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Abstract

We develop in this paper a finite element (FE) method for solving nonlinear monotone parabolic
equations in a domain D C R? that depends on n separable microscopic scales. The method employs
an essentially optimal number of degrees of freedom. For nonlinear multiscale equations, it is not
possible to form the homogenized equation explicitly numerically. The method solves the multiscale
homogenized equation which is obtained from multiscale convergence. This equation contains all the
necessary information: the solution to the homogenized equation which approximates the solution to
the multiscale equation macroscopically, and the scale interacting terms which provide the microscopic
information. However, it is posed in a high dimensional tensorized domain. We develop the sparse
tensor product FE method for this equation that uses an essentially optimal number of degrees of
freedom to obtain an approximation for the solution of this equation within a prescribed accuracy.
We then construct numerical correctors from the FE solution. In the two scale case, we derive a new
homogenization error from which an explicit error for the numerical corrector is established: it is
the sum of the FE error and the homogenization error. Numerical examples illustrate the theoretical
results.

1 Introduction

We develop in this paper an essentially optimal numerical method for solving locally periodic multiscale
monotone parabolic equations in a domain D C R, As for other multiscale problems, a direct numerical
method that uses fine mesh to capture the microscopic scales is prohibitively expensive. The homoge-
nization approach ([8, 7, 29]) establishes an equivalent problem that approximates the solution of the
multiscale equation in the average sense. This homogenized equation is obtained in the limit when all the
microscopic scales tend to zero. For linear problems, the homogenized equation can be obtained from the
solution of a number of cell problems. When the equation is only locally periodic, the cost of forming the
homogenized coefficient can be expensive as cell problems need to be solved for each macroscopic point.
For nonlinear problems, it is virtually impossible to form the homogenized equation numerically as for
each vector in R? a nonlinear cell problem has to be solved ([17, 25]). There have been several attempts
to solve multiscale nonlinear problems without forming the homogenized equation. Efendiev and Pankov
([21, 22]) employ the framework of the Multiscale Finite Element method (MsFEM) (see [28, 20]) to solve
time independent and time dependent multiscale monotone equations. Generalized Multiscale Finite El-
ement method is employed in [13]. Abdulle et al. [4], Abdule and Huber [2, 3] employ the Heterogeneous
Multiscale method (HMM) (see [19], [1]) to solve time independent and time dependent monotone prob-
lems. An aposterior error estimate for the HMM method for multiscale monotone problems is studied in
Henning and Ohlberger [24]. For locally periodic multiscale monotone problems, Hoang [25] develops the
sparse tensor product FE method for solving the multiscale homogenized equation. The major advantage
of this method, in comparison to the above mentioned papers, is that for locally periodic problems, it
requires an essentially optimal number of degrees of freedom to achieve a prescribed level of accuracy.
This method is originally developed for linear multiscale elliptic equations in Hoang and Schwab [26]
(see also Harbretch and Schwab [23]). It solves the multiscale homogenized equation which contains the



solution of the homogenized equation which approximates the solution of the multiscale problem macro-
scopically, and the scale interacting terms that contain the microscopic information. This equation is
posed in a high dimensional tensorized space. A full tensor product FE approach is highly expensive.
The sparse tensor product FE solves this equation with an equivalent level of accuracy, but requires only
an essentially optimal number of degrees of freedom. The sparse tensor product FE approach has been
used successfully for other equations, e.g. multiscale wave equation [33], multiscale elasticity equation
[34], multiscale elastic wave equation [35] and Maxwell equation [12].

In this paper, we develop the sparse tensor product FE method for monotone parabolic problems. In
Section 2, we set up the multiscale monotone parabolic problem that depends on n separated microscopic
scales. We then introduce the multiscale homogenized equation which contains all the macroscopic
and microscopic information. The equation is derived from multiscale convergence (see Nguetseng [31],
Allaire [5] and Allaire and Briane [6]). We consider FE approximation for this high dimensional multiscale
homogenized equation in Section 3. First we develop the backward Euler method for general FE spaces.
We then apply the full tensor product FEs and the sparse tensor product FEs for the backward Euler
method. We show that the sparse tensor product FE method achieves an essentially equivalent level
of accuracy as the full tensor product FE, but needs only an essentially optimal number of degrees of
freedom, which is far less than that required by the full tensor product FEs. We then develop the Crank-
Nicholson method for the multiscale homogenized equation for general FE spaces, and then use the full
tensor and sparse tensor product FE spaces. Section 4 develops numerical correctors for the problem. For
two scale problems, when the solution is sufficiently regular, we prove a new homogenized error estimate.
From this we derive an error estimate for the numerical corrector in terms of the homogenization error and
the FE error. For problems with more than two scales, such a homogenization error is not available. We
construct a numerical corrector without an error estimate. Section 5 presents some numerical examples
that illustrate the theoretical results.

Throughout the paper, by V without explicitly indicating the variable, we denote the gradient with
respect to = of a function that depends only on the spatial variable x and the temporal variable ¢, and
by V, we mean the partial gradient with respect to = of a function that depends on = and ¢ and also
other variables. Repeated indices indicate summation; # denotes spaces of periodic functions.

2 Multiscale monotone parabolic problems

2.1 Problem setting

Let D C R? be a bounded domain; let Y = (0,1)¢ be the unit cube in R?. Let n be a positive
integer. Let Y1,...,Y,, be n copies of the unit cube Y. For conciseness, we denote by vy, = (y1,...,¥:)
a vector in Y; = Y) x ... xY;. We denote by y = y,, and Y = Y,. Let A(t,z,y1,...,Yn,&) :
(0,T)x DxY; x...xY, xR?Y — R? be a smooth function and Y; periodic with respect to y;. We assume
that A is monotone and locally Lipschitz. In particular, we assume that there are constants p > 2, a > 0
and > 0 so that for allt € (0,T), x € D, y; € Y; (i=1,...,n), and &, & € RY, we have

(A(tax7y17 J) 7yna§1) - A(t7x7y1a ‘e 7yna€2)7£1 - 52) 2 Oé|£1 - §2|p? (21)
and
|A(ta T,Yly---5Yn, 51) - A(t? T,Yly -5 Yn, 52)' S ﬂ(|€1| + |§2|)P—2|§1 - §2| (22)
where | - | denotes the Euclidean norm in R? and (-,-) denotes the scalar product in R?. Let ¢1,...,&, be
n functions of a small and positive quantity € that represent n microscopic scales on which the problem
depends. We assume scale separation (see Bensoussan et al. [8]), i.e. fori=1,...,n—1

lim 7&—&-1(5) =

=0 g;(e)

Without loss of generality, we assume that €1 = €. The multiscale monotone function is defined as

Aa(t7 x? 5) = A(t’ x’ i? M) i75)'

€1 En



Let V = Wy?(D). Let H = L?(D). We have that V ¢ H C V'. By (-,-) g, we denote the inner product
in H extended to the duality pairing between V' and V. Let f € L%((0,T), V') where 1/p+1/g = 1. Let
g € H. Let T > 0. We consider the following multiscale monotone parabolic problem:

ous
ot

— V- (A%(t,z,Vu©)) = f, inDx(0,T) (2.3)
u’ (07 LL‘) = g
with the Dirichlet boundary condition on dD. Problem (2.3) has a unique solution that satisfies

ou®

r < c(lfllzaco,my,vny + llglla)

La((0,T),V")

1wl e ((0,),v) + ‘

where the constant c only depends on T, o and 8 in (2.1) and (2.2), and on sup,¢o,1),ze p,yev) At 7, ¥, 0)]
(see [30] and [36]). We will study homogenization of (2.3) by multiscale convergence. We thus recall the
concept of multiscale convergence in the LP setting.

2.2 Multiscale homogenization

Multiscale convergence was initiated by Nguetseng in [31] and developed further by Allaire [5] and Allaire
and Briane [6]. The definition is extend to functions that depend on time as follows.

Definition 2.1 A sequence {w®}. € LP((0,T)x D) (n+1)-scale converges to a function wo(t, ,y1,...,Yn) €
LP((0,T) x Dx Yy x ... xY,) if

T T
lim/ /we(t,x)¢>(t,x,£7...,£)d:ﬂ:/ // / wo(t, Z, Y1, -« o Yn)O(E, T, Y1, -« o s Yn )Y, - .« - dy1dadt,
e—=0Jy Jp €1 En 0 JDJY; n

for all functions ¢ € C((0,T) x D x Y1 X ... x Y,,) which are Y;-periodic with respect to y;.
Definition 2.1 makes sense due to the following proposition.

Proposition 2.2 From each bounded sequence in LP((0,T) x D), we can extract a subsequence that
(n + 1)-scale converges.

