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In this paper a new restarting method for Krylov subspace matrix exponential eval-
uations is proposed. Since our restarting technique essentially employs the residual,
some convergence results for the residual are given. We also discuss how the restart
length can be adjusted after each restart cycle, which leads to an adaptive restarting
procedure. Numerical tests are presented to compare our restarting with three other
restarting methods. Some of the algorithms described in this paper are a part of the
Octave/Matlab package expmARPACK available at http://team.kiam.ru/botchev/expm/.
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1. Introduction

Computing actions of the matrix exponential for large usually sparse matrices is an important task occurring e.g. in
time integration of ODE (ordinary differential equation) systems, network analysis, Markov chain models and many other
problems. Krylov subspace methods appear to be an indispensable tool to carry out this task, especially for nonsymmetric
or stiff matrices. Other methods applicable to this task include polynomial interpolation methods [1–3], stabilized explicit
time stepping methods [4–6] and scaled truncated Taylor series approximations [7].

To be computationally efficient, Krylov subspace methods for evaluating actions of the matrix exponential on given
vectors often have to rely on so-called restarting techniques [8]. Restarting techniques allow to decrease memory and
computational expenses of the Krylov subspace methods by storing (and working with) only a limited, restricted number
of the Krylov subspace basis vectors, in contrast to the nonrestarted methods whose memory and work costs usually grow
with the iteration number. We emphasize that for general matrix function evaluations no short-term recurrence Krylov
subspace methods exist (such as the conjugate gradient method for solving linear systems). On the other hand, the design
of Krylov subspace restarting techniques for general matrix functions is a more complicated task than for solving linear
systems [9].
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Different restarting techniques for the Krylov subspace methods to evaluate matrix exponential actions have been
developed. In the EXPOKIT package [10], the restarting is based on the division of the time interval [0, t] into smaller
intervals to facilitate Krylov subspace convergence. Here, t > 0 is the time at which the solution y(t) = exp(−tA)v to
the associated initial value problem (IVP) (2) has to be computed. Authors of [11] propose restarting which employs a
residual concept (cf. (7)): the solution of the next restart is an approximate correction with respect to the residual. This
residual restarting is further developed and tested in [12]. In [13, Chapter 3] the proposed restarting is based on the
so-called generalized residual [14] and on the analogy between Krylov subspace methods for solving linear systems and
for evaluating matrix exponential actions. Another restarting is proposed in [9]: it uses the observation that the Krylov
subspace methods for evaluating f (A)v, with f (·) being a given matrix function and v a given vector, can be seen as
polynomial methods which interpolate f at the so-called Ritz values [15]. Other restarting techniques include [16–20].

In this paper we present a new restarting procedure for Krylov subspace methods which is applicable to the matrix
exponential. Our restarting technique has an attractive property, namely, convergence of the restarted Krylov subspace
method to the sought after solution e−tAv is guaranteed (though can be slow) for any length of the restart. Since our
restarting procedure relies on the behavior of the residual (cf. (7)), we provide some convergence estimates for the residual
norm. We also show how the restarting we present here can be extended to an adaptive procedure to choose a good length
for the next restart. Numerical tests are presented showing the potential of our adaptive restarting. We also discuss
how this restarting can be combined with the shift-and-invert (SAI) rational Krylov subspace approximations. Another
contribution of our paper is that the new restarting is tested numerically together with three other restarting methods:
the time step restarting of EXPOKIT [10], the Niehoff–Hochbruck restarting [13] and the residual restarting [11,12].

The paper is organized as follows. In Section 2 some preliminaries on the Krylov subspace approximations to the matrix
exponential and their residuals are given, as well as some results on residual convergence. Furthermore, in this section the
new restarting procedure is discussed and an adaptive way to choose an optimal Krylov dimension based on this restarting
procedure is introduced. In this section we also discuss how the restarting can be generalized to the shift-and-invert (SAI)
Krylov subspace approximations. In Section 3 we describe numerical experiments and present their results. Finally, the
conclusions are drawn in Section 4.

