = (I 500a) UM = o (L o 0 [T, (3.9)
At " At ntl At At L

(= SoU™ = I+ 6,)U™ = (= S8, (310)

where At is the time step, I the identity operator. The truncation error of magnitude O(At? + h?) can
be achieved for smooth problems, while for interface problems it will be degraded. In order to improve the
accuracy of LOD scheme for interface problems, we need to add some correction terms to the RHS of LOD
difference schemes. We add one correction term on the RHS of equation (3.9), then (3.9) becomes,

At ,
(I = S 0u) U™ = (I+

At At At

S0 ) U™ — = (I + =040) f2 — ALC. (3.11)
2 2 2

We call (3.11) and (3.10) the LOD-IIM schemes for 2D interface problem (2.1)-(2.3). Here and from now on,
we suppress the subscript of space in our notation and assume that all terms are computed at (z;,y;) if it can
not cause any confusions.

8.2. Local truncation error analysis

In this subsection, we will discuss how to determine the correction terms C' by local truncation error
analysis. In order to achieve two-order convergence in maximum norm, we should make the local truncation
error to be of order O(h) at irregular points and of O(h?) at regular points. At regular points it is natural to
satisfy local truncation error of order O(h?) due to the central difference schemes, while at irregular points we
should correct it so that the local truncation error is of order O(h).

Applying the operators (I — %6“5) and (I + %rtéyy) to equations (3.10) and (3.11), respectively, after
some manipulations we can get the actual finite difference scheme from ¢, to t,1,

At?

Un+1 _ U'n
4

At

1 At
Suabyyf"h = (14 56,0, (3.12)

=M — n+l_
e >

where
At

4
Since the interface is fixed and all the quantities are continuous with time, we can check the local truncation

error of difference scheme (3.12) by examining each term. The left hand side in (3.12), with U substituted by
the exact solution u, yields

1 1
M= iézz(U”H +U™) + iayy(U”+1 FU™) — == 8,20, (U™ —U™).

n+1

u —u”

n+i
Ar N 2+ O(AF).

Keeping in mind the fact that

Ugy = 025U — Cuz + O(h),  uyy = dyyu — Cya + O(h),



the term M on the RHS of (3.12) can be corrected as, with U substituted by u,

1 1 At
§6m(u”+1 +u™) + §5yy(u"+1 +u") — Iéméyy(uwrl —u™)
1 n n 1 n 1 n n 1 n n
= g +ug,) + §(uy;1 ) + 5 (7 + Cl) + 5 (O + Cl)
At
— = Oaa (upgtt —up, + Cpt = City + O(R)) + O(h)
1 n n 1 n n n mn
= i(uxj_l + uil) + i(uygj—l + uyy) (C +1 ) (C +1 )
At At n
1 (Clsho = o + O(h™1)) = = 0aa(Cl3™ = Cy) + O(R) (3.13)
=l g SO O+ (O 4 Cp)
t n+1 mn At n+l _ ~mn —1 2
7(0312950 - y2x0) -Eﬂf(c y2) + O(h +h AL ) (314)
=Tl +F+O(h+h TAE), (3.15)
where A A
SO+ Cm) + SO+ Cp) — S, — ) — b0 C3 — O,

in which, Cjy,0 = :t#[uw}(x*, Yjs ), satisfying dgpull, = Clly,o+O(h™1). Since all quantities are continuous

with time, the quantity O(h~!) in (3.13) will become O(h~!At) when we expand all quantities at time level
tyy 1, thus (3.14) holds. Combining (3.12) and (3.15), we get

At At?

(U +Z00)C = F = =08 4, (3.16)

which is the tri-diagonal system for correction term C' at each time step. The tri-diagonal systems arising from
the operator splitting and the computation of correction term can be solved by Thomas method [20] efficiently.

3.3. Computation of jump conditions

The formula of correction term F in (3.16) is the combination of jump conditions of u and its derivatives.
Since the jump conditions are usually defined in normal or tangential direction by the problem itself, we need
to define a local coordinate system at (z*,y*) on the interface

E=(x—a")cosf+ (y—y*)sinb,

3.17
n=—(x—a*)sinb + (y — y*) cos b, (3.17)

where 6 is the angle between the z- and &-axis. The &-axis is normal to the interface while the n-axis is
tangential, see Figure 3. We can prove that 2D equation (2.1) under the local coordinate (3.17) is unchanged.