The proposition for the case of time independent functions is proved in [5] and [6]. For time dependent
functions, the proof is similar, see, e.g. [27]. We denote by

Vi=LP(Dx Yy x ... xYioy, WP (Y))/R), (i=1,...,n).
For a bounded sequence {w®}. C LP((0,T),V) such that aa—'f is bounded in L((0,T), V"), we have the
following results.

Proposition 2.3 From a bounded sequence {w®} C L?((0,T),V) with 80—“25 being bounded in L1((0,T), V'),
we can extract a subsequence (not renumbered) such that Vw® (n + 1)-scale converges to

Vwo + Z Vyi wW;

i=1
where wo € LP((0,T),V) and w; € LP((0,T),V;) (i=1,...,n).

The proof of this result is standard. It follows the standard result of [5] and [6]; see for example [27] or
[32] We define the following space

V= {(¢07¢17‘-~7¢n) : ¢0 S ‘/7 ¢2 c V;}
which is equipped with the norm

11(@o, {& DI = Vol oo) + D IV bill Lomxvx...xvi)- (2.4)

=1

We have the norm equivalence:



Lemma 2.4 There are positive constants c1 and co such that for all (¢o,{¢:}) € V,

c1ll|(¢o, {&: 1]

1/p
S(// / VIQSO+Vy1¢)1+...+Vyn¢n|pdxdy1...dyn)
pJvi v,
< call|(¢o, {4}

A concise proof can be found in [25]. We have the following result:

Theorem 2.5 The solution u® of problem (2.3) converges weakly in LP((0,T),V) to a function ug, and
Vu® (n+1)-scale converges to Vug+Vy,ui +. ..+ Vy, uy where (ug,u1,...,u,) € V satisfies the problem

8u0
<at(t)v¢O>H +
/D /Y Alt, 2,9, Vito () + Vo w1 (8) + .+ Yy tn () - (Voo + Yy, b1 + - + V. o) dydar
— [ 1(®)onda (2:5)
D

fOT all (¢07 ¢17 R ¢n) eV.
The proof of this result is quite standard. We refer to, e.g., Allaire [5] or Woukeng [32].

3 Finite element discretization

We approximate problem (2.5) by FEs in this section. We consider both the backward Euler method and
the Crank-Nicholson method.

3.1 Backward Euler method

We first consider the backward Euler method for general FE spaces. We then restrict our consideration
to the cases of full and sparse tensor product FEs.

3.1.1 Backward Euler method for general FE spaces

Let VI c Vand V' C V; (i = 1,...,n) be finite dimensional spaces where the superscript L indicates
the level of resolution. Let M be an integer. Let At = T/M. We consider the time sequence 0 = t5 <
t1 < ... <ty wheret,, =mAtform=0,1,...,M. Let g* € VX be an approximation of g. We consider
the problem: Find uf,, € V¥ and uf,, € V¥ for i =1,...,n such that

L L
Uy, m+1 — Yo,m
At ) ¢0
H

+/ / A(tm-i-h z,Y, Vug,m-i—l + Z VyiuiL,m+1) ' (V¢0 + Z vyldjl)dydaj
LY i=1

i=1

. /D F (b, )0 () de (3.1)

for all g9 € VL and ¢; € VL' (i = 1,...,n). We first show that (3.1) has a unique solution.
Proposition 3.1 Problem (3.1) has a unique solution.

Proof Let ¢p = (Coms {Cim}) and d = (do, {d;}) (i = 1,...,n) in REMV" 5 RAmVS o RdimV,?
be the coordinate vectors of (uf,,,{uf,,}) and (¢o,{¢:}) respectively in the expansion with respect to
the basis functions of VZ x Vi;£' x ... x V.. Let A(c,,11) be the vector describing the interaction of
Altmg1, Y, Vu§ g + iy Vy,ul,, 1) with the basis functions of V¥ x V& x ... x VI in the second



term on the left hand side of (3.1). Let B be the Gramm matrix describing the interaction of basis
functions of V¥ with themselves in the inner product of H. Let F, 1 be the interaction of f(t;,+1) with
the basis functions of VL with respect to the inner product of H. We can write (3.1) as

1 1
KtBCQm_i_l . dg —+ A(Cm+1) . d = Fn,+1 . do —+ EBCO’m . do. (32)

The left hand side of (3.2) represents a monotone function. Indeed, for any (v, {v;}) and (wo, {w;}) in
VIx Vvl x...xVE

00 — w0, 00 — o)
Az U0~ Wo, Vo — Wo)H
+/ / (Altmi1, 2,9, Voo + > Vyvi) = Altmy1, 2,9, Vg + Y Vy,w;))
DJY i=1 i=1
«(V(vp —wo) + Z Vy, (vi — w;))dydz

i=1
1 n n
> —||vo — wol|%4 + a/ / (Voo + Y Vy,01) = (Vwg + Y Vyw;)Pdyds
At DJY i=1 i=1
i.e. for any two vectors p = (po, {p:}) and q = (qo, {q;}) in RAmVY o RimV® o RimVy

A%B(po —qo) - (Po—a0) +AP—q) - (P—q) > c(At)([p—q]* +|p— q”)

. . B L : L . L
where | - | denotes the Euclidean norm in RU™V™ 5 RUMVY o x RIMV.' - Thus problem (3.2) has a
unique solution ¢,41. O
L L L L (;
We denote by uo(tm) = t0,m, Ui(tm) = Uim, 20.m = Uo,m = UGy Zim = Yiym — Uy, (=1, L),

We then have the following result.
Theorem 3.2 Assume that ug € C*([0,T], H) N C([0,T]), W*P(D)) and u; € C([0,T],V;), then

M

n
28 a3 + A (2 mlf + D lzEnllE,)
m=1 i=1
M n
< eAt <Z <u0,m — o7 Y i — TPV
m=1 i=1
n
o — o mllls + 3 i — ai,mna)
i=1
M—1 - - 2
+ Z (Uo,m+1 - Uo,m+1) - (Uo,m - uo#m)
At o
m=1
+ max |uom — tomlF + lg — 9" 1% + (AP (3.3)
m=1,....M

for all sequences {tgm, m=1,....,M} C VL and {@; 1, m=1,..., M} C VL fori=1,...,n.

Proof We denote by p,, = %(tm_i_l) — (up(tms1) — wo(tm))/At. As ug € C%([0,T), H) we have that
lpm|ler < cAt for all m =1,..., M, where c is independent of m. We then have from (2.5) and (3.1) that

1 —Hm o N )
Al » o . Pm, Po)H

+ / / (A(tm+17 Y, Vu07m+1 + Z Vyiui,erl) - A(tm+17 z,Y, vu(ﬁval + Z vyluzl:m+1))
DJY i=1 1=1

(Voo + Y Vy.di)dyde =0 (34)

=1



for all g9 € VL and ¢; € VL, i =1,...,n. Therefore, for all {ig,} C VL and {@;.,} C V', we have

L L
20,m+1 — R0m L
- At ) 20,m+1
H

n n
+/ / (A(tms1, 2, Y, Vuome1 + Zvyiui,m-&-l) — A(tmt1, 7,9, VU§,m+1 + Z qu‘,uiL,m+1))
pJy

i=1 =1

(Ve + D Vb )dyda

=1

L L
20 17 20 -
= M7 UQ,m+1 — U0,m+1
At ’

n n
+/ / (Altm+1,2,Y, Vg me1 + Zvyiui,m+1) - Altmt1,,y, Vué,mﬂ + Z vyiuil:m+1))
pJY

i=1 =1

H

((Vuo,m+1 — Vg mi1) + Z(Vy,-ui,mﬂ = Vi, i my1))dyde

=1
(P (U g1 — Wo,mt1)) H-

Using uOLmH — U, mt1 = u&mﬂ — U0, m+1 + U0, m+1 — Uo,m+1, from (2.2) we have
1 n
m(||zém+1||§{ - ||Z()L,m||%1) + c||Vz(ﬁm+1 + Zvyizil:m+1)||iP(D><Y)

i=1
L L

< ZO,m+1 - ZO,m ~

S - At y U0,m+1 — U0,m+1

n n
-2 -2
+e([[Vuo,m+1 + Z Vyiui,m-HHip(ny) + ||VU(L)/,m+1 + Z quzuz'[:m—i-l Hip(DXy))
i=1 i=1

H

n
NV 21+ Z V2t mi llLe(oxy)

i=1
n

(IVuo,ms1 = Viiomsrllzo o) + O I Vy, ttimar = Vi, fimar || 2o (xv))
i=1

+eAt(|[uomrt = Gomr | + 126 min 1)



From the hypothesis, [|[Vuom+1 + ;-1 Vy,tim+1l|Le(pxy) is uniformly bounded for all m. Thus

1 n
m("z()l:m+1||%[ - ||Z()L,m||%1) + CHVZOL,m+1 + Zvyizfm+1)”1[),p(D><Y)
i=1

Zé/m—i-l - Zé/m -
< #’ UQ,m+4+1 — U0,m+1
H
n n
-1
+C(||VZ(€:"H_1 + Z ViniL,m-H ||L1’(D><Y) + Hvz(im-ﬁ-l + Z ViniL,m-i-l ||ip(D><Y))
i=1 i=1
n
(IVuo,ms1 = Viiomsllze oy + O I Vy ttimar = Vi iim1 || 2o (xv))
i=1
+eAt(|[uo,mr1 — Gomr | + 126 min 1)
<

L L
20 17 20 N
s » U0, m+1 — U0,m+1
At .