2. Restarting procedure

2.1. Preliminaries

Throughout the paper, unless indicated otherwise, ∥ · ∥ denotes the 2-norm. We also assume that A ∈ Rn×n is a matrix
such that

Re(x∗Ax) ⩾ 0, ∀x ∈ Cn, (1)

where Re(z) denotes the real part of a complex number z. This means that initial value problem

y′(t) = −Ay(t), y(0) = v, (2)

with v ∈ Rn given, is well posed, see e.g. [21]. Moreover, (1) implies that

∥ exp(−tA)∥ ⩽ e−tω, t ⩾ 0, (3)

where −ω = µ(−A) ⩽ 0 is the logarithmic 2-norm of the matrix −A [21,22]. Let Kk(A, v) be the Krylov subspace

Kk(A, v) = span{v, Av, . . . , Ak−1v}.

In practice, the Arnoldi process (or, if A is (possibly skew) Hermitian, the Lanczos process) is usually exploited to compute
an orthonormal basis v1, . . . , vk of Kk(A, v) (see for instance [23–26]):

Vk =
[
v1 . . . vk

]
∈ Rn×k, colspan(Vk) = Kk(A, v),
AVk = Vk+1Hk,

(4)

where Hk ∈ R(k+1)×k is an upper Hessenberg matrix. The relation AVk = Vk+1Hk is called the Arnoldi decomposition. Using
the fact that the last row of Hk contains a single nonzero entry hk+1,k ⩾ 0, one can rewrite (4) as

AVk = Vk+1Hk = VkHk + hk+1,kvk+1eTk , (5)

where Hk = V T
k AVk is the matrix Hk with the last row skipped and ek = (0, . . . , 0, 1)T ∈ Rk. A Krylov subspace

approximation yk(t) to y(t) = exp(−tA)v can be computed as [15,27–30]

yk(t) = Vk exp(−tHk)(βe1), (6)

where e1 = (1, 0, . . . , 0)T ∈ Rk and β = ∥v∥.
A convenient way to monitor the error of the Krylov subspace approximation yk(t) is to check its residual with respect

to the ODE in (2)

rk(t) = −y′

k(t) − Ayk(t), (7)
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which is readily computable as [11,12,31]

rk(t) = βk(t)vk+1, βk(t) = −hk+1,keTk exp(−tHk)(βe1). (8)

Although this residual notion for the matrix exponential is known and used in the literature (for example, to obtain upper
bounds on the error, see [31, formula (32)] and [12, Lemma 4.1]), there are hardly any convergence estimates for rk(t)
available. Therefore, since we essentially use this exponential residual in this paper, we now first give a general a priori
convergence result for its norm.

2.2. An estimate on the residual in terms of the Faber series

Faber series as a means to investigate convergence of Arnoldi method are introduced in [29]; see also [32]. Let
W (A) = {x∗Ax | x ∈ Cn, ∥x∥ = 1} be the numerical range of A and let Φj be the Faber polynomials [33] on the compact
W (A). Consider the Faber series decomposition

f (z; t) = e−tz
=

+∞∑
j=0

fj(t)Φj(z), z ∈ W (A), t ⩾ 0, (9)

where t is considered as a parameter.

Proposition 1. The residual of the Arnoldi method rk(t) defined by (7) satisfies the inequality

∥rk(t)∥ ⩽ 2hk+1,k

+∞∑
j=k−1

|fj(t)| ⩽ 2∥A∥

+∞∑
j=k−1

|fj(t)|. (10)

Proof. Throughout the proof for simplicity we omit the index ·k in Hk and Vk. The Faber series converges super-
exponentially in j and its coefficients fj(t) are smooth in t [33, Chapter 3]. This enables us to differentiate series (9)
in t .

Decomposition (9) induces the decomposition of the approximant

yk = Vf (H; t)e1 = V
+∞∑
j=0

fj(t)Φj(H)e1. (11)

Evidently,

zf (z; t) +
∂ f (z; t)

∂t
= 0,

whence

0 = z
+∞∑
j=0

fj(t)Φj(z) +

+∞∑
j=0

f ′

j (t)Φj(z) =

+∞∑
j=0

[fj(t)z + f ′

j (t)]Φj(z). (12)

Exploiting (7), (11), (4), (12) with H substituted for z, and the equality degΦj = j, derive

− rk(t) = AV
+∞∑
j=0

fj(t)Φj(H)e1 + V
+∞∑
j=0

f ′

j (t)Φj(H)e1

= (VH + hk+1,kqk+1eTk )
+∞∑
j=0

fj(t)Φj(H)e1 + V
+∞∑
j=0

f ′

j (t)Φj(H)e1

= V
+∞∑
j=0

[fj(t)H + f ′

j (t)]Φj(H)e1 + hk+1,kqk+1eTk

+∞∑
j=0

fj(t)Φj(H)e1

= hk+1,kqk+1eTk

+∞∑
j=0

fj(t)Φj(H)e1 = hk+1,kqk+1eTk

+∞∑
j=k−1

fj(t)Φj(H)e1.

