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Abstract

We develop in this paper a finite element (FE) method for solving nonlinear monotone parabolic
equations in a domain D ⊂ Rd that depends on n separable microscopic scales. The method employs
an essentially optimal number of degrees of freedom. For nonlinear multiscale equations, it is not
possible to form the homogenized equation explicitly numerically. The method solves the multiscale
homogenized equation which is obtained from multiscale convergence. This equation contains all the
necessary information: the solution to the homogenized equation which approximates the solution to
the multiscale equation macroscopically, and the scale interacting terms which provide the microscopic
information. However, it is posed in a high dimensional tensorized domain. We develop the sparse
tensor product FE method for this equation that uses an essentially optimal number of degrees of
freedom to obtain an approximation for the solution of this equation within a prescribed accuracy.
We then construct numerical correctors from the FE solution. In the two scale case, we derive a new
homogenization error from which an explicit error for the numerical corrector is established: it is
the sum of the FE error and the homogenization error. Numerical examples illustrate the theoretical
results.

1 Introduction

We develop in this paper an essentially optimal numerical method for solving locally periodic multiscale
monotone parabolic equations in a domain D ⊂ Rd. As for other multiscale problems, a direct numerical
method that uses fine mesh to capture the microscopic scales is prohibitively expensive. The homoge-
nization approach ([8, 7, 29]) establishes an equivalent problem that approximates the solution of the
multiscale equation in the average sense. This homogenized equation is obtained in the limit when all the
microscopic scales tend to zero. For linear problems, the homogenized equation can be obtained from the
solution of a number of cell problems. When the equation is only locally periodic, the cost of forming the
homogenized coefficient can be expensive as cell problems need to be solved for each macroscopic point.
For nonlinear problems, it is virtually impossible to form the homogenized equation numerically as for
each vector in Rd a nonlinear cell problem has to be solved ([17, 25]). There have been several attempts
to solve multiscale nonlinear problems without forming the homogenized equation. Efendiev and Pankov
([21, 22]) employ the framework of the Multiscale Finite Element method (MsFEM) (see [28, 20]) to solve
time independent and time dependent multiscale monotone equations. Generalized Multiscale Finite El-
ement method is employed in [13]. Abdulle et al. [4], Abdule and Huber [2, 3] employ the Heterogeneous
Multiscale method (HMM) (see [19], [1]) to solve time independent and time dependent monotone prob-
lems. An aposterior error estimate for the HMM method for multiscale monotone problems is studied in
Henning and Ohlberger [24]. For locally periodic multiscale monotone problems, Hoang [25] develops the
sparse tensor product FE method for solving the multiscale homogenized equation. The major advantage
of this method, in comparison to the above mentioned papers, is that for locally periodic problems, it
requires an essentially optimal number of degrees of freedom to achieve a prescribed level of accuracy.
This method is originally developed for linear multiscale elliptic equations in Hoang and Schwab [26]
(see also Harbretch and Schwab [23]). It solves the multiscale homogenized equation which contains the
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solution of the homogenized equation which approximates the solution of the multiscale problem macro-
scopically, and the scale interacting terms that contain the microscopic information. This equation is
posed in a high dimensional tensorized space. A full tensor product FE approach is highly expensive.
The sparse tensor product FE solves this equation with an equivalent level of accuracy, but requires only
an essentially optimal number of degrees of freedom. The sparse tensor product FE approach has been
used successfully for other equations, e.g. multiscale wave equation [33], multiscale elasticity equation
[34], multiscale elastic wave equation [35] and Maxwell equation [12].

In this paper, we develop the sparse tensor product FE method for monotone parabolic problems. In
Section 2, we set up the multiscale monotone parabolic problem that depends on n separated microscopic
scales. We then introduce the multiscale homogenized equation which contains all the macroscopic
and microscopic information. The equation is derived from multiscale convergence (see Nguetseng [31],
Allaire [5] and Allaire and Briane [6]). We consider FE approximation for this high dimensional multiscale
homogenized equation in Section 3. First we develop the backward Euler method for general FE spaces.
We then apply the full tensor product FEs and the sparse tensor product FEs for the backward Euler
method. We show that the sparse tensor product FE method achieves an essentially equivalent level
of accuracy as the full tensor product FE, but needs only an essentially optimal number of degrees of
freedom, which is far less than that required by the full tensor product FEs. We then develop the Crank-
Nicholson method for the multiscale homogenized equation for general FE spaces, and then use the full
tensor and sparse tensor product FE spaces. Section 4 develops numerical correctors for the problem. For
two scale problems, when the solution is sufficiently regular, we prove a new homogenized error estimate.
From this we derive an error estimate for the numerical corrector in terms of the homogenization error and
the FE error. For problems with more than two scales, such a homogenization error is not available. We
construct a numerical corrector without an error estimate. Section 5 presents some numerical examples
that illustrate the theoretical results.

Throughout the paper, by ∇ without explicitly indicating the variable, we denote the gradient with
respect to x of a function that depends only on the spatial variable x and the temporal variable t, and
by ∇x we mean the partial gradient with respect to x of a function that depends on x and t and also
other variables. Repeated indices indicate summation; # denotes spaces of periodic functions.

2 Multiscale monotone parabolic problems

2.1 Problem setting

Let D ⊂ Rd be a bounded domain; let Y = (0, 1)d be the unit cube in Rd. Let n be a positive
integer. Let Y1, . . . , Yn be n copies of the unit cube Y . For conciseness, we denote by yi = (y1, . . . , yi)
a vector in Yi = Y1 × . . . × Yi. We denote by y = yn and Y = Yn. Let A(t, x, y1, . . . , yn, ξ) :
(0, T )×D×Y1× . . .×Yn×Rd → Rd be a smooth function and Yi periodic with respect to yi. We assume
that A is monotone and locally Lipschitz. In particular, we assume that there are constants p ≥ 2, α > 0
and β > 0 so that for all t ∈ (0, T ), x ∈ D, yi ∈ Yi (i = 1, . . . , n), and ξ1, ξ2 ∈ Rd, we have

(A(t, x, y1, . . . , yn, ξ1)−A(t, x, y1, . . . , yn, ξ2), ξ1 − ξ2) ≥ α|ξ1 − ξ2|p, (2.1)

and
|A(t, x, y1, . . . , yn, ξ1)−A(t, x, y1, . . . , yn, ξ2)| ≤ β(|ξ1|+ |ξ2|)p−2|ξ1 − ξ2| (2.2)

where | · | denotes the Euclidean norm in Rd and (·, ·) denotes the scalar product in Rd. Let ε1, . . . , εn be
n functions of a small and positive quantity ε that represent n microscopic scales on which the problem
depends. We assume scale separation (see Bensoussan et al. [8]), i.e. for i = 1, . . . , n− 1

lim
ε→0

εi+1(ε)

εi(ε)
= 0.

Without loss of generality, we assume that ε1 = ε. The multiscale monotone function is defined as

Aε(t, x, ξ) = A(t, x,
x

ε1
, . . . ,

x

εn
, ξ).
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Let V = W 1,p
0 (D). Let H = L2(D). We have that V ⊂ H ⊂ V ′. By 〈·, ·〉H , we denote the inner product

in H extended to the duality pairing between V ′ and V . Let f ∈ Lq((0, T ), V ′) where 1/p+ 1/q = 1. Let
g ∈ H. Let T > 0. We consider the following multiscale monotone parabolic problem:

∂uε

∂t
−∇ · (Aε(t, x,∇uε)) = f, in D × (0, T ) (2.3)

uε(0, x) = g

with the Dirichlet boundary condition on ∂D. Problem (2.3) has a unique solution that satisfies

‖uε‖Lp((0,T ),V ) +

∥∥∥∥
∂uε

∂t

∥∥∥∥
Lq((0,T ),V ′)

≤ c(‖f‖Lq((0,T ),V ′) + ‖g‖H)

where the constant c only depends on T , α and β in (2.1) and (2.2), and on supt∈[0,T ],x∈D,y∈Y) |A(t, x,y, 0)|
(see [30] and [36]). We will study homogenization of (2.3) by multiscale convergence. We thus recall the
concept of multiscale convergence in the Lp setting.

2.2 Multiscale homogenization

Multiscale convergence was initiated by Nguetseng in [31] and developed further by Allaire [5] and Allaire
and Briane [6]. The definition is extend to functions that depend on time as follows.

Definition 2.1 A sequence {wε}ε ∈ Lp((0, T )×D) (n+1)-scale converges to a function w0(t, x, y1, . . . , yn) ∈
Lp((0, T )×D × Y1 × . . .× Yn) if

lim
ε→0

∫ T

0

∫

D

wε(t, x)φ(t, x,
x

ε1
, . . . ,

x

εn
)dx =

∫ T

0

∫

D

∫

Y1

. . .

∫

Yn

w0(t, x, y1, . . . , yn)φ(t, x, y1, . . . , yn)dyn . . . dy1dxdt,

for all functions φ ∈ C((0, T )×D × Y1 × . . .× Yn) which are Yi-periodic with respect to yi.

Definition 2.1 makes sense due to the following proposition.

Proposition 2.2 From each bounded sequence in Lp((0, T ) × D), we can extract a subsequence that
(n+ 1)-scale converges.

The proposition for the case of time independent functions is proved in [5] and [6]. For time dependent
functions, the proof is similar, see, e.g. [27]. We denote by

Vi = Lp(D × Y1 × . . .× Yi−1,W
1,p
# (Yi)/R), (i = 1, . . . , n).

For a bounded sequence {wε}ε ⊂ Lp((0, T ), V ) such that ∂wε

∂t is bounded in Lq((0, T ), V ′), we have the
following results.

Proposition 2.3 From a bounded sequence {wε} ⊂ Lp((0, T ), V ) with ∂wε

∂t being bounded in Lq((0, T ), V ′),
we can extract a subsequence (not renumbered) such that ∇wε (n+ 1)-scale converges to

∇w0 +
n∑

i=1

∇yiwi

where w0 ∈ Lp((0, T ), V ) and wi ∈ Lp((0, T ), Vi) (i = 1, . . . , n).

The proof of this result is standard. It follows the standard result of [5] and [6]; see for example [27] or
[32] We define the following space

V = {(φ0, φ1, . . . , φn) : φ0 ∈ V, φi ∈ Vi}

which is equipped with the norm

|||(φ0, {φi})||| = ‖∇φ0‖Lp(D) +
n∑

i=1

‖∇yiφi‖Lp(D×Y1×...×Yi). (2.4)

We have the norm equivalence:
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Lemma 2.4 There are positive constants c1 and c2 such that for all (φ0, {φi}) ∈ V,

c1|||(φ0, {φi})|||

≤
(∫

D

∫

Y1

. . .

∫

Yn

|∇xφ0 +∇y1φ1 + . . .+∇ynφn|pdxdy1 . . . dyn

)1/p

≤ c2|||(φ0, {φi}|||.

A concise proof can be found in [25]. We have the following result:

Theorem 2.5 The solution uε of problem (2.3) converges weakly in Lp((0, T ), V ) to a function u0, and
∇uε (n+1)-scale converges to ∇u0 +∇y1u1 + . . .+∇ynun where (u0, u1, . . . , un) ∈ V satisfies the problem

〈
∂u0

∂t
(t), φ0

〉

H

+

∫

D

∫

Y

A(t, x,y,∇u0(t) +∇y1u1(t) + . . .+∇ynun(t)) · (∇φ0 +∇y1φ1 + . . .+∇ynφn)dydx

=

∫

D

f(t)φ0dx (2.5)

for all (φ0, φ1, . . . , φn) ∈ V.

