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Abstract

In the article, the sufficient and necessary conditions such that a class of functions which involve the psi function ¥ and the ratio
I'(x +1)/I'(x + s) are logarithmically completely monotonic are established, the best bounds for the ratio I'(x + 1)/ (x + s) are
given, and some comparisons with known results are carried out, where s and ¢ are two real numbers and x > — min{s, ¢}.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Recall [25,29,52,54] that a function f is said to be completely monotonic on an interval [ if f has derivatives of all
orders on / such that (—1)kf(k) (x) >0 for x € I and k>0. Recall also [3,29,39,41-43] that a positive function f is
said to be logarithmically completely monotonic on an interval [ if its logarithm In f satisfies (—l)k[ln f (x)](k) >0
for k € N on I. For our own convenience, the sets of the completely monotonic functions and the logarithmically
completely monotonic functions on [ are denoted by ¢[/] and % «[I], respectively.

The famous Bernstein—Widder’s Theorem [54, p. 161] states that f € €[(0, oo)] if and only if there exists a bounded
and nondecreasing function p(#) such that

F) = /0 e dpu(r) ()

converges for 0 < x < oo.
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In [5,35,39,41-43,52] and many other references, the inclusions € ¢[I] C ¢[I]and & C € #[(0, oco)] were revealed
implicitly or explicitly, where . denotes the class of Stieltjes transforms [5,54]. There are three different proofs in
[5,39,41,35,45] for the inclusion € ¢ [I] C €[I]. The class € #[(0, 0o)] is characterized in [5, Theorem 1.1] implicitly
and in [19, Theorem 4.4] explicitly: f € € #[(0, )] & f* c¢ G foralla>0 <= ¥/f € ¥ foralln € N. In other
words, the functions in € #[(0, 0o)] are those completely monotonic functions for which the representing measure u
in (1) is infinitely divisible in the convolution sense: for each n € N there exists a positive measure v on [0, co) with
nth convolution power equal to p.

By the way, recall [25,29,48,52,54] that a function f is said to be absolutely monotonic on an interval [/ if it has
derivatives of all orders and f (k_l)(t) >0fort € I and k € N. In [35,45], it was defined that a positive function fis
said to be logarithmically absolutely monotonic on an interval / if it has derivatives of all orders and [In f(r)]®) >0
fort € I and k € N and it was showed that a logarithmically absolutely monotonic function on an interval / is also
absolutely monotonic on 7, but not conversely.

In recent years, the logarithmically completely monotonic functions and their properties have been investigated
extensively and explicitly in [3,5,9-11,16-18,23,30,34-36,38— 46,50] and the references therein.

Let I'and yy = I'’ /T stand for the classical Euler’s gamma function and the psi function, respectively. The first and
second Kershaw’s inequalities [21] state that

1—s
s\1=s  T(x+1) 1 !
<x+§> <F(x+S)<(x_E+ S+Z) :
and
Fx+1 1
expl(1 — )P (x + V/5)] < —FE); j; S; <exp [(1 — Y (x 43 er )} 3)

for s € (0,1) and x>1. There have been a lot of literature on these two double inequalities, for example,
[4,8,12,14,15,20-23,27,30-34,36,38,44,53] and the references therein.

For real numbers a, b, c and p=min{a, b, c}, let H, p (x) = (x + c)b_“(F(x +a)/I'(x 4+ b)) in (—p, 00). Recently,
the following sufficient and necessary conditions are established elegantly in [37]: Hy p,c(x) € Lc[(—p, 00)] if and
only if (a,b,c) € {(a,b,c) : (b—a)(l —a—b+2c)=20}N{(a,b,c) : (b—a)(la—b]|—a—b+2c)>20}\{(a, b, c) :
a=c+1=b+1\{(a,b,c) : b=c+1=a+ 1} and Hp4(x) € Lcl(—p,o0)] if and only if (a,b,c) €
{(a,b,c) : (b—a)(l —a—b+2c)<0}N{(a,b,c) : (b—a)(a—bl—a—b+2c)<0}\{(a,b,c) : b=c+
1=a+ 1}\{(a,b,c) : a=c+ 1=0>+ 1}. These conclusions can be used to extend, generalize, refine and sharpen
[30, Theorem 1], inequality (2) and some other known results.