+6||Vzéjm+1 + Z Vy, Zil:erl) ||1£p(D xY)
i=1

+c([[Vuo,ma1 — Viomy1l e (p) + Z IVyittime1 — Vi, Uimi1|lLe(Dxy))?
i—1
n

+e([Vuomir = Viomrllzr oy + Y IV timsr = V,iimill e (oxy)”
1=1

(AT + 6|25 g1 [ + ellwo,mr1 — Tome1 |
for a constant § > 0 where we have used the Young inequality; ¢ = p/(1 — p). From Lemma 2.4, we have
n n
||ZOL,m+1||Z\)/ + Z ||ZiL,m+1 HI\J@ < CHVZOL,m+1 + Z vyizil,/erl”ZIiP(DxY)'
i=1 i=1

Thus for § sufficiently small,

1 n
E(\\Zémﬂ\ﬁq ~N26ml ) + 2 man Iy + Y 12T,
=1
L L
20,m+1 — 20, -
< ¢ <maAt‘m7 UQ,mt1 — Uo,m+1>
H
n
+e([[Vaomir = ViomstllLe) + Y I Vyttimr = Vi limii |l oo (0xy))?
=1

n

+e(IVuo,m+1 — Viio,m1ll e (py + Z Vy,timi1 — Vi, limr1llLe(pxy))? + c(At).
i=1



Therefore for any P =1,..., M, we deduce

P n
1285 13 + At D (gl + D I2Enlb)
m=1 i=1
P n
< Aty (Hvuo,m — Vil Sy + D Vit — vyiamnh(my))
m=1 i=1
P n
+cAt Z (HV“O,m - VﬁO,m”iv(D) + Z Vg tism — Vyiai,m”ip(pxy))
m=1 i=1
" Z(% - ZOL 1
At)d At 2Om “Om—-1 . — a3,
+c(At)? + ¢ mz::l Az s Uo,m — Uo,m ; +llg— 9"k

We have

P L L
A zO,m - zO,m—l ~
t Z At , Uo,m — U0,m
H

m=1
P-1
= (200, w01 — To,1)# + (2§ p,uo,p — Tio.p) + Z (2 s> (W0,m — To,m) — (U0,m+1 — To.m1))
m=1

< cllagolld + clluoy — GoallE; + 8llzgp 7 + clluop — ol

P—1 P—1 (u i ) = (o — i) ||
+oAL Z HzOLmH%I + cAt Z 0,m+1 0,m+1 0,m 0,m .
m=1 m=1 At H

We have At Zg;ll 2813 < AtM maxy, |25, 113 < T maxy, ||2§,,]13. Choosing § sufficiently small, we
deduce that

P n
oty < cat S (I9tm — Vaomlhup + Y 1Vt = Vil |
m=1 =1
P n
st - (N0 = Vol + 3 Vutim = Vot )
m=1 1=1
A4 L2 ~ 2 ~ 2
+e(At)! +cllg — 9" || + clluoy — ol + clluo,p — o, pllH
M—1
L 2
+6T max 20" m |7 + cAt Z

m=1

(w0,m+1 — Uo,m+1) — (Wo,m — Uo,m) ?

At

. .
Thus

M n
mﬂ%X ||ZOL,m||?{ < cAt Z (”VUO,M - VﬂOmL”qu(D) + Z Hvyiui,m - Vyiai,mn(ip(pxy))
i=1

m=1

M n
+eAt Y <||Vu07m = Viaomllf o) + D I Vyittim — vyial,m@p(my))

m=1 =1

)

+e(A)T + cllg — g"IF + clluog — G0l + ¢ max |lugm;m — tio,m|| %

M-1
+5mez}x ||Z(€/m||%[ + cAt Z

m=1

(w0,m+1 — Uo,m+1) — (Wo,m — Uo,m) 2
At .




SO

M n
max ||Z§m||%l < cAt Z (”VUO,m - VﬁO,m”qu(D) + Z Vg tism — Vyiﬂi,m”%p(pxy))

c
m=1 i=1
M n
+cAt Z (”VUO,m - Vﬂo,m”iv(p) + Z IVy:ti,m = Vyiai,m|ip(pxy)>
m=1 i=1

+e(A)T +cllg — gF |5 + ¢ max Juom —GomF
m=1,....M

seeey

M-1 - - 2
+eAt Z (Uo,m+1 - Uo,m+1) - (Uo,m - Uo,m)
At
m=1 H
The conclusion follows. a

3.1.2 Backward Euler for full tensor product FE spaces

We construct a hierarchy of finite element spaces. We assume that the domain D is a polygon. Let {7}
for I > 0 be the hierarchy of regular triangular simplices of mesh size h; = O(27!) in D. The set of
simplices 7" is obtained by dividing each simplex in 7?~! into 4 congruent triangles in the two dimension
case, and is obtained by dividing each simplex in 7'~ into 8 tedrahedra in the three dimension case. In
the periodic cube Y, in a similar manner, we construct the hierarchy {7 #} of regular triangular simplices
of mesh size h; = O(27!) which are periodically distributed in Y. Let

Vi={peWyP(D): ¢|pr € PYT), YT e T'};

Vi={p e W'P(D): ¢|p € PNT), VT € T}
Vi ={p € W,P(Y): ¢lr € P(T), VT € T}}

~—_ —
~— —

where P!(T) denotes the space of linear polynomials in the simplex 7. The following approximations
hold (see, e.g., [15]).

. 1, ; .
w}relf/(f [|w — wl||WU1,p(D) < chy||lwllw2r(py, Yw € WyP(D)NW*P(D);
w}g{/l w—w!|| 2oy < chillw|lwrnpy, Yw e WHP(D);

; 2, .
wlnel‘f/# [lw — wl”W;P(y) < Chl”wHWi*P(Y)a Vw e W#p(y)7

. ! L
wllgxf/# lw —w HLP(Y) < Cthw”W;P(Y)? Vuwe W#p(y)'

AsV;=LP(Dx Yy x... x Vi, WuP(V;) 2 LP(D) @ LP (Y1) ® ... ® LP(Y;_1) @ WP (Y;), we employ the
space

Vi=vieVie.. oVy (3.5)
i times
to approximate u;. -

To quantify the approximations of functions in V; by functions in V¥, we define the following regularity
spaces. Let W; be the space of functions w € LP(D x Y1 x ... x Y;_1, W?P(Y;)) that belong to LP(Y; x
XY, WEP(Y;, WEP(D))) and LP(D x H1<§ﬁ’§71 Y;, Whe(Y;, WP (Yy))) for all k = 1,...,i—1. The
space W; is equipped with the norm

lwllw, = llwllze(Dxvix...xvi_y,w2rvi)) + [WllLe(vix...x v, wir(vi,wie (D)) +

i—1
> ||w””<DXH1<.j§k YW (YW (V)
k=1 ==

We then have the following approximation.



Lemma 3.3 For w € W;,

inf fw—w|lv, < ehg|wllw,-
wleVk
The proof can be found in [25]. We employ the FE spaces V" and V;F in the places of V¥ and VI in the
backward Euler approximation (3.1). We denote the FE solution as @, and uf,,, and z§,, and zf,, by
E&m and Eifm respectively. We have the following result.
Theorem 3.4 Assume thatug € C?([0,T], H)NC([0,T), W*P(D))NH'((0,T), H*(D)), u; € C([0,T], W)
fori=1,...,n, and ||g — g*||ug < chzz/@(p_l)), then

M n
1ZoadlEr + At Y~ (lz0mlly + D IZml,) < e(hy/ "7 + (A0)%).
m=1 =1
Proof We bound the right hand side of (3.3). As u; € C([0,T],W;), we can choose ; , € V' for
m=1,..., M and a constant ¢ independent of m such that
[(ws = @i)mllv; < chpllui(tn)lw, < chr.