The proof of this result is quite standard. We refer to, e.g., Allaire [5] or Woukeng [32].

3 Finite element discretization

We approximate problem (2.5) by FEs in this section. We consider both the backward Euler method and
the Crank-Nicholson method.

3.1 Backward Euler method

We first consider the backward Euler method for general FE spaces. We then restrict our consideration
to the cases of full and sparse tensor product FEs.

3.1.1 Backward Euler method for general FE spaces

Let V L ⊂ V and V Li ⊂ Vi (i = 1, . . . , n) be finite dimensional spaces where the superscript L indicates
the level of resolution. Let M be an integer. Let ∆t = T/M . We consider the time sequence 0 = t0 <
t1 < . . . < tM where tm = m∆t for m = 0, 1, . . . ,M . Let gL ∈ V L be an approximation of g. We consider
the problem: Find uL0,m ∈ V L and uLi,m ∈ V Li for i = 1, . . . , n such that

〈
uL0,m+1 − uL0,m

∆t
, φ0

〉

H

+

∫

D

∫

Y

A(tm+1, x,y,∇uL0,m+1 +
n∑

i=1

∇yiuLi,m+1) · (∇φ0 +
n∑

i=1

∇yiφi)dydx

=

∫

D

f(tm+1, x)φ0(x)dx (3.1)

for all φ0 ∈ V L and φi ∈ V Li (i = 1, . . . , n). We first show that (3.1) has a unique solution.

Proposition 3.1 Problem (3.1) has a unique solution.

Proof Let cm = (c0,m, {ci,m}) and d = (d0, {di}) (i = 1, . . . , n) in RdimV L × RdimV L1 × . . . × RdimV Ln

be the coordinate vectors of (uL0,m, {uLi,m}) and (φ0, {φi}) respectively in the expansion with respect to

the basis functions of V L × V L1 × . . . × V Ln . Let A(cm+1) be the vector describing the interaction of
A(tm+1, x,y,∇uL0,m+1 +

∑n
i=1∇yiuLi,m+1) with the basis functions of V L × V L1 × . . .× V Ln in the second

4



term on the left hand side of (3.1). Let B be the Gramm matrix describing the interaction of basis
functions of V L with themselves in the inner product of H. Let Fm+1 be the interaction of f(tm+1) with
the basis functions of V L with respect to the inner product of H. We can write (3.1) as

1

∆t
Bc0,m+1 · d0 +A(cm+1) · d = Fm+1 · d0 +

1

∆t
Bc0,m · d0. (3.2)

The left hand side of (3.2) represents a monotone function. Indeed, for any (v0, {vi}) and (w0, {wi}) in
V L × V L1 × . . .× V Ln ,

1

∆t
〈v0 − w0, v0 − w0〉H

+

∫

D

∫

Y

(A(tm+1, x,y,∇v0 +

n∑

i=1

∇yivi)−A(tm+1, x,y,∇w0 +

n∑

i=1

∇yiwi))

·(∇(v0 − w0) +

n∑

i=1

∇yi(vi − wi))dydx

≥ 1

∆t
‖v0 − w0‖2H + α

∫

D

∫

Y

|(∇v0 +

n∑

i=1

∇yivi)− (∇w0 +

n∑

i=1

∇yiwi)|pdydx

i.e. for any two vectors p = (p0, {pi}) and q = (q0, {qi}) in RdimV L × RdimV L1 × . . .× RdimV Ln ,

1

∆t
B(p0 − q0) · (p0 − q0) +A(p− q) · (p− q) ≥ c(∆t)(|p− q|2 + |p− q|p)

where | · | denotes the Euclidean norm in RdimV L × RdimV L1 × . . . × RdimV Ln . Thus problem (3.2) has a
unique solution cm+1. 2

We denote by u0(tm) = u0,m, ui(tm) = ui,m, zL0,m = u0,m − uL0,m, zLi,m = ui,m − uLi,m (i = 1, . . . , n).
We then have the following result.

Theorem 3.2 Assume that u0 ∈ C2([0, T ], H) ∩ C([0, T ],W 1,p(D)) and ui ∈ C([0, T ], Vi), then

‖zL0,M‖2H + ∆t

M∑

m=1

(‖zL0,m‖pV +

n∑

i=1

‖zLi,m‖pVi)

≤ c∆t
(

M∑

m=1

(
‖u0,m − ũ0,m‖p/(p−1)

V +

n∑

i=1

‖ui,m − ũi,m‖p/(p−1)
Vi

+‖u0,m − ũ0,m‖pV +

n∑

i=1

‖ui,m − ũi,m‖pVi
)

+

M−1∑

m=1

∥∥∥∥
(u0,m+1 − ũ0,m+1)− (u0,m − ũ0,m)

∆t

∥∥∥∥
2

H

)

+ max
m=1,...,M

‖u0,m − ũ0,m‖2H + ‖g − gL‖2H + c(∆t)p/p−1. (3.3)

for all sequences {ũ0,m, m = 1, . . . ,M} ⊂ V L and {ũi,m, m = 1, . . . ,M} ⊂ V Li for i = 1, . . . , n.

Proof We denote by ρm = ∂u0

∂t (tm+1) − (u0(tm+1) − u0(tm))/∆t. As u0 ∈ C2([0, T ], H) we have that
‖ρm‖H ≤ c∆t for all m = 1, . . . ,M , where c is independent of m. We then have from (2.5) and (3.1) that

〈
zL0,m+1 − zL0,m

∆t
, φ0

〉

H

+ 〈ρm, φ0〉H

+

∫

D

∫

Y

(A(tm+1, x,y,∇u0,m+1 +
n∑

i=1

∇yiui,m+1)−A(tm+1, x,y,∇uL0,m+1 +
n∑

i=1

∇yiuLi,m+1))

·(∇φ0 +
n∑

i=1

∇yiφi)dydx = 0 (3.4)
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for all φ0 ∈ V L and φi ∈ V Li , i = 1, . . . , n. Therefore, for all {ũ0,m} ⊂ V L and {ũi,m} ⊂ V Li , we have

〈
zL0,m+1 − zL0,m

∆t
, zL0,m+1

〉

H

+

∫

D

∫

Y

(A(tm+1, x,y,∇u0,m+1 +
n∑

i=1

∇yiui,m+1)−A(tm+1, x,y,∇uL0,m+1 +
n∑

i=1

∇yiuLi,m+1))

·(∇zL0,m+1 +
n∑

i=1

∇yizLi,m+1)dydx

=

〈
zL0,m+1 − zL0,m

∆t
, u0,m+1 − ũ0,m+1

〉

H

+

∫

D

∫

Y

(A(tm+1, x,y,∇u0,m+1 +
n∑

i=1

∇yiui,m+1)−A(tm+1, x,y,∇uL0,m+1 +
n∑

i=1

∇yiuLi,m+1))

·((∇u0,m+1 −∇ũ0,m+1) +
n∑

i=1

(∇yiui,m+1 −∇yi ũi,m+1))dydx

+〈ρm, (uL0,m+1 − ũ0,m+1)〉H .

Using uL0,m+1 − ũ0,m+1 = uL0,m+1 − u0,m+1 + u0,m+1 − ũ0,m+1, from (2.2) we have

1

2∆t
(‖zL0,m+1‖2H − ‖zL0,m‖2H) + c‖∇zL0,m+1 +

n∑

i=1

∇yizLi,m+1)‖pLp(D×Y)

≤
〈
zL0,m+1 − zL0,m

∆t
, u0,m+1 − ũ0,m+1

〉

H

+c(‖∇u0,m+1 +
n∑

i=1

∇yiui,m+1‖p−2
Lp(D×Y) + ‖∇uL0,m+1 +

n∑

i=1

∇yiuLi,m+1‖p−2
Lp(D×Y))

·‖∇zL0,m+1 +
n∑

i=1

∇yizLi,m+1‖Lp(D×Y)

·(‖∇u0,m+1 −∇ũ0,m+1‖Lp(D) +
n∑

i=1

‖∇yiui,m+1 −∇yi ũi,m+1‖Lp(D×Y))

+c∆t(‖u0,m+1 − ũ0,m+1‖H + ‖zL0,m+1‖H).

6



From the hypothesis, ‖∇u0,m+1 +
∑n
i=1∇yiui,m+1‖Lp(D×Y) is uniformly bounded for all m. Thus

1

2∆t
(‖zL0,m+1‖2H − ‖zL0,m‖2H) + c‖∇zL0,m+1 +

n∑

i=1

∇yizLi,m+1)‖pLp(D×Y)

≤
〈
zL0,m+1 − zL0,m

∆t
, u0,m+1 − ũ0,m+1

〉

H

+c(‖∇zL0,m+1 +
n∑

i=1

∇yizLi,m+1‖Lp(D×Y) + ‖∇zL0,m+1 +
n∑

i=1

∇yizLi,m+1‖p−1
Lp(D×Y))

·(‖∇u0,m+1 −∇ũ0,m+1‖Lp(D) +

n∑

i=1

‖∇yiui,m+1 −∇yi ũi,m+1‖Lp(D×Y))

+c∆t(‖u0,m+1 − ũ0,m+1‖H + ‖zL0,m+1‖H)

≤
〈
zL0,m+1 − zL0,m

∆t
, u0,m+1 − ũ0,m+1

〉

H

+δ‖∇zL0,m+1 +
n∑

i=1

∇yizLi,m+1)‖pLp(D×Y)

+c(‖∇u0,m+1 −∇ũ0,m+1‖Lp(D) +
n∑

i=1

‖∇yiui,m+1 −∇yi ũi,m+1‖Lp(D×Y))
q

+c(‖∇u0,m+1 −∇ũ0,m+1‖Lp(D) +
n∑

i=1

‖∇yiui,m+1 −∇yi ũi,m+1‖Lp(D×Y))
p

+c(∆t)q + δ‖zL0,m+1‖pH + c‖u0,m+1 − ũ0,m+1‖pH
for a constant δ > 0 where we have used the Young inequality; q = p/(1− p). From Lemma 2.4, we have

‖zL0,m+1‖pV +

n∑

i=1

‖zLi,m+1‖pVi ≤ c‖∇z
L
0,m+1 +

n∑

i=1

∇yizLi,m+1‖pLp(D×Y).

Thus for δ sufficiently small,

1

2∆t
(‖zL0,m+1‖2H − ‖zL0,m‖2H) + c(‖zL0,m+1‖pV +

n∑

i=1

‖zLi,m+1‖pVi)

≤ c

〈
zL0,m+1 − zL0,m

∆t
, u0,m+1 − ũ0,m+1

〉

H

+c(‖∇u0,m+1 −∇ũ0,m+1‖Lp(D) +

n∑

i=1

‖∇yiui,m+1 −∇yi ũi,m+1‖Lp(D×Y))
q

+c(‖∇u0,m+1 −∇ũ0,m+1‖Lp(D) +
n∑

i=1

‖∇yiui,m+1 −∇yi ũi,m+1‖Lp(D×Y))
p + c(∆t)q.
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Therefore for any P = 1, . . . ,M , we deduce

‖zL0,P ‖2H + c∆t

P∑

m=1

(‖zL0,m‖pV +

n∑

i=1

‖zLi,m‖pVi)

≤ c∆t

P∑

m=1

(
‖∇u0,m −∇ũ0,m‖qLp(D) +

n∑

i=1

‖∇yiui,m −∇yi ũi,m‖qLp(D×Y)

)

+c∆t

P∑

m=1

(
‖∇u0,m −∇ũ0,m‖pLp(D) +

n∑

i=1

‖∇yiui,m −∇yi ũi,m‖pLp(D×Y)

)

+c(∆t)q + c∆t

P∑

m=1

〈
zL0,m − zL0,m−1

∆t
, u0,m − ũ0,m

〉

H

+ ‖g − gL‖2H .

