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1. Introduction

Let £2 be an open, convex and bounded subset of R? and let X = {x, ..., Xy} C £2,% = (x;,y;),i=1, ..., Nbeasetof
distinct points (the interpolation nodes or data sites or sample points). We assume that the nodes are arbitrarily distributed or
scattered, i.e. they do not lie in a uniform or in a regular grid. The Hermite interpolation problem on scattered data consists of
determining a continuous function S : 2 — Rsuch thatits values and derivatives up to order r; at each interpolation node ¥;
(the order may depend on the node) match the values assumed at that node by an unknown continuous functionf : 2 — R
and its derivatives, respectively. The Birkhoff interpolation problem on scattered data is a generalization of the Hermite
one, which differs only in the way of selecting the functional or derivative values to be interpolated. In fact, in the Birkhoff
interpolation not all the functional or derivative values for all points are supplied: hence this kind of interpolation is also
called lacunary interpolation. We refer to a function that solves a Hermite-Birkhoff interpolation problem in an opportune
space of function # with data taken from a function f as a Hermite-Birkhoff interpolant of f in F.

The problem of Hermite-Birkhoff interpolation on scattered data has already been considered by Wu [1], Sun [2],
Narcowich and Ward [3] and others in the framework of radial basis functions (see [4, Ch. 36] or [5, Ch. 16.2] and the
references therein). In particular, in [5, Ch. 16.2] it is shown that it is always possible to reconstruct a function from
Hermite-Birkhoff data by an interpolant which uses C* functions in order to interpolate C* data. This is the price one need
to pay to ensure invertibility of the interpolation matrix [4, Ch. 36, p. 334], which can be also very large in the applications.
In any case, whenever large datasets are considered, above methods can be combined with fast evaluation methods like, for
instance, partition of unity methods [5, Ch. 15.4].
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In line with other authors, here we approach the Hermite-Birkhoff interpolation problem on scattered data by using
moving least squares method (see for example [6, Appendix B] or [5, Ch. 4]), in particular Shepard method combined with
local interpolation polynomials [7]. In a wider context, this approach has been already considered by Coman [8] with the aim
of constructing Shepard-type operators with algebraic degree of exactness greater than zero. Coman'’s approach requires an
appropriate order of the sample points X1, X,, . . ., Xy and, starting from each xy, it is necessary to specify an appropriate
subsequence of consecutive points Xi, Xk4+1, - - . , X+, —1, Yk € N, that guarantees the existence and uniqueness of local
polynomial interpolants on these points. Although this procedure is formally correct, it may be very difficult to perform in
practice, especially in the presence of a large number of nodes. In the recent paper [9] Allasia and Bracco give a theoretical
solution to the Hermite-Birkhoff interpolation problem on scattered data, by combining Shepard basis functions with
Taylor-Birkhoff polynomials, which are nothing but Taylor polynomials of f of a certain order, centered at each x;, (possibly)
deprived of certain terms (see Section 4). The resulting combination has a simple explicit representation, interpolates on all
the data, but may have a low degree of algebraic precision and may even not have the property of reproducing polynomials
and this badly affects the approximation performance of the operator.

In this paper, under certain conditions of completeness of the Hermite-Birkhoff data, we introduce an interpolation
scheme which removes the weaknesses and holds the strengths of the aforesaid general methods (see Section 3). In fact, the
proposed method reproduces polynomials just as well as the Coman method and is as simple to implement as the Allasia
and Bracco method. The main idea is to use the local interpolants on suitable triangles. Due to the structure of the data to be
interpolated, one can replace cartesian coordinates by barycentric coordinates. This allows us to determine the regularity
of a Hermite-Birkhoff interpolation - in principle - by mapping it to one of a finite number of reference triangles for which
the question of regularity has already been settled. The advantage of this approach is threefold: firstly, it only requires
the solution of a relatively small number of small linear systems to solve local Hermite-Birkhoff interpolation problems in
polynomial spaces; secondly, the resulting Hermite-Birkhoff interpolant of f is local, thatis its value ata pointx = (x,y) € §2
depends only on the values of f at a small number of neighboring nodes; thirdly, it allows to reconstruct a function from
Hermite-Birkhoff data by an interpolant which uses C¥*! functions in order to interpolate C¥ data. The numerical results
show the effectiveness of the method, its feasibility and its accuracy for very general approximation data.