Let It (up)(t) € Vi be the interpolation operator whose value at each node equals the value of ug(t)
(notes ug € C([0,T], W??(D)) C C([0,T],C(D))). We have

l[uo(t) — I (uo) (B)|lv < chrfluo(t)lwar(py < chy.
Let @ (t) = I*(up)(t), we have
[ (uo — o) m|lv < chr

where c is indepedent of m. With g (t) = I*(ug)(t), we have

8UO

ot

<
ot o, =

‘ auo 8110
H

Hl(D)-

Using the procedure of [18]

2
(uo — o)m+1 — (U — To)m g _ (MADAL 5wy — dig) o
= —————(t)dt|| (At)
At H mAL ot .
2
(m+1)At o~
< / a(uouo)(t)H dt (At)*Q
mAt ot H
2
(m+1)At
< ch? / W’(t)H dt| (At)2
mAt ot H' (D)
(m+1)At b 2
< ch? / “[’(t)H dt | (An)~L
mAt ot HY(D)
Therefore
= (uo — @) m+1 — (uo — o) 2 9
At ke < chi.
g::l At o
We then get the conclusion. a

3.1.3 Backward Euler for sparse tensor product FE spaces

For p = 2, we define the sparse tensor product FE spaces as in [26]. We define the following orthogonal
projections

PO LDy =V PYLA(Y) = Vi, Py HL(Y) =V

10



in the norm of L?(D), L*(Y) and H;E(Y) respectively. The increment spaces are defined as
1 _ (plo 1—1)0\y/! 10 _ (plo (1=1)0\y 1 11 _ (pll (I=1)1\y /1
W= (P — pl=Oyt Wi = (P — Py WL, WY = (P - PV
with the convention that W0 = V0, W;;O = V# and W9l = V#. We then have
V= @ Wl/, V#;: @ Wl/07 V#: @ Wi;l'
o<i’<l 0<i’<1 0<I'<i

The full tensor product space V;Z can be written as

V= @ whewis.. owi oWyl

We define the sparse tensor product space ‘A/iL as

Vi = b WheWi'e... oWy o Wi,
0<lp+l1+...+1;<L

For p > d, then W'P(D) C C(D) and W;’p(Yi) C Cx(Y;). Let S' be the set of nodes of the

triangulation 7. We have that S' ¢ S'*1. Following [25], we consider the basis of V! that consists of
functions ¢!, for z € S' such that ¢! (z) = 1 and ¢'(z') = 0 where 2/ € S',2’ # x. For continuous
functions w in D, we define the interpolation operator I' : C(D) — V! as

I'w=>" w(z)d,. (3.6)

zeS!

Similarly, we define the set S;& of triangulation nodes of V#, and the basis function gb;&y which equals 1
at y € Si# and 0 at other nodes. We define the interpolation operator Iql# :C0x(Y) — Vé& as

I?l#w = Z w(y)qﬁf#y (3.7)

We define the subspaces W' c V! and W?l‘7£ C V# as
W= (I'"=1"1C(D) and Wi = (I} — I, )Cy(Y)

with W0 = V0 and Wi = V#. The space W! constains the linear combinations of basis functions ¢!, of
V! where € S'\ §'~!; and the space Wf# contains the linear combinations of basis functions ¢i¢y for
y € 84\ S We then have that

vi= @ w, vi= P wi

0<1'<l 0<r<i
The full tensor product FE space VX is of the form

Vi= @ whewie.. oW
o<ty <L

§=0,...,i

The sparse tensor product FE space ‘};L is defined as

vl = P W Wi .. .0 Wi (3.8)
0<lg+l1+...+; <L

To quantify the approximating properties of the spaces ‘A/iL , we define the regularity spaces Wi of functions
w(x,y1,...,y:;) which are Y; periodic with respect to y; for j = 0,...,4 such that for all a; € R?

11



(j=0,...,0i— 1) with |a;] <1 and o; € R? with |a;| < 2, we have H5=o0 il /(80 xd*y, ... 0% y;) €
LP(D XYy % ...% Y) In other words, W; = WP (D, W, (Yy,..., WP (Yi1, WP (V7)) = WHP(D) @
W#p(Y )R...QW. ’p( i—1) @ W, ’p( 7). This space is equipped with the norm

lwllyy, = > ‘

0<|a;|<2
0<lagl,. . lag_1]<1

82;:0 ‘aa‘w
8a0x8a1y1 AN 8aiyi

Lr(DxYyX...xY;)

We have the following approximation properties

Lemma 3.5 Forw € Wi, when p = 2

inf |w— wL||LT’(D><Y1><...><Yi) < CLi/2hL||wHWi;
w EV

and when p > d .
inf [lw—w"|| Lo (Dxyix..xvi) < cLhpwllyy, -
whkeVE

The proofs for these are presented in [26] and [25]. We employ the sparse tensor product FEs for the
backward Euler approximating problem (3.1), i.e. we let V£ = VI for i = 1,...,n. We denote the

: AL AL L 5L L 5L .
solution as 4g ,,, and 4;,,,. We denote zy,, by 2y, and z;,, by Z,,. We then have:

Theorem 3.6 Assume that ug € C2([0,T], H)NC([0, T], W2?(D))NH([0,T], H'(D)), u; € C([0,T], W;)
fori=1,....,n and ||lg — g*||xg < Can/(2(p71))h€/(2(P_1))' Then

126, as 117 + At Z 125.0m 17 + Z I125n11%,) < e(L™hE, + (A1)?)

when p = 2; and

M

126 ar I3 + A8 D (125 I, +ZH

m=1

P < (L Dpp/ =1 (AP (1))

when p > d.
The proof of this theorem is similar to that for Theorem 3.4.

Remark 3.7 The requirement of p > d is to ensure that W'P(D) C C(D) and W;’p(Y) CCx(Y). Ifu;

is smoother than WP (D) with respect to x and W#p(Yi) with respect to y; so that they are continuous
with respect to x and y;, then we can remove this requirement.

Remark 3.8 The dimension of the full tensor product FE space ‘_/iL is O(219L) which is very large when
L is large. The dimension of the sparse tensor product FE space V&' is O(L'2¢L) which is essentially
optimal.

3.2 Crank-Nicholson method

We use the Crank-Nicholson discretizing scheme to solve problem (2.5) in this section. We first consider
the scheme for general FE spaces, and prove the convergence of the scheme. We then use the full tensor
product FEs and sparse tensor product FEs for the Crank-Nicholson scheme, and deduce the error of
convergence.

12



3.2.1 Crank-Nicholson method for general FE spaces

We employ the partitian 0 < ¢; < ... <ty = T as in the previous section. The discretized problem is:
Form=1,...,M, find Uf,, € VL and U}, € Vi for i = 1,...,n such that

UOI:m+1_UOI:m d)
At s PO Y

// <m+1/2"r Y5 ((VUOm+VUOm+1)+Z(V ot Yy, zm+1))>

i=1

-Vm+§:V%@wa

i=1

=/ﬂmﬂm%m (3.9)
D

for all ¢9 € VL and ¢; € VL. We then have:
Proposition 3.9 Problem (3.9) has a unique solution.

The proof of this proposition is similar to that of Proposition 3.1.
We have the following approximation result. Let

1 1
Z[j)::m = uo(tm)_U(im7 Zsz = ( ) UL Z(%m+1/2 ~ §<Z(im+Z(§,m+1)7 Z’iL,m+1/2 = §(Zsz+Zsz+1)

Theorem 3.10 Assume that ug € C3([0,T], H) N C?([0,T],V), u; € C?([0,T],V;). Then

M-1
125 0% + A Y (128 g oo + Z 12} i1 211%,)
m=0 =1
M-1 n
. ~1 . ~1
< At (Z (o = To)ms1/2l "™ + 3l (ws = @l 2 )
m=0 =1
M-—1 n
+ ) (o = tio)msy2lf + Y 1w — ;) V)
m=0 i=1
& (o — U0)m+1/2 — (U0 — o) m—1/2 ?
~ A
m=1 ¢ H
 max o — do)mosally + llg - 9By + (AP0, (3.10)

for all {tg m, m=0,...,M} C VL and {t;m, m=1,...,M} C VL fori=1,...,n where

- 1 - _
(i = @i)mi1y2 = 5l(Wiltm) = Qim) + (wiltm+1) = Qi)
fori=0,1,....n
Proof Let pom = 27 (uo(tm+1) — w0(tm)) — 22 (tmr1/2), Com = 5 (Wo(tms1) + uo(tm)) — uo(tmi1/2),

Ciom = 3(Ui(tms1) +ui(tm)) — wi(tmi1/2). Since ug € C3([0,T7, )002([0,T},V), u; € C2([0,T],V;), we
deduce that

lpo.mllzr < c(At)?, [IGomllv < c(A)?, L < c(At)?

where the constant ¢ does not depend on m. From (2.5) and (3.9) considered at ¢ = t,,, 1/ we deduce
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that

Z(%m+1 - Z(%m
<At7¢0 . - <p0,m7¢0>H

n
(Vytism + Vyttignt1) = Vom = > Vy,Gim)
=1

N | =

=1

1 n
+ /D L (A(tm+1/27 x,Y, §(Vu0,m + vuO,m-‘,—l) + Z

N

1 n
_A(tm+1/27 z,y, §(VUU[:m + VUOL,m+1) + Z (Vyi Uinm + Vyi Ufm+1))>
i=1

(Vo + Y Vy,¢:)dydz
i=1
- (3.11)

Consider

(3.12)

T = ZOl:m-Q—l - Zélm Z(im-&-l + Z(im
At ’ 2
H

1 1 &
+/ / (A <t7n+1/27 €, Y, §(vu07m + VUO,m+1) + § Z(vyuz,m + vyui,erl)) -
DJY

i=1

1 I
A <tm+1/27 z,y, i(VUO[:m + VUOI:m-&-l) + 5 Z(qu UiL,m + vyz il,/m+1)>>

i=1

Z()Lm+1+Z0Lm L Zsz-i-l—’_Zsz
: <v2 + ;Vyif dydz.