We have

∆t

P∑

m=1

〈
zL0,m − zL0,m−1

∆t
, u0,m − ũ0,m

〉

H

= −〈zL0,0, u0,1 − ũ0,1〉H + 〈zL0,P , u0,P − ũ0,P 〉+
P−1∑

m=1

〈zL0,m, (u0,m − ũ0,m)− (u0,m+1 − ũ0,m+1)〉

≤ c‖zL0,0‖2H + c‖u0,1 − ũ0,1‖2H + δ‖zL0,P ‖2H + c‖u0,P − ũ0,P ‖2H

+δ∆t

P−1∑

m=1

‖zL0,m‖2H + c∆t

P−1∑

m=1

∥∥∥∥
(u0,m+1 − ũ0,m+1)− (u0,m − ũ0,m)

∆t

∥∥∥∥
2

H

.

We have ∆t
∑P−1
m=1 ‖zL0,m‖2H ≤ ∆tM maxm ‖zL0,m‖2H ≤ T maxm ‖zL0,m‖2H . Choosing δ sufficiently small, we

deduce that

‖zL0,P ‖2H ≤ c∆t
P∑

m=1

(
‖∇u0,m −∇ũ0,m‖qLp(D) +

n∑

i=1

‖∇yiui,m −∇yi ũi,m‖qLp(D×Y)

)

+c∆t
P∑

m=1

(
‖∇u0,m −∇ũ0,m‖pLp(D) +

n∑

i=1

‖∇yiui,m −∇yi ũi,m‖pLp(D×Y)

)

+c(∆t)q + c‖g − gL‖2H + c‖u0,1 − ũ0,1‖2H + c‖u0,P − ũ0,P ‖2H

+δT max
m
‖zL0,m‖2H + c∆t

M−1∑

m=1

∥∥∥∥
(u0,m+1 − ũ0,m+1)− (u0,m − ũ0,m)

∆t

∥∥∥∥
2

H

.

Thus

max
m
‖zL0,m‖2H ≤ c∆t

M∑

m=1

(
‖∇u0,m −∇ũ0,m‖qLp(D) +

n∑

i=1

‖∇yiui,m −∇yi ũi,m‖qLp(D×Y)

)

+c∆t
M∑

m=1

(
‖∇u0,m −∇ũ0,m‖pLp(D) +

n∑

i=1

‖∇yiui,m −∇yi ũi,m‖pLp(D×Y)

)

+c(∆t)q + c‖g − gL‖2H + c‖u0,1 − ũ0,1‖2H + c max
m=1,...,M

‖u0,m − ũ0,m‖2H

+δT max
m
‖zL0,m‖2H + c∆t

M−1∑

m=1

∥∥∥∥
(u0,m+1 − ũ0,m+1)− (u0,m − ũ0,m)

∆t

∥∥∥∥
2

H
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so

max
m
‖zL0,m‖2H ≤ c∆t

M∑

m=1

(
‖∇u0,m −∇ũ0,m‖qLp(D) +

n∑

i=1

‖∇yiui,m −∇yi ũi,m‖qLp(D×Y)

)

+c∆t
M∑

m=1

(
‖∇u0,m −∇ũ0,m‖pLp(D) +

n∑

i=1

‖∇yiui,m −∇yi ũi,m‖pLp(D×Y)

)

+c(∆t)q + c‖g − gL‖2H + c max
m=1,...,M

‖u0,m − ũ0,m‖2H

+c∆t

M−1∑

m=1

∥∥∥∥
(u0,m+1 − ũ0,m+1)− (u0,m − ũ0,m)

∆t

∥∥∥∥
2

H

The conclusion follows. 2

3.1.2 Backward Euler for full tensor product FE spaces

We construct a hierarchy of finite element spaces. We assume that the domain D is a polygon. Let {T l}
for l ≥ 0 be the hierarchy of regular triangular simplices of mesh size hl = O(2−l) in D. The set of
simplices T l is obtained by dividing each simplex in T l−1 into 4 congruent triangles in the two dimension
case, and is obtained by dividing each simplex in T l−1 into 8 tedrahedra in the three dimension case. In
the periodic cube Y , in a similar manner, we construct the hierarchy {T l#} of regular triangular simplices

of mesh size hl = O(2−l) which are periodically distributed in Y . Let

V l0 = {φ ∈W 1,p
0 (D) : φ|T ∈ P 1(T ), ∀ T ∈ T l};

V l = {φ ∈W 1,p(D) : φ|T ∈ P 1(T ), ∀ T ∈ T l};
V l# = {φ ∈W 1,p

# (Y ) : φ|T ∈ P 1(T ), ∀ T ∈ T l#}

where P 1(T ) denotes the space of linear polynomials in the simplex T . The following approximations
hold (see, e.g., [15]).

inf
wl∈V l0

‖w − wl‖W 1,p
0 (D) ≤ chl‖w‖W 2,p(D), ∀w ∈W 1,p

0 (D) ∩W 2,p(D);

inf
wl∈V l

‖w − wl‖Lp(D) ≤ chl‖w‖W 1,p(D), ∀w ∈W 1,p(D);

inf
wl∈V l#

‖w − wl‖W 1,p
# (Y ) ≤ chl‖w‖W 2,p

# (Y ), ∀w ∈W
2,p
# (Y );

inf
wl∈V l#

‖w − wl‖Lp(Y ) ≤ chl‖w‖W 1,p
# (Y ), ∀w ∈W

1,p
# (Y ).

As Vi = Lp(D×Y1× . . .×Yi−1,W
1,p
# (Yi)) ∼= Lp(D)⊗Lp(Y1)⊗ . . .⊗Lp(Yi−1)⊗W 1,p

# (Yi), we employ the
space

V̄ Li = V L ⊗ V L# ⊗ . . .⊗ V L#︸ ︷︷ ︸
i times

(3.5)

to approximate ui.
To quantify the approximations of functions in Vi by functions in V̄ Li , we define the following regularity

spaces. Let Wi be the space of functions w ∈ Lp(D × Y1 × . . .× Yi−1,W
2,p(Yi)) that belong to Lp(Y1 ×

. . .×Yi−1,W
1,p(Yi,W

1,p(D))) and Lp(D×∏ j 6=k
1≤j≤i−1

Yj ,W
1,p(Yi,W

1,p(Yk))) for all k = 1, . . . , i− 1. The

space Wi is equipped with the norm

‖w‖Wi
= ‖w‖Lp(D×Y1×...×Yi−1,W 2,p(Yi)) + ‖w‖Lp(Y1×...×Yi−1,W 1,p(Yi,W 1,p(D))) +

i−1∑

k=1

‖w‖Lp(D×∏ j 6=k
1≤j≤i−1

Yj ,W 1,p(Yi,W 1,p(Yk))).

We then have the following approximation.
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Lemma 3.3 For w ∈ Wi,
inf

wL∈V̄ Li
‖w − wL‖Vi ≤ chL‖w‖Wi .

The proof can be found in [25]. We employ the FE spaces V L0 and V̄ Li in the places of V L and V Li in the
backward Euler approximation (3.1). We denote the FE solution as ūL0,m and ūLi,m, and zL0,m and zLi,m by

z̄L0,m and z̄Li,m respectively. We have the following result.

Theorem 3.4 Assume that u0 ∈ C2([0, T ], H)∩C([0, T ],W 2,p(D))∩H1((0, T ), H1(D)), ui ∈ C([0, T ],Wi)

for i = 1, . . . , n, and ‖g − gL‖H ≤ chp/(2(p−1))
L , then

‖z̄0,M‖2H + ∆t
M∑

m=1

(‖z̄0,m‖pV +
n∑

i=1

‖z̄i,m‖pVi) ≤ c(h
p/(p−1)
L + (∆t)2).

Proof We bound the right hand side of (3.3). As ui ∈ C([0, T ],Wi), we can choose ũi,m ∈ V Li for
m = 1, . . . ,M and a constant c independent of m such that

‖(ui − ũi)m‖Vi ≤ chL‖ui(tm)‖Wi
≤ chL.

Let IL(u0)(t) ∈ V L0 be the interpolation operator whose value at each node equals the value of u0(t)
(notes u0 ∈ C([0, T ],W 2,p(D)) ⊂ C([0, T ], C(D̄))). We have

‖u0(t)− IL(u0)(t)‖V ≤ chL‖u0(t)‖W 2,p(D) ≤ chL.

Let ũ0(t) = IL(u0)(t), we have
‖(u0 − ũ0)m‖V ≤ chL

where c is indepedent of m. With ũ0(t) = IL(u0)(t), we have

∥∥∥∥
∂u0

∂t
− ∂ũ0

∂t

∥∥∥∥
H

≤ chL
∥∥∥∥
∂u0

∂t

∥∥∥∥
H1(D)

.

Using the procedure of [18]

∥∥∥∥
(u0 − ũ0)m+1 − (u0 − ũ0)m

∆t

∥∥∥∥
2

H

=

∥∥∥∥∥

∫ (m+1)∆t

m∆t

∂(u0 − ũ0)

∂t
(t)dt

∥∥∥∥∥

2

H

(∆t)−2

≤
(∫ (m+1)∆t

m∆t

∥∥∥∥
∂(u0 − ũ0)

∂t
(t)

∥∥∥∥
H

dt

)2

(∆t)−2

≤ ch2
L

(∫ (m+1)∆t

m∆t

∥∥∥∥
∂u0

∂t
(t)

∥∥∥∥
H1(D)

dt

)2

(∆t)−2

≤ ch2
L

(∫ (m+1)∆t

m∆t

∥∥∥∥
∂u0

∂t
(t)

∥∥∥∥
2

H1(D)

dt

)
(∆t)−1.

Therefore

∆t
M−1∑

m=1

∥∥∥∥
(u0 − ũ0)m+1 − (u0 − ũ0)m

∆t

∥∥∥∥
2

H

≤ ch2
L.

