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Abstract

We consider the numerical solutions of the multi-term time fractional dif-
fusion and diffusion—wave equations with variable coefficients in a bounded
domain. The time fractional derivatives are described in the Caputo sense. A
unified numerical scheme based on finite difference method in time and Leg-
endre spectral method in space is proposed. Detailed error analysis is given
for the fully discrete scheme. The convergence rate of the proposed scheme
in L? norm is O(7%2 + N'™™), where 7, N, and m are the time-step size,
polynomial degree, and regularity in the space variable of the exact solution,
respectively. Numerical examples are presented to illustrate the theoretical
results.

Keywords: Fractional diffusion equation, Fractional diffusion—wave
equation, Spectral method, Stability, Convergence
2010 MSC: Primary 656M12, 65M06, 656M70, 35R11.

1. Introduction

Fractional calculus involves investigating the properties and applications
of the derivatives and integrals with non-integer orders. One can refer to [1]
for an extensive list of recent applications and mathematical developments
of the fractional calculus. Fractional differential equations are the equations
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involving the fractional derivatives of the unknown functions. There are
many kinds of definitions for the fractional derivatives, such as Riemann—
Liouville derivative, Caputo derivative, Grinwald—Letinikov derivative, etc.

The time fractional diffusion and diffusion—wave equations are the usual
diffusion and wave equations with their first-order time derivative and second-
order time derivative replaced by fractional derivatives of order 0 < o < 1,
1 < a < 2, respectively [2]. Both analytical and numerical investigations
of them have been studied by many authors. For the solution theory of
the time fractional diffusion and diffusion—wave equations, one can refer to
[3-7]. For the numerical approximation of the time fractional diffusion and
diffusion-wave equations, see [8-14], etc.

In this paper we consider the following multi-term time fractional diffusion
and diffusion—wave equations with variable coefficients:

%Dzu(x,t)%—Zbi CDJu(x,t) = Lu(z, t)+g(x,t), —1<ax<1,0<t<T,
i=1
(1.1)
where

cu= g ()5 ) sty

peC'-1,1], g € C[-1,1], p(z) >0, ¢(z) >0, z € [-1,1],
O<y <+ <m<y<2, b;>0,i=1,...,s,s€Ny,

and %Dt7 u(zx,t) is the Caputo fractional derivative of order v with respect to
t, its exact definition will be given in next section.
We endow the equations (1.1) with the following boundary conditions:

u(—1,t) =0, u(1,t) =0, 0<t<T, (1.2)
and initial conditions

u(z,0) = ug(x), ze(-1,1), (1.3)
u(x,0) = (), e (=1,1) for 1 <vy<2. (1.4)

In this paper, in the case 0 < vy < -+- <y <y < 1, (1.1) is called the multi-
term time fractional diffusion equation. When 1 < 7, < --- < 9 < v < 2,
(1.1) is called the multi-term time fractional diffusion-wave equation. When
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0< Y <+ <y <l<wg<- <y <7vy<2 (1.1)is called the multi-
term time fractional mixed diffusion and diffusion—wave equation. Luchko
[15] considered the initial-boundary value problems for the generalized multi-
term time-fractional diffusion equation, and showed some existence and u-
niqueness results. Jiang et al. [16] derived the analytical solutions for the
multi-term time-space Caputo—Riesz fractional advection—diffusion equation-
s on a finite domain. Li et al. [17] presented the well-posedness and the
long-time asymptotic behavior of the initial-boundary value problems for
the multi-term time-fractional diffusion equations. Ding and Nieto [18] used
Laplace transform and Fourier transform methods to obtain the analytical
solutions of the multi-term time-space fractional reaction—diffusion equations
on the whole line, and presented the results in a compact and elegant form
in terms of Mittag—Leffler functions.

Liu et al. [19] proposed some computationally effective numerical meth-
ods for simulating the multi-term time fractional wave—diffusion equations.
Jin et al. [20] used a Galerkin finite element method to approximate the
multi-term time fractional diffusion equation on a bounded convex polyhedral
domain, and analysed the stability and error estimate for the semi-discrete
and fully discrete schemes. Ren and Sun [21] presented a compact differ-
ence method for the multi-term time fractional diffusion-wave equation on
one-dimensional and two-dimensional bounded domains.

However, the temporal accuracy of the previous methods is depending on
the order of the fractional derivatives, and is usually less than two. There
are also some papers in which second order discretization was proposed for
the time discretization of the fractional derivative operators, see [22-25]. But
the high order approximations for single fractional operator either cannot be
directly applied to multi-term fractional operators, or the error analysis of
them is hard to analyse. Most importantly, they are not workable for solving
both the time fractional diffusion and diffusion—wave equations. Huang and
Yang [26] proposed a unified difference—spectral method for the single term
time-space fractional diffusion equations, but its extension to the multi-term
cases is not clear. Recently, Tian et al. [27] proposed a class of second order
approximations, called weighted and shifted Griinwald difference (WSGD)
operators, for the Riemann—Liouville fractional derivatives. In this paper,
we propose a unified numerical scheme which has second order accuracy in
time and spectral accuracy in space for the problem (1.1)-(1.4) . The pro-
posed scheme is based on finite difference method in the temporal direction
and Legendre spectral method in the spatial direction. More precisely, for




the multi-term time fractional diffusion and diffusion—wave equations, we first
transform them into equivalent forms with the Riemman-Liouville fractional
derivative operator and Riemman-Liouville fractional integral operator, re-
spectively. Then we use weighted and shifted Griinwald difference (WSGD)
operators to approximate the fractional operators, and based on a Crank—
Nicolson technique, the convergence rate of the fully discrete scheme in L2
norm is O(72+ N1=™), where 7, N, and m are the time-step size, polynomial
degree, and regularity in the space variable of the exact solution, respective-
ly. The stability and convergence of the fully discrete scheme are rigorously
established.