For {iigm, m=0,...,M} C VL and {i;m, m=1,...,M} C V;¥, we have

Z0Lm+1 - Z(%m ~ Z&m—i—l - Zélm ~
I = <At’ (up — o) m+1/2 / + Tv (o — UoL)m+1/2

H
n

1 1
+ / / A(tm+1/2> x, Y, 7(Vu0,m + V’U/O,erl) + - Z(Vyluz,m + vyiui,erl))_
by 2 2=

1 1
A(tm+1/27 z,Yy, §(VUOI:m + VU({J,m—Q—l) + 5 Z(v% Uzl,lm + vlh z'l,lm+l))>
=1

: ((Wuo — o) ms1s2 + Y Vo (i = @)mg1y2) + (Vo = U sz + Y Vi, (i — Uf)m+1/2>> dyda.

i=1 =1

14



From (3.11) we have

ZLm —ZLm B
I = <07+1AtO77(UO—UO)m+1/2>

H
n

1 1
/ / (A(tm+l/2> Y, §(V“0,m + Vuomi1) + 3 > (Vi tiim + Vi timi1))—
pJy

i=1

1 1
A(tm+1/27 z,Y, §(VUOI:’m + vUvOL,m-‘,-l) + 5 Z(v UL + vyl U’L m+l))>

1=1
: ((V(uo — o) mi1y2 + Y Vi, (ui — ai)m+1/2)> dydz
1=1

+{po,m, (Tio — U Vmt1/2) 1

1
//( tnt1/2:%, Y, 5 (VU0m+VU0m+1

1 1 —
_A(tm+1/27 T, Y, = (VUO m + VUO m+1) + = 2 Z(Vyiui,m + vyiui,erl)))

i=1

l\JI»—A

Z Vyiui,m + vyiui,m+1) - vCO,m - Z vini,m)

i=1

(Vi = U )mr1jz + 3 Vy,(lls = U )1 2)dyda.
=1

We note that (ag — UOL)mH/Q = (Gp — U0 )m+1/2 + Z()L’mﬂ/2 and (@; — UZ-L)mH/Q = (Ui — Us)mt1/2 +

Z iL,m 4120 For a positive constant § > 0, using Young inequality, we have

ZLn - ZL ~
I < < 0, L+1At 0,m 7 (UO _ UO)m+1/2>
H

‘|‘5HZ0Lm+1/2||p +5Z [ zm+l/2||V + ell(uo — o) mr1/2lly +CZ [(wi = @i)pmt1/2lY,

=1

+el[(uo — o) mr1/2l7 + CZ | (w; — @;)
i1

+C||p0mH31+5HZoLm+1/2||p +cf(uo —a )m+1/2||§1
JFC”COqu +CZHQ m||q +5||Z(§m+1/2”p +6ZHZZ m+1/2||V

=1 =1

+ell(uo — o)1 /2% + e D I1(ws = @) 2,

=1
Zmr = 24, i i = i
S0t TN (g — Gio)nraje )+ cll (o — Go)mrry2lll + e D [1(ui — @)
At . v

IN

n
+c|(uo — o) mt1 /217 + CZ (s — ;)
i=1

+e(A)*T + 01 Zg g1 21T + 52 1Z 1217,

=1

where we have used the fact that ||w||g < ||w||y for all w € V. From (2.1), we have

1
I (12l = V2l + AN ZE s olly + ¢ 312
i=1
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Choosing ¢ sufficiently small, we have

1 n
55 12l = 12 l0) + el ZE ol + 3 12l
=1
Z()Lm+1 - ZOLm -
< C<’At’7(uo —U0)mr1/2 )+ cll(uo — To)mi1/2lY +CZ|| Ui)mv1/217;
H
el (uo — o) mr1 2} + €Y Il(ui — ;) + c(At)*
i1
Fixing an integer P < M, taking the sum for m =0,..., P — 1, we have
P-1
1Z8.p 117 = 1260117 + At > (125 ms1/2 113 +Z||Z V)
m=0 i=1
P—1
<Aty ( o — 1) m1/2l¥ + Z Il (u z‘)m+1/2|3/¢>
m=0 i=1
P-1
+0Atz (H(Uo m+1/2HV+Z” m+1/2||V>
m=0
=/ Zems — 2
P(A)>T! 4 2A¢ Y <W (uo — o) st /2> : (3.13)
m=0 H
We note that
P—1
Z0'm Z0m .
At Z <0+10, (uo — Uo)m+1/2>
=0 H
= <Z0,P7 (up — ﬂo)P41/2>H - <Z0L,o, (up — 110)1/2>H
P-1 ZOL
+At; < A;n s (U0 — Uo)m—1/2 — (1o — ﬂo)m+1/2>H
< 0| Zg:p % + cll(uo — @) p—1/2llFr + 12,0113 + (o — o)1y %
—|—5Atpi:1 1ZE |2 + Atpi:l (uo — @o)my1/2 — (U0 — To)m—1/2 ?
o,mllH TC Al Y

m=1 m=1

where we have employed the Cauchy-Schwartz inequality; ¢ is a constant which we choose to be small.
From the fact that At 22;11 1 Z§ 17 < T maxp—o,... . || 2, I3 and (3.13), we have

0

+c(At)* +C||( 0 — o) p— 1/2||H+C||Zoo||H+||( 0_ﬁ0)1/2||%{
P—

P-1 N
1Z6pll < et <”(“0 —0)mi1y2llf + D Il (ui — ﬂi)m+1/2||(\1/2:>

m=0 i=1

P—-1
+eAt Y (H(Uo to)m+1/2|ly + Z I(u

m=0

Uo m+1/2 — (Uo - Uo)m 1/2
At

+cAt

L 2
+0T max 120 m |

m= H
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for all P=1,..., M. Choosing § sufficiently small, we have

M-1
L
mZHOI?}iN]”ZO,mH%I < cAt ZO (H(Uo m+1/2||v +ZH m+1/2||\/,>
m—

M—1

+eAt Y ((Uo = o) m+1/2/lv + Z ([ (i = @) ]\D/>
m=0 i=1

+e(At)* + ¢ max ||(uo — Go)m-1/2llf + €l Zg ol H

m=1,...,M

= || (w0 — Uo)m1/2 — (Uo — Uo)m—1/2 ?

+cAt Z A7 .
m=1 H

From this, we get the conclusion. a

3.2.2 Crank-Nicholson method for full tensor product FE spaces

We deduce the error for the Crank-Nicholson method where we use the full tensor product FE space VL

defined in (3.5) for V; in Subsection 3.2.1. We denote the solution as UOLm, UZLm We denote Z} ‘)2
and Zz /2 by Z()L’mﬂ/z and Zz /2 respectively. We then have the following result.

Theorem 3.11 Assume that ug € C3([0,T], H)NC?([0,T],V)NC([0,T), W2?(D)NH((0,T), H(D)),
u; € C2([0,T),V;) N C([0,T],W;). Then

M-—1
i 1 )
1Z6 a3 + A8 Y (125 s ol +Z|| Py < e(h?/ Y 4 (Ar)2/ (-1,
m=0 i=1

Proof Since u; € C([0,T],W;), we choose i; m € V;& for m =1,..., M such that

(| (u; — ;) - < chr([lui(tm) lw; + [lwi(tmr1) ;) < che,

where ¢ is independent of ¢. Define the interpolation I (ug)(t) € VL such that the value of I (ug)(t) at
each node equals the value of ug(t). We have

Juo(t) = I* (uo) (1) lv < chplluo(t)w2r(p) < chi.
Choosing @ig(t) = I*(ug)(t), we have
[(uo — o) my1/2llv < chr

where ¢ does not depend on m. We then have

Ail (uo — 0)my1/2 — (w0 — U0)m—1/2
= At I
Aﬁ: o — Uo)m+1 — (W0 — To)m ? + (uo — To)m — (U0 — Qo)m—1 2
2 At . At A
With dig(t) = I*(ug)(t), we have
% _ % ch Aug
ot ot 1ot ppy”
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Thus