The bound ∥Φj(H)∥ ⩽ 2 (see [34, theorem 1]) now implies (10). □

Remark 1. For rendering |fj(t)| specific see [32, section 4].
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Remark 2. Comparing of our estimate (10) with the estimate [32, theorem 3.2] for the error

∥y(t) − yk(t)∥ ⩽ 4
+∞∑
j=k

|fj(t)|,

we see that these two upper bounds differ mainly in coefficients. This gives one a hope that the error and the residual
behave similarly to each other. We also note that there exist error bounds in terms of the residual (see [31, formula (32)]
and [12, Lemma 4.1]).

We now discuss our restarting procedure.

2.3. Restarting algorithm

The restarting procedure we propose here is based on the observation that, even for very small values of k, the residual
rk(s) is small in norm on some interval s ∈ [0, δ] where δ is taken sufficiently small. This is formulated more precisely
in the following statement (which is a simple result given here for completeness). Let us define function ϕ1(z) as (see
e.g. [35])

ϕ1(z) = (ez − 1)/z.

Lemma 1. Let yk be the Krylov approximation (6) to y(t) = exp(−tA)v and let k be fixed. Then for the residual rk(t) defined
by (8) holds

∥rk(t)∥ ⩽ thk+1,k∥Hk∥βϕ1(−tωk),

where −ωk = µ(−Hk) is the logarithmic norm of −Hk. Hence, for any k and ε > 0 there exists a δk > 0 such that

∥rk(s)∥ ⩽ ε, ∀s ∈ [0, δk].

Proof. It follows from (8) that

∥rk(t)∥ = |βk(t)| = hk+1,k · |eTku(t)|,

where u(t) = exp(−tHk)(βe1) solves the initial value problem

u′(t) = −Hku(t), u(0) = βe1. (13)

Then we have

u(t) − u(0) = (exp(−tHk) − I)u(0) = −tHkϕ1(−tHk)u(0).

Since Hk = V T
k AVk is a Galerkin projection of A, from (1) it follows that

λmin

(
1
2
(A + AT )

)
⩽ λmin

(
1
2
(Hk + HT

k )
)

,

λmax

(
1
2
(Hk + HT

k )
)

⩽ λmax

(
1
2
(A + AT )

)
,

(14)

where λmin(·) and λmax(·) denote the minimal and maximal eigenvalues, respectively. We further note that

λmin

(
1
2
(A + AT )

)
= ω,

where ω is the constant defined in (3) (see e.g. [21,22]) and denote ωk = λmin( 12 (Hk + HT
k )). Hence, Hk inherits the

property (3) of A, so that

∥ exp(−tHk)∥ ⩽ e−tωk , t ⩾ 0, (15)

with −ωk = µ(−Hk) ⩽ −ω. Using the estimate in the proof of Lemma 2.4 in [35], one can see that (3) implies

∥ϕ1(−tA)∥ ⩽ ϕ1(−tω), (16)

so that a similar relation holds for ∥ϕ1(−tHk)∥. Hence,

|eTku(t)| = |eTk (u(t) − u(0))| ⩽ ∥u(t) − u(0)∥
⩽ t∥Hk∥ ∥ϕ1(−tHk)∥ ∥u(0)∥ ⩽ t∥Hk∥βϕ1(−tωk).

(17)

Then the last part of the Lemma statement follows from the observation that 0 < ϕ1(z) ⩽ 1 for z ⩽ 0. □
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Fig. 1. This algorithm determines δk such that ∥rk(s)∥ ⩽ βtol for s ∈ [0, δk] and u ∈ Rk such that yk(δk) = Vku. The initial value of nt can be
changed if desired.