The rest of the paper is organized as follows. In Section 2, some prelimi-
naries and notations are shown. In Section 3, we construct a unified numerical
scheme for the multi-term time fractional diffusion and diffusion—wave equa-
tions. In Section 4, the stability and convergence of the fully discrete scheme
are analysed. We do some numerical experiments in Section 5. Finally, the
summary and discussion are presented in Section 6.

2. Preliminaries and Notations

Let A = (—1,1). Throughout this paper, we use the usual Sobolev spaces
Wr2(A) with norm [-||, . When p = 2, we denote W"?(A) and its inner
product, semi-norm, and norm by H"(A), (-, ), | - |-, and [|-]|,, respectively.
In particular, (-,-) = (-,*),, ||/l = [|l|o- Furthermore, we denote

Hy(A) = {ve H'(A),v(+l) =0}.

Denote L2 (A) as a weighted L? space with a weight function w(z), and its
inner product and norm are defined as:

1
(U, V) :/uvwdaz, |lv]]w = (/ UZU)dI> :
A A

We denote by L>(0,7; H™(A)) the space of the measurable functions v :
(0,7) — H™(A), such that

0] oo (rmy = esssup |[v(t)]|m < 400,
0<t<T

L?(0,T; H™) the space of the measurable functions v : (0,7) — H™(A), such

that
T 2
Jelarny = ([ olfar) < +oc.
0
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For simplicity, we denote 9%v(x) = Lrv(z). Throughout the paper, ¢ denotes

a generic positive constant. :

Let N be a positive integer, we denote by Py (A) the space of all polyno-
mials of degree less than or equal to N. P% := {¢ € Px(A) : ¢(+1) = 0}.
Next we introduce some projection approximation results.

Let mx° be the Hi-orthogonal projection operator from HE(A) into P,
such that for all u € H}(A),

(8307@1\}0% &BUN) = (Opu, Opvy), Yoy € PY. (2.1)
For the projection operator 7T]1\}0, one has the following approximation result:
Lemma 2.1 ([28]). For all u € H}(A) N H™(A), we have
lu — 73 ulle < CN*""|ullm, k=0,1,m>1,
where C' is a positive constant independent of N.

In this paper, we need a modified projection operator HJI\’,O : HY(A) — PY,,
defined as following;:

(p(2)0x(u — 1 u), dpun) + (q(z)(u - 11 u), on) =0, Yoy €P}. (22)
Then one has the following lemma:
Lemma 2.2. For all u € H}(A)n H™(A), we have

10, (u =TI W) [0y + llw = Tl < eN*2"Jullf,  m =1,

where ¢ is a positive constant independent of N.
Proof. According to the definition of the operator H]l\’,o, we have

[0x(u — Hzlx}ou)“f;(m) + |lu = H}\}OUHg(z)
= (p()0,(u — 115 %u), 9, (u — H]l\}ou)) + (g(z)(u — T130u), u — H}\}Ou)
= (p()0y(u — 11 u), Oy (u — 71']1\}0%)) + (q(z)(u — I ), u — ﬁ]l\}ou)

<10 (w = TI7) |y |0 (w0 = 75" oy + e = TR g | = 73"l g0

1 1
< (10s (u = TR ) + llu = TR ullf)) * (10a(w — 73 ) 5 + lu — 7 ull)) -

p(z

Thus we have

[0 (u — H}V’Ou)Hfo(x) + Jlu — HJI\}OUHz(z) <[]0z (u — Wzlx}OU)HZ(m) + |lu — Wzl\}OUHg(x)-

Then according to the boundedness of p(z), g(z), and Lemma 2.1, the desired
result is obtained. O]



The following Poincaré inequality is useful.

Lemma 2.3. For u(z) € C'[—1,1], with u(—1) = u(1) = 0, we have

1
ul|| < —||0,u
[Jull < \/§H I
Proof. The inequality can be obtained by a simple computation. O

We first give a discrete Gronwall’s inequality.

Lemma 2.4 ([29]). Let k, B, and a,, b,, c., v, for integers p > 0, be
nonnegative numbers such that

an+kibu < ki%aﬂ%—kic,pFB, n > 0.
n=0 ©n=0 n=0

Suppose that kv, < 1, for all p, and set o, = (1 — kv,)~*. Then

an—i—kZbﬂ < exp <k20u%> {chujLB}, n > 0.
pn=0 pn=0 pn=0

Next, we give some definitions from fractional calculus. For simplicity,
denote OFv(t) = %. Following [30], for a given function f(t), a > 0,
we denote by (I f(t) the left-sided Riemann-Liouville fractional integral of
order «, defined as

1 t
)= s— [ (t—s)""f(s)ds, t>0. 2.3

oI = s [ (=9 s (2.