2. Hermite-Birkhoff interpolation by Shepard operators

In the papers [8,9] Hermite-Birkhoff interpolants are obtained by combining Classic or Local Shepard Basis Functions
with local interpolating polynomials. Classic Shepard Basis Functions (CSBF) are defined as follows:

|x — x;| 7" )
Api®) =————, pn>0i=1...N, 1)

> |x—x™"
j=1

where |-| denotes the euclidean distance. CSBF satisfy the following properties:

P1 CSBF are continuous functions for each i > 0 and differentiable functions for each ;& > 1; in particular [10]

Aui(®) € c™'if u > 1is not an integer,

Aui(®) € c* ' if u > 1isan integer,
(if u is even then A, ; (x) are rational functions with no poles in R?);

P2 CSBF are non negative functions for each u > 0: A, ; (x) > 0;

P3 CSBF constitute a partition of unity: Zf\': Ai® =1,

P4 CSBF are cardinal functions: A,, ; (xj) = ¢§;jforeachi,j=1,..., N where §;; is the Kronecker’s delta;

P5 CSBF have the property of vanishing derivatives at the interpolation nodes:
3 PAL (%)

=0, foreachi,j=1,...,N, a,B€eN, a+8 < L] if s > Tis not an integer
Ox9yP

u—1 if u > 1isaninteger.

Properties P1-P5 make CSBF suitable for interpolation of functional and derivative values. In fact, let us assume that at
eachnode x;,i = 1, ..., N a polynomial P [f, x;] is given, capable of interpolating the value of a function f and/or some of
its partial derivatives at the node x;; then the combined Shepard operator

N
Splf1®) =Y Aui ®PIf. 2] () )

i=1
satisfies

N

Slf1 (%) = D Awi (%) PIF, %] (%) = P[F, %] (x) (3)

i=1
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and

HPSp [f1 (%) = 3“TPAL (%) - IHPPIf, xi] (%)
ey -;g;“35;5;54*P[f’XJ(%)*‘;E;AMJ(%)“‘jgggyg“*
tBp [f, x;| (x;
x*9yP

for each «, B as in P5.
The Local Shepard Basis Functions (LSBF)

1 1\
[X—x;| Ru; +

N
S (w— ),
[x—2x| Ruy,

k=1 +

Wi (%) = (5)

are obtained from CSBF A,, ; (x) by multiplying the euclidean distances !x - x]-|_“j =1, ..., N by Franke-Little weights

|X—Xj} g .
1-— , ij>0f0reach]=1,...,N

Ry,

+
where

( _Jx, ifx>0,
X+ =10 ifx<o0,

and R, is the radius of influence about node x; which, in practice, is taken to be just large enough to include N,, nodes;
consequently LSBF are compactly supported functions which satisfy similar properties P1-P5. The modified Shepard
operator

N
SpIf1®) =) Wui®PIf, %] (®) (6)
i=1

satisfies interpolation properties as the operator Sp [f] (x) and has the advantage of being a local interpolation operator, that
is its value at a point ¥ € £2 depends on the values of f at a small number of neighboring nodes only.

Another useful feature of combined (2) or modified (6) Shepard operators is the polynomial reproduction [11]. Let us
denote by J’f the space of polynomials p in the variable x up to degree d € N; we say that Sp reproduces polynomials up
to degree d, if Sp [p] = p foreveryp € j’f The number d is sometimes called the algebraic degree of exactness or algebraic
degree of precision of the operator Sp [8,12]. The following property can be easily checked

d; Hmin{dy,....dy}

P6 ifforeachi =1, ..., N there exists d; € NsuchthatP [p, x;] = pforallp € #',thenSp [p] = pforallp € P

As well-known, the property of reproducing polynomials up to degree d is desirable for local linear operators of
approximation, since it implies that the operator has approximation order d4-1. That is, under certain conditions of regularity
of function f and uniformity of the node set X, Sp [f] tends to the function f, in the uniform norm, when the fill distance

hx .o = sup min |x — x| (7)
xe Xi€X

tends to 0 and the rate of convergence is O(h‘;cf}z) [5, Cor. 4.8].

Remark 1. Local (polynomial) interpolation operator P |-, &;] reproduces polynomials of degree at most d; if P [f, x;] is the
unique solution in :P,f " of an interpolation problem with data taken from the continuous function f.

3. Complete Hermite-Birkhoff interpolation: an approach using Shepard operators

The goal of this section is to set the complete Hermite-Birkhoff interpolation problem on scattered data and to introduce a
method to solve it, if possible. The method has polynomial reproduction property, as the Coman method, and it is as simple
to implement as the Allasia and Bracco method.

We assume that foreachi =1, 2, ..., N the set

5 ={fP? *), (.9 €L}, I C N finite set (8)
containing Hermite-Birkhoff data about a differentiable function f € C" (§2),r > 0, satisfies the following condition:

C1 each datum in {; (f) is a function value or a partial derivative value of orderuptor;, 0 <r; < roff atx;;
C2 if some partial derivative value of order s belongs to J{; (f), then all partial derivative values of order s belong to 4; (f).
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0 1

Fig. 1. The point-triangle association is realized in order to reduce the error of approximation of a polynomial PA®[f](x), which is based on the vertices
of the triangle A(i) and is the unique solution in a polynomial space ?xd’ of a three point Hermite-Birkhoff interpolation problem with data obtainable from

LU () UL (.

Definition 2. The dataset 4 (f) = Uf’z 1 i (f) is a set of complete Hermite-Birkhoff data.