It is easy to see that inequality (3) can be rewritten for s € (0, 1) and x > 1 as

I'x+1H7Va=9 s+1
exp[i(x + +/5)] < [m] <exp [w (x + 3 )} ) “4)
Now it is natural to ask: What are the best constants 0 (s, t) and d» (s, r) such that
r 1/(t—s) )
exply(x + 01(s, )] < [ﬁ} Lexpy(x + 62(s, 1))] (5)
(x +)

holds for x > — min{s, ¢, d; (s, 1), d2(s, 1)}, where s and ¢ are two real numbers? In order to give an answer to this
problem, we would like to establish the logarithmically complete monotonicity of the function

1 [r(x + t)}l/“‘”
exp[y(x + 0(s, 1)) [ I'(x +5) '

Our first main result is the following Theorem 1.

(6)

Vs,r(X) =

Theorem 1. Let s and t be two real numbers with s # t and 0(s, t) a constant depending on s and t.

(1) If 0(s, 1) < min{s, t}, then vs ;(x) € € #[(—0(s, 1), 00)].
(2) 1/v5:(x) € € [(—min{s, t}, 00)] if and only if O(s, t) > (s +1)/2.



446 F. Qi, B.-N. Guo / Journal of Computational and Applied Mathematics 212 (2008) 444—456
Our second main result, as a straightforward consequence of Theorem 1, is the following Theorem 2.
Theorem 2. Let s and t be two real numbers with s # t.

(1) Inequality

I(x+1) Y0 s+t
|:—F(x n s)j| <exp |:lﬂ <x + > )] @)

is valid in (— min{s, t}, 00). The constant (s +t)/2 in (7) is the best possible.
(2) Inequality

L+ _[re+n7e g
[mm} /[r(5+s>} ®
validates for x >0 > — min{s, t}.
(3) Inequality
r 1/(t—s)
[%} > exp(—p(x + 05, 1)) ©)
holds for x > — 0(s, t) > — min{s, t}.
(4) Inequality
r 1/(t—s) r 1/(t—=s)
[%} < [%} explys(z + 0(s, 1)) — W(x + 0(s, 1))] (10)

sounds for x > 1> — 0(s, t) > — min{s, t}.

Before proving Theorems 1 and 2 in Section 3, we would like to compare them with some recent known results and
to give several remarks in Section 2.

2. Comparisons of theorems with some known results
2.1.

In order to refine and extend the first Kershaw’s double inequality (2), the logarithmically complete monotonicity of
the function (x + ¢)?~*(I'(x + a)/I'(x + b)) for x € (—p, oo) was studied in [30], where a, b and ¢ are real numbers
and p = min{a, b, c}.

2.2.

It is clear that inequality (7) extends the ranges of variables of the right-hand side inequality in (4) which is a
rearranged form of (3).

2.3.

Takingr =d=1and s € (0, 1) in (8) gives

[F(x + 1)}1/“‘”> 1

I'(x +5) [F(1+5)]/0=9" (11)

When

1<x <y N5 = D) InT(1 +5) — /5 (12)
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inequality (11) is better than the left-hand side inequality in (4), where x//_l stands for the inverse function of 1. This

can be realized since limg_, o+ [tp_l((s — D InI'(1+s5)) — /5] equals the unique zero 1.4626 - - - of Y(x) in (0, c0)
clearly.

2.4.

Inequality (9) for the case of t = —0(s, 1) =1 and s € (0, 1) is better than the lower bound in (4) when (x + /s) +
¥(x — 1) <0 which can be rewritten as 0 < s <[y~ (= (x — 1)) — x]? < 1. This can be realized since lim,_, ;+ [ (x +
/) + Y (x — 1)] = —oo obviously.