For n —1 < a < n, we denote by 6 D f(t) the left-sided Riemann-Liouville
fractional derivative of order «, defined as 5D f(t) = 9P (1"~ f(t), that is

1

m@?/o (t—s)"'f(s)ds, t>0.  (24)

MDrf(t) =

For n — 1 < a < n, we denote by {Df(t) the left-sided Caputo fractional
derivative of order o, defined as (D¢ = (I;"*07 f(t), that is

SDef(t) = )/0 (t—s)" 19" f(s)ds, t>0. (2.5)

I'n—«




Then according to Theorem 3.8 in [31], we have the following formula

JeCDef (1) Z A k| . (2.6)

We recall some useful properties about the fractional derivatives and in-
tegrals. For a > 0, 5 > 0, we have

OIta oltﬁf(t) = oltawf(t) = o—rtﬁ oltaf(t% (2-7)
and
FODR oI f(t) = f(1). (2.8)
For 0 << 1,0 < ag,a9 < 1, if f(0) =0, then we have
ODf(t) = TGDf (1), (2.9)
and
REDR DR f(1) = "D (1) = KD REDE A, (2.10)

3. Construction of the unified numerical scheme

In the following parts of this paper, we assume u(z,0) = 0, otherwise, we
consider u = u — ug.

For a positive integer M, let t, = k7, k =0,1,..., M, where 7 = T/M is
the time-step size. Given a grid function w = {w*|0 < k < M}, we define

b b, = ot
T
First we have the following lemma:
Lemma 3.1. We denote (I f(t) as "5D; P f(t) for 8 > 0. Then the equation
(1.1) is equivalent to the following form

&u—i—Zb RL Dz, t) = FEDS Lu(x, t) + f(x,t), (3.1)
=1

where « = 1 — v, oy = 1+ v —; flz,t) = R%Dg_vg(x,t) for the case
0<qs<--<m<y<land f(x,t) = oI g, t) + b+ 37 b o I]) e
forthe case 0 < s < -+ < Y1 ST <yg <--- <y <7y <2.
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Proof. (1) In the case 0 < 7, < -+ <y <7 < 1, as u(x,0) = 0, according
0 (2.9), the equation (1.1) is equivalent to

CSDJu(z,t) + Zb" RLDYu(x,t) = Lu(x,t) + g(x,t). (3.2)
i=1
As CDJu(x,t) = I} 70wu(x,t), then according to (2.8) and (2.10), we
transform (3.2) into
O+ Y b "D u( t) = DT L, t) + f(x,t),
i=1

where f(z,t) = ®5D/ Vg (x,1).
(2) We next consider the case 1 < v, <+ <y <7y <2.
Since

CD)u(x,t) = (17 0%u(x,t)
= o} V8, (Bu(z, 1))
= CD,?_I@tu(L t),

then according to (2.6), (2.7), and noticing that u.(z,0) = v, we have
olg_l D} u(z,t) = 0[?_1 CoD;_latU(cT,t) = Qu(z,t) — 1,
and

ol OD ula, t) = o 1) GDF T O, t)
= o[g_% 0[::%_1 CoD?i_latU(% t)
= oft%% (atu(xa t) - ?/1)
= DT T () + o I

Thus we transform the initial equation (1.1) into its equivalent form

du(z,t) + Zb CDI T V(m,t) = )T Lu+ f(, ), (3.3)

where f(z,t) = Olgflg(x, )+ +> 0 bigl] .
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Noticing that 0 < 14+, —y=1—(y—7) < 1, and v —1 > 0, according
to (2.9), the equation (3.3) is equivalent to

Oyu(x,t) + Z b BEDIT (e, t) = BEDI T Lu + f(a,t).

i=1

(3) Now we turn to the case 0 < 7, < - < Vg1 < I <99 <+ < <
v < 2. At present, we need just tackle the case 0 < ; < 1.
In the case 1 < v —~; < 2, according to (2.6) and (2.7), we have

[ DT = I D = o = FEDE T T (34)
In the case 0 < v — ; < 1, according to (2.7) and (2.9), we have

y=1Cpvi,, — -1 gl-w — Y _ Cpl+tvi—,, _ RLpl+vi—y
(3.5)

In the case v — v = 1, oI} " {DYu = I} DY u = u, which can be incorpo-
rated in either the case (3.4) or (3.5).
Therefore, the equation (1.1) is transformed into

Ou(,t) + Y b GDy T (e, t) = FGD T L+ [, t),

i=1

where f(x,t) = 0[,?_19(:6, t)+ 9+ Zf/zl bi oIy ). O

For the approximation of the Riemann-Liouville fractional derivative
BL Dy, as u(x,0) = 0, one can continuously extend the solution u(x,t) to
be zero for t < 0. Thus we use the weighted and shifted Griinwald difference
(WSGD) operator as in [14], that is, for u(-,¢) € L'(R), #-D¢2u(-,t) and
and its Fourier transform belong to L!'(R), we have

k+1
BLDow(2, ) = 77 Z )\ga)u(x, ter1j) +O(T%), 0 < a < 1, (3.6)
=0

where

a 2+Oé o « 2+Oé « O (a -
)\é ) =0 g(() ), )\g- ) ITQJ(- )_59]('_)17 J =1, (3.7)




and gj(-a) = (—1)’ (;‘) for j > 0.

For the discretization of integral operator (I;*, we use the weighted and
shifted Griinwald difference operator as in [14], that is, for u(-,t) € L'(R),
_Ifu(-,t) and (iw)**F[f](w) belong to L'(R), we have

k1
oI uley i) = 7 Y iul, i) + O, (3.8)
=0
where
(0% (07 o (6% (07 o (0% 6% .
M(()): (1—§> w(() ), M; ) = (1—§>w§- )+§w](-7)1, j>1, (3.9)

and wj(»a) = (=1)7(7") for j > 0.