Remark 3. Condition C2 implies that any directional derivative of order s of f at x; can be obtained by the data in 4; (f).

When, for eachi = 1,2, ..., N, r; = r and the function value and all partial derivatives of order less than or equal to
r belong to {; (f), the dataset J (f) is also called a set of uniform Hermite data. According to Lorentz [ 13, Ch. 4.1] this is the
most natural generalization of univariate Hermite data to the multivariate case.

Our approach to complete Hermite-Birkhoff interpolation is based on the following three steps (particular cases have
been considered in [14-16]).

Foreachi=1,...,N,

S1 we associate the sample point x; € X with a triangle A(i), with a vertex in x; and other two vertices in certain
interpolation nodes ¥;, X, in the closed ball B (x,-, Rw,.) C £2;

S2 we identify a polynomial space J’Xd i, d; € N, and a polynomial PAQ[f](x) ?f i, based on the vertices of the triangle
A(i), which is the unique solution of a Hermite-Birkhoff interpolation problem with interpolation dataset obtainable from
L) UL Uk ()

S3 we choose the pair (A(i), PA®[f](x)) such that the error of approximation of P4 [f](x) is the smallest in B (x;, Ry,).
See Fig. 1.

We call x; the referring vertex of A(i) and we also denote it by x°; starting from x° and moving counterclockwise we denote
the vertices x;, X also by x', x%; without loss of generality we assume x' = x;. Thanks to condition C2 we can assume that
the interpolation dataset is constituted by data which are repeated applications of derivatives along the directed sides of
the triangle A(i) to f at x°, x', x*. More precisely, we set ¥ = (x,y') ,1=10, 1,2,

Dy D _
Dy = (x x)ax—i—(y ys)ay, r,s=0,1,2,r#s 9)

and for a = (Ol]’ aZ) s ﬁ = (ﬁ]s 132) YV = (J/h J/Z) in Nz
D¢ =DD%, DY =D{iD?, D} =DyDL. (10)

Then, by Remark 3, we refer the interpolation data of &; (f) , 4; (f) , dx (f) to the sides of the triangle A(i) with common
vertex X;, X;, X, respectively and we set

Dio () = {D§f (*°) : e € I},
D1 () = D () : Bt}
Do (f) = {DYf (&) : v € Ik}
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A convenient representation of P2?[f](x) uses a polynomial basis given in barycentric coordinates relative to the
triangle A(i)
A(x, x', x%)
A(x0, %', x%)’

A(x, x, x%)
A(x0,x1,x%)’

A(x0, X', x)

A = =TT
0®) A(x0, X1, x2)

r (%) = Ay (X) = (11)
(A(x,y,2) denotes the signed area of the triangle of vertices x,y, z) and coefficients Dif (x°) € Djo (f). pif (x') €

D;1 (f), Dif (¥*) € D;> (f). Therefore the polynomial PA®[f](x) can be written as
PAOIf) = Zao Dg'f (¥ +ZQlaDﬂ"f +202 DY (%), (12)

where Qp, = Qo p (Ao, A1,A2), Q16 = Qi (o, A1, 242), Q2 = Qur (Ao, A1, Ap) are homogeneous polynomials in
barycentric coordinates of degree d; and

e, = 81 Ch ln,Cle e
¢ (o)) +£ (o })+u<{r}>—<’; )zdim(ﬂ’ff). (14)

Remark 4. From step S2 the polynomial PA®?[f] is required to interpolate, at the nodes x°, x', ¥*> data {Dg" f (xo)}p,

[Dﬁi °f (x1) }G , [D;’ i (xz) }T respectively. In particular, since our aim is to solve a complete Hermite-Birkhoff interpolation

problem on scattered data, according to property (4) of combined Shepard operators, polynomial P2A®?[f] is required to
interpolate, at the node x;, all data from D; o (f); consequently d; > r;. However, polynomial P2® [f] is not constrained to
use and interpolate all the information in D; 1 (f) U D, (f), in line with two special cases provided by Coman in [8]. In the
process of construction of PA®[f] these are only auxiliary data, only some of which are needed to identify the polynomial.
For this reason, in Eq. (13) one equality operator and two subset operators appear.

Remark 5. The use of barycentric coordinates and derivatives along the directed sides of the triangle, in the case of
Hermite-Birkhoff interpolation on triangles is suggested in [13, Ch. 8.1] as well as in [17], since both of them are affine
invariants: in this case the polynomials in £, X " are expressed as polynomials in 2, d , the space of homogeneous polynomials
of degree d; in the indeterminate A = (A9, A1, A2). As a consequence, the non vamshmg of the Vandermonde determinant
of each particular interpolation problem does not depend on the position of the vertices of the triangle and can be checked
once and for all. The unique solution of the related problem, if it exists, can be easily computed in barycentric coordinates by
symbolic computation software like Mathematica and stored for later use. In the next section we shall provide a procedure
that allows us to test whether the unique solution exists and, if so, to calculate it explicitly.