We then get the conclusion. 2

3.1.3 Backward Euler for sparse tensor product FE spaces

For p = 2, we define the sparse tensor product FE spaces as in [26]. We define the following orthogonal
projections

P l0 : L2(D)→ V l, P l0# : L2(Y )→ V l#, P l1# : H1
#(Y )→ V l#
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in the norm of L2(D), L2(Y ) and H1
#(Y ) respectively. The increment spaces are defined as

W l = (P l0 − P (l−1)0)V l, W l0
# = (P l0# − P (l−1)0

# )V l#, W l1
# = (P l1# − P (l−1)1

# )V l#

with the convention that W 0 = V 0, W 00
# = V 0

# and W 01
# = V 0

#. We then have

V l =
⊕

0≤l′≤l
W l′ , V l# =

⊕

0≤l′≤l
W l′0

# , V l# =
⊕

0≤l′≤l
W l′1

# .

The full tensor product space V̄ Li can be written as

V̄ Li =
⊕

0≤lk≤L
k=0,1,...,i

W l0 ⊗W l10
# ⊗ . . .⊗W li−10

# ⊗W li1
# .

We define the sparse tensor product space V̂ Li as

V̂ Li =
⊕

0≤l0+l1+...+li≤L
W l0 ⊗W l10

# ⊗ . . .⊗W li−10
# ⊗W li1

# .

For p > d, then W 1,p(D) ⊂ C(D) and W 1,p
# (Yi) ⊂ C#(Yi). Let Sl be the set of nodes of the

triangulation T l. We have that Sl ⊂ Sl+1. Following [25], we consider the basis of V l that consists of
functions φlx for x ∈ Sl such that φlx(x) = 1 and φlx(x′) = 0 where x′ ∈ Sl, x′ 6= x. For continuous
functions w in D, we define the interpolation operator I l : C(D)→ V l as

I lw =
∑

x∈Sl
w(x)φlx. (3.6)

Similarly, we define the set Sl# of triangulation nodes of V l#, and the basis function φl#y which equals 1

at y ∈ Sl# and 0 at other nodes. We define the interpolation operator I l# : C#(Y )→ V l# as

I l#w =
∑

y∈Sl#

w(y)φl#y. (3.7)

We define the subspaces W l ⊂ V l and W l
# ⊂ V l# as

W l = (I l − I l−1)C(D̄) and W l
# = (I l# − I l−1

# )C#(Ȳ )

with W 0 = V 0 and W 0
# = V 0

#. The space W l constains the linear combinations of basis functions φlx of

V l where x ∈ Sl \ Sl−1; and the space W l
# contains the linear combinations of basis functions φl#y for

y ∈ Sl# \ Sl−1
# . We then have that

V l =
⊕

0≤l′≤l
W l′ , V l# =

⊕

0≤l′≤l
W l′

#.

The full tensor product FE space V̄ Li is of the form

V̄ Li =
⊕

0≤lj≤L
j=0,...,i

W l0 ⊗W l1
# ⊗ . . .⊗W li

# .

The sparse tensor product FE space V̂ Li is defined as

V̂ Li =
⊕

0≤l0+l1+...+li≤L
W l0 ⊗W l1

# ⊗ . . .⊗W li
# . (3.8)

To quantify the approximating properties of the spaces V̂ Li , we define the regularity spaces Ŵi of functions
w(x, y1, . . . , yi) which are Yj periodic with respect to yj for j = 0, . . . , i such that for all αj ∈ Rd
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(j = 0, . . . , i − 1) with |αj | ≤ 1 and αi ∈ Rd with |αi| ≤ 2, we have ∂
∑i
j=0 |αj |w/(∂α0x∂α1y1 . . . ∂

αiyi) ∈
Lp(D× Y1 × . . .× Yi). In other words, Ŵi = W 1,p(D,W 1,p

# (Y1, . . . ,W
1,p
# (Yi−1,W

2,p
# (Yi)))) ∼= W 1,p(D)⊗

W 1,p
# (Y1)⊗ . . .⊗W 1,p

# (Yi−1)⊗W 2,p
# (Yi). This space is equipped with the norm

‖w‖Ŵi
=

∑

0≤|αi|≤2

0≤|α0|,...,|αi−1|≤1

∥∥∥∥∥
∂
∑i
j=0 |αj |w

∂α0x∂α1y1 . . . ∂αiyi

∥∥∥∥∥
Lp(D×Y1×...×Yi)

.

We have the following approximation properties

Lemma 3.5 For w ∈ Ŵi, when p = 2

inf
wL∈V̂ Li

‖w − wL‖Lp(D×Y1×...×Yi) ≤ cLi/2hL‖w‖Ŵi
;

and when p > d
inf

wL∈V̂ Li
‖w − wL‖Lp(D×Y1×...×Yi) ≤ cLihL‖w‖Ŵi

.

The proofs for these are presented in [26] and [25]. We employ the sparse tensor product FEs for the
backward Euler approximating problem (3.1), i.e. we let V Li = V̂ Li for i = 1, . . . , n. We denote the
solution as ûL0,m and ûLi,m. We denote zL0,m by ẑL0,m and zLi,m by ẑLi,m. We then have:

Theorem 3.6 Assume that u0 ∈ C2([0, T ], H)∩C([0, T ],W 2,p(D))∩H1([0, T ], H1(D)), ui ∈ C([0, T ], Ŵi)

for i = 1, . . . , n and ‖g − gL‖H ≤ cLnp/(2(p−1))h
p/(2(p−1))
L . Then

‖ẑL0,M‖2H + ∆t
M∑

m=1

(‖ẑL0,m‖2V +
n∑

i=1

‖ẑLi,m‖2Vi) ≤ c(Lnh2
L + (∆t)2)

when p = 2; and

‖ẑL0,M‖2H + ∆t

M∑

m=1

(‖ẑL0,m‖pV +

n∑

i=1

‖ẑLi,m‖pVi) ≤ c(L
np/(p−1)h

p/(p−1)
L + (∆t)p/(p−1))

when p > d.

The proof of this theorem is similar to that for Theorem 3.4.

Remark 3.7 The requirement of p > d is to ensure that W 1,p(D) ⊂ C(D) and W 1,p
# (Y ) ⊂ C#(Y ). If ui

is smoother than W 1,p(D) with respect to x and W 1,p
# (Yi) with respect to yi so that they are continuous

with respect to x and yi, then we can remove this requirement.

Remark 3.8 The dimension of the full tensor product FE space V̄ Li is O(2idL) which is very large when

L is large. The dimension of the sparse tensor product FE space V̂ Li is O(Li2dL) which is essentially
optimal.

3.2 Crank-Nicholson method

We use the Crank-Nicholson discretizing scheme to solve problem (2.5) in this section. We first consider
the scheme for general FE spaces, and prove the convergence of the scheme. We then use the full tensor
product FEs and sparse tensor product FEs for the Crank-Nicholson scheme, and deduce the error of
convergence.
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3.2.1 Crank-Nicholson method for general FE spaces

We employ the partitian 0 ≤ t1 ≤ . . . ≤ tM = T as in the previous section. The discretized problem is:
For m = 1, . . . ,M , find UL0,m ∈ V L and ULi,m ∈ V Li for i = 1, . . . , n such that

〈
UL0,m+1 − UL0,m

∆t
, φ0

〉

H

+

∫

D

∫

Y

A

(
tm+1/2, x,y,

1

2
((∇UL0,m +∇UL0,m+1) +

n∑

i=1

(∇yiULi,m +∇yiULi,m+1))

)

·(∇φ0 +
n∑

i=1

∇yiφi)dydx

=

∫

D

f(tm+1/2)φ0dx (3.9)

for all φ0 ∈ V L and φi ∈ V Li . We then have:

Proposition 3.9 Problem (3.9) has a unique solution.

The proof of this proposition is similar to that of Proposition 3.1.
We have the following approximation result. Let

ZL0,m = u0(tm)−UL0,m, ZLi,m = ui(tm)−ULi,m ZL0,m+1/2 =
1

2
(ZL0,m+ZL0,m+1), ZLi,m+1/2 =

1

2
(ZLi,m+ZLi,m+1).

Theorem 3.10 Assume that u0 ∈ C3([0, T ], H) ∩ C2([0, T ], V ), ui ∈ C2([0, T ], Vi). Then

‖ZL0,M‖2H + ∆t

M−1∑

m=0

(‖ZL0,m+1/2‖pV +

n∑

i=1

‖ZLi,m+1/2‖pVi)

≤ c∆t
(
M−1∑

m=0

(‖(u0 − ũ0)m+1/2‖p/(p−1)
V +

n∑

i=1

‖(ui − ũi)m+1/2‖p/(p−1)
Vi

)

+

M−1∑

m=0

(‖(u0 − ũ0)m+1/2‖pV +

n∑

i=1

‖(ui − ũi)m+1/2‖pVi)

+

M−1∑

m=1

∥∥∥∥
(u0 − ũ0)m+1/2 − (u0 − ũ0)m−1/2

∆t

∥∥∥∥
2

H

)

+ max
m=1,...,M

‖(u0 − ũ0)m−1/2‖2H + ‖g − gL‖2H + c(∆t)2p/(p−1). (3.10)

for all {ũ0,m, m = 0, . . . ,M} ⊂ V L and {ũi,m, m = 1, . . . ,M} ⊂ V Li for i = 1, . . . , n where

(ui − ũi)m+1/2 =
1

2
[(ui(tm)− ũi,m) + (ui(tm+1)− ũi,m+1)]

for i = 0, 1, . . . , n.

Proof Let ρ0,m = 1
∆t (u0(tm+1) − u0(tm)) − ∂u0

∂t (tm+1/2), ζ0,m = 1
2 (u0(tm+1) + u0(tm)) − u0(tm+1/2),

ζi,m = 1
2 (ui(tm+1) +ui(tm))−ui(tm+1/2). Since u0 ∈ C3([0, T ], H)∩C2([0, T ], V ), ui ∈ C2([0, T ], Vi), we

deduce that
‖ρ0,m‖H ≤ c(∆t)2, ‖ζ0,m‖V ≤ c(∆t)2, ‖ζi,m‖Vi ≤ c(∆t)2

where the constant c does not depend on m. From (2.5) and (3.9) considered at t = tm+1/2 we deduce
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that
〈
ZL0,m+1 − ZL0,m

∆t
, φ0

〉

H

− 〈ρ0,m, φ0〉H

+

∫

D

∫

Y

(
A(tm+1/2, x,y,

1

2
(∇u0,m +∇u0,m+1) +

n∑

i=1

1

2
(∇yiui,m +∇yiui,m+1)−∇ζ0,m −

n∑

i=1

∇yiζi,m)

−A(tm+1/2, x,y,
1

2
(∇UL0,m +∇UL0,m+1) +

n∑

i=1

1

2
(∇yiULi,m +∇yiULi,m+1))

)

·(∇φ0 +
n∑

i=1

∇yiφi)dydx

= 0. (3.11)

Consider

I =

〈
ZL0,m+1 − ZL0,m

∆t
,
ZL0,m+1 + ZL0,m

2

〉

H

(3.12)

+

∫

D

∫

Y

(
A

(
tm+1/2, x,y,

1

2
(∇u0,m +∇u0,m+1) +

1

2

n∑

i=1

(∇yui,m +∇yui,m+1)

)
−

A

(
tm+1/2, x,y,

1

2
(∇UL0,m +∇UL0,m+1) +

1

2

n∑

i=1

(∇yiULi,m +∇yiULi,m+1)

))

·
(
∇Z

L
0,m+1 + ZL0,m

2
+

n∑

i=1

∇yi
ZLi,m+1 + ZLi,m

2

)
dydx.