Figure 3: The diagram of local coordinate system



In the neighborhood of point (z*,y*), we parameterize I" locally by £ = x(n), n = n. Then, we have x(0) =0,
X' (0) = 0 provided the interface is smooth at (z*,y*), with x”(0) being the curvature at (z*,y*).

Suppose that the jump conditions (2.4) and (2.5) are only defined on the interface, then we can obtain
required jump conditions under the local coordinate system,

[u] = w(ﬂ:t)7 [uf] = [un] = v(nat): [un} = [U}n = wn(n7t)>

[unn} = *X”[uﬁ] + Wy, [uﬁn] = X”[un] + Uy, [uéﬁ] = X”[uf] = Wpp + [f] + wy,

which are similar to that in [17, 22]. Thus the jump conditions in the z- and y-directions are given by following
formulas,
[ur] = [ug] cos O — [uy]sind, [ugy] = [uge] cos® O — 2[ug,] cos O sin 6 + [uy,] sin® 0,

[uy] = [ug]sin @ + [uy] cos 0, [uy,] = [uge] sin® 0 + 2[ug,] cos O sin @ + [u,,] cos? 6.
4. Extend LOD-IIM to 3D

In this section, we extend the LOD-IIM scheme to heat interface problem (2.1)-(2.3) in 3D.

4.1. The LOD-IIM in 8D
For 3D heat conduction equation (2.1), the LOD scheme reads

At , At ,
(I = S 0m) U5 = (I + - 000) U™ = L3, (4.18)
At 2 At 1 1
(I = 5 0u)U™S = (T4 50y JUTTS + AL, (4.19)
At At 2 1
(- 7522)U”+1 = (I+ 5 0:)U""5 — Atfrrs, (4.20)

which is unconditionally stable and the local truncation error is of O(At? 4+ h?) for smooth problems. For
interface problems, we also should correct the LOD scheme. We add one correction term C' to the RHS of
(4.18), thus the equation (4.18) becoms

At

2

gdm)U” — Atf*tr — ALC. (4.21)

(- 5

8aa)U™5 = (I +

Equations (4.21), (4.19) and (4.20) are the LOD-IIM scheme for 3D heat interface problems. Here we suppress
the subscript of space and assume that all terms are computed at (z;,y;, 2x).

4.2. Local truncation error analysis

Eliminating intermediate terms U"*3 and U™*3 in (4.19)-(4.21) and after some manipulations, we get the
actual difference scheme for U™ 1!,

untt —gyn At At

A =M Mo+ M+ M~ e - (14 = o)+ 5-62)C, (4.22)
where | . 1
M, = §6mm(U" + U™ + §6yy(U” + U™ + §6ZZ(U" +Unth,
At At At
My = == 0000y (U™ = U") = 00000 (UM = UT) = =28y 022 (U™ = U™,
At? " gl At? net A2 npt A2 il
M3 = ?5”5%522(U +U )a M4 = *T&rr(syyf 2= Tfsrz(szzf 2= Tdyy&zzf 2.

The terms M7, M and Mz need correcting, while My should be cancelled out by C.



Since the primary variables are continuous with time, we check the local truncation error of (4.22) by each
term, with U substituted by u. For the first part M7, we get
1

1 1
5(;mc(u7z 4 un+1) 4 §5yy(un 4 un+1) 4 §5zz(un 4 un+1)

1 1 1
= S +upd ) + 5 (uy, +up) + Sl +ullh) + G+ O(h)

nal nal nal
= Upa ? +Upa ® +uza ® +C1 + O(h), (4.23)
where ) . )

Cr = 5(C + O3 + 5(Cpa + O + 5 (Cly + C35™),

Similar to (3.15), M> can be corrected by

f%émdyy(u"“ ) - %dm(szz(u”“ —ut) - %dyy@z(unﬂ —u") = Gy + O(h + h'AR), (4.24)
where
At n+1 n n+1 n n+1 n
CQ = _I (OnyO - Cy21'0 + 611 (CyQ - Cy?) 3 Cz2x0 — Y2220

000 (CT™ = Cly) + CZQZ%) — Clyo + Syy(ClH — Ch)).