It is not difficult to see that we cannot expect the estimate of Lemma 1 to be sharp. Indeed, the sharpness is lost in
the estimates (17) and this is confirmed by numerical experiments given below in this section (see also Fig. 6). We now
describe how our restarting procedure works and give some numerical illustrations.

Let tol be the given residual tolerance, i.e., we need to compute a Krylov subspace approximation ỹ(t) to exp(−tA)v
whose residual r̃ satisfies ∥r̃(s)∥ ⩽ tol for all s ∈ [0, t]. Furthermore, let kmax be the largest possible Krylov dimension,
so that the costs for computing Vk+1, Hk and storing Vk+1 are unacceptably high for k > kmax. Denote by δk the length of
the interval [0, δk] ∋ s such that ∥rk(s)∥ ⩽ tol. We carry out (at most) kmax steps of the Krylov method, computing on the
way at every step k the residual norm ∥rk(s)∥ for several values s ∈ [0, t] (including the value s = t , of course). If at step
k the largest of the computed values ∥rk(s)∥ is below the given tolerance tol then we stop at this step (in this case no
restarting is needed). Otherwise, if kmax steps are done but the stopping criterion is not satisfied then we carry out our
time restarting procedure. This means that we first determine the value δkmax . Taking into account Lemma 1, this is not a
difficult task which is carried out by tracking the values of ∥rk(s)∥ for increasing s (this procedure is outlined in detail in
Fig. 1). Then we set v := ykmax (δkmax ) and solve the IVP (2) on a shorter time interval [0, t − δkmax ]. Again, when solving
this IVP on the shortened time interval, we can apply the same restarting procedure. We call this restarting method RT
restarting (residual-time restarting) to emphasize its essential dependence on the time behavior of the residual function
rk(s). The RT restarting algorithm is outlined in Fig. 2 and schematically illustrated in Fig. 3.

It is easy to see that our RT restarting procedure is guaranteed to converge for any restart length kmax because there
always exists a value δkmax > 0 such that the residual is sufficiently small in norm on the interval [0, δkmax ] (see Lemma 1).

To show how the restarting procedure works, in Fig. 4 we give convergence plots of the restarted Arnoldi method
applied to the convection–diffusion test problem described in Section 3.1. The figure also shows the values of δkmax plotted
against the restart numbers. In addition, in Fig. 5 we plot the residual norms ∥rk(s)∥ versus s ∈ [0, t]. At this point it is
instructive to demonstrate the estimate of Lemma 1. Therefore, in Fig. 6 the estimates are plotted which correspond to
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Fig. 2. Description of the RT (residual-time) restarting algorithm. The algorithm computes Krylov subspace approximation yk(t) ≈ exp(−tA)v such
that for its residual rk(t) holds ∥rk(s)∥ ⩽ tol for s = t and several representative points s ∈ (0, t).

the residuals shown in Fig. 5. We see that the upper bounds are, as expected, by no means sharp but they do reflect the
time dependence of the residual norm ∥rk(s)∥, s ∈ [0, t], qualitatively well.

2.4. Making the restarting procedure adaptive

As can be seen in numerical experiments (see right plots in Fig. 4), the value δkmax tends to remain approximately
constant after several first restarts. At each restart the time interval is decreased from [0, t] to [0, t − δkmax ]. Hence, at the
end of each restart we can estimate the number of restarts that have yet to be done as ≈ t/δkmax .

This observation allows to make our time restarting procedure adaptive as follows. Denote by [·] the rounding operation
to the nearest integer. While carrying out Krylov steps k = 1, . . . , kmax, we compute for several values k (in our
experiments these are [kmax/3], [2kmax/3], [5kmax/6] and kmax) the values δk and measured CPU times tcpuk spent to carry
out these k steps. Then the values

t
δk

tcpuk , k = [kmax/3], [2kmax/3], [5kmax/6], kmax
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Fig. 3. A sketch of the RT restarting procedure.