For {ũ0,m, m = 0, . . . ,M} ⊂ V L and {ũi,m, m = 1, . . . ,M} ⊂ V Li , we have

I =

〈
ZL0,m+1 − ZL0,m

∆t
, (u0 − ũ0)m+1/2

〉

H

+

〈
ZL0,m+1 − ZL0,m

∆t
, (ũ0 − UL0 )m+1/2

〉

H

+

∫

D

∫

Y

(
A(tm+1/2, x,y,

1

2
(∇u0,m +∇u0,m+1) +

1

2

n∑

i=1

(∇yiui,m +∇yiui,m+1))−

A(tm+1/2, x,y,
1

2
(∇UL0,m +∇UL0,m+1) +

1

2

n∑

i=1

(∇yiULi,m +∇yiULi,m+1))

)

·
(

(∇(u0 − ũ0)m+1/2 +

n∑

i=1

∇yi(ui − ũi)m+1/2) + (∇(ũ0 − UL0 )m+1/2 +

n∑

i=1

∇yi(ũi − ULi )m+1/2)

)
dydx.
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From (3.11) we have

I =

〈
ZL0,m+1 − ZL0,m

∆t
, (u0 − ũ0)m+1/2

〉

H

+

∫

D

∫

Y

(
A(tm+1/2, x,y,

1

2
(∇u0,m +∇u0,m+1) +

1

2

n∑

i=1

(∇yiui,m +∇yiui,m+1))−

A(tm+1/2, x,y,
1

2
(∇UL0,m +∇UL0,m+1) +

1

2

n∑

i=1

(∇yiULi,m +∇yiULi,m+1))

)

·
(

(∇(u0 − ũ0)m+1/2 +
n∑

i=1

∇yi(ui − ũi)m+1/2)

)
dydx

+〈ρ0,m, (ũ0 − UL0 )m+1/2〉H

−
∫

D

∫

Y

(
A(tm+1/2, x,y,

1

2
(∇u0,m +∇u0,m+1) +

1

2

n∑

i=1

(∇yiui,m +∇yiui,m+1)−∇ζ0,m −
n∑

i=1

∇yiζi,m)

−A(tm+1/2, x,y,
1

2
(∇u0,m +∇u0,m+1) +

1

2

n∑

i=1

(∇yiui,m +∇yiui,m+1))

)

·(∇(ũ0 − UL0 )m+1/2 +
n∑

i=1

∇yi(ũi − ULi )m+1/2)dydx.

We note that (ũ0 − UL0 )m+1/2 = (ũ0 − u0)m+1/2 + ZL0,m+1/2 and (ũi − ULi )m+1/2 = (ũi − ui)m+1/2 +

ZLi,m+1/2. For a positive constant δ > 0, using Young inequality, we have

I ≤
〈
ZL0,m+1 − ZL0,m

∆t
, (u0 − ũ0)m+1/2

〉

H

+δ‖ZL0,m+1/2‖pV + δ
n∑

i=1

‖ZLi,m+1/2‖pVi + c‖(u0 − ũ0)m+1/2‖qV + c
n∑

i=1

‖(ui − ũi)m+1/2‖qVi

+c‖(u0 − ũ0)m+1/2‖pV + c
n∑

i=1

‖(ui − ũi)m+1/2‖pVi

+c‖ρ0,m‖qH + δ‖ZL0,m+1/2‖pH + c‖(u0 − ũ0)m+1/2‖pH

+c‖ζ0,m‖qV + c

n∑

i=1

‖ζi,m‖qVi + δ‖ZL0,m+1/2‖pV + δ

n∑

i=1

‖ZLi,m+1/2‖pVi

+c‖(u0 − ũ0)m+1/2‖pV + c

n∑

i=1

‖(ui − ũi)m+1/2‖pVi

≤
〈
ZL0,m+1 − ZL0,m

∆t
, (u0 − ũ0)m+1/2

〉

H

+ c‖(u0 − ũ0)m+1/2‖qV + c

n∑

i=1

‖(ui − ũi)m+1/2‖qVi

+c‖(u0 − ũ0)m+1/2‖pV + c
n∑

i=1

‖(ui − ũi)m+1/2‖pVi

+c(∆t)2q + δ‖ZL0,m+1/2‖pV + δ

n∑

i=1

‖ZLi,m+1/2‖pVi

where we have used the fact that ‖w‖H ≤ ‖w‖V for all w ∈ V . From (2.1), we have

I ≥ 1

2∆t
(‖ZL0,m+1‖2H − ‖ZLi,m‖2H) + c‖ZL0,m+1/2‖pV + c

n∑

i=1

‖ZLi,m+1/2‖pVi .
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Choosing δ sufficiently small, we have

1

2∆t
(‖ZL0,m+1‖2H − ‖ZL0,m‖2H) + c(‖ZL0,m+1/2‖pV +

n∑

i=1

‖ZLi,m+1/2‖pVi)

≤ c
〈
ZL0,m+1 − ZL0,m

∆t
, (u0 − ũ0)m+1/2

〉

H

+ c‖(u0 − ũ0)m+1/2‖qV + c
n∑

i=1

‖(ui − ũi)m+1/2‖qVi

+c‖(u0 − ũ0)m+1/2‖pV + c
n∑

i=1

‖(ui − ũi)m+1/2‖pVi + c(∆t)2q.

Fixing an integer P ≤M , taking the sum for m = 0, . . . , P − 1, we have

‖ZL0,P ‖2H − ‖zL0,0‖2H + c∆t

P−1∑

m=0

(‖ZL0,m+1/2‖pV +

n∑

i=1

‖ZLi,m+1/2‖pVi)

≤ c∆t
P−1∑

m=0

(
‖(u0 − ũ0)m+1/2‖qV +

n∑

i=1

‖(ui − ũi)m+1/2‖qVi

)

+c∆t

P−1∑

m=0

(
‖(u0 − ũ0)m+1/2‖pV +

n∑

i=1

‖(ui − ũi)m+1/2‖pVi

)

cP (∆t)2q+1 + 2∆t

P−1∑

m=0

〈
ZL0,m+1 − ZL0,m

∆t
, (u0 − ũ0)m+1/2

〉

H

. (3.13)

We note that

∆t

P−1∑

m=0

〈
ZL0,m+1 − ZL0,m

∆t
, (u0 − ũ0)m+1/2

〉

H

=
〈
ZL0,P , (u0 − ũ0)P−1/2

〉
H
−
〈
ZL0,0, (u0 − ũ0)1/2

〉
H

+∆t
P−1∑

m=1

〈
ZL0,m
∆t

, (u0 − ũ0)m−1/2 − (u0 − ũ0)m+1/2

〉

H

≤ δ‖ZL0,P ‖2H + c‖(u0 − ũ0)P−1/2‖2H + ‖ZL0,0‖2H + ‖(u0 − ũ0)1/2‖2H

+δ∆t
P−1∑

m=1

‖ZL0,m‖2H + c∆t
P−1∑

m=1

∥∥∥∥
(u0 − ũ0)m+1/2 − (u0 − ũ0)m−1/2

∆t

∥∥∥∥
2

H

where we have employed the Cauchy-Schwartz inequality; δ is a constant which we choose to be small.
From the fact that ∆t

∑P−1
m=1 ‖ZL0,m‖2H ≤ T maxm=0,...,M ‖ZL0,m‖2H and (3.13), we have

‖ZL0,P ‖2H ≤ c∆t
P−1∑

m=0

(
‖(u0 − ũ0)m+1/2‖qV +

n∑

i=1

‖(ui − ũi)m+1/2‖qVi

)

+c∆t
P−1∑

m=0

(
‖(u0 − ũ0)m+1/2‖pV +

n∑

i=1

‖(ui − ũi)m+1/2‖pVi

)

+c(∆t)2q + c‖(u0 − ũ0)P−1/2‖2H + c‖ZL0,0‖2H + ‖(u0 − ũ0)1/2‖2H

+c∆t
P−1∑

m=1

∥∥∥∥
(u0 − ũ0)m+1/2 − (u0 − ũ0)m−1/2

∆t

∥∥∥∥
2

H

+ δT max
m=0,...,M

‖ZL0,m‖2H
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for all P = 1, . . . ,M . Choosing δ sufficiently small, we have

max
m=0,...,M

‖ZL0,m‖2H ≤ c∆t

M−1∑

m=0

(
‖(u0 − ũ0)m+1/2‖qV +

n∑

i=1

‖(ui − ũi)m+1/2‖qVi

)

+c∆t

M−1∑

m=0

(
‖(u0 − ũ0)m+1/2‖pV +

n∑

i=1

‖(ui − ũi)m+1/2‖pVi

)

+c(∆t)2q + c max
m=1,...,M

‖(u0 − ũ0)m−1/2‖2H + c‖ZL0,0‖2H

+c∆t

M−1∑

m=1

∥∥∥∥
(u0 − ũ0)m+1/2 − (u0 − ũ0)m−1/2

∆t

∥∥∥∥
2

H

.

From this, we get the conclusion. 2

3.2.2 Crank-Nicholson method for full tensor product FE spaces

We deduce the error for the Crank-Nicholson method where we use the full tensor product FE space V̄ Li
defined in (3.5) for Vi in Subsection 3.2.1. We denote the solution as ŪL0,m, ŪLi,m. We denote ZL0,m+1/2

and ZLi,m+1/2 by Z̄L0,m+1/2 and Z̄Li,m+1/2 respectively. We then have the following result.

Theorem 3.11 Assume that u0 ∈ C3([0, T ], H)∩C2([0, T ], V )∩C([0, T ],W 2,p(D)∩H1((0, T ), H1(D)),
ui ∈ C2([0, T ], Vi) ∩ C([0, T ],Wi). Then

‖Z̄L0,M‖2H + ∆t
M−1∑

m=0

(‖Z̄L0,m+1/2‖pV +
n∑

i=1

‖Z̄Li,m+1/2‖pVi) ≤ c(h
p/(p−1)
L + (∆t)2p/(p−1)).

Proof Since ui ∈ C([0, T ],Wi), we choose ũi,m ∈ V̄ Li for m = i, . . . ,M such that

‖(ui − ũi)m+1/2‖Vi ≤ chL(‖ui(tm)‖Wi
+ ‖ui(tm+1)‖Wi

) ≤ chL,

where c is independent of t. Define the interpolation IL(u0)(t) ∈ V L such that the value of IL(u0)(t) at
each node equals the value of u0(t). We have

‖u0(t)− IL(u0)(t)‖V ≤ chL‖u0(t)‖W 2,p(D) ≤ chL.

Choosing ũ0(t) = IL(u0)(t), we have

‖(u0 − ũ0)m+1/2‖V ≤ chL

where c does not depend on m. We then have

M−1∑

m=1

∥∥∥∥
(u0 − ũ0)m+1/2 − (u0 − ũ0)m−1/2

∆t

∥∥∥∥
2

H

≤ c
M−1∑

m=1

(∥∥∥∥
(u0 − ũ0)m+1 − (u0 − ũ0)m

∆t

∥∥∥∥
2

H

+

∥∥∥∥
(u0 − ũ0)m − (u0 − ũ0)m−1

∆t

∥∥∥∥
2

H

)
.

With ũ0(t) = IL(u0)(t), we have

∥∥∥∥
∂u0

∂t
− ∂ũ0

∂t

∥∥∥∥
H

≤ chL
∥∥∥∥
∂u0

∂t

∥∥∥∥
H1(D)

.
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Thus

∥∥∥∥
(u0 − ũ0)m+1 − (u0 − ũ0)m

∆t

∥∥∥∥
2

H

=

∥∥∥∥∥

∫ (m+1)∆t

m∆t

∂(u0 − ũ0)

∂t
(t)dt

∥∥∥∥∥

2

H

(∆t)−2

≤
(∫ (m+1)∆t

m∆t

∥∥∥∥
∂(u0 − ũ0)

∂t
(t)

∥∥∥∥
H

dt

)2

(∆t)−2

≤ ch2
L

(∫ (m+1)∆t

m∆t

∥∥∥∥
∂u0

∂t
(t)

∥∥∥∥
H1(D)

dt

)2

(∆t)−2

≤ ch2
L

(∫ (m+1)∆t

m∆t

∥∥∥∥
∂u0

∂t
(t)

∥∥∥∥
2

H1(D)

dt

)
(∆t)−1.