2.5.

Inequality (10) for the case of t=¢t =1, s € (0, 1) and —1 < (s, 1) <s = min{s, ¢} is better than the right-hand
side inequality in (4) when x > 1 and

InI'(1+s)
s—1

+1
<w<x+13—>—¢a+ﬂy+wu+0y (13)
This can be realized since limy_, oo [/ (x 4+ (s +1)/2) — Yy (1 +0) + 1 (x + 0)] = oo for any given s and O(s, 1) apparently.
2.6.

Inequality (8) can also be deduced from a fact obtained in [44, Proposition 3]: the function [I'(x +1)/I'(x +5)] 1/Gs=1)
is logarithmically completely monotonic in the interval (— min{s, ¢}, oo) with s # .

2.7.

Let a, b and ¢ be real numbers and p = min{a, b, c}. Define

I(x 4 b) V@
Y +0o)], b,
Fop o) = [F(x " a)} explY(x +0)], a# (1
exply(x +¢) — Y(x +a)l, a=b+#c
for x € (—p, 00). Furthermore, let 0(¢) be an implicit function defined by equation:
o —1 =0~ 00 (15)

with 0(¢) # t fort # O and let p(t) =t — 0(t — 1) in (—o0, 00), where p’1 stands for the inverse function of p. In
[34], the following conclusions are proved:

(1) Fup.ex) € €ol(—p,00)]if (a, b, c) € Di(a, b, c), where
Di(a,b,c)={cza,czb}U{c=a,0=c—Db=0(c —a)}
Ul{e<a,c—b20(c —a)l\fa=b=c}. (16)
2) [Fap. )" € €4l(—p, 00)1if (a, b, ¢) € Da(a, b, c), where
Dy(a,b,c)={c<a,c<by}U{cza,c—b<0(c—a)}
Ufc<a,0<c—b<0(c—a)l\fa=b=c}. 17
(3) If (a, b, c) € Di(a, b, ¢), then

[F(x—i—b)

1/(b—a)
T +a) a)} <exp[Y(x +¢)] (18)
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Plot[{Exp[x] - x, Exp[Abs[x]] - Abs[x]},{x, -3, 2}]

Fig. 1. Graphs of the functions e/ — ¢ and el — |¢| by MATHEMATICA 5.2.

for x € (—p, co0) and

|:F(x + b)}l/“’—“) - [r(é +b)

1/(b—a)

for x € [§, 0o) are valid, where ¢ is a constant greater than —p.
4) If (a, b, c) € Dy(a, b, c), inequalities (18) and (19) are reversed.

As special cases of inequalities (18) and (19), inequalities

I'x+1)

_ -1
Tots) ~ expl(1 —s)(x + p~ (5))] (20)
for x € (—s, c0) and

F(x+1)>F(5+l)
T'(x+s)" T'O+s)

explyy(x + p~' () = (S + p~ (5] 2

for x € (9, 00) are valid, where s € (0, 1), 0> — s and s <p’1(s) <.

Since the function e’ — ¢ is increasing in (0, co) and decreasing in (—oo, 0), as showed by Fig. 1, then t0(z) <0
for O(t) # t. A ready differentiation on both sides of Eq. (15) yields 0/ (t) = (¢! — 1)/(60(’) — 1) <0, and then 0(¢) is
decreasing and p() is increasing for ¢t € (—o0, 00).