Fig. 4. Residual convergence plot (left) and the values of δkmax against the restart numbers (right) for the convection–diffusion test problem (see
Section 3.1). The matrix A is a discretized convection–diffusion operator for Peclet number Pe = 100, mesh 102 × 102 (n = 1002).

are estimates of the remaining CPU needed to finish the computations for the restart lengths [kmax/3], [2kmax/3], [5kmax/6]
and kmax, respectively. Having computed these values during the restart, we can adjust the restart length for the next
restart to have the smallest expected CPU time. In the experiments shown below we do so only if the expected gain in
CPU time exceeds 5%. This adaptation procedure is then carried out at the end of every restart and also includes an option
for an adaptive increase of the restart length as follows. If the current restart length is k̃, with k̃ < kmax, and the CPU time
estimations indicate that the restart length k̃ is the optimal one then the new restart length is set to min{k̃+5, kmax}. We
call this adaptive restarting ART: adaptive residual-time restarting. In Section 3 we test the ART restarting numerically
and discuss it further.

2.5. RT restarting for the SAI Krylov subspace method

Shift-and-invert (SAI) Krylov subspace methods for computing actions of the matrix exponential are rational Krylov
subspace methods designed to have a much faster convergence (in terms of the Krylov subspace dimension) than in regular
polynomial Krylov subspace methods [36,37]. In SAI methods the Krylov subspace is built up for the matrix (I + γA)−1,
γ > 0, rather than for A, and thus the price to pay for the faster convergence is solution, at each Krylov step, of linear
systems with the matrix I + γA. If these linear systems are solved by an iterative method, there are efficient strategies
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Fig. 5. Residual norms ∥rk(s)∥ versus s ∈ [0, t] at the end of the first (left) and the third (right) restart cycles of length 40 for the convection–diffusion
test problem (see Section 3.1). The time interval at right is shorter, as it has been decreased at first two restarts. The matrix A is a discretized
convection–diffusion operator for Peclet number Pe = 100, mesh 102 × 102 (n = 1002).

Fig. 6. Residual norms ∥rk(s)∥ versus s ∈ [0, t] (left and right, solid lines) as shown in Fig. 5, together with their upper bounds given by Lemma 1 and
estimates (17). Dashed lines: hk+1,k∥u(s)− u(0)∥. Dashed–dotted and dotted lines (coinciding): sβhk+1,k∥Hk∥ ∥ϕ1(−sHk)∥ and sβhk+1,k∥Hk∥|ϕ1(−sωk)|.

to save computational work by relaxing the tolerance to which the systems are solved [37]. The shift γ can be chosen
depending on the required tolerance tol, and for the tolerances of order 10−5 to 10−7 a good value of γ is t/10 where t
is the time interval length [37]. This is the value we use in all our experiments. An attractive property of the SAI Krylov
methods is their often observed space-mesh independent convergence, which can be proven for the discretizations of
parabolic PDEs with a numerical range close to the positive real axis [37,38].

We now describe how the RT restarting strategy described above can be applied within the SAI Krylov subspace
methods. The regular Arnoldi decomposition (4), (5) still holds for the SAI methods, namely

(I + γA)−1Vk = Vk+1H̃k = VkH̃k + h̃k+1,kvk+1eTk , (18)

where H̃k ∈ Rk×k denotes the first k rows of H̃k. The approximation yk(t) ≈ exp(−tA)v is computed according to (6), with
Hk being the SAI back transformed projection:

Hk =
1
γ
(H̃−1

k − I). (19)
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Fig. 7. Residual norms ∥rk(s)∥ versus s ∈ [0, t] of the SAI Krylov subspace method after k = 5 (dotted line) and k = 10 (dash-dotted line) Krylov
steps for the convection–diffusion test problem (see Section 3.1). The matrix A is a discretized convection–diffusion operator for Peclet number
Pe = 100, mesh 102 × 102 (n = 1002).