Remark 3.1. For more details about the second order weighted and shifted
Grinwald difference (WSGD) operator, one can refer to [27]. And (3.6) is
the case (p,q) = (0, —1) in paper [27].

If we denote (I f(t) by 5 D7 f(t), and notice that (3.6) and (3.7) with a
replaced by —« are exactly the same as (3.8) and (3.9). Thus we can extend
the (3.6) and (3.7) to cover both the cases —1 < a < 0and 0 < a < 1.

For convenience, denote u*™!(x) = u(z,t5;1), and

k1
Doy = 77 Z )\ga)ukﬂ_j, —1<a<l.
=0

Thus ™8 Deu(w, 1) = DEur+t + O(72), by virtue of (3.6).

We discretize the space using Legendre spectral method. Therefore, based
on a Crank-Nicolson technique, the fully discrete scheme for (3.1) is as fol-
lows: find uh™ € PY;, with ul, = 0, such that

1 1<
(i *ow) + 5 D bi(Du + Diufy, v)
i=1

(p(Df@xu]fVH + D2o,uky), (‘LUN)

[NORITS NG

(q(Deul + Douky), vn) + (fk+%,vN), Yoy € PY, (3.10)
where k =0,1,..., M — 1.
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For {ug\,};?zo given, the well-posedness of the problem (3.10) is guaranteed
by the well-known Lax-Milgram lemma, as we can rewritten (3.10) as

a(uf\,ﬂ,w\/) = F(vy), Yuy € IP’?V,

where

1< o
a(uy ow) =(uft on) + 5 Db A (R ow)

=1

—on (@ 1 e
+ =7t )\(())(pﬁxu’fVJ“l,@va)%—ﬁTl /\[())(qu’fVH,UN)

DO | —

is a continuous and coercive bilinear form on P% x PQ;, F(vy) is a linear

functional independent of uﬁ;\,“.

In the next section, we will give the stability and convergence of the
scheme (3.10).

4. Stability and convergence of the fully discrete scheme

We first need a lemma about the coefficients {)‘E'a)};?io-

Lemma 4.1 ([14]). Let {)\ga)};‘io be defined as in (3.7), then for any positive

integer k and real vector (v, vy, ..., vp) € R¥ it holds that
k—1 n
5 (St 20
n=0 \7=0

By virtue of this lemma, one immediately get the following lemma:

Lemma 4.2. Let {Aga)};?‘;o be defined as in (3.7), r(z) be a nonnegative con-
tinuous function, then for any positive integer k and real-valued continuous

functions vy (x),va(x), ..., vi(z), we have
k—1 n ()
Zo r(z) ;})\j Upt1—; (), Vpi1(z) | > 0.
n= ji=

Here, one should notice the notation (-,-) denotes the inner product on A.
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Proof. For each x € A, by virtue of Lemma 4.1, we have

Then it follows that

Finally, using the linearity of the definite integral, we get

)3 /AT@) (Z AE-”"vnH_j(m)) Vg ()da > 0.

n

)\ga)vnﬂj(:c)) Vpy1(z)dx > 0.

=0

O

For the stability of the fully discrete scheme (3.10) we have the following
theorem.

Theorem 4.1. Suppose T < 1, the fully discrete scheme (3.10) is stable in
the sense that for 1 < n < M, it holds

n—1
n T 1
luj|]® < exp (E) (TZ I ||2) :
k=0

Proof. Taking vy = w5 +uk in (3.10) gives

s k
1 1 o ai), k=G kg
— (12 = b)) + 5 D b (Z A (), +u%>
i=1 j=0
T f . .
= (p(x) S N @+ 0,u ), Ol + axu’;v)
j=0
k

T_a a o ) 1
S (q(x) A (S ), bt + u’fv) (R Ul 4 ).

(4.1)
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Summing up for k in (4.1) from 0 to n — 1, and noticing that

1
1
(FEr2 ) < 122+ HU’““H2 + Il ]l

(
J

Mw

we get, by Lemma 4.2, that
J

o < 5 by (
i=1
k
(@) 2

o n—1
7_104
2
= 7=0

)\Oéi k+1 ]+ kj) k+1+uN>

Il
o

Rt

D@+ D), 0. +8x“?v>

S x>
= O

_ — k
7_104

; (qm N ), o +uN)
k=0 7=0
- n—1 n—1
1
+5 Zl\u’”1!\2+§zHU?VH“rTZHf’““HQ
k=0 k=0
n—1
1
< Y Nl 7))
k=1 k=0

Then according to the discrete Gronwall’s inequality in Lemma 2.4, we get
that
T i
oI < esp () (72 ||f’“+2||2) .
k=0

For the convergence of the fully discrete scheme (3.10), we have

\]

DO |

3

Theorem 4.2. Let u be the exact solution of (3.1), {uf}L, be the so-
lution of the problem (3.10). Suppose u,"5 DXy € L>®(0,T; H™(A)), Oy €
L2(0,T; H™(A)), m > 1, and u satisfies the conditions above (3.6) and (3.8).
Then we have, for T < 1/2,

2T Com
[u(ty) — ui|* <exp (E) (N2 1013 gymy + cuT

+CN2_2m b2 RLDaiu
7 0+t

=1

ﬁ:oo(Hm)) + CN2_2m||U||%°°(Hm),
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where ¢ is a positive constant independent of N, ¢, is a constant depending
on u.