Itis claimed that#+0(¢) < Ofor 0(t) # ¢, as showed by Fig. 1. This claim can be verified as follows. Let ¢ (t)=e!"| — ¢
and ¢, (1) =€’ —t in (—00, 00). If t € (—00, 0], then ¢ (t) =e " +1¢;if t € [0, 00), then ¢, (r) = P, (¢). It is clear that
¢1(0) =, (0) =0and lim;—, o P () =lim;—, _oo G5 () =limy— o0 P () =1im,_, oo P, (¢) = 00. An easy calculation
gives ¢ (1) =—e "'+ 1 and ¢5(¢)=e’ — 1 in (—oo0, 0]. It is obvious that ¢ (t) < ¢5(t) < 0in (—oo, 0). This implies that
the functions ¢ (¢) and ¢, (¢) are decreasing with 0 < ¢, (¢) < ¢, (¢)in (—o0, 0). Accordingly, since the function ¢ (¢)
iseven in (—oo, 00), for any given negative number s < 0, there exists a unique point 01 (s) > 0 such thats <—0;(s) <0
and ¢, (s) = ¢1(—01(s)) = ¢1(01(s)); for any given positive number 7 > 0, there exists a unique point 02 (7) < 0 such
that 02(¢) < — t <0 and ¢,(02(¢)) = ¢ (—1) = ¢ (¢). In conclusion, for any given r € (—o0, 00)\{0}, there exists a
unique point 0(¢) # ¢t such that t + 0(z) <0 and ¢, (t) = ¢,(0(¢)) which is equivalent to Eq. (15). In other words, if ¢
and 0(¢) with t # 0(¢) satisfy Eq. (15), then z + 0(¢) <O.
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Now we can claim that, for x > 1 and s € (0, 1), inequality (20) is better than the right-hand side inequality in (3),
since

np<x+li>>¢(x+p‘(s)) — p(l%)N

2
1 1 —1 1—
— ;—s—9< —;s—l>>s — 9<S >< 5

is valid, where the monotonicities of y and p and the fact that ¢ + 6(¢) < O for r0(¢) < O are used.
2.8.

In [4, Theorem 2.4], the following double inequality was obtained:

xX—y I'(x) X +y
o [(X IR <1n<x Th -G+ lﬂ STo) SO [(x R (T)} ’ 22

where x and y are positive real numbers.

The right-hand side inequality in (22) is the same as (7) essentially.

It is noted that a more strengthened conclusion than the right-hand side inequality in (22) has been established in
[12, p. 250] and [44, Proposition 4]: Let s and ¢ be two real numbers and o = min{s, ¢}. Then the function

s+t I +1) V60
exp |:(p (x + 2 >:| [F(x n s)] € € ¢l(—a, 00)]. 23)

Consequently, inequality (7) follows.
In the left-hand side inequality of (22), substituting x by x + s and y by x + ¢ for two real numbers s and ¢ and
x € (—min{s, t}, c0) leads to

_ 1/(t—s)
exp [n// ( S oI - 1)] < [—F(x + t)] . (24)
Inx+s+1)—In(x+t+1) I'ix +5s)

It was proved in [12, p. 248] that

1 x40 Ve
oo v (v (= [ rwm)) <[] @

where x >0, s >0, ¢ > 0, and w_l denotes the inverse function of 1. The lower bounds in (24) and (25) do not contain
each other, since a simple numerical computation by the well-known software MATHEMATICA 5.2 shows that

s —1 1 t
l/j<ln()c+s—|—1)—111()C.|_t_|_1) _x_1>_:/; W(u) du

equals 0.21728 - - if (x, 5, 1) = (191, 1,92) and —0.10331 - - - if (x, 5, 1) = (11, 1, 92).

2.9.
In [6] the following complete monotonicity were established:

(1) The functions

I'(x+s) s+1 I'x+1) sys—1
me"p[“‘”‘/’ (”T)] and o (x4 5) 26)

are completely monotonic on (0, co) for 0 <s < 1. When 0 < s < 1, the functions in (26) satisfy (—1)”f(”) x)>0
for x > 0.
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(2) LetO0<s <1 and x > 0. Then both

1—s
I'(x+1)
F();—H) exp[(s — DY (x + +/5)]  and —[x R —} 27)

are strictly decreasing functions.
The complete monotonicities of the second functions in (26) and (27) are generalized in [30] to logarithmically

complete monotonicities.
It is clear that the complete monotonicities of the first functions in (26) and (27) are included in Theorem 1 of this

paper.
3. Proofs of theorems

In order to prove our main result, the following more general proposition than our need are presented.
Propsition 1. Let yy be the psi function defined by I'' /T, and s and t are two positive numbers.