N - 2 m - 2
R e A= e
At H mAt ot H
2
(m+1)At -
< / M@)H dt (At)fQ
mAt ot H
2
(m+1)At
< chi / Ouo H dt | (At)~2
mAt ot HY(D)
(m+1)At 2
< ch? / m(t)H dat | (At)~L.
mAt ot H(D)
Therefore
At Mz_:l (1o — o) m1/2 — (o — GoYm—1/2 || < on2
— At P
We then get the conclusion. a

3.2.3 Crank-Nicholson method for sparse tensor product FE spaces

Using the sparse tensor product FEs, i.e. we use the sparse tensor product FE space ‘A/Z-L defined in (3.8)

for V; in Subsection 3.2.1, for i = 1,...,n, we denote the solution as UOLm and Ufm, and Z&m+1/2 and
ZiL,m+1/2 by Z()Lm+1/2 and ZiL,m+1/2 respectively. We then have the following result.
Theorem 3.12 Assume that
ug € C*([0,7), H)n C*([0,T],V) N C([0, T], W*P(D)) N H*([0,T], H'(D)),
u; € C*([0,T],Vi) N C(0,T], W;)
fori=1,...,n. Then
M—-1 n
1Z5allFr + A D 125 s ol + DN Z i poll3) < e(L7RE + (A1) (3.14)
m=0 =1
when p = 2; and when p > d
R M-1 no
1Z5 e + A D U2 g pall¥ + DN ZE i all¥) < e((LPhe )P/ P70 4 (A1) P=1). (3.15)
m=0 i=1

The proof of this theorem is similar to that of Theorem 3.11.

4 Numerical correctors

We derive numerical correctors in this section. First we derive the homogenized equation from (2.5). Let
¢po=0and ¢, =0fori=1,...,n—11n (2.5), we have

/ / A(t,z,y,Vug+ Vyur + ...+ Vy, uy) - Vy, dndyy ... dyr1dz = 0.
DJY

For each vector £ € R?, we denote by N™(t,2,9,,_1,Yn,&) € W;gp(Yn)/R the solution of the problem

Vyn : A(t7xay7z—17yn’§ + VynNn(t7x7ya€)) = 0.
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We then have u,, = N"(t,2,y, Vug+ Vy,u1 +...+Vy, un_1). The (n — 1)th homogenized operator is
determined as

An_l(t,x,ynfhf) = v A(t,x,yn,l,yn,é + VynN(tvxvynflaynvg))dyw

It can be shown that A" ! satisfies the monotone and local Lipchitzness conditions similar to those
of (2.1) and (2.2) (see, e.g., [11], [17] and [9]). Inductively, let A™(t,z,y,&) = A(t,z,y,&). Let
Ni(t,x,y,_1,yi, &) € W;’p(Yi)/R as a function of y; be the solution of the problem

Vyi . Ai(t7x7yi—17y’ia§+ VyiNi(tvxvyi—hyi;f) = 0.

The (i — 1)th homogenized operator is defined as
Aiil(ta z, yi—la f) = / Al(tv x, yi—la Yis 5 + vlel(t: x, yi—l: Yis 5))dyl
Y
which satisfies the monotone and local Lipschitzness conditions similar to (2.1) and (2.2). The homoge-

nized equation is:

auo

<W»¢U>H+/DAO(t7:E,VuO)-Vuodx:/thédx, Vo € V. (4.1)

4.1 Two scale problems

For problems of two scales, we can deduce an explicit homogenization error in terms of the microscopic
scale. We then derive a numerical corrector with an error that is the sum of the FE error and the
homogenization error. Let N(¢,x,y,&) belong to W;p(Y)/R as a function of y and satisfy the cell
problem

Vy-Alt,z,y, &+ VyN(t,z,y,§)) =0. (4.2)

The homogenized opertor is determined by

A(t,x,€) = /YA(t,x,yf+VyN(w,y7£))dy- (4.3)

We have the following homogenization result:

Proposition 4.1 Assume that uo € C([0,T],C%(D)), u; € C([0,T],CY(D,C*(Y))), we then have

VU — [Vuo + Vyu (-, -, é)]”Lp((oj)XD) < cel/r-1))
Proof Let
ui(t, z) = uo(t, z) + euy (¢, x, g)
We have from the fact that A € C1(D x Y x RY) and (2.2) that
x x x .
|A(t, x, - Vuo(t, z) + Vyur (¢, z, g) — At x, = Vui(t,x))| < ce. (4.4)
Fori=1,...,d, we define the function

gi(t,l',y) = Ai(t7x7ya VUO(x) + Vyul(t»xay)) - A?(t,l’, VUO(t,ZL’))

From (4.2) we have

a. it7$7 :07
ayig( y)

and

/ gi(t,z,y)dy = 0.
Y
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From [29], there are functions o;(t, z,y) for ¢,j =1,...,d such that a;; = —a;; and
*(t T )*ia--(t T )
gi\l, T, Y _8yj ij\L, X, Y)-
As g; € C*([0,T] x D,C(Y)), we have a;; € C1([0,T] x D,C*(Y)). We then have

A; (t,x, g, Vuo(t, z) + Vyur (t,x, g)) — A?(t,x, Vug(t,z)) = E%O{ij‘ (t,x, g) — 5%0@ (t,x, g) ,

J J

where T denotes the partial derivative of a;;(t,z, %) as a function of 2 only. Thus for any functions
(beW()lp( ) we have

/D (AZ- (t,x, ; Vug(t, z) + Vyur (t, x, E)) - AV(t, x, Vuo(t,x))> g)—i(x)dm

€
r\ 0% 0 d¢ 0 d¢
- — ij taaf dx — a5 Yij ta = - 71"t
s/Doz]( xs)@xiaxj . 5/Daxjo”( “ )axz E/Daxjaj( )axz
due to a;;(t,z,y) = —a;;(t,z,y). From this and (4.4) we have
J J
H(aul (Aa(t,-,Vui)) = (%(t) —Ao(t,-,Vuo)))

Let 7 € D(D) be such that 7¢(z) = 1 outside an & neighbourhood of dD and €|V, 7¢(x)| < ¢ where ¢ is
independent of €. Let § > 0 be sufficiently large. We consider the function

< ce. (4.5)

HWM(D)

wi(t,x) = ug(t,z) + 7 (z)ui(t, x, x/e).
We note that
€ _ € — (4 - _ f _ € f
V(uE (t,2) — wi(t,z)) = —eVre (x)u (t x, ) te(l—75(2))Vour (t,x, 5> +(1—75(2)Vyu (t,x, 6) .
As the support of V(uj —wf) is in an € neighbourhood of 9D, we deduce that
[uf — willwre(py < ce™P. (4.6)

From (2.2), we have
1A%(#, -, Vui () = A%(t, - Vi ()| a(py < ce'/P.

Therefore
H (aul(t) — V- (A5(, -,vui)) - (a“’l(t) — At .,Vw§)> H < cel/p,
ot ot W-1.a(D)

From this and (4.5), we have

8’(1)? € e 1/
A% (t, -, Vu®) | — — A%(t,-, Vuwyi) <ce'P. (4.7)

at Wﬁl’q(D)

Therefore

T T
/ <9(us ), (uf — w§)> dt +/ / (A(t, -, Vuf) = A°(L, -, V) - (VuF — Vs )dadt
0 ot H 0 D

T
< cal/p/ lu® — wi||vdt
0

T 1/p
< cellp ( |- wi’&dt>
0
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Using (2.1), we have
|us(T) — w§(T)||F + || Vu© — Vw‘f”’ip((oj)xm < eV VuE — Vs | o o,myxpy + [[uf(0) — w(0)]%.
Asu; € C([0,T] x D x Y) and u®(0) = uo(0) = g, we have ||u®(0) — w$(0)||z < ce. Therefore
IVu® — V|| Lo (o.m)x D) < cel/(p(p=1))

From (4.6), we have
IVu® = Vg || ogomyxpy < e/ PP,

From this we get the conclusion. a
To construct a numerical corrector, we employ the following operator. For ® € L'(D x Y') we define
U (@) () = / cp(em tez, {f})dz (4.8)

Y e €

where [z/e] denotes the “integer” part of x/e with respect to the unit cube Y and {z/e} = z/c — [z/e].
The operator U* satisfies:
U (®)(x)dx :/ O (z,y)dydz, (4.9)
D¢ DxY

for all ® € L'(D x Y), where D¢ is the 2¢ neighbourhood of D; & is regarded as 0 when x is outside D.
The proof of this proposition is quite straightforward; we refer to [16] for details.