Proof. Let eN = o —uly, & = T u! —uy, & = u/ — Iy u? | thus we have
el = & + &. From the equation (3.1) and the fully discrete scheme (3.10),
we have the following error equation,

(5,56“2, Z b (DXiel + Dk, vn)
T ¢ i ,
T2 <p<:c> DNV (Ol + D), ‘o‘m)

—a k
- <q<x> NN+ el ), w) +(RE ow), Vo € Py,
j=

where |RFF < ¢, 72
Then as eN =&, —|— &), and according to the definition of the projection
operator IT%’ \ > we have

(5teN LU Zb (Deek + DYek; wy)

a k ‘
— <p( ) DAY @, + 0.8k ), amv) + (RE oy

2
7=0

T o ~k
2 ( Z)‘( @R ), UN) (5t€N+ ,UN)

7=0

1 S
(DA + DR uy), Vo € PR (4.2)
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Taking vy = ext + ek in (4.2), gives

(H 1“2 HeNH —G—Zb— <Z)\(al Ak—i-l ]+6N j) ~k+1_‘_eN>

—Q

_ 72 (p(a:) D OND (@, + 0,8k ), 0,88 + axajﬂv)
7=0

Rl

—a k
_ 7—2 (q( )Z)\(a)(k—kl J +A4c ]) ~+1 +€N> + (RI:_H ~+1 +€N)
7=0
+1 1 s
— GENA E) — 5 Y (DI DR A ). (43)
i=1

As Deek, = BLDriek 1+ O(72), and according to the Lemmas 2.2 and 2.3,
we have

—_

E a/\k+1 a/\k ~k+1 ~k

—
[\)

Lk e

1
<3 Z U D2 e + D2+ I8 I +

< CN2 QmZbQH RLDozZ

i=1

ey + et 1P + P

Summing up (4.3) for 0 < k < n — 1, and noticing that

1 1 [tesr
(5t€];\,+ e ) = — (—/ Oendt, ekt + eN)

T Ji,

1 e -~ 112 ~k+1 2 ~k |12
= [ No@la + SRR + Sl

173

IN

and
(REH &R +ek) < 2| REF1? + H TP+ H?vaQ,
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we get, by Lemmas 4.2, 2.2 and 2.3, that

S l—a; "~ 1 '
HEr]ile <— szT 5 Z <Z )\(al ~k+1 —j + eN ]) ~f+1 + 6N>
=1

k=0 \j=0
Tl_a n—1 k
- <p(x)2w(a“k“f+a )a%“wxy;v)
k=0 =0
Tl_a n—1 k ] )
- (Q(x)z)\ga)(g]cvﬂ —J —i—gf\fj) ~k+1 +€N>
k=0 =0
n—1 n—1 n—1 tn
T KT+ Y NP 2 Y RETP / [0en||*dt
k=0 k=0 k=0 0
n—1 S n—1
+ 7 Z cN?2m Z bf” RLODtO‘iu |ioo(Hm) + 7 Z Cut?
k=0 i=1 k=0

n T
<2r SRR + cN2‘2m/ |O2.dt + ¢,
k=1 0

S
+ NN B D ) e gy

i=1
Then according to the discrete Gronwall’s inequality in Lemma 2.4, we
get

1 1I*

2T d .
<exp (1 — 27') (CNQ_QmHOtuH%Q(Hm) + ¢N?272m Z v || L D |2L00(Hm) + cut).
i=1

Finally, using the triangular inequality ||e%| < ||€% || + [|€% |, and Lemmas

2.2 and 2.3, we get the desired result.
O
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5. Numerical experiment

5.1. Implementation
Let By = 717%/2, B; = 717% /2, we rewrite the equation (3.10) in the form

(ukt! o) + szﬁz A Wk on) + BoAS” (p(ult e (vn)2)
+ BoAl™ (quf\,“,vN) = Fitl(vy), Yoy € PY, (5.1)
where

F’]’\glJrl (UN) uN? UN Z bZ/BZ (Z + )\]+1)UN ) UN)

7=0

<pz @ 420, Na)

(qz (A Ay 7UN> +7(f52 uy).

Let L,(x) denotes Legendre polynomials with degree n. We choose the
basis functions as

¢j(z) = Lj(x) — Ljsa(z), j>0.

One can verify that ¢;(£1) = 0. Thus P% = span{¢; : j =0,1,...,N —2}.

We express the function w5 in terms of the basis functions {¢;(x) ;\/:_02

N-2
k+1 ~k+1
up' (z) = Z Uj+ ¢j(z),
j=0
where {uk“ N 02 are the frequency coefficients that we want to solve.

Choosmg each test function vy to be ¢(z),l =0,1,..., N —2, we obtain

N-2

Z <¢J7 ¢l ~k+1 + Z bzﬁz al) Z (b]; ¢l ~k+1
7=0
N-2 N72
FBAS N (00, et T+ BN S (g0, )T
Jj=0 7=0
= lefrﬂ(ﬁbl)‘
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Let

k1l _ Rl kel ~k4+1 1T
UM = Jug ™, uy . Uy )

Fk"'l = [F]I\Cf+1(¢0)a F]’\cf—’—l(qsl)? R FJ€T+1(¢N_2)]T'

We denote the matrices

Y

N-2

1,j=0

Then we arrive at the following matrix statement of the problem (5.1):

N-2

1,j=0

((1 + D 0iBANT)A + BB + wgwc) Ukt = Fht,
i=1

The components of the matrices can be efficiently computed by Legendre-
Gauss quadrature formula [32].