After rewriting the SAI Arnoldi decomposition (18) as [37, formula (4.1)]

AVk = VkHk −
h̃k+1,k

γ
(I + γA)vk+1eTk H̃

−1
k , (20)

we can see that the residual rk(t) = −y′

k(t) − Ayk(t) in the SAI Krylov subspace method reads [12]

rk(t) = βk(t)(I + γA)vk+1, βk(t) = β
h̃k+1,k

γ
eTk H̃

−1
k exp(−tHk)e1. (21)

This residual function rk(s) has quite a different dependence on s ∈ [0, t] than the residual in the regular Krylov
method (8): its convergence ∥rk(s)∥ → 0 with growing k is much more uniform in s ∈ [0, t]. This means that we cannot
expect that rk(s) is much smaller in norm for small s than for larger s. Typical dependence of the SAI residual norm ∥rk(s)∥
on s ∈ [0, t] is shown in Fig. 7. As we see, there are a few distinct points s on the interval [0, t] where ∥rk(s)∥ has values
much smaller than the average value 1

t

∫ t
0 ∥rk(s)∥ ds. Therefore, we can carry out the RT restarting procedure by assigning

δk the value s at which ∥rk(s)∥ has the smallest value:

δk := arg min
s∈[0,t]

∥rk(s)∥.

The rest of the RT restarting is carried out exactly in the same way as for regular Krylov subspace methods, i.e., we set
v := ykmax (δkmax ) and proceed further by solving the IVP (2) on a shorter time interval [0, t − δkmax ]. The drawback of this
approach is that the reachable accuracy is restricted by the value ∥rk(δk)∥ = mins∈[0,t] ∥rk(s)∥ (this is the error introduced
to the initial data of the restarted IVP by setting v := ykmax (δkmax )). For instance, as can be seen in Fig. 7, for the restart
length kmax = 5 we have δk ≈ 0.6 and the reachable accuracy is mins∈[0,t] ∥rk(s)∥ ≈ 10−5. In practical implementations
of the method a warning should be given if such an accuracy drop takes place during the restart (i.e., if it turns out that
mins∈[0,t] ∥rk(s)∥ is larger than the prescribed tolerance tol). We further discuss the RT restarted SAI Krylov subspace
methods in Section 3.

3. Numerical experiments

All the numerical tests are carried out on a Linux PC with 8 CPUs Intel Xeon E5504 2.00 GHz in Matlab. No
parallelization is carried out for the regular Arnoldi method. However, for Arnoldi/SAI methods automatic parallelization
of the sparse LU factorizations is employed by Matlab.

3.1. Convection–diffusion test problem

In this test problem the matrix A is a standard five point central-difference discretization of the following convection–
diffusion operator acting on u(x, y), defined for (x, y) ∈ [0, 1] × [0, 1] and satisfying the homogeneous Dirichlet boundary
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Table 1
Results for the convection–diffusion test problem. The restart ways are denoted by ‘‘Res’’
(residual based), ‘‘NH’’ (Niehoff–Hochbruck), ‘‘RT’’ (residual-time) and ‘‘ART’’ (adaptive RT).
EXPOKIT uses time-stepping restarts.
Method Restart CPU Steps Error

length, way time (s)

Pe = 200, mesh 802 × 802

EXPOKIT 30 57.3 800 3.82e−08
Arnoldi 30, Res 67.8 316 1.18e−07
Arnoldi 30, NH 71.7 317 1.02e−08
Arnoldi 30, RT 44.6 569 2.28e−08
Arnoldi 30, ART 41.1 572 2.05e−08
EXPOKIT 40 63.6 756 5.22e−09
Arnoldi 40, Res 74.9 298 4.40e−08
Arnoldi 40, NH 78.1 299 9.80e−09
Arnoldi 40, RT 45.1 505 1.18e−08
Arnoldi 40, ART 42.9 499 1.27e−08

Pe = 300, mesh 1202 × 1202

EXPOKIT 30 129.2 800 3.25e−08
Arnoldi 30, Res 136.9 310 8.34e−08
Arnoldi 30, NH 145.0 312 9.99e−09
Arnoldi 30, RT 90.7 539 2.83e−08
Arnoldi 30, ART 85.8 538 2.55e−08
EXPOKIT 40 147.3 756 4.09e−09
Arnoldi 40, Res 161.1 292 2.51e−08
Arnoldi 40, NH 154.2 293 1.08e−08
Arnoldi 40, RT 98.3 489 1.26e−08
Arnoldi 40, ART 93.7 492 1.01e−08

conditions:

L[u] = −(D1ux)x − (D2uy)y + Pe
(
1
2
(v1ux + v2uy) +

1
2
((v1u)x + (v2u)y)