(1) If m >n >0 are two integers, then

t t
W) (% / Y™ (v) dv) <! (ﬁ / ¥ (v) dv) : (28)
(2) Inequality
. — 1 t .
l//(l) <lnzt‘—lsn s) <t—s / lﬁ(’)(u)du (29)

is valid for i being positive odd number or zero or reversed for i being nonnegative even number.
(3) The function
1 t
W)~ (t / VO +v) dv) . (30)
-

N

for £20 is increasing and concave in x > — min{s, t} and has a sharp upper bound (s +t)/2.

Proof. It was presented in [13, Theorem 3] that if the second derivative of fis continuous on an interval / such that f
is increasingly concave and f”/f’ is increasing then

1 ¢ 1 !
! (: / f’(u)du> <f! (: / f(u)du) 31)

holds for s, r € I, where (f’)~! and f~! stand for the inverse functions of f’ and f.
It was presented in [24, p. 366, Theorem 1 and 54, p. 167] that if w(x) € €[] then

w D w0 = [w® (x))? (32)

for k € N and x € I. This means that

w® (x) /: w*D w1 () — [w® (0)]* 50 33)
wk=D(x) [wk=D o))
and the function w®) (x)/ wk=D (x) is increasing.
It is easy to see that an inverse function has the property that
_ /X
@ =57 () (34)

for a # 0, where [af (x)]~! denotes the inverse function of af (x).
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It is well known that Y/ (x) € €[(0, co)] and (=1 [/ (x)1%) > 0 for nonnegative integer i. This implies lﬁak-l)(x) €
%10, 00)1, =¥ (x) € %[(0, 00)] and

Y2 oy ) = D (o (35)
for k € N.. Hence, the functions —x//(Zi D (x) and w(Zi)(x) are increasingly concave in (0, co) and
[—y @+ () ! Y2+ () !
=P o1 | T e

¢(2i+4) (x)w(2i+2)(‘x) lﬁ(2[+3)(x)]2

[1/1(2’+2)(x) >0,
[lp(Zi)(x)]// ! W(2i+2)(x) ! l//(2i+3)(x)lp(2i+l)(x) M(zz+2)(x)]2
W @I W ] e P -

which are equivalent to the functions [— YD1 /=P D ()] and [tp(z’)(x)]”/[l//(z’)(x)] are increasing in
(0, oo) for given nonnegative integer i > 0. Accordingly, substituting lﬁ 2i+D (x) and t//(z’)(x) into (31) and utilizing
(34) yields

o 1 ro . o 1 ro.
(i) ( f l//(2z+2)(u)du> < (i) ( / ¢<2z+1)(u)du> (36)
r—s Jg t—s Js
and
. 1 t . , 1 f .
(! (— f w<2'“>(u>du> <@H! (— / W”(u)du) (37)
t—s Js t—s Js
for positive real numbers s and t and nonnegative integer i > 0. As a result, by induction, inequality (28) follows.

By using Jensen’s inequality, it was obtained in [7] that if g is strictly monotonic, fis strictly increasing and f o g
is convex (or concave, respectively) on an interval /, then

t t
= (L / g(u)du) <f! (# f f(u)du> (38)
r—s Js =5 Js

holds (or reverses, respectively) for s, ¢ € I. It is apparent that f(x) = (—l)ilp(i) (x) for i >0 is increasing strictly and
g(x) = 1/x is decreasing strictly and g 1 (x) = g(x). Direct computation gives

S s
& (t—s s (o) du “Inr—Ins’ (39)

A — i.,(i 1
h(x)2fog  (x) = (~D)y? (;) (40)

-1

and

(=D R2xy 01 /x) + i (/0]
4

h”(x) — p

= (=D 295 ) + wp TP ).