Remark 6. Dealing with Hermite-Birkhoff interpolation problem, it is possible that step S2 fails for any choice of the triangle
A(i). This is the case, for example, of the dataset

1) ={f *)},
L) =[O @) STV @) . fP0 @)}, k=2,....N,
for which the proposed method fails.

3.1. Hermite-Birkhoff interpolation on the vertices of a triangle

We refer to a fixed triangle A (i) ,i = 1, ..., N, and denote by D (i) the set
D (@)= {0§’s ()}, U {Dlr (x)] U {prs (@),

of functional and derivative data appearing, as coefficients, in the analytic expression (12) of PA®[f]; by (14) we get
1(D (1)) = dim ( ) We describe a procedure that allows us to test the existence and uniqueness of the polynomial

PAO[f] starting from the set D (i) and, if so, to calculate the analytic expression (12) of PA?[f]. To do this, we draw on the
Lorentz notation introduced in [13], with minor adjustments to our specific case. To simplify notations, for the rest of this
section, we shall omit index i and write A, D, d, etc. instead of A (i), D (i) , d;, etc., where possible.

Following Lorentz, we pictorially represent the data given in O as follows. For each vertex x*, k = 0, 1,2, we use a
(d4+ 1) x (d + 1) lower triangular matrix E;, whose entrances are 1 or 0, depending on the interpolation conditions to be
satisfied at that vertex.
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Example 7. The Lagrange interpolation problem on the vertices of the triangle A, which corresponds to the set of
interpolation data

D ={f().f (x').f (*)},
is depicted by

0 0 0
Ey = 1 s E; = 1 s E, = 1 s

where the 15 mdlcate that functional evaluations at the vertices are given data, while the Os indicate that first order partial
derlvatlves T @ are not known.

Since we wish to express the polynomial P#[f] in barycentric coordinates and in terms of derivatives along the directed
sides of the triangle A, it is more convenient to relate the matrices Ej, to the triangle A. We do this by marking the matrices
E; with the vertices of A as follows

X2 X2 X!
0 1
e e e
20 20 20

Ey = Ei = E, = (15)

0 o . 1 . 2 2
Lod w0 Lod Lo .

. oo €1 € - . oo €1 €pp - X €0 €1 €

pY x! X X0 X X0

and by assuming ej; = 1if, and only if, D,”)f (x*) € D,k =0, 1, 2. Therefore we can rewrite the polynomial (12) as follows

PAFT= )" Qo.apDs”f (&) + Y QuapDi”f (') + > Q.apDy"f (). (16)
(i.j) (i.j) (i.j)
eg;eo eilj;eo eizj,#.o

We can include the information provided by the three matrices E; (15) into the 3 x # (£) Polya matrix [13]
0 0 0 0 0 0
e(l)0 e?] e}o 6(1)2 e% 1 e%0
E=1leyp ey ep ey €5 e -..|- (17)
oo €1 €0 €2 €11 €
Let us now introduce some other useful notations. We set « the list of non negative integer pairs

a=1{(0,0);(0,1);(1,0);(0,2); (1,1);(2,0); ...} (18)
and we associate, to list «, list n of non negative integer triplets
n=1{(d00);(d—-101;(d—-110);(d—-202);(d—-2,1,1);(d—-2,20);...}. (19)

We assume that « and 5 are two-column and three-column matrices, respectively, and set o (m, :) = (@« (m, 1), @ (m, 2)),
n(m,:) = (n(m,1),n(m,2),n(m,3)) foreachm = 1,2,...,4(D). Then the d-degree homogeneous polynomials
Qo.¢i.jy» Q1.qij)> Q2.¢ij) appearing in the analytic expression (16) of PA[f] have the following representations

Q.ij) = I&D) aS(Jr; ))Ln(m 1)}Ln(m Z)Arz(m 3)
p—
(D)

Qiij = Z b(l’% ))\n(m 1>An(m Z)An(m 3)
(D)

Q.ij) = Z Cr(vl(ﬁ )An(m U)»"““ Z)An(m 3)

where as(ﬁ 3 bf;(fn)l 3y C,(]'(fr)l , are real coefficients to be determined. We determine them by imposing the interpolation

conditions stored in the three Polya matrices (15):
foreachm,u=1,2,...,8(D), k,x=0,1,2

o) = =1, (20)

), (m, 1 ifk=«xandm=
D}({Of(ml) a(m 2))Q;(,a(u,:) (Xk) — { n

such that eu(m y=1 and e

0 otherwise.
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The system of linear equations (20) can be rearranged in # (D) independent systems, each of which corresponds to a fixed

pair (i, k) such that ea(# y=1

)

k H
(@(m, 1),(m,2)) K = JCumy 1Tk=rKandm=p
D, Qe a(u, (x ) - {oa(m') otherwise

k=0,1,2,m=1,2,...,8(D), such that e y=1

a(m,

These systems vary only for the vector of known terms: in fact, each of them has # (D) linear equations whose coefficients
are determined by the action of the linear functionals

m,1),a(m,2))

)

¢ —> D!
m=1,2,....4(D).k=0,1,2 suchthate, =1

on the polynomials in J’f (See [9, Sec. 2] or [18, Ch. II]). Let M be the matrix of coefficients; the entries of M, as well as its

determinant and, if it exists, the unique solution in J’f of the interpolation problem can be easily computed by symbolic
computation software like Mathematica.
Let us consider some examples.