Therefore

∆t
M−1∑

m=1

∥∥∥∥
(u0 − ũ0)m+1/2 − (u0 − ũ0)m−1/2

∆t

∥∥∥∥
2

H

≤ ch2
L.

We then get the conclusion. 2

3.2.3 Crank-Nicholson method for sparse tensor product FE spaces

Using the sparse tensor product FEs, i.e. we use the sparse tensor product FE space V̂ Li defined in (3.8)

for Vi in Subsection 3.2.1, for i = 1, . . . , n, we denote the solution as ÛL0,m and ÛLi,m, and ZL0,m+1/2 and

ZLi,m+1/2 by ẐL0,m+1/2 and ẐLi,m+1/2 respectively. We then have the following result.

Theorem 3.12 Assume that

u0 ∈ C3([0, T ], H) ∩ C2([0, T ], V ) ∩ C([0, T ],W 2,p(D)) ∩H1([0, T ], H1(D)),

ui ∈ C2([0, T ], Vi) ∩ C([0, T ], Ŵi)

for i = 1, . . . , n. Then

‖ẐL0,M‖2H + ∆t
M−1∑

m=0

(‖ẐL0,m+1/2‖2V +
n∑

i=1

‖ẐLi,m+1/2‖2Vi) ≤ c
(
Lnh2

L + (∆t)4
)

(3.14)

when p = 2; and when p > d

‖ẐL0,M‖2H + ∆t
M−1∑

m=0

(‖ẐL0,m+1/2‖pV +
n∑

i=1

‖ẐLi,m+1/2‖pVi) ≤ c
(
(LnhL)p/(p−1) + (∆t)2p/(p−1)

)
. (3.15)

The proof of this theorem is similar to that of Theorem 3.11.

4 Numerical correctors

We derive numerical correctors in this section. First we derive the homogenized equation from (2.5). Let
φ0 = 0 and φi = 0 for i = 1, . . . , n− 1 in (2.5), we have

∫

D

∫

Y

A(t, x,y,∇u0 +∇y1u1 + . . .+∇ynun) · ∇ynφndyn . . . dy1dx = 0.

For each vector ξ ∈ Rd, we denote by Nn(t, x,yn−1, yn, ξ) ∈W 1,p
# (Yn)/R the solution of the problem

∇yn ·A(t, x,yn−1, yn, ξ +∇ynNn(t, x,y, ξ)) = 0.
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We then have un = Nn(t, x,y,∇u0 +∇y1u1 + . . .+∇yn−1
un−1). The (n− 1)th homogenized operator is

determined as

An−1(t, x,yn−1, ξ) =

∫

Yn

A(t, x,yn−1, yn, ξ +∇ynN(t, x,yn−1, yn, ξ))dyn.

It can be shown that An−1 satisfies the monotone and local Lipchitzness conditions similar to those
of (2.1) and (2.2) (see, e.g., [11], [17] and [9]). Inductively, let An(t, x,y, ξ) = A(t, x,y, ξ). Let
N i(t, x,yi−1, yi, ξ) ∈W 1,p

# (Yi)/R as a function of yi be the solution of the problem

∇yi ·Ai(t, x,yi−1, yi, ξ +∇yiN i(t, x,yi−1, yi, ξ) = 0.

The (i− 1)th homogenized operator is defined as

Ai−1(t, x,yi−1, ξ) =

∫

Yi

Ai(t, x,yi−1, yi, ξ +∇yiN i(t, x,yi−1, yi, ξ))dyi

which satisfies the monotone and local Lipschitzness conditions similar to (2.1) and (2.2). The homoge-
nized equation is:

〈∂u0

∂t
, φ0〉H +

∫

D

A0(t, x,∇u0) · ∇u0dx =

∫

D

fφdx, ∀φ ∈ V. (4.1)

4.1 Two scale problems

For problems of two scales, we can deduce an explicit homogenization error in terms of the microscopic
scale. We then derive a numerical corrector with an error that is the sum of the FE error and the
homogenization error. Let N(t, x, y, ξ) belong to W 1,p

# (Y )/R as a function of y and satisfy the cell
problem

∇y ·A(t, x, y, ξ +∇yN(t, x, y, ξ)) = 0. (4.2)

The homogenized opertor is determined by

A0(t, x, ξ) =

∫

Y

A(t, x, y, ξ +∇yN(x, y, ξ))dy. (4.3)

We have the following homogenization result:

Proposition 4.1 Assume that u0 ∈ C([0, T ], C2(D̄)), u1 ∈ C([0, T ], C1(D̄, C1(Ȳ ))), we then have

‖∇uε − [∇u0 +∇yu1(·, ·, ·
ε

)]‖Lp((0,T )×D) ≤ cε1/(p(p−1)).

Proof Let

uε1(t, x) = u0(t, x) + εu1(t, x,
x

ε
).

We have from the fact that A ∈ C1(D̄ × Ȳ × Rd) and (2.2) that

|A(t, x,
x

ε
,∇u0(t, x) +∇yu1(t, x,

x

ε
)−A(t, x,

x

ε
,∇uε1(t, x))| ≤ cε. (4.4)

For i = 1, . . . , d, we define the function

gi(t, x, y) = Ai(t, x, y,∇u0(x) +∇yu1(t, x, y))−A0
i (t, x,∇u0(t, x)).

From (4.2) we have
∂

∂yi
gi(t, x, y) = 0,

and ∫

Y

gi(t, x, y)dy = 0.
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From [29], there are functions αij(t, x, y) for i, j = 1, . . . , d such that αij = −αji and

gi(t, x, y) =
∂

∂yj
αij(t, x, y).

As gi ∈ C1([0, T ]× D̄, C(Ȳ )), we have αij ∈ C1([0, T ]× D̄, C1(Ȳ )). We then have

Ai

(
t, x,

x

ε
,∇u0(t, x) +∇yu1

(
t, x,

x

ε

))
−A0

i (t, x,∇u0(t, x)) = ε
d

dxj
αij

(
t, x,

x

ε

)
− ε ∂

∂xj
αij

(
t, x,

x

ε

)
,

where d
dxj

denotes the partial derivative of αij(t, x,
x
ε ) as a function of x only. Thus for any functions

φ ∈W 1,p
0 (D) we have

∫

D

(
Ai

(
t, x,

x

ε
,∇u0(t, x) +∇yu1

(
t, x,

x

ε

))
−A0

i (t, x,∇u0(t, x))
) ∂φ

∂xi
(x)dx

= −ε
∫

D

αij

(
t, x,

x

ε

) ∂2φ

∂xi∂xj
dx− ε

∫

D

∂

∂xj
αij

(
t, x,

x

ε

) ∂φ

∂xi
dx = −ε

∫

D

∂

∂xj
αij

(
t, x,

x

ε

) ∂φ

∂xi
dx

due to αij(t, x, y) = −αji(t, x, y). From this and (4.4) we have

∥∥∥∥
(
∂uε1
∂t

(t)−∇ · (Aε(t, ·,∇uε1)

)
−
(
∂u0

∂t
(t)−A0(t, ·,∇u0))

)∥∥∥∥
W−1,q(D)

≤ cε. (4.5)

Let τε ∈ D(D) be such that τε(x) = 1 outside an ε neighbourhood of ∂D and ε|∇xτε(x)| ≤ c where c is
independent of ε. Let δ > 0 be sufficiently large. We consider the function

wε1(t, x) = u0(t, x) + ετε(x)u1(t, x, x/ε).

We note that

∇(uε1(t, x)−wε1(t, x)) = −ε∇τε(x)u1

(
t, x,

x

ε

)
+ ε(1− τε(x))∇xu1

(
t, x,

x

ε

)
+ (1− τε(x))∇yu1

(
t, x,

x

ε

)
.

As the support of ∇(uε1 − wε1) is in an ε neighbourhood of ∂D, we deduce that

‖uε1 − wε1‖W 1,p(D) ≤ cε1/p. (4.6)

From (2.2), we have
‖Aε(t, ·,∇uε1(·))−Aε(t, ·,∇wε1(·))‖Lq(D) ≤ cε1/p.

Therefore
∥∥∥∥
(
∂uε1
∂t

(t)−∇ · (Aε(t, ·,∇uε1)

)
−
(
∂wε1
∂t

(t)−Aε(t, ·,∇wε1)

)∥∥∥∥
W−1,q(D)

≤ cε1/p.

From this and (4.5), we have

∥∥∥∥
(
∂uε

∂t
−∇ · (Aε(t, ·,∇uε)

)
−
(
∂wε1
∂t
−Aε(t, ·,∇wε1)

)∥∥∥∥
W−1,q(D)

≤ cε1/p. (4.7)

Therefore

∫ T

0

〈
∂

∂t
(uε − wε1), (uε − wε1)

〉

H

dt+

∫ T

0

∫

D

(Aε(t, ·,∇uε)−Aε(t, ·,∇wε1)) · (∇uε −∇wε1)dxdt

≤ cε1/p

∫ T

0

‖uε − wε1‖V dt

≤ cε1/p

(∫ T

0

‖uε − wε1‖pV dt
)1/p
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Using (2.1), we have

‖uε(T )− wε1(T )‖2H + ‖∇uε −∇wε1‖pLp((0,T )×D) ≤ cε1/p‖∇uε −∇wε1‖Lp((0,T )×D) + ‖uε(0)− wε1(0)‖2H .

As u1 ∈ C([0, T ]× D̄ × Ȳ ) and uε(0) = u0(0) = g, we have ‖uε(0)− wε1(0)‖H ≤ cε. Therefore

‖∇uε −∇wε1‖Lp((0,T )×D) ≤ cε1/(p(p−1)).

From (4.6), we have
‖∇uε −∇uε1‖Lp((0,T )×D) ≤ cε1/(p(p−1)).

From this we get the conclusion. 2

To construct a numerical corrector, we employ the following operator. For Φ ∈ L1(D × Y ) we define

Uε(Φ)(x) =

∫

Y

Φ
(
ε
[x
ε

]
+ εz,

{x
ε

})
dz, (4.8)

where [x/ε] denotes the “integer” part of x/ε with respect to the unit cube Y and {x/ε} = x/ε− [x/ε].
The operator Uε satisfies: ∫

Dε
Uε(Φ)(x)dx =

∫

D×Y
Φ(x, y)dydx, (4.9)

for all Φ ∈ L1(D × Y ), where Dε is the 2ε neighbourhood of D; Φ is regarded as 0 when x is outside D.
The proof of this proposition is quite straightforward; we refer to [16] for details.

We then have the following corrector result. For the solution of the backward Euler approximation
using full tensor product FEs, let ūL0 : (0, T )→ V and ūL1 : (0, T )→ V1 be defined as

ūL0 (t) =
1

2
(ūL0,m + ūL0,m+1), ū1(t) =

1

2
(ūL1,m + ūL1,m+1) for t ∈ [tm, tm+1).