It was proved in [2] that the function xlp<k+])(x) / 1//(k) (x) is strictly increasing from [0, co) onto [—(k + 1), —k) for
k € N. This means that

=Dk + Dy® ) < (D gy D () < (= Dk ® (1) (41)
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holds in (0, co) for k£ € N, which can be rewritten as
(=DI(=D YOI (D29 () + 2y T2 ()]
< (1= DI(=DYI )] (42)

in (0, co) for given nonnegative integer i. Consequently, the function A (x) is convex if i = 0 or concave if i > 1. So,
the conditions of inequality (38) (or reversed inequality of (38), respectively) are satisfied by f(x) = (—1)" l//(l) (x) and
g(x)=1/xfori =0 (or fori > 1, respectively). The case of i =0 in (38) is just inequality (29) for i = 0. For i > 1, this
leads to

TS (i) (% / (—Diy D () du)

Int —Ins
t
gy (% / 1//(i)(u)du>. 43)

Since lp(Zi )(x) is increasing and (//(Zi -b (x) fori € N, inequality (29) or its reversed form is deduced from (43).

Let ¢ ,.,(x) denote function (30). It is said in [13, p. 194, Corollary 1] that if f'is an increasing function such
that f” is completely monotonic on an interval /, then the function A 7, ;(x) = f71a/a —s)) f; f(x4+v)dv) —x
is increasing and concave for s, € I and x > — min{s, ¢}. It is clear that the functions lp(Zi)(x) is increasing such
that lp(ziﬂ)(x) € %[(0, oco)] for i >0, so do the functions —¢(2i+1)(x) for i >0. From (34) it is easy to deduce that
haf:s,1(x) = h .5 (x) holds for any given nonzero constant a. Consequently, the increasing concavity of the functions
hl//(z);s’t(x) = ¢y 4.¢(x) for £2>0 is proved.

Since the function (—1)“11//(6) (x) for £>0 is decreasingly convex in (0, co), by Hermite—Hadamard—Jensen’s
integral inequality [47,49] and (34), it is deduced that

' t
v <f%/ pe U)dv> =T (ﬁ / (=D O+ v)]dv>
(=D Ty~ <<—1)Z+1W) <x n ?_+f>>
2
Combining this with inequality (29) yields
r—s s+t
In(x +1) —In(x +s) _x<¢s,t;e(x)<T. 45)

Since

. t—s s+t
lim —Xx|=—
X—>00 |:ln(x +1) — In(x + ) :| 2

by L’Hospital’s rule, then the function ¢ ,.,(x) has a sharp upper bound (s + #)/2. The proof of Proposition 1 is
complete. [

Now we are in a position to prove Theorems 1 and 2.

Proof of Theorem 1. It is well known [1, 6.1.50 and 6.3.21] that

In I'(x) = /00 ! [(x — et — i} du, (46)
0 u

1—e

b= | (e; - 1e__e_u) du. @7)
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Straightforward calculation gives

Invg,(x) = . [InI'(x+1t)—InT'(x+s)]—Y(x+0(s, 1)

— S

/oo e xu et _ o—su N efuf)(s,t) d
o l—e# (t —s)u

. 00 e—[x+9(s,t)]u
=/ C lgesG) + 1]du,
0

1—e ¥
where

—tu —su
— €
eu()(s,t)

(t —s)u

_ —e”e(s>f)<_1 f te_’“’dv>
r—s J
1 ' 1/u
—expiu|0(s,t)+1n (—/ e"“’dv)
t—s J

£ —exp{ul0(s, 1) + In ps, (u)1}

Qs,t(u) =

and, by using [26, p. 2; 25, Theorem 3.3 or 51, Theorem 1.1], see also [28], the function p; ;(«) is increasing in u >0
with

—(s+1)/2 - min{s,t}‘

lim ps,(u)=e and lim pg;(u)=e
u—0 Uu—00

Accordingly, if 6(s, 7)< min{s, ¢} then hg,(u)>0, if 0(s,t)>(s + 1)/2 then h,,;(u)<0. This means

Y (k) >0, H(S,t)émin{s,t}
(=D [n vy, (x)] {<O, 0(s. 1> (s +1)/2 for k € N.