Example 8. Let us assume that

X0 0 X1 0 x']0 o0
1 0 , E; = 0 0 , E, = 0o 1 . (21)
0 X x! X X2 %

Therefore ff (D) = 3, Polya’s matrix is

1 0 0
E=(0 0 1
0 1 0

and then P4[f] € The vectors of multi-indices are

a={0,0); (0, 1) (1,00},
n=1{(1,0,0);(0,0,1);(0,1,0)}

consequently
(0,0) (0,0) (0,0)
Qo,0.0) = A(10,0)A0 + Qg0 1)A1 + a3 0))L
_ 1,(1,0) (1,0 (1,0
Q (1,00 = b(1 0, 0))‘0 + b(o 0, 1))‘1 + b(o 1 0)
Q.01 = C(l 0 0))‘0 + C(o 0, 1))‘1 + C(0 1, 0))‘

By imposing the interpolation conditions in E we get

Qo,(0,0) (XO) =1 Q1.(1,0) (XO) =0 Q, (o 1) ( ) 0
D} Qo,0.0) (x') = 0., D" Qa0 (*') =1, D00 1) (x') = 0
D§0,1)Q0’(0,0) (XZ) -0 DEO’I)QL(],O) (Xz) -0 D( )Q2 1) (xz) 1

these systems have the same matrix of coefficients

1 0 0
M=(|1 -1 0
o 1 -1

whose determinant is not zero. The interpolation problem (21) has then the unique solution

PAIT =1 (%) = 01 + 22) DYMOF (x') — 2205 F (#).

Example 9. Let us assume that

X1 0 0 X1 0 0 xX|0 0 O
0 0 0 1.0 0 0 1 0

Eo = 11 0 b= 0 0 o0 B= 0 0 0 (22)
x° X x! X x2 X
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Therefore ff () = 6, Polya’s matrix is

1 01 10
E=(0 1 0 1 0)
0 0 0 0 1

and then PA[f] € £2. The vectors of multi-indices are
o ={(0,0);(0,1);(1,0);(0,2); (1,1); (2,0)},
n=1{2,0,0);(1,0,1);(1,1,0); (0,0,2); (0,1, 1); (0,2, 0)}

consequently
Q.0.0) = G004 + Ao rodz + A o hoks + Qg0 A5 +alp Ty hika + Qg9
Q,01.0) = 3004 + 1oy Aoz + 01 1o Ao + (553 + AgMha + g3l M
Q.02 = 3.0/0)5 + (1.0 hor2 + (1 1.0yh0r + o023 + gt Az + a5 o A,
Qi1 = bgolo)k + bt oka + by Vo hokt + bigo's) 43 + bl nA1ka + bg oA,
Q1,02 = b0k + bio 1 Motz + b o hort +big g A3 + bk + g3 A
Q.11 = CRanrs + Crlamtors + € Lo ok + Coon s + ot Mz + o2

By imposing the interpolation condition in E we get

Q? ©0 (x") =1 Qf(x((l);m (*°) = Q @2 (x") =0
Dy Q.00 (*°) =0 Dy " Q.0 (x%) =1 Dy Q00,2 (¥°) =0
Do Z)Qo,(o,o) (XO) -0 Do 'Z)QD,(LO) (XO) -0 Do Z)Qo,(o,z) (xO) =1
D(1 'I)QO,(O,O) (x1) -0’ Dg 1)Q0’(1.0) (x]) -0’ D(1 UQO,(O,Z) (x1) -0’
D! 2)Q0’(0’0) (X1) -0 D! Z)QO,(LO) (xl) -0 D! Z)QO,(O.Z) (x1) —0
Dgl’l)Qn.(o 0 (XZ) -0 D; ,1)QD,(L0) (XZ) -0 Dgl’l)Qo,(o 2 (xz) =0
Q1.00,1 (X ) —(? in(g.Z) ("O) —g Q%j(g))ﬂ (xo) _(?
D = D" =0 D =
o Qo (XO) = 0, Q.02 (XO) = 0 ,Z)Qz,(m ("0) =
Dy Qi (&%) = Dy Qi (") =0 Dy Qa1 (&%) =
D;” Q10,1 (X1) =1’ ng Q1,00,2) (X]) =0’ D; 1)Qz,(1,1) (X]) =0’
DY Qu 00 (x') = DY Qi (¥') =1 DY Q . (x') =0
DS'”QI.(OJ) (XZ) — Dél’DQL(O,Z) (XZ) -0 D2 ,1)sz(1,1) (xz) =1
whose matrix of coefficients is
1 0O 0 0O O 0
-2 0 1 0 O 0
2 -2 0 2 0 0
M=o 0 00 1 -2
0 o 0 2 -2 2
0 -1 1 2 -1 0

with non zero determinant. The unique solution of the interpolation problem (21) is

PAIF] = (&) + (G + 22) Dy Of () + % (1 + 22)* Dy (%) + 22D VF (x')

2
+ (); + A2> DPPF (x') — (A% + Az + Air2) DS VF (7).