Theorem 4.2 Assume that u0 ∈ C2([0, T ], V ) and u1 ∈ C2([0, T ], V1) ∩ C([0, T ], C1(D̄ × Ȳ )) and the
hypothesis of Theorem 3.4 holds. For the solution of the full tensor product FE backward Euler approxi-
mation in (3.4), we have

‖∇uε − [∇ūL0 (·) + Uε(∇yūL1 )(·)]‖Lp((0,T )×D) ≤ c(ε1/(p(p−1)) + h
1/(p−1)
L + (∆t)1/(p−1)).

Proof Using the midpoint rule, we have

∫ T

0

‖∇u0(t)−∇ūL0 (t)‖pLp(D) =
M−1∑

m=0

∫ (m+1)∆t

m∆t

‖∇u0(t)−∇ūL0 (t)‖pLp(D)dt

≤
M−1∑

m=0

(∆t‖∇u0(tm+1/2)−∇ūL0 (tm+1/2))‖pLp(D) + c(∆t)3)

where the constant c is independent of ∆t and tm+1/2 = tm + 1
2∆t. We have

∥∥∥∥
1

2
(∇u0(tm) +∇u0(tm+1))−∇u0(tm+1/2)

∥∥∥∥
Lp(D)

≤ c(∆t)2.

From this we deduce
∫ T

0

‖∇u0(t)−∇ūL0 (t)‖pLp(D)

≤
M−1∑

m=0

(
∆t‖1

2

(
∇u0(tm) +∇u0(tm+1)

)
− 1

2

(
∇ūL0,m +∇ūL0,m+1

)
‖pLp(D) + c(∆t)3

)

≤ c∆t

M−1∑

m=0

(
‖∇z̄L0,m‖pLp(D) + ‖∇z̄L0,m+1‖pLp(D)

)
+ c(∆t)2

≤ c((∆t)p/(p−1) + h
p/(p−1)
L ).
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By the same argument, we have
∫ T

0

‖∇yu1(t)−∇yūL1 (t)‖pLp(D×Y )dt ≤ c((∆t)p/(p−1) + h
p/(p−1)
L ).

From (4.9) we deduce

‖Uε(∇yu1 −∇yūL1 )‖Lp((0,T )×D) ≤ ‖∇yu1 −∇yūL1 ‖Lp((0,T )×D×Y ).

Further, as u1 ∈ C([0, T ], C1(D̄ × Ȳ )),

|∇yu1(t, x,
x

ε
)− Uε(∇yu1)(t, x)| ≤ cε.

Thus

‖∇uε − [∇ūL0 + Uε(∇yūL1 )]‖Lp((0,T )×D)

≤ ‖∇uε − [∇u0 + Uε(∇yu1)]‖Lp((0,T )×D)

+‖∇u0 −∇ūL0 ‖Lp((0,T )×D) + ‖Uε(∇yu1)− Uε(∇ūL1 )‖Lp((0,T )×D)

≤ c(ε1/(p(p−1)) + (∆t)1/(p−1) + h
1/(p−1)
L ).

2

Similarly, for the solution of the backward Euler scheme using the sparse tensor product FEs, we
define ûL0 : [0, T ]→ V and ûL1 : [0, T ]→ V1 as

ûL0 (t) =
1

2
(ûL0,m + ûL0,m+1), û1(t) =

1

2
(ûL1,m + ûL1,m+1) for t ∈ [tm, tm+1).

Theorem 4.3 Assume that u0 ∈ C2([0, T ], V ) and u1 ∈ C2([0, T ], V1) ∩ C([0, T ], C1(D̄ × Ȳ )) and the
hypothesis of Theorem 3.6 holds. For the solution of the sparse tensor product FE backward Euler ap-
proximation in (3.1), we have

‖∇uε − [∇ûL0 (·) + Uε(∇yûL1 )(·)]‖L2((0,T )×D) ≤ c(ε1/2 + L1/2hL + ∆t)

when p = 2; and when p > d

‖∇uε − [∇ûL0 (·) + Uε(∇yûL1 )(·)]‖Lp((0,T )×D) ≤ c(ε1/(p(p−1)) + (LhL)1/(p−1) + (∆t)1/(p−1)).

The results for the Crank-Nicholson scheme are similar. For the full tensor product FEs, we define
ŪL0 : [0, T ]→ V and ŪL1 : [0, T ]→ V1 as

ŪL0 (t) =
1

2
(ŪL0,m + ŪL0,m+1), ŪL1 (t) =

1

2
(ŪL1,m + ŪL1,m+1) for t ∈ [tm, tm+1).

Theorem 4.4 Assume that u0 ∈ C2([0, T ], V ) and u1 ∈ C2([0, T ], V1) ∩ C([0, T ], C1(D̄ × Ȳ )) and the
hypothesis of Theorem 3.11 holds. For the solution of the full tensor product FE Crank-Nicholson ap-
proximation in (3.4), we have

‖∇uε − [∇ŪL0 (·) + Uε(∇yŪL1 )(·)]‖Lp((0,T )×D) ≤ c(ε1/(p(p−1)) + h
1/(p−1)
L + (∆t)2/p).

Similarly, for the solution of the Crank-Nicholson scheme using the sparse tensor product FEs, we
define ÛL0 : [0, T ]→ V and ÛL1 : [0, T ]→ V1 as

ÛL0 (t) =
1

2
(ÛL0,m + ÛL0,m+1), ÛL1 (t) =

1

2
(ÛL1,m + ÛL1,m+1) for t ∈ [tm, tm+1).

We then have the following corrector result.

Theorem 4.5 Assume that u0 ∈ C2([0, T ], V ) and u1 ∈ C2([0, T ], V1) ∩ C([0, T ], C1(D̄ × Ȳ )) and the
hypothesis of Theorem 3.12 holds. For the solution of the sparse tensor product FE Crank-Nicholson
approximation in (3.1), we have

‖∇uε − [∇ÛL0 (·) + Uε(∇yÛL1 )(·)]‖L2((0,T )×D) ≤ c(ε1/2 + L1/2hL + ∆t)

when p = 2; and when p > d

‖∇uε − [∇ÛL0 (·) + Uε(∇yÛL1 )(·)]‖Lp((0,T )×D) ≤ c(ε1/(p(p−1)) + (LhL)1/(p−1) + (∆t)2/p).
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4.2 Multiscale problems

For general problems with more than one microscopic scale, a homogenization error in terms of the
microscopic scales is not available. However, we can establish a numerical corrector from the FE solutions.
We assume that εi−1/εi is an integer for all i = 2, . . . , n. We first define the operator T εn : L1(D) →
L1(D ×Y) as:

T εn (φ)(x,y) = φ
(
ε1

[ x
ε1

]
+ ε2

[ y1

ε2/ε1

]
+ . . .+ εn

[ yn−1

εn/εn−1

]
+ εnyn

)
(4.10)

where the function φ is understood as 0 outside D, and [·] denotes the “integer” part with respect to Y .
Let Dε be the 2ε neighbourhood of D. For all functions φ ∈ L1(D) which are understood as 0 outside
D, we have ∫

D

φdx =

∫

Dε

∫

Y

T εn (φ)dydx . (4.11)

We can also show that

T εn (∇uε) ⇀ ∇u0 +∇y1u1 + . . .+∇ynun in Lp(D ×Y). (4.12)

We define the operator Uεn : L1(D ×Y)→ L1(D) as

Uεn(Φ)(x) =

∫

Y1

. . .

∫

Yn

Φ
(
ε1

[ x
ε1

]
+ ε1t1,

ε2

ε1

[ε1

ε2

{ x
ε1

}]
+
ε2

ε1
t2, . . . ,

εn
εn−1

[εn−1

εn

{ x

εn−1

}]
+

εn
εn−1

tn,
{ x
εn

})
dtn . . . dt1 (4.13)

where {·} = · − [·]; the function Φ is understood as 0 outside D. We have Uε(T ε(Φ)) = Φ ∀Φ ∈ L1(D).
Further, ∫

Dε
Uεn(Φ)(x)dx =

∫

D

∫

Y

Φdydx (4.14)

where Φ is understood as 0 outside D. The proofs of these facts can be found in [16].
We have the following corrector results.

Proposition 4.6 We have

lim
ε→0
‖∇uε − [∇u0 + Uεn(

n∑

i=1

∇yiui)]‖Lp((0,T )×D) = 0.

Proof As uε is uniformly bounded in Lp((0, T );V ), from (2.2), A(t, x, xε , . . . ,
x
εn
,∇uε) is bounded in

Lq((0, T ) ×D). Let χ ∈ Lq((0, T ) ×D ×Y) be the (n + 1)-scale convergence limit of a subsequence of
A(t, x, xε , . . . ,

x
εn
,∇uε). From (2.5), we have that

∫ T

0

∫

D

∫

Y

χ(∇v0 +
n∑

i=1

∇yivi)dydx =

∫ T

0

∫

D

∫

Y

A(t, x,y,∇u0 +
n∑

i=1

∇yiui) · (∇v0 +
n∑

i=1

∇yivi)dydxdt.

(4.15)
for all v0 ∈ V and vi ∈ Vi. We consider:

I =

∫ T

0

〈
∂uε

∂t
− ∂u0

∂t
, uε − u0

〉

H

+

∫ T

0

∫

D

∫

Y

(
T ε(A(t, x,

x

ε1
, . . . ,

x

εn
,∇uε))−A(t, x,y,∇u0 +

n∑

i=1

∇yiui)
)

·(T ε(∇uε)− (∇u0 +
n∑

i=1

∇yiui))dydxdt.
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From (2.3), (2.5), (4.15) we have

lim
ε→0

I

= lim
ε→0

∫ T

0

〈
∂uε

∂t
, uε
〉

H

−
〈
∂u0

∂t
, u0

〉
dt+

∫ T

0

∫

D

A(t, x,
x

ε
, . . . ,

x

εn
,∇uε) · ∇uεdxdt−

∫ T

0

∫

D

∫

Y

A(t, x,y,∇u0 +
n∑

i=1

∇yiui) · (∇u0 +
n∑

i=1

∇yiui)dydxdt

= 0.

Using the smoothness of A, we have

lim
ε→0

I =

lim
ε→0

∫ T

0

〈
∂uε

∂t
− ∂u0

∂t
, uε − u0

〉

H

+

∫ T

0

∫

D

∫

Y

(
A(t, x,y, T ε(∇uε)))−A(t, x,y,∇u0 +

n∑

i=1

∇yiui)
)

·(T ε(∇uε)− (∇u0 +
n∑

i=1

∇yiui))dydxdt.

From (2.1) and uε(0) = u0(0) = g, we have

lim
ε→0
‖uε(T )− u0(T )‖H + ‖T ε(∇uε)− (∇u0 +

n∑

i=1

∇yiui)‖Lp((0,T )×D×Y) = 0.