We then have the following corrector result. For the solution of the backward Euler approximation
using full tensor product FEs, let 4} : (0,T) — V and @¥ : (0,T) — Vi be defined as

_ 1 _ _ _ 1 _ _
U‘g(t) = §(u€,m + U(L)/,m-&-l)a U1 (t) ~ §(ufm + ufm+1) for ¢ € [tmvtm+1)'

Theorem 4.2 Assume that uy € C*([0,T),V) and u; € C*([0,T],V1) N C([0,T),C*(D x Y)) and the
hypothesis of Theorem 8.4 holds. For the solution of the full tensor product FE backward Euler approzi-
mation in (3.4), we have

VU — [V%L(,) +u&'(vyﬂf)(,)}HLP((07T)><D) < 0(51/(17(1771)) + hlL/(p—l) + (At)l/(pfl)).

Proof Using the midpoint rule, we have

T M—-1 .(m+1)At
/0 IVuo(t) = Vb &) 5,y = > / L IVu®) = Va1 oyt
m=0"v ™
M-—1
<3 (A Vot y2) — V& (g1 /2) [0y + (A1)
m=0

where the constant ¢ is independent of At and t,,,1/2 = t,, + %At. We have

1
H §(VUQ(tm) + VUO(tm+1)) — VU/O(tm+1/2) S C(At)g
L»(D)
From this we deduce
T
| 190 - Va0l
M-1 1 1
< > (At||2 (Vuo(tm) + Vo (tmr1)) — 3 (VG 1 + VG 1) 1]y + c(At)3>
m=0
M-1
< et 3 (193l + IV ) + 0
< C((At)p/(p—l) + hi/(P*U).
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By the same argument, we have
T
| 195010 = Dy Ol < (27100 4100,

From (4.9) we deduce

U (Vyur — V@) o 0,7y 0y < IVyur — Vol || no(0.1)x Dxv)-
Further, as u; € C([0,7T],C*(D x Y)),

IV, (t, 2, g) — U (Vyur)(t, )| < ce.

Thus
IVu® — [Vag + U (Vyui)]ll e o,r)< D)
[Vu® — [Vug + U (Vyur)]l| Lr (0,1 D)
+[IVuo — Vag || Lo o,y <0y + U (Vyua) = U (Vay) || Leo,r)x D)
< eV P (A=) g /ey,

IN

|

Similarly, for the solution of the backward Euler scheme using the sparse tensor product FEs, we
define 4§ : [0,T] — V and aF : [0,T] — V; as
N 1, . . N 1. N
Ué’(t) = §(u£,m + u(%,m-&-l)a U1 (t) = §(ulL,m + uim+1) for ¢ € [tﬂ%tm-i-l)'

Theorem 4.3 Assume that ug € C%([0,T],V) and u; € C?([0,T],V1) N C([0,T),CY(D x Y)) and the
hypothesis of Theorem 3.6 holds. For the solution of the sparse tensor product FE backward Euler ap-
prozimation in (3.1), we have

IV = [V () + UV, aE) 0.1y < (/2 + LY2hy, + At)
((0,7)x D)
when p = 2; and when p > d
IV = 194 () + U (it ) (Nl oo,y ey < e/ P+ (Lhp) V0D + (A1) V=),

The results for the Crank-Nicholson scheme are similar. For the full tensor product FEs, we define
UE:[0,T] =V and UL : [0,T] = V4 as

- 1 - — _ 1, _

U(%(t) = 7(U(‘)L,m + U()Lm+1)’ UlL(t) = §(U1[:m + UlL,m+1) fort € [tm’tm+1)'

Theorem 4.4 Assume that ug € C*([0,T],V) and u; € C?([0,T],V1) N C([0,T],CY(D x Y)) and the
hypothesis of Theorem 3.11 holds. For the solution of the full tensor product FE Crank-Nicholson ap-
prozimation in (3.4), we have

IVu® — (VU5 () + U (VU Olllnomyxy < e/ 070 40/ 070 4 (An)*/7).
Similaurly7 for the solutiop of the Crank-Nicholson scheme using the sparse tensor product FEs, we
define UY : [0,T] — V and UL : [0,T] — V; as
B 1 - ~ - 1,4 A
Us (1) = 5 Ui + Uginn)s UF (0) = S (UL + Ulpsy) for &€ [tam, tnya).
We then have the following corrector result.

Theorem 4.5 Assume that ug € C%([0,T],V) and u; € C?([0,T],V1) N C([0,T),CY(D x Y)) and the
hypothesis of Theorem 3.12 holds. For the solution of the sparse tensor product FE Crank-Nicholson
approximation in (3.1), we have

IVus = [VU§ () + U (VUL Ol 2o, myxpy < €'/ + LY2hy + At)
when p = 2; and when p > d
IV = VUG () + U (T, U0) Ollleo,ycpy < (/P00 4 (Lhp) /0 4 (A7),
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4.2 Multiscale problems

For general problems with more than one microscopic scale, a homogenization error in terms of the
microscopic scales is not available. However, we can establish a numerical corrector from the FE solutions.
We assume that &;,_1/¢; is an integer for all i = 2,...,n. We first define the operator 7,F : L*(D) —
LY(D xY) as:

i@ @) = 6(=1 | =] +ea ] o e[ eua) (4.10)

€a/e1 En/En=1

where the function ¢ is understood as 0 outside D, and [-] denotes the “integer” part with respect to Y.
Let D¢ be the 2¢ neighbourhood of D. For all functions ¢ € L'(D) which are understood as 0 outside

D, we have
/D¢dx=/DE/Y7;f(q’>)dyd:v. (4.11)

Ts(Vu®) = Vug+ Vyur +...+Vy u, in LP(D xY). (4.12)

We can also show that

We define the operator U : L'(D x Y) — L' (D) as

€1 €2
/ / 51 +51t1, |: {*}}"F*tg,...,
Y E1Leg Leg €1

En: [szn1 {en_l }] + g€n1tm {a})dtn codty (4.13)

n—

where {-} = - — []; the function ® is understood as 0 outside D. We have U*(T¢(®)) = & V& € L}(D).

Further,
/ L{Z(@)(x)dz:/ / ddydx (4.14)
D pJY

where ® is understood as 0 outside D. The proofs of these facts can be found in [16].
We have the following corrector results.

Proposition 4.6 We have
lim [[Vu® = [Vug +U§(Z; Vy,ui)lllLe(0,m)x D) = 0.

Proof ~ As v® is uniformly bounded in LP((0,7);V), from (2.2), A(t,x, Z, o VuE ) is bounded in
L((0, T) x D). Let x € L((0,T) x D x Y) be the (n + 1)-scale convergence limit of a subsequence of

Altyz, 2., E‘” , Vuf). From (2.5), we have that
T n T n n
/ / / x (Vo + Zvyivi)dydl‘ = / / / A(t,z,y, Vuo + quhul) (Vo + Z Vy,vi)dydxdt.
o /DJY i=1 0 JDJY i=1 i=1

(4.15)
for all vg € V and v; € V;. We consider:

T Jous  Qug . x R -
I:/O <8t 5{, > /0 // Te(A(t,x, — ,;,Vu ))—A(t,:z:,y,Vuo—i-ZVyiui)

=1

(TE(VUE) = (Vug + Y Vy,u;))dydzdt.

i=1

23



From (2.3), (2.5), (4.15) we have

lim I
e—0
T/ oue 8u0 77
= lim —u° Jug ) dt + / / — ey, —, VUu) - Vutdadt —
e—0 0 8t H En
T
/ / / A(t,z,y, Vug + Z Vi) - (Vuo + Z Vi) dydzdt
o JpJy =1 i=1
=0.

Using the smoothness of A, we have

lim I =
e—0
T T n

. ou®  Ouy . W

ilg% ; < 5 " ot —uo>H —l—/o /D/Y <A(t,x,y,T (Vuf))) — A(t, z,y, Vug +;Vyiul)>

(TE(Vuf) = (Vug + > Vyu;))dydzdt.

i=1
From (2.1) and u®(0) = uo(0) = g, we have
lim [[u™(T") = uo(T) | + |T%(VuT) — (Vg + ; Vyui)ll v ((0,7)x Dxy) = 0
From (4.13), we have (U(P)(t,z))? < U(PP)(t,x). From (4.14), we have
Hus( )H ((0,T)x D) < Hu6<q)p)HL1((0 T)x D)) < ||<I)||Lp ((0,T)xDxY)" (4'16)

We therefore have

4= (T (Vuf) = (Vuo + > Vyu))llLooryxpy < IT°(Vus) = (Vuo + Y Vi)l Lo (0,1 x Dxy) = 0
=1 i=1

when e — 0. Using U*(7°(Vu®)) = Vu®, we get the conclusion. ]

We construct the numerical correctors from the finite element solutions of problem (2.5). We present
the results for the backward Euler approximations. The results for the Crank-Nicholson approximations
are similar. For the full tensor product FE approximations, let @ : (0,7) — V and @; : (0,T7) — V; be

defined as
1 1

ﬂg(t) = §(ﬂ(l)l,m + aé,m#»l)’ ul(t) 2(17‘2Lm + ,L_LiL,qul) for t € [tm?thrl)'