3.2. The remainder term in the Hermite-Birkhoff interpolation on the vertices of a triangle

As above, 2 C R? is a compact, convex domain, A C B (x,», Rw,-) C £ is a triangle with referring vertex x° = x; and
P4[f] e J’,f’ is the unique solution (16) of a Hermite-Birkhoff interpolation problem on the vertices of the triangle A with
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data taken from a function f € C" (£2),r > d. We restrict to the class C™! (£2) C C" (£2) of functions ¢ with partial
derivatives Lipschitz-continuous in §2 foreachj =0, ..., r and we set

arJay)

d j (uy) — dj (u2)
|@lg,1 = sup s By/ oy ,Up #Fuping2, j=0,...,dy¢. (23)
[uy — uy|

In order to get a bound for the remainder
RAf1®) =f @ —PAIfl(®), xe, (24)
we make use of the result in the following theorem.
Theorem 10. Let be f € C™! (£2). Then, for each x € 2, we have
PAI@) =Ta[f, 2] (@) + 67 [F1®).
where Ty [f, xo] (x) is the Taylor polynomial of order d for f at x°

1 gertexf a o
WAl @ = 3 ey ®) (=) =) (25)
(ay.02)€Ng

aqtay<d
and
d (H)+1 i) ¢ (40 1w
DIVf (¥ +t(x' —x i

SPU1® = ) Quag (X)f J ( ~ ( ) (1 — )= gy

@ (d—i—j!

Eij#O

d (i+i)+1 (i,j) 0 2 0
F(x+c(x —x s
AL (x)/ d —(i—j)' W) -, (26)

((H)]
2#0

Proof. By applying the Taylor theorem with integral remainder [19, Ch. 7] to the derivatives Dgi’j)f (x1) and Dg‘j)f (xz) in
the expression (16) of PA[f] (x) we get

PAIFT ) =Ta[f, %] 0 + 8 1 @),
where 82 [f] (%) is as in (26) and

Tl )@ = Y Qap @DF () + D Qi @ Toqop [DF. 2] (')

(i) (U)
egﬂ) eij#O
(i.J) 0 2
+ Y Qi ® Togy [Dz”f X ] (**) -
(@)
a#0

We note that after computation and rearrangement, the polynomial ﬁ [f , xo] can be expressed only in terms of partial
derivatives of f up to the order d at the point %, with polynomial coefficients D(ay,ay) (X) Of degree at most d, that is

~ 0 gurtaaf 0
L@ =3 Sage @) pae ®. @7)
(quﬂz)GN%
a1tay=<d

The Taylor polynomial Ty [f , xo] interpolates at x° all partial derivatives of f up to the order d, that is
aa1+a2Td [f, XO] ( O) 8a1+a2f
9x19y%2 T ax* gy

for each (a1, @2) € N2, such that a7 + o, < d; from (27) it follows that

Ta[Ta[f, 2°]. 2°] = T [, 2°]. (28)
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On the other hand, the polynomial operator ?d [ xo] reproduces polynomials up to degree d, since (SdA [pl=0andP[p] =p
for each p € #¢. The Taylor polynomial Ty [f, °] € #¢ and therefore

Ta[Ta[f, #°],2°] = Tu [f, 2°]. (29)
By equaling the right hand side terms of (28) and (29) we get
:fd [f,XO] =Ty [f,XO]. ]

Corollary 11. In the hypothesis of Theorem 10 we have the following representation for the remainder term of PA[f] (x)
RAUI@ =Ry [f. ] ) = 87 [Fl®), xe, (30)
where Rg [f, ;] (x) is the remainder in the truncated Taylor expansion [20, Ch. 1].

We are now able to give a bound for the remainder term (24). To this end we need some additional notations and results.
We set