5.2. Numerical results

We carry out some numerical experiments and present some results to
confirm our theoretical statements.
Firstly, we consider the problem (1.1)—(1.4) with exact solutions.

Example 5.1. We consider the problem (1.1)—~(1.4) in the case s = 1, by = 1,
with an exact analytical solution:

u(z,t) = (877 4 %) sin(rx),

and p(x) = 2 —sin(x), q(x) = 1 — cos(x). The corresponding forcing terms
are
L@E+y)t> 227 DB+t 20>
g(x,t) = ( B+7) B8+7) )sin(mﬂ)
2 FB-7  TB+v-m) TB-m)
+ (217 + ?) sin(72) (1 — cos(x) + 72(2 — sin(z))) + 7 cos(z) (t*T + t2) cos(7x),

[(3+ )ttt otity—m
'2+2y-—m) TE@+y—m)

f(z,t) = ((2 + )t + 2t +

(3 + )ttt N 2617
['(2427) ['2+7)

)sintrz)

+(

)[sin(72)(1 — cos(x) + 7%(2 — sin(z))) + 7 cos(z) cos(mz)].
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Example 5.2. We consider the problem (1.1)—(1.4) in the case s = 1, by = 1,
with an exact solution which has limited reqularity :

16

u(z,t) =t3(1 — 2H)as,

(one can verify u € H°(A), but ¢ H®(A)), and p(z) = 2 — sin(z), q(z) =
1 —cos(z). The corresponding forcing terms are

637 63 ) 16 418 16 208 10
xr,t) = + 1 —a2Hz3 +t3(2 —sin(z))(—ax3 — —2x3
o(0.0) = (o + Ty ) (L= 2200 02 s e = 2 )
, 16 1 22 1. b 16
+t COS(%)(EI‘ TG )+ t°(1 —cos(z))(1 — %)z,
6t2 16 6127 418 16 208 10
=3+ ——m— ) (1— —  (2—si byt SV,
o0 = (3 + = ) (e P o) (- T )
612+ 16 13 22 19 62+ 16
SN R S WL | 1— 22,
+F(3+Py>cos(x(3x3 3333)_'—1“(3—1—7)( cos(z))(1 — a%)x’s

Example 5.3. We consider the problem (1.1)—(1.4) in the case s = 4, by =
by = b3 = by = 1, with an exact analytical solution:

u(z,t) = t3sin(rx),

and p(x) = 2 —sin(x), q(x) = 1 — cos(x). The corresponding forcing terms
are

g(l‘,t)_< o ZF

+ 3 sm(7rx) (1 — cos(z) + 7%(2 — sin(x))) ;

) sin(rx) + 7t® cos(x) cos(mx)

f(z, <3t2 i Z 36t++; %%)) sin(mz) + ﬂ% cos(x) cos(mx)
+ ﬂ sin(rz) (1 — cos(z) 4+ m°(2 — sin(x)))
L'(3+47) '

To confirm the temporal accuracy, we choose N big enough to eliminate
the error caused by spacial discretization. For Examples 5.1 and 5.3 we take
N = 15, while for Example 5.2 we take N = 100.
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Tables 1-7 show the errors ||u(T) — u¥!|| (T = 1) and the corresponding
temporal convergence rates. From which, we can see the temporal accura-
cy is second-order, which is consistent with our theoretical analysis. The
convergence rate is given by the formula: Rate= log% z—; (e; is the error

corresponding to 7;). All the calculations are performed in MATLAB.

Table 1: L2 errors and convergence rates in the case 0 < 3 < v < 1 for Example 5.1.

T

v=0.1,v =0.01

vy=05711=04

v=0.9 v =0.75

Error Rate Error Rate Error Rate
1/10  1.0392e-02 1.9810 7.7551e-03  1.9849 2.5941e-03  1.9854
1/20  2.6324e-03 1.9840 1.9592e-03  1.9900 6.5510e-04 1.9924
1/40  6.6545e-04 1.9842 4.9321e-04 1.9942 1.6465e-04  1.9960
1/80 1.6819e-04 1.9855 1.2380e-04 1.9966 4.1274e-05 1.9979
1/160 4.2470e-05 1.9872 3.1023e-05 1.9979 1.0334e-05 1.9988
1/320 1.0712e-05 * 7.7673e-06 * 2.5855e-06 *
Table 2: L? errors and convergence rates in the case 1 < v; < v < 2 for Example 5.1.
. vy=11,v =1.01 vy=15,71 =125 vy=19, v =165
Error Rate Error Rate Error Rate
1/10  6.0235e-04 1.9880 4.8377e-03 1.9788 5.5096e-03 1.9853
1/20  1.5184e-04 1.9931 1.2273e-03  1.9890 1.3915e-03  1.9935
1/40  3.8144e-05 1.9961 3.0918e-04 1.9942 3.4944e-04  1.9960
1/80 9.5620e-06 1.9977 7.7605e-05  1.9969 8.7604e-05 1.9969
1/160 2.3943e-06 1.9986 1.9442e-05 1.9983 2.1948e-05 1.9975
1/320  5.9915e-07 & 4.8662e-06 * 5.4964e-06 *