In term Ms, if u is discontinuous across interface I, it will be a quantity of O(h~=%At?). In order to acquire
a local truncation error of order O(h), we should correct §,,8,y0..(u™ + u™*1) to be of order O(h™!). For
convenience, we consider the following formulas,

h2
6mm5yy5zzu = 5:cx(5yy (uzz + ﬁuzzzz + Cz4 + O(hg))
h2
= 6z15yyuzz + Eémzéyyuzzzz + 6zz5yycz4 + O(h_l)

2

h
= 51‘1‘ (uzzyy + Cz2y2 + O(h)) + E‘Smm (Cz4y0 + O(hil)) + 5mx6yycz4 + O(hil)
2

h
= C‘.223;210 + 53:10221;2 + 55110243;0 + 5zz(syyCz4 + O(h_1)7

where

1

Cut = o ([ + sl (s — ) st — 2702 4 S fteneleimn — 2+ o

X _ ¥\4
h2 2 [uzzzz](zzil z ) ):

1 * 1 *
022y2 = iﬁ ([uzz] = [uzzy](yii-l ) ) + 5[Uzzyy](yiil -y )2)a

1 * 1 *
Cz4y0 = iﬁ[uzzzz](xivy 7Zk’)7 Cz2y2x0 = iﬁ[uzzyy}(x s Yis Zk)~

The “4” sign is determined by the the relative position between interface and irregular points. Thus the
correction term Cs for M3 should be

At?
T‘Sm%yéu(u” +u"t) = O3+ O(h ' AL?), (4.25)

where
h2
12

At?
Cs = ?( roy220 T 022Cloys +

h2
+C?2+y§zo + 5wm022+yl2 + 5%0%5 + 5wx5yycgjl)-

Combining (4.22), (4.23), (4.24) and (4.25), we can acquire the linear system for correction term C' in (4.22)
at each time level,

022 Cly0 + 000y Cly

At At
(I + 7(5yy)(l + 752,2)0 = Cl -+ 02 -+ 03 —+ M4.



4.3. Computation of jump conditions

The jump conditions in 3D can be acquired similarly to that in [23]. At a point (z*, y*, 2*) on the interface,
we need to define the following local coordinate transformation to simplify the derivation of jump relations,

& =cosfcosalx —x") —cosPsinaly —y*) —sin B(z — z*),
n=sina(z —2") 4+ cosaly — y*), (4.26)
¢ =sinfBcosalz —z*) —sin Bsina(y — y*) + cos B(z — %),

where « is the angle between x-axis and the projection of outward normal direction on xOy plane, 3 is the
angle between the outward normal direction and zOy plane. The local coordinate system (4.26) transforms
(2,9, 2) to (§,m, ), with £ paralleling to the normal direction of the interface pointing toward the + side. The
7n- and (- axes are in the tangent plane passing through (z*,y*,2*). Similar to that in [2], the equation (2.1)
in 3D is unchanged in the local coordinate. In the neighborhood of this point, the interface can be expressed
as

5 = X(777 C)v with X(Ov 0) = 07 Xn(07 0) = 07 XC(Oa O) = 0.

The jump conditions (2.4) and (2.5) are only defined on the interface, thus the jump relations in the first
derivative under the local coordinate read,

[uf] = [un} = 1}(77’ Cv t)7 [U”f?} = wn(TI: Cvt)v [uC] = w((nv C?t)'

The second derivative jump conditions give,
(] = Wy = [uelxan,  [unc] = wne = [uglxne,  [ucc] = wee — [uelxee

[ugn] = vy + [uglxyn + [uclxen,  Tuec] = ve + [uglxne + [uclxee,  [uee] = wi — [ugy] — [uce] + [f]-

The third derivative jump conditions read,
[Wnin] = Wy — 3Xnn[ten] — Xamnluel,  [Unne] = wWane — 2xn¢[uen] — Xanluec] — Xnnc[ue],

[ucee] = weee — 3xeclue] — xeecluel,  lunee] = wnee = 2xncluec] — xecluen] = xnecluel,
[uenn) = viy + (Xfm + X%g)” — X [uee] + 2xnc[tnc] + 2Xan[tnn] + Xnmnlun] + Xancluc],
[uece] = vee + (e + X2 v — xecluee] + 2xnclunc] + 2xceluce] + Xneelun] + xcecluc],
[ugnc] = vn¢ + (Xam + Xco)Xnev — Xncluge] + (Xnm + Xco) [unc] + Xng ([uan] + [ucc]) + Xame [un] + Xnec [ucl,
[ueen] = win — [tnny] = [uncc] + [fal,  [ueec] = wic — [unne] — [ucee] + [fels
[ugee] = [ute] — [uenn] — [uece] + [fel-