Theorem 4.7 Assume that the hypothesis of Theorem 8.4 hold. For the solution of the approrimating
problems (3.1) using the full tensor product FE approximation for u;, we have

hm ||V’u — [VUO +U€ Zvyl u; ‘LP((O T)x D) =0.

s~>0 =1

Proof As in the proof of Theorem 4.2

T
/ IVuo(t) = Vak ()|}, p) < (AP =D 4 pb/ =)
0

and foralli=1,...,n,

T
/0 Vi (8) = Vo T ()5 oy Bt < c((ADP/ 07D 4 /=Dy,
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From (4.14) we deduce

U° (Vg ui = Vo, @) | Lo 0.1y x D) < Vgt = Vi, @ | Lo (0.1 x DY) -

Thus
IVu® — [Vag ‘H/{ri(z V. @)l e ((0,1) % D)
i=1
< Vet = [Vuo + UE(Z Vy,ui)lllLe 0,7)x D)
i=1
n n
Vo = Vg || oo,y x0) + U Vyow) = U V@) Lo o)< )
i=1 i=1
which converges to 0 when ¢ — 0 and L — oo. a

Similarly, for the sparse tensor product FE approximation, we have:

Theorem 4.8 Assume that the hypothesis of Theorem 3.6 hold. For the solution of the approximating
problem (3.1) using the sparse tensor product FE approzimation for u; fori=1,...,n, we have

lim |V = [Vag +U (DY Vy,af)l| o (o,m)<p) = 0.

e—0 =1

5 Numerical examples

We present some one dimensional and two dimensional numerical results in this section to illustrate the
sparse tensor product FE method.
We first consider a problem on the domain D = (0,1) where the monotone nonlinear function

Alt,z,y,8) = &+ %sin(m sin(27y)¢) — t2x cos(27y)
—% sin(t2z sin(27y) (22 — 1 + 2 cos(27y))) (5.1)

and f(t,r) = —2t? + 2t(2? — x). In this case p = 2. The multiscale homogenized problem has the exact
solution
ug(t,r) = t3(z% — )

and
2

t
ur(t,z,y) = 27 sin(27y).

We apply the backward Euler and Crank-Nicholson methods with sparse tensor product FE spaces to
the multiscale homogenized problem. We use the Broyden’s method ([10]) and the Polak-Ribiére method
([14]) at each time step to solve the simultaneous nonlinear problems.

For the backward Euler method with sparse tensor product FE spaces, for the meshsize hy = O(27%),
we use a timestep of At = 1/2F. We plot the errors ||ug — ﬁ€||H5<<D>> and [juy — ﬁ1L||L2(D,H;E(Y)/1R) in
Figures 1 and 2 respectively at ¢ = 1. The numerical results show that the errors are O(At) + O(hr).
When these errors hold for all ¢,,, we get the errors estimate as in Theorem 3.6. This result supports the
theoretical finding.

In Figures 3 and 4, we plot the numerical errors for the Crank-Nicholson method on sparse tensor
product FE spaces for the same problem. For the Crank-Nicholson method, we choose a timestep of
At = 1/([25/2)7). The numerical results show that the errors are O((At)?) + O(hr). This result
supports the theoretical finding in Theorem 3.12.

We then consider the multiscale monotone problem for p = 4 on D = (0,1) with the monotone
function

Alt,z,y,8) = &+ %(2 + sin(27y))&® — t2x cos(2my)
—%(2 + sin(27y)) (22 — 1 + x cos(2my))? (5.2)
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Figure 1: The error ||ug — ﬁgHHé(D) versus the mesh size h for one dimensional problem (5.1) at ¢t = 1
for backward Euler method.
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Figure 2: The error ||u; — 121L||L2(D_’H#(Y>/R) versus the mesh size h for one dimensional problem (5.1) at
t = 1 for backward Euler method.

and f(t,r) = —2t2 + 2t(2% — 2). The multiscale homogenized problem has the exact solution
ug(t,x) = t*(z? — x)

and
2

t
ur(t,z,y) = 27 sin(27y).

We plot the numerical errors ||ug — ﬂ§||W01,4((D)) and |lu; — ﬁf\\L4(D7W;,4(Y)/R) for t = 1 in Figures 5
and 6 respectively for the backward Euler method, using sparse tensor product FE spaces. The numerical
results show that the error behaves like O(At) + O(hyz).

The numerical results for the Crank-Nicholson scheme are plotted in Figures 7 and 8. The numerical
results show that the error behaves like O((At)?) + O(hy).
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Figure 3: The error |jug — ﬁgHHé(D) versus the mesh size h for one dimensional problem (5.1) at ¢t = 1
for Crank-Nicholson method.
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Figure 4: The error ||u; — ﬁlL”L?(D,H#(Y)/R) versus the mesh size h for one dimensional problem (5.1) at
t =1 for Crank-Nicholson method.

For the two dimensional domain D = (0,1) x (0, 1), we consider the problem for p = 4 with coefficient

and

ft,x) =2t%(a" + 2" — 2’

At z,y,€)
g +e + %(2 + sin(2my" )" + %(2 + sin(2my))€"?
—t?(z’ 4+ 2"") (cos(2my’) sin(27y”) + sin(2my’) cos(2my”))
_%(2 +sin(2my")) (1 — 22") (2" — 2"'°)

(2’ + ) cos(2my’) sin(27my"))°
_%(2 +sin(2my")) (¢ — ) (1 — 22"

+(z' + 2") sin(27y’) cos(27ry"))37 (5.3)

2 $N2) + Qt(l‘/ o $/2)($H _ $H2)

with z = (2/,2") € D,y = (¢/,y") € Y and £ = (¢/,¢") € R%. The multiscale homogenized problem has
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Figure 5: The error ||jug — fLOL||WO1,4(D) versus the mesh size h for one dimensional problem (5.2) at ¢t =1
for backward Euler method.
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Figure 6: The error |lu; — alL||L4(D Wit(y) k) Versus the mesh size h for one dimensional problem (5.2)
at t = 1 for backward Euler method.

the exact solution
uo(t,z) = 2(2' — ') (2" — 2”%)

and
2

t
ui(t,z,y) = %(x' + 2'") sin(2my’) sin(27ry”)

For t = 1, we plot the errors ||ug — 115||W01,4(D) and ||Ju; — ’LAL{/”L‘;(D,W;A(Y)/R) for the backward Euler
method with sparse tensor product FE spaces in Figures 9 and 10 respectively. The errors for the Crank-
Nicholson method for sparse tensor product FE spaces are plotted in Figures 11 and 12. Once more the
results show that the error behaves like O(At) + O(hr) and O((At)?) + O(hyz) for the backward Euler
and Crank-Nicholson method respectively.

The results for the one dimensional and two dimensional cases for p = 4 show that the observed
numerical errors are of the optimal orders of At and h; which are far better than what we can show
theoretically. This is in agreement with the well known facts for numerical solutions of monotone problems
(see [25]).

We now consider a one dimensional three scale problem on D = (0,1) for p = 4 where the nonlinear

28



error

10°° E

10"
meshsize

Figure 7: The error |jug — fLOL||WO1,4(D) versus the mesh size h for one dimensional problem (5.2) at ¢t =1
for Crank-Nicholson method.
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Figure 8: The error |lu; — alL||L4(D Wit(y) k) Versus the mesh size h for one dimensional problem (5.2)
at t = 1 for Crank-Nicholson method.

monotone function

1
A(t7 Z,Y1,Y2, 5) y- g + E(Z‘l + Sin(Qﬂ—yl) + Sin(2ﬂ—y2))£3

t2(z cos(2myy) + @ sin(2myy ) cos(2mys))
6

t
_E(4 + sin(27yy) + sin(27y9)) (22 — 1 + 2 cos(2my; ) + wsin(27my;) cos(2my2))®  (5.4)

and f = 2t(x? — z) — 2t2. The multiscale homogenized equation has the solution
2

ug(t,z) = t2 (2% — x), wi(t,z,y1) = 2—3: sin(27yy)
m

and
2

t . .
us(t, ,y1,y2) = %x sin(27yy ) sin(27ys2).

We solve the multiscale homogenized equation with both the backward Euler and the Crank- Nicholson
methods using sparse tensor FE product spaces. The results are as proved theoretically. In Figures 13,
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Figure 9: The error |jug — ﬁ€||W01,4(D) versus the mesh size h for two dimensional problem (5.3) at ¢t =1
for backward Euler method.
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Figure 10: The error |Ju; — ﬁfHLél(D.W;A(Y)/R) versus the mesh size h for two dimensional problem (5.3)
at t = 1 for backward Euler method.

14 and 15 we present the numerical results for the backward Euler method. The figures show that the
errors are as predicted.
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