emax = max {[x° —x'[, |x' —&°|, [¢* —°|} (31)
and
S = ; (32)
rEEl

The barycentric coordinates A (x) and A, (x) are bounded by

i ®)] < (emaxS) [x —&°|, i=1,2 (33)
and
A1 ) + 22 ®)] < (emaxS) |x — &°|. (34)
By (9) and (10) we get
Dtlia(i+j)+lD(li,j) — (_])d—(i+j)+1 D§d+1*j-f), 35)
D o 1
D20 (1+1)+1Dgl,1) — (—l)d (i+j)+1 Dg +1 JJ).
Moreover,
Lemma 12. Let f € C"' (2). The (d + 1)th order derivatives of f along the directed sides of the triangle A satisfy
‘D,((ﬂlsﬂz)f(x)‘ <2Mledtlifl 0 k=0,1,2, fi+fa=d+1, xeQ. (36)
Proof. For k = 0, by (10) and (9) we have
A1 . B2 . d+1
, B1 i B2 i I (%)
Déﬁl P)f (x) = Z ( i ' = x0P (! —yo)l % Z j o — X027 (3 _yO)J PR S e
i=0 j=0
Sinced+1 > 1, atleast one between d+ 1—i—jand i+jis greater than or equal to 1, foreachi =0, ..., 81,j =0, ..., Bs.
fd+1—i—j>1
39f (x+h.y) 39 (x.y)
AT (x) . axd*i{fayiyﬂ - axd*i;a};iﬂ'
———— | = |lim < |f|d1
axd+l—l—j8y1+j h—0 h ’
otherwise
89f (xy+h 3% (x,
HIf (%) _ i axd+1f—(ix—;l3-;ilj—l - 3xd+1—{—(?3);)i+j—l -
axay | [ h = Fla
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foreachi=0,...,8,j=0,..., B,. Therefore we have

ial , & 4 o gd+t
’D(()ﬁhﬂz)f (x)‘ _ Z </3i1)(x1 — )P (1 — ) Z (liZ) (o — 0P (y2 — )0y axd+1—ij:1‘(gj),i+j

i=0 =0
2} : . B2 ) ) a1
p hr- B o 9T If (x)
=2 ()=l (5 e - i
i= =

IA

9d+1 |x1 _ x0|ﬂ1—i |x2 _ x0|ﬂ2 Il

d+1 ,d+1
= 2 emax |f|d,1 .

A

The casesj = 1, 2 are analogous. H

By using relations (35) and bounds (33), (34) and (36) we obtain the bound

k

d
21 @] <2 [flar Y Gelhi ™ (€2,8) [ — 2", xe @, (37)
k=0

where C; are non-negative constants which depend on the interpolation conditions in £. By settings (31) and (32) the

quantity efmxS depends only on the shape of the triangle A. Therefore, by taking the modulus of both sides of (30) and by

bounding the Taylor remainder in standard way we finally obtain

x_x0|d+l d

|wwmmﬂ52”1ww<|d,+§:q¢§*@$§fh—XWﬁ- (38)

k=0

3.3. The combined Shepard Hermite-Birkhoff operator

With the aim of obtaining Shepard Hermite-Birkhoff operators with as great as possible algebraic precision, depending
onthedatain D = U}, D (i), we set d the maximum value obtainable for the algebraic degree of precision. For example, in
the case of bivariate Lagrange interpolation we set d = 1; we set d = 2 if the gradient of the function at each node is given,
in addition to the function evaluation. The procedure of association to point &; of the triangle A(i), as specified in S1-S3, can
be automated as follows:

1. we enumerate the N; nodes in the closed ball B (x,-, Ru,i) according to the increasing distance from x;;

2. we list the W triangles with referring vertex x; in the ball B (xi, Rwi) according to the increasing values of
max (1) (e?nax S (i)); '

3. we set A (i) the first triangle of the list for which P2®@[f](x) exists and has algebraic degree of precision d; if such a
polynomial does not exist, then we set A (i) the first triangle for which PA®[f](x) exists and has algebraic degree of
precision d — 1 and so on, until we find a useful triangle. The radius of the ball R, can be increased in order to ensure
the success of this procedure. We denote by d; the degree of exactness of PA®[f](x).

Definition 13. The combined Shepard Hermite-Birkhoff operator is defined by

N
Sus[f1(®) = > W, @) PAO[fl(x), xe (39)

i=1

with remainder term

Rup[f]1 (%) = f (%) — Sup [f] (%)

N
=) W.i®(f®-POf®), xe (40)
i=1
As remarked in Section 2 the algebraic degree of exactness of the operator Syp [f]is ds = min{d, ..., dy} and therefore its

approximation order is ds + 1. In this respect we explicitly bound the remainder term (40) by setting

Ldy={ie{l,...,N}: [x—x| <R}, x€ 2;
2. M = sup,c {1 (4x)}, where { is the cardinality operator.
3.R= maxX=1,..,N Rw,--
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Fig. 2. The Franke dataset (left) and the set of 1089 regularly distributed interpolation nodes in the unit square [0, 1] x [0, 1] (right) with specified
interpolation data. The association symbol-data is as reported in Table 1.

Table 1
The association symbol-data: the dot “e” indicates the presence of the data.
2 2 2
f () ¥ ) %@ @) iy (%) @

> L]
<& L] L] L]
o L ] L] (] L]
X L] L] L] L] L]
O . .
A . ° °
k o L] L] L] L] L]

Calculating from this we find

Rus [f1 )] < )" Wi ) |f () — PAO[f]()|

iedx
|X _ X'|di+1 d; K
~ . 1 u . — . . .
<D Wi 2% flg, T DG (i) €T ) (e () S (1) 1% — 21
icdx t k=0

d,

~ . , 1 : N odi1— NP

< D Wi @20 g REFT | =5+ 3 Ge 29 (e (S ()
r k=0

iedx

for each x € £2. Constants
d.
) . 1 - ol R )
K (i) = 24+ E+ch(z)2dr“ K2uS®) ), i=1,...,N
r k=0
depend on the polynomial PA® [f] only.