The fourth derivative jump conditions read,
2
[Wammn] = Wanny — 6Xnn [Ueny] — 3Xom [uge] — Axnmn[uen] — Xamna [ue],

[uceee] = weeee — Gxeeluece] — 3xZe[uee] — 4xceclue] — xeeeeluel,

[Unnnc] = Wanne — 3xncuenn] — 3xun[uenc] — 3xunxn¢[uee] — 3xune [uen] — Xomnluec] — Xnmne luel,
[uncee] = wneee — 3xmeluece] — 3xceluenc] — 3xcoxmeluee] — 3xmec[uec] — Xeeeluen] — Xxmeecluel,
[tnnec] = wimee — Xeelugnn] — Dxne [uenc] — Xamluece] — (2x¢ + XanXeo) luge]

— 2xneclugn] — 2xmncluec] — Xmec[uel,
[Wennn] = Vnny + 3(X?m + Xf;c)vn + 3(Xn¢Xnn¢ + X X))V — 3Xan [Uegn] + 3Xnn[Unnn] + 3xn¢[wanc]
— X [uge] + 3X$m [uen] + 3XneXnn[tec] + 3Xann[tnn) + 3Xanc[unc] + Xnnan [un] + Xamnc [ucl,
[uecee] = vece +3(xEe + Xine)ve + 3(xneXnee + XeeXeeo)v — 3xeelueec] + 3xceucee] + 3xnelune]
= xcee[uee] + 3xEc[uec] + 3xnexceluen] + 3xucclunc] + 3xcecluce] + Xncee [un] + xeeeeluc],



[ugnnc] = vane + 2xne (Xee + Xom)vn + (X%c + X%n)vc + (XTIC(QXTICC + Xomn) + Xam¢ (2Xny + XCC))U
— 2Xn¢[ugen] — Xanlueec] + Xnc[unmn] + (Xee + 2xmm) [unne] + 2Xnc[unce] — Xnne[uee]
+ 3Xuc X [ten] + (Xnmxee + QX%g)[Uﬁd + 2Xnn¢ [tan] + (2Xnce + Xamn) [unc]
+ Xomeltee] + Xamne [tn] + Xomec [ucl,

[uence] = vnce + 2xne (Xee + Xam)ve + (X + XEc)vn + (Xne (2xmme + Xece) + Xnee(2x¢c + X))V
= 2xn¢[ugec] — Xeelugen] + xnclucee] + Onm + 2x¢¢) [unce] + 2xnc[unne] — Xnee [uge]
+ 3xmexceluec] + (xamxee + 2xe) [uen] + 2xnee uc] + (2xnne + Xege) [tine]
+ Xnce[tmn] + Xneee[ue] + Xamee [un],

[uéfnn] = [“tnn] - [“nnnn] [Urmcc] + [fnn] + Xnn([utf] - [“55&] - [U&m] “fCC )7

[ueece] = [urce] = [uccee] = Tumnee] + [fee) + xee ([uce] — [ueee] — [ugny] = [uecc] + fs ),

[ugene] = [wenc] — [ungne] — [uncee] + [Facl 4 xne ([wre] — [ugee] — [ugnn] = luece] + [fel),
=1 ] ]

ugnee] + [fenls  [ueeec] = [uree] = [uegme] — [uecec] + [fecl,
[ueeee] = [uree] — [ugenn] — [ueece] + [feel-

Then we can obtain the jump conditions required in the (x,y, 2) coordinate system by the local coordinate
transformation.

[ugeen] = [uten] — [ugnny] —

5. Numerical examples

We have performed a number of numerical experiments to check the accuracy of LOD-IIM schemes for heat
conduction interface problems (2.1)-(2.3). Example 1 and Example 2 are constructed in 2D and Example 3 is
in 3D. The convergence order of the scheme is given as

log([[En, I/ En 1)

Order = = (VoY)

5.1. Example 1
In this example the interface is a circle 22 4+ y* = 0.25, the solution domain Q = [~1,1] x [~1,1]. The

source term f(x,y,t) is defined as

exp(—t)(z? —y?), r<

)

f(@,y,t) ={

V
DNJ— Doj—

Oi r 9
where r = /22 4+ y2. The exact solution u of this problem has the same formula as f. The boundary condition
and initial condition are specified by u.