)
D1(x, y) =

{
103 (x, y) ∈ [0.25, 0.75]2,
1 otherwise,

D2(x, y) =
1
2
D1(x, y),

v1(x, y) = x + y, v2(x, y) = x − y,

where the convective terms (i.e., the terms containing the first derivatives of u) are written in this specific form to
guarantee that the contribution of the convection terms results in a skew-symmetric matrix [39]. In the experiments,
we use matrices A discretized on mesh 802 × 802 for the Peclet number Pe = 200 and on mesh 1202 × 1202 for the
Peclet number Pe = 300. The problem size for these meshes is then n = 640 000 and n = 1 440 000, respectively. In both
cases ∥

1
2 (A + AT )∥2 ≈ 6000 and ∥

1
2 (A − AT )∥2 ≈ 0.5, so that the matrices are weakly non-symmetric. The initial vector v

is set to the values of the function sin(πx) sin(πy) on the finite-difference mesh and then normalized as v := v/∥v∥. The
final time is set to t = 1 and the tolerance to tol = 10−6.

We compare the Krylov subspace method based on the Arnoldi process and our RT restarting with the following three
methods:

1. The phiv function of the EXPOKIT package [10] based on the EXPOKIT time stepping restarting strategy.
2. Krylov subspace method based on the Arnoldi process and residual restarting [13, Chapter 3].
3. Krylov subspace method based on the Arnoldi process and NH (Niehoff–Hochbruck) restarting [13, Chapter 3].

We note that our implementations of the Arnoldi method do not include reorthogonalization of the Krylov basis vectors
and we have not noticed a serious orthogonality loss. In the tables of this section presenting numerical results, the last
two restarting methods are indicated by ‘‘Res’’ and ‘‘NH’’, respectively. In these tables, the restarting methods presented
in this paper are denoted by ‘‘RT’’ (residual-time) and ‘‘ART’’ (adaptive RT) restarting.

A simple way to restart Krylov subspace evaluations of the matrix exponential is to split the time interval into smaller
intervals (time steps), on which the method converges within an acceptable number of Krylov steps. A question arises
how this time-stepping restarting approach is compared to our RT restarting. To answer this question we include into
comparisons the EXPOKIT package, which exploits such a time-stepping restarting [10].

The results of the comparisons are presented in Tables 1 and 2. The values reported there in the column ‘‘error’’
are relative error norms computed with respect to the EXPOKIT solution. The results in Table 1 show that our RT and
ART restarting strategies outperform the other restarting strategies in terms of the CPU time. The residual based and
NH restarting perform worse than the EXPOKIT restarting in terms of the CPU time. The reason for this is probably
the sophisticated treatment of the projected problems in these restarting strategies, which creates an overhead in



M.A. Botchev and L.A. Knizhnerman / Journal of Computational and Applied Mathematics 364 (2020) 112311 11

Table 2
Results for the convection–diffusion test problem for the Arnoldi/SAI method. The
restart ways are denoted by ‘‘Res’’ (residual based), ‘‘NH’’ (Niehoff–Hochbruck), ‘‘RT’’
(residual-time) and ‘‘ART’’ (adaptive RT). EXPOKIT uses time-stepping restarts.
Method Restart CPU Steps Error

length, way time (s)

Pe = 200, mesh 802 × 802

Arnoldi/SAI 30, residual 46.8 16 1.35e−09
Arnoldi/SAI 30, NH 46.2 14 8.52e−09
Arnoldi/SAI 30, RT 44.7 14 8.52e−09
Arnoldi/SAI 10, residual 48.1 18 3.90e−07
Arnoldi/SAI 10, NH 45.4 14 1.24e−08
Arnoldi/SAI 10, RT 46.2 20 2.50e−07
Arnoldi/SAI 5, residual 54.5 20 1.08e−09
Arnoldi/SAI 5, NH 45.4 14 1.43e−08
Arnoldi/SAI 5, RT 43.8 13 4.25e−05

Pe = 300, mesh 1202 × 1202

Arnoldi/SAI 10, residual 159.8 17 2.58e−07
Arnoldi/SAI 10, NH 155.5 14 8.16e−09
Arnoldi/SAI 10, RT 154.3 14 8.03e−08
Arnoldi/SAI 5, residual 159.1 15 1.75e−07
Arnoldi/SAI 5, NH 155.5 14 8.31e−09
Arnoldi/SAI 5, RT 153.6 15 8.14e−06