Conversely, if 1/vy ,(x) is logarithmically completely monotonic, then [In vs,(x)]' >0 which can be rearranged as

Yx+1)—yYx+s)

r—=s

>y (x + 0(s. 1)). (48)

Since |/ is decreasing, thus

wu+n—w@+m)_x

t—s

9m0>w74<
1 t
= (W)*1 (: / W (x +v) dv) —x =g (%), (49)

where (x//)_1 denotes the inverse function of i/’ and ¢s,t; ¢(x) is defined by (30). Proposition 1 tells us that the
function ¢ ,.; (x) has a sharp upper bound (s + 7)/2, thus, it holds that 0(s, t) > (s + t)/2. The proof of Theorem 1
is complete. [

Proof of Theorem 2. If O(s, t) > (s +t)/2, then the function v, ; (x) defined by (6) is increasing by Theorem 1. Hence,
for any given 6 > — min{s, t} and 0(s, t) > (s + t)/2, inequality

V1 (0) < (x) (50)
holds in [§, 00) and
ver(x) < lim vy, (x) (&2Y)
X—> 00

is valid in (— min{s, ¢}, 00).



454 F. Qi, B.-N. Guo / Journal of Computational and Applied Mathematics 212 (2008) 444—456

For a and b being two constants, as x — 00, the following asymptotic formula is given in [1, p. 261, 6.1.47]:

T +a) @a—ba+b—1) 1 (a=b\ 3a+b—-1)>2—a+b—1 1
b—a
e 2x +12< 5 ) 2 +

x3
1
—140 (—) . 52)
X

In [36], it was proved that /(x) — Inx + (2/x) € €[(0, 00)] if and only if &> 1 and Inx — (a/x) — Y (x) € F[(0, 00)]
if and only if o< % From this, it is deduced that

1 1
Inx — —<yx)<lnx — — (53)
X 2x

in (0, 0o). Utilization of (52) and (53) leads to

lim — m {CXP[!//(X +0(s,1))] 4 0(1)]1/<z_s)}

xX—00 vs’t(x) x—00 X
lim SPWO+ 06T {x +06,0) [_ 1 “ _
X—00 X X—00 X 2(x + 0(s, 1))

and

. 1 . x +0(s, 1) 1
lim > lim {———exp|—— | =1,
X—00 vs’[(x) X—00 X x +0(s, 1)

thus lim,_, o v,/ (x) = I and inequality (51) is reduced to

[F(x +1)

1/(—s)
m} <exp[y(x + 0(s, 1))] (54)

for x > — min{s, t} and 0(s, ) > (s + t)/2. From the increasing monotonicity of i, inequality (7) is proved.
By standard calculation, inequality (50) can be rearranged as

1/(t—s) 1/(t—s)
[%} > [%} expli/(x + (s, 1)) — (3 + (s, 1))} (55)
for x € [0, 00) and O(s, t) > (s + t)/2. From the decreasing monotonicity in y of the function y(x + y) — Y (0 + y)
and lim,_, oo [Y(x + y) — (0 + y)] = 0 for x > 6, inequality (8) is concluded.
Combination of the conclusion vy ;(x) € % #[(—0(s, 1), 00)] for O(s, t) < min{s, ¢} in Theorem 1 with lim,_,
vs:(x) = 1 and discussion by standard argument yields inequalities (9) and (10). The proof of Theorem 2
is complete. [
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