In this example, both the function u and its normal derivative u,, have jumps, and these jumps vary along
the interface. The jumps in w and w, are chosen from the exact solution u. The figure of numerical solution
and error plot on a 41 x 41 mesh are shown in Figure 4. The grid refinement analysis is presented in Table 1,
in which the final time is 7' = 2.

Table 1: Grid refinement analysis in Example 1 with T'= 2 (At = h)

N 1 EN] oo Order
21 1.423648325615812e-007 *

41 3.824634103519187e-008 1.9645
61 1.737130295512146e-008 1.9865
81 9.777828435808544¢-009 2.0266
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(a) (b)

Figure 4: The numerical solution (a) and the error plot (b) of Example 1 on a 41 x 41 mesh with T' = 2

5.2. Example 2
This example is constructed so that the exact solution is

{ exp(—%t) sin(z)(y? —1)2, r<

1

u(w,y,t) = & (5.27)
0, r> bR
and

where r = /22 4+ y2? and the source term f(z,y,t) is derived from (2.1) (5.27). The solution domain is

[-1,1] x [~1,1] and the interface is a circle T': 2 + 3% = 0.25.
The figure of numerical solution and error plot on a 41 x 41 mesh are shown in Figure 5. The grid refinement
analysis of this example is presented in Table 2 with the final time being T = 2.

(a) (b)

Figure 5: The numerical solution (a) and the error plot (b) of Example 2 on a 41 x 41 mesh with 7' = 2

Table 2: Grid refinement analysis in Example 2 with T'= 2 (At = h)

N I1EN] 0o Order
21 1.642819273395233e-004 *

41 4.497643828924426e-005 1.9362
61 2.058874627652226e-005 1.9668
81 1.169251833249396e-005 1.9952
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5.3. Example 3

In this example we will verify the convergence order and stability of proposed LOD-IIM scheme on 3D heat
conduction interface problems. Li’s ADI-IIM is not stable for 3D problems unless the time step At < 1.5h2.
The example is constructed so that the solution domain is Q = [—1,1] x [-1,1] x [-1, 1] and the interface is a
sphere 22 4 y% + 22 = 0.25. The exact solution u(z,y, z,t) read

exp(—%t) sin(mx) cos(%ﬂy) sin(mwz), r <
0, r

)

(5.28)

N DNoj—

w(z,y, z,t) = {

V

)

where r = /22 + y2 + 22. The source term f is determined by (2.1) and (5.28). The grid refinement analysis
of this example is presented in Table 3 with the final time being T' = 0.5. From Table 3 we can find that if the
time step is chosen as At = h, the proposed LOD-IIM scheme is stable and has two-order convergence, while
the ADI-IIM will diverge as h goes to zero.

Table 3: Grid refinement analysis of Example 3 with 7" = 0.5 (At = h)

N | Ex || oo (LOD-IIM) Order | Ex||oo (ADI-IIM)

21 0.178307188424012 * 0.010432810826413

41 0.046849107433850 1.9977 0.274416875175221

61 0.021125369398121 2.0047 3.979258572813444e+010
81 0.011964182356746 2.0050

6. Concluding remark

In this paper a dimension by dimension splitting immersed interface method is proposed for both 2D and
3D heat conduction equations with interfaces. The method reduces a multi-dimensional interface problem
into several one-dimensional interface problems by several steps, and in each step we only need to solve a
tri-diagonal system. One correction term is added to the RHS of standard LOD difference scheme to ensure
the local truncation error of order O(h) at irregular points. In 2D problems, the correction term C' is obtained
by solving N tri-diagonal linear systems of order N at each time step, while in 3D problems N sparse linear
systems of order N? need solving at each time step to get the correction term C. Although more time is taken
to compute the correction term C in 3D problems, the whole time will be less than directly solving a large
sparse linear system of order N2 at each time step. Good aggrement with analytical solution is shown by
several numerical experiments and the order of convergence is found to be of second order in both time and
space.
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