Table 3: L? errors and convergence rates in the case 0 < 7; < 1 < v < 2 for Example 5.1.

vy=11,v =0.35

v=1.5,v=0.5

vy=19, 11 =0.75

T

Error Rate Error Rate Error Rate
1/10  9.4197e-04 1.9695 6.2393e-03 1.9765 8.8740e-03  1.9900
1/20  2.4053e-04 1.9849 1.5854e-03 1.9886 2.2340e-03 1.9957
1/40  6.0765e-05 1.9925 3.9949e-04 1.9944 5.6016e-04 1.9980
1/80  1.5271e-05 1.9962 1.0026e-04 1.9972 1.4023e-04 1.9991
1/160 3.8276e-06 1.9981 2.5113e-05 1.9986 3.5080e-05 1.9995
1/320 9.5815e-07 * 6.2843e-06 * 8.7727e-06 *
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Table 4: L2 errors and convergence rates in the case 0 < vy; <y < 1 for Example 5.2.

v=0.1, 11 =0.01

vy=0.511=04

v=0.9 v =0.75

T Error Rate Error Rate Error Rate
1/10  1.2608e-03 1.9461 6.2878e-04 1.9569 1.7042e-04 1.9731
1/20 3.2721e-04 1.9738 1.6197e-04 1.9791 4.3405e-05 1.9880
1/40 8.3301e-05 1.9873 4.1083e-05 1.9901 1.0942¢-05 1.9973
1/80  2.1009e-05 1.9946 1.0341e-05 1.9970 2.7405e-06 2.0114
1/160 5.2719e-06 2.0008 2.5907e-06  2.0056 6.7975e-07 2.0547
1/320 1.3172e-06 * 6.4516e-07 * 1.6361e-07 *
Table 5: L? errors and convergence rates in the case 1 < vy < v < 2 for Example 5.2.

. vy=11,v =1.01 vy=15,7 =125 v=19, v =165

Error Rate Error Rate Error Rate
1/10  1.1482e-04 1.9862 3.0294e-04 1.9844 4.2068¢-04 1.9946
1/20  2.8981e-05 1.9948 7.6559e-05  1.9920 1.0557e-04 1.9983
1/40  7.2717e-06 2.0033 1.9246e-05 1.9966 2.6423e-05 1.9998
1/80 1.8138e-06 2.0252 4.8228e-06 2.0006 6.6066e-06 2.0015
1/160 4.4559e-07 2.1094 1.2052e-06 2.0090 1.6500e-06 2.0066
1/320 1.0326e-07 * 2.9944e-07 * 4.1059e-07 *

Table 6: L? errors and convergence rates in the case 0 < v; < 1 < v < 2 for Example 5.2.

T

v=11,v=0.35

vy=15,v=0.5

vy=19, 1 =0.75

Error Rate Error Rate Error Rate
1/10  7.5546e-05 1.9743 3.1467e-04 1.9831 3.8329¢-04 2.0136
1/20  1.9226e-05 1.9878 7.9598e-05 1.9917 9.4924e-05 2.0049
1/40  4.8471e-06 1.9980 2.0015e-05 1.9958 2.3651e-05 2.0012
1/80 1.2134e-06 2.0141 5.0181e-06 1.9977 5.9079e-06  2.0004
1/160 3.0040e-07  2.0467 1.2565e-06 1.9974 1.4766e-06 2.0009
1/320 7.2710e-08 * 3.1469e-07 * 3.6892e-07 *
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Table 7: L? errors, convergence rates, and CPU time for Example 5.3.
Y, V1, V25 V35 V4 T Error Rate CPU(s)
v=0.9 1/10  3.5222e-003 1.9737 0.0460
v = 0.8 1/20 8.9675e-004 1.9873 0.0830
Yo = 0.7 1/40  2.2617e-004 1.9937 0.2058
v3 = 0.5 1/80  5.6789e-005 1.9969 0.5133
v4 = 0.3 1/160 1.4228e-005 1.9984 1.4476
1/320 3.5608e-006 * 5.0817

v=19 1/10  1.6412e-003 1.9209 0.0393
v = 1.7 1/20  4.3342e-004 1.9647 0.0703
Yo = 1.5 1/40  1.1104e-004 1.9836 0.1670
v3=1.3 1/80 2.8076e-005 1.9921 0.4676
vy =11 1/160 7.0573e-006 1.9962 1.5730

1/320 1.7690e-006 * 4.3373

v=16 1/10  2.8967e-003 1.9705 0.0445
v =13 1/20  7.3912e-004 1.9865 0.0786
Y2 =0.9 1/40 1.8652e-004 1.9934 0.1405
v3 = 0.6 1/80  4.6843e-005 1.9968 0.3027
Y4 = 0.3 1/160 1.1737e-005 1.9984 1.3381

1/320 2.9376e-006 * 5.6394

Next we check the spatial accuracy with respect to the polynomial degree
N. By fixing the time step small enough to avoid the contamination of the
temporal error. We choose 7 = 0.001. We take the cases v = 1.5, 7, = 1.25;
v=0.5, 11 =0.4; y= 1.5, v, = 0.5 to illustrate.

Figs. 1-3 present the L? errors with respect to N in semi-log scale for
Example 5.1. From which, we can see the errors decay exponentially, that is
the so-called spectral accuracy.