From (4.13), we have (Uε(Φ)(t, x))p ≤ Uε(Φp)(t, x). From (4.14), we have

‖Uε(Φ)‖pLp((0,T )×D) ≤ ‖Uε(Φp)‖L1((0,T )×D)) ≤ ‖Φ‖pLp((0,T )×D×Y). (4.16)

We therefore have

‖Uε(T ε(∇uε)− (∇u0 +
n∑

i=1

∇yiui))‖Lp((0,T )×D) ≤ ‖T ε(∇uε)− (∇u0 +
n∑

i=1

∇yiui)‖Lp((0,T )×D×Y) → 0

when ε→ 0. Using Uε(T ε(∇uε)) = ∇uε, we get the conclusion. 2

We construct the numerical correctors from the finite element solutions of problem (2.5). We present
the results for the backward Euler approximations. The results for the Crank-Nicholson approximations
are similar. For the full tensor product FE approximations, let ū0 : (0, T ) → V and ūi : (0, T ) → Vi be
defined as

ūL0 (t) =
1

2
(ūL0,m + ūL0,m+1), ūi(t) =

1

2
(ūLi,m + ūLi,m+1) for t ∈ [tm, tm+1).

Theorem 4.7 Assume that the hypothesis of Theorem 3.4 hold. For the solution of the approximating
problems (3.1) using the full tensor product FE approximation for ui, we have

lim
L→∞
ε→0

‖∇uε − [∇ūL0 + Uεn(
n∑

i=1

∇yi ūLi )‖Lp((0,T )×D) = 0.

Proof As in the proof of Theorem 4.2

∫ T

0

‖∇u0(t)−∇ūL0 (t)‖pLp(D) ≤ c((∆t)p/(p−1) + h
p/(p−1)
L )

and for all i = 1, . . . , n,

∫ T

0

‖∇yiui(t)−∇yi ūLi (t)‖pLp(D×Y)dt ≤ c((∆t)p/(p−1) + h
p/(p−1)
L ).
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From (4.14) we deduce

‖Uε(∇yiui −∇yi ūLi )‖Lp((0,T )×D) ≤ ‖∇yiui −∇yi ūLi ‖Lp((0,T )×D×Y).

Thus

‖∇uε − [∇ūL0 + Uεn(
n∑

i=1

∇yi ūLi )]‖Lp((0,T )×D)

≤ ‖∇uε − [∇u0 + Uεn(

n∑

i=1

∇yiui)]‖Lp((0,T )×D)

+‖∇u0 −∇ūL0 ‖Lp((0,T )×D) + ‖Uεn(

n∑

i=1

∇yiui)− Uεn(

n∑

i=1

∇yi ūLi )‖Lp((0,T )×D)

which converges to 0 when ε→ 0 and L→∞. 2

Similarly, for the sparse tensor product FE approximation, we have:

Theorem 4.8 Assume that the hypothesis of Theorem 3.6 hold. For the solution of the approximating
problem (3.1) using the sparse tensor product FE approximation for ui for i = 1, . . . , n, we have

lim
L→∞
ε→0

‖∇uε − [∇ûL0 + Uε(
n∑

i=1

∇yi ûLi )‖Lp((0,T )×D) = 0.

5 Numerical examples

We present some one dimensional and two dimensional numerical results in this section to illustrate the
sparse tensor product FE method.

We first consider a problem on the domain D = (0, 1) where the monotone nonlinear function

A(t, x, y, ξ) = ξ +
1

2
sin(x sin(2πy)ξ)− t2x cos(2πy)

−1

2
sin(t2x sin(2πy)(2x− 1 + x cos(2πy))) (5.1)

and f(t, x) = −2t2 + 2t(x2 − x). In this case p = 2. The multiscale homogenized problem has the exact
solution

u0(t, x) = t2(x2 − x)

and

u1(t, x, y) =
t2

2π
x sin(2πy).

We apply the backward Euler and Crank-Nicholson methods with sparse tensor product FE spaces to
the multiscale homogenized problem. We use the Broyden’s method ([10]) and the Polak-Ribière method
([14]) at each time step to solve the simultaneous nonlinear problems.

For the backward Euler method with sparse tensor product FE spaces, for the meshsize hL = O(2−L),
we use a timestep of ∆t = 1/2L. We plot the errors ‖u0 − ûL0 ‖H1

0 ((D)) and ‖u1 − ûL1 ‖L2(D,H1
#(Y )/R) in

Figures 1 and 2 respectively at t = 1. The numerical results show that the errors are O(∆t) + O(hL).
When these errors hold for all tm, we get the errors estimate as in Theorem 3.6. This result supports the
theoretical finding.

In Figures 3 and 4, we plot the numerical errors for the Crank-Nicholson method on sparse tensor
product FE spaces for the same problem. For the Crank-Nicholson method, we choose a timestep of
∆t = 1/(d2(L/2)e). The numerical results show that the errors are O((∆t)2) + O(hL). This result
supports the theoretical finding in Theorem 3.12.

We then consider the multiscale monotone problem for p = 4 on D = (0, 1) with the monotone
function

A(t, x, y, ξ) = ξ +
1

10
(2 + sin(2πy))ξ3 − t2x cos(2πy)

− t
6

10
(2 + sin(2πy))(2x− 1 + x cos(2πy))3 (5.2)

25



10
−1

10
−0.9

10
−0.8

10
−0.7

10
−0.6

10
−0.5

10
−0.4

meshsize

e
rr

o
r

Figure 1: The error ‖u0 − ûL0 ‖H1
0 (D) versus the mesh size h for one dimensional problem (5.1) at t = 1

for backward Euler method.

10
−1

10
−0.8

10
−0.7

10
−0.6

10
−0.5

10
−0.4

meshsize

e
rr

o
r

Figure 2: The error ‖u1 − ûL1 ‖L2(D,H1
#(Y )/R) versus the mesh size h for one dimensional problem (5.1) at

t = 1 for backward Euler method.

and f(t, x) = −2t2 + 2t(x2 − x). The multiscale homogenized problem has the exact solution

u0(t, x) = t2(x2 − x)

and

u1(t, x, y) =
t2

2π
x sin(2πy).

We plot the numerical errors ‖u0 − ûL0 ‖W 1,4
0 ((D)) and ‖u1 − ûL1 ‖L4(D,W 1,4

# (Y )/R) for t = 1 in Figures 5

and 6 respectively for the backward Euler method, using sparse tensor product FE spaces. The numerical
results show that the error behaves like O(∆t) +O(hL).

The numerical results for the Crank-Nicholson scheme are plotted in Figures 7 and 8. The numerical
results show that the error behaves like O((∆t)2) +O(hL).
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Figure 3: The error ‖u0 − ûL0 ‖H1
0 (D) versus the mesh size h for one dimensional problem (5.1) at t = 1

for Crank-Nicholson method.
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Figure 4: The error ‖u1 − ûL1 ‖L2(D,H1
#(Y )/R) versus the mesh size h for one dimensional problem (5.1) at

t = 1 for Crank-Nicholson method.

For the two dimensional domain D = (0, 1)× (0, 1), we consider the problem for p = 4 with coefficient

A(t, x, y, ξ)

= ξ′ + ξ′′ +
1

10
(2 + sin(2πy′′))ξ′

3
+

1

10
(2 + sin(2πy′))ξ′′

3

−t2(x′ + x′′)
(

cos(2πy′) sin(2πy′′) + sin(2πy′) cos(2πy′′)
)

− t
6

10
(2 + sin(2πy′′))

(
(1− 2x′)(x′′ − x′′2)

+(x′ + x′′) cos(2πy′) sin(2πy′′)
)3

− t
6

10
(2 + sin(2πy′))

(
(x′ − x′2)(1− 2x′′)

+(x′ + x′′) sin(2πy′) cos(2πy′′)
)3
, (5.3)

and
f(t, x) = 2t2(x′ + x′′ − x′2 − x′′2) + 2t(x′ − x′2)(x′′ − x′′2)

with x = (x′, x′′) ∈ D, y = (y′, y′′) ∈ Y and ξ = (ξ′, ξ′′) ∈ R2. The multiscale homogenized problem has
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Figure 5: The error ‖u0 − ûL0 ‖W 1,4
0 (D) versus the mesh size h for one dimensional problem (5.2) at t = 1

for backward Euler method.
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Figure 6: The error ‖u1 − ûL1 ‖L4(D,W 1,4
# (Y )/R) versus the mesh size h for one dimensional problem (5.2)

at t = 1 for backward Euler method.

the exact solution
u0(t, x) = t2(x′ − x′2)(x′′ − x′′2)

and

u1(t, x, y) =
t2

2π
(x′ + x′′) sin(2πy′) sin(2πy′′)

For t = 1, we plot the errors ‖u0 − ûL0 ‖W 1,4
0 (D) and ‖u1 − ûL1 ‖L4(D,W 1,4

# (Y )/R) for the backward Euler

method with sparse tensor product FE spaces in Figures 9 and 10 respectively. The errors for the Crank-
Nicholson method for sparse tensor product FE spaces are plotted in Figures 11 and 12. Once more the
results show that the error behaves like O(∆t) + O(hL) and O((∆t)2) + O(hL) for the backward Euler
and Crank-Nicholson method respectively.

The results for the one dimensional and two dimensional cases for p = 4 show that the observed
numerical errors are of the optimal orders of ∆t and hL which are far better than what we can show
theoretically. This is in agreement with the well known facts for numerical solutions of monotone problems
(see [25]).

We now consider a one dimensional three scale problem on D = (0, 1) for p = 4 where the nonlinear
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Figure 7: The error ‖u0 − ûL0 ‖W 1,4
0 (D) versus the mesh size h for one dimensional problem (5.2) at t = 1

for Crank-Nicholson method.
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Figure 8: The error ‖u1 − ûL1 ‖L4(D,W 1,4
# (Y )/R) versus the mesh size h for one dimensional problem (5.2)

at t = 1 for Crank-Nicholson method.

monotone function

A(t, x, y1, y2, ξ) = ξ +
1

10
(4 + sin(2πy1) + sin(2πy2))ξ3

t2(x cos(2πy1) + x sin(2πy1) cos(2πy2))

− t
6

10
(4 + sin(2πy1) + sin(2πy2))(2x− 1 + x cos(2πy1) + x sin(2πy1) cos(2πy2))3 (5.4)

and f = 2t(x2 − x)− 2t2. The multiscale homogenized equation has the solution

u0(t, x) = t2(x2 − x), u1(t, x, y1) =
t2

2π
x sin(2πy1)

and

u2(t, x, y1, y2) =
t2

2π
x sin(2πy1) sin(2πy2).

We solve the multiscale homogenized equation with both the backward Euler and the Crank- Nicholson
methods using sparse tensor FE product spaces. The results are as proved theoretically. In Figures 13,
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Figure 9: The error ‖u0 − ûL0 ‖W 1,4
0 (D) versus the mesh size h for two dimensional problem (5.3) at t = 1

for backward Euler method.
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Figure 10: The error ‖u1 − ûL1 ‖L4(D,W 1,4
# (Y )/R) versus the mesh size h for two dimensional problem (5.3)

at t = 1 for backward Euler method.

14 and 15 we present the numerical results for the backward Euler method. The figures show that the
errors are as predicted.
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[11] Valeria Chiadò Piat and Anneliese Defranceschi. Homogenization of monotone operators. Nonlinear
Anal., 14(9):717–732, 1990.

[12] Van Tiep Chu and Viet Ha Hoang. High dimensional finite elements for multiscale Maxwell equations.
IMA Journal of Numerical Analysis, 2017, doi:10.1093/imanum/drx001.

32



10
−1

10
−0.9

10
−0.8

10
−0.7

10
−0.6

10
−0.5

10
−0.4

meshsize

e
rr

o
r

Figure 15: The error ‖u2 − ûL2 ‖L4(D,L4(Y1,W
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