4. Numerical results

To test the accuracy of approximation of the Shepard Hermite-Birkhoff operators in the bivariate interpolation of large
sets of scattered data, we compare the reproduction quality of the operator Syg [f] () (39) with those of the operator

N aa1+a2 _ i061 _ 1_‘12 ~
BEf0=) 3 [y U020

dx“1 8y°‘2 oqlos!

i=1 (a1,02)€l;

introduced in [9] (see Figs. 3 and 4). The numerical results are obtained by using the Franke dataset and a set of 1089
regularly distributed interpolation nodes in the unit square [0, 1] x [0, 1]. The interpolation conditions, displayed in Fig. 2,
are randomly chosen and the association symbol-data is as reported in Table 1.

In the case of the Franke dataset the operator Sygp[f] has degree of exactness d = 3, while the operator Fj (x; f, X)
does not have the polynomial reproduction property P6 since at some points the functional evaluations are not given; in
particular, the interpolation data vary in number, as in Table 2.
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Fp (x; f1, X) Fp (x; f3, X) Fp (x; f1, X)

Sur(fi] Suslfs] SuB(f4]

Fig. 3. Comparison between the reproduction quality of the operators Fg (x; f, X) and Syg[f] by using the Franke dataset with complete interpolation data
as in Fig. 2.

Table 2

Variation, in number, of randomly chosen complete data for the Franke dataset.
Interpolation data > o o x [} A *
Number of nodes 13 10 13 18 18 14 14

Table 3

Variation, in number, of randomly chosen complete data for the 1089 nodes.
Interpolation data > o o X | A *
Number of nodes 151 152 154 154 167 154 157

In the case of 1089 nodes in the unit square [0, 1] x [0, 1] the operator Sys[f] has degree of exactness d = 2 (7 polynomials
PAO[f] are quadratic), while the operator Fg (x; f, X) does not have the polynomial reproduction property; in particular,
the interpolation data vary in number, as in Table 3.

Remark 14. The algorithm that we employ to obtain numerical tests works as follows:

1. it fixes the referring vertex xy and the first N, nearest nodes. The computational cost of such procedure is N log N, since
it is a sorting algorithm on all nodes;
2. it detects the points to construct the local interpolants, as described in steps S1-S3, at the following cost: with

N2 N2, . 1 (Ny—1)(Niy—2) ¢.: . . . .
0 (= log ( =" ) ) operations it lists the =*—3=*—= triangles with referring vertex X, in the ball B (xo, Rwo) according to

the increasing values of e,y (i) (efnax (O (i)). The enlargement of the radius of influence to a ball containing N,, + 1

nodes implies to fix 2™=M=2 new triangles, namely 2 triangles for each previously considered triangle, and

2 2
therefore this procedure requires an extra cost of O (2% log (2%)) By induction, one can see that the enlargement
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Fp (x; f1, X) Fp (x; f3, X) Fp (x; f4, X)

SHB[fl] SHB[,fCi} SHB[f4]

Fig. 4. Comparison between the reproduction quality of the operators Fg (x; f, X) and Syg[f] by using the 1089 nodes with complete interpolation data
as in Fig. 2.

Table 4
The data are uniformly distributed. The radius of influence does not increase. The interpolant
Sus[f] has degree of exactness 3.

Interpolation data > o o X 0O A *
Number of nodes 10 15 15 15 15 15 15
Table 5

J(f) contains few functional evaluations. The radius of influence increases once from 0.2367
to 0.2595. The interpolant Syz[f] has degree of exactness 3.

Interpolation data > > o X m] A *
Number of nodes 40 5 5 15 15 15 5

of the radius of influence to a ball containing N,, 4+ k nodes implies to fix Z}{:o wa triangles and a cost of
N2 N2
Zjl;o 0 (ZJNTW log (ZJNTW))

In order to show how the radius of influence could increase in practice, the method has been tested in a number of
cases, by using the Franke dataset and varying the data in £(f). Numerical results are shown in Tables 4-6. The association
symbol-data is as reported in Table 1. It results that a low number of available functional evaluations can cause an increase
of the radius of influence.
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Table 6

J(f) contains few functional evaluations and no data of type . The radius of influence
increases 4 times: (a) from 0.2656 to 0.2804; (b) from 0.2512 to 0.2656; (c) from 0.2480 to
0.3594; (d) from 0.2213 to 0.8932. The interpolant Syp[f] has degree of exactness 2.

Interpolation data > <o o X 0O A *
Number of nodes 25 5 5 15 35 15 0
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