Figs. 4-6 show the the L? errors with respect to N in log-log scale for
Example 5.2. Since its solution belongs to H*(A), but ¢ HS(A), we can see
the convergence rates are between N=* and N—°, which conforms with our
theoretical analysis.
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Fig. 1: v = 1.5, v4 = 1.25 for Example 5.1
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Fig. 2: v =0.5, 71 = 0.4 for Example 5.1
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Fig. 4: v = 1.5, 4 = 1.25 for Example 5.2
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Fig. 5: v =0.5, v1 = 0.4 for Example 5.2
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Fig. 6: v = 1.5, 3 = 0.5 for Example 5.2

Next, we consider the problem (1.1)—(1.4) with general problem data.
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Example 5.4. We consider the problem (1.1)—(1.4) in the case s = 1, by = 1,
with ug = 0, ¢ = cos(z), the forcing term g(z,t) = t? sin(nz), and coefficients
p(z) = 2 —sin(z), q(x) = 1 — cos(x). The corresponding forcing term in
equation (3.1) is

4y . ,
—FQ(%JJ:;) sin(mz), if 0<m <vy<l,
flx,t) = F2(t2+7) sin(mx) +cos(z), if 0<m <1<7vy<2,
Figi;) sin(mx) + cos(x) + % cos(z), if 1<y <vy<2.

As the exact solution u is unknown, we use the reference solution U which
is computed on a much finer mesh in stead of u. We choose 7 = 0.001 and
N = 15 to compute the reference solution. Tables 8-10 show the errors
|U —udl|| (T =1) and the corresponding temporal convergence rates.

Inboth0 <y <y <land 0 < v <1< vy < 2 cases, we can see
the temporal accuracy is second-order, which is consistent with our analysis.
However, in the case 1 < ;3 < 7 < 2, the temporal accuracy is less than
second-order (but greater than one), probably depends on the order of the
fractional derivatives. It is the consequence of the forcing term f(z,t) with a
term =L~ ) cos(x), so the exact solution is not regular enough to guarantee

T(1+y—mn
the accuracy of our scheme.

Table 8: L? errors and convergence rates in the case 0 < v; < v < 1 for Example 5.4.

. v=0.1, 1y =0.01 vy=0.5711=04 v=0.9, =075

Error Rate Error Rate Error Rate

1/10  2.3406e-04 1.9857 1.4556e-04 1.9925 4.0535e-05 2.0135
1/20  5.9096e-05 1.9869 3.6580e-05 1.9933 1.0039e-05 2.0079
1/40  1.4909e-05 1.9908 9.1875e-06 2.0011 2.4961e-06  2.0099
1/80 3.7511e-06 2.0129 2.2952e-06 2.0241 6.1977e-07  2.0296
1/160 9.2945e-07 2.1053 0.6427e-07 2.1158 1.5180e-07 2.1191
1/320 2.1601e-07 * 1.3019e-07 * 3.4942e-08 *
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Table 9: L2 errors and convergence rates in the case 1 < v, <y < 2 for Example 5.4.

- v=11, 7 =101 vy=15,v7 =125 v=19, v =1.65

Error Rate Error Rate Error Rate

1/10  7.1981e-04 0.9362 1.9723e-03 1.2382 4.3859¢-03 1.4711
1/20  3.7618e-04 0.9694 8.3607e-04 1.3151 1.5820e-03  1.4858
1/40  1.9213e-04 1.0595 3.3601e-04 1.3346 0.6487e-04 1.4255
1/80  9.2183e-05 1.1616 1.3323e-04 1.3752 2.1029e-04  1.4009
1/160 4.1207e-05 1.3482 5.1359e-05 1.5149 7.9633¢-05 1.5172
1/320 1.6185e-05 * 1.7972e-05 * 2.7821e-05 *

Table 10: L? errors and convergence rates in the case 0 < 7, < 1 < v < 2 for Example
5.4.

v=1.1,v =0.35 v=1.5,v=0.5 v=19, v =0.75

T Error Rate Error Rate Error Rate

1/10  1.9741e-04 2.1507 1.3835e-03  2.0369 6.2398e-03 1.7311
1/20  4.4458e-05 2.1804 3.3716e-04  2.0141 1.8796e-03  1.8693
1/40  9.8082e-06 2.0397 8.3471e-05 2.0118 5.1446e-04 1.9209
1/80 2.3854e-06 2.0285 2.0697e-05 2.0303 1.3586e-04  2.0207
1/160 5.8468e-07 2.1187 5.0669¢-06 2.1194 3.3482e-05 2.1182
1/320 1.3463e-07 * 1.1661e-06 * 7.7118e-06 *

6. Summary and discussion

We have presented and analysed a unified numerical scheme for the multi-
term time fractional diffusion and diffusion—-wave equations with variable
coefficients in a bounded domain. The scheme employs the Legendre spectral
method in space and the weighted and shifted Griinwald difference operators
for the discretization of the time fractional operators. The stability and
convergence of the fully discrete scheme have been rigorously established.
We have carried out some numerical experiments to confirm the theoretical
results.

In our assumptions, ug(z) = 0, if ug # 0, we consider & = u — uy.
Since $D]ug(z) = 0, after transformation, the new forcing term §(z,t) =
g(x,t)+ Lug, with the other terms unchanged in the new equation. It should
be pointed out that in our analysis we assume the solution u satisfies some
good regularity, for the solutions which do not satisfy our assumption, it
needs further investigation about the convergence of our method.
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