Pe = 300, mesh 1202 × 1202, t = 10
Arnoldi/SAI 30, Res 110.3 17 2.94e−09
Arnoldi/SAI 30, NH 108.0 15 1.25e−08
Arnoldi/SAI 30, RT 106.0 15 1.25e−08
Arnoldi/SAI 10, Res 109.5 18 1.42e−06
Arnoldi/SAI 10, NH 106.5 15 1.57e−08
Arnoldi/SAI 10, RT 104.0 15 1.57e−05

Fig. 8. Residual (dashed line) and error (solid line) convergence plots for the convection–diffusion test problem. Pe = 200, mesh 802 × 802, the
restart length 30.

computational costs. Indeed, if, for instance, 5 restarts of length kmax = 30 are carried out with the NH restarting
then the matrix exponential of a matrix size 150 × 150 has to be computed. Additional costs in the residual based
restarting is solution of a small projected ODE system, which, for this restarting, cannot be solved by a matrix exponential
evaluation [12]. Note also that the matrix–vector products are relatively cheap for this two-dimensional problems, which
makes the other costs more pronounced.

In Fig. 8 we present residual and error convergence plots for Pe = 200, mesh 802 × 802 and the restart length 30. We
see that the restarts do disturb the convergence which seems unavoidable in general. In Table 2 the results for Arnoldi/SAI
method are presented. In this case the method itself converges much quicker than the regular Arnoldi method, hence,
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fewer matrix–vector products are required and the restarting effects are less visible. However, we see that all the restarting
strategies perform well in this case. The drawback of our RT restarting is that, as discussed in Section 2.5, it tends to deliver
a less accurate solution for shorter restart lengths. We plan to address this problem in future.

3.2. Photonic crystal test problem

This test problem is a space-discretized system of the three-dimensional Maxwell equations in a lossless and
source-free medium:

∂H
∂t

= −
1
µ

∇ × E,

∂E
∂t

=
1
ε
∇ × H,

(22)

where ε and µ are scalar functions of (x, y, z) representing permittivity and permeability, respectively, and H and E
are vector-valued functions of (x, y, z, t) representing unknown magnetic and electric fields, respectively. The boundary
conditions set the tangential electric field components to zero. Physically these conditions can mean perfectly conducting
domain boundary or the so-called ‘‘far field condition’’, see e.g. [40,41], implying that the boundary is placed far enough
from the phenomena of interest. For simulations in an unbounded domain with the perfectly matched layer (PML [42,43])
boundary conditions we refer to [44]. The spatial setup for this test problem (along with the boundary conditions) is taken
from the second test in [41]: in a spatial domain [−6.05, 6.05] × [−6.05, 6.05] × [−6.05, 6.05] filled with air (relative
permittivity εr = 1) there is a dielectric specimen occupying the region [−4.55, 4.55]×[−4.55, 4.55]×[−4.55, 4.55]. The
specimen has 27 spherical voids (εr = 1) of radius 1.4, whose centers have coordinates (xi, yj, zk) = (3.03i, 3.03j, 3.03k),
i, j, k = −1, 0, 1. The relative permittivity in the dielectric specimen is εr = 5.0. The initial values are zero for all the
components of both fields H and E except for the x- and y-components of E: they are set to nonzero values in the middle
of the spatial domain to represent a light emission. In addition, the initial value vector v is normalized as v := v/∥v∥.
The standard finite-difference staggered Yee discretization in space leads to an ODE system of the form (2). The meshes
40 × 40 × 40 and 80 × 80 × 80 used in this test lead to problem size n = 413 526 and n = 3 188 646, respectively.
Comparing the results obtained for the two meshes we conclude that this spatial resolution should be sufficient for this
test. The final time is now set to t = 10 and the tolerance to tol = 10−6.

In the second test problem we compare the two solvers which come out as the best for the first test problem, namely
the phiv solver of EXPOKIT [10] and our RT restarting (along with its adaptive version ART). Our experience reveals
that the SAI strategy is inefficient in this test problem, which can be expected due to a strong nonsymmetry of A. This
is in contrast to discretized Maxwell equations with nonreflecting boundary conditions (for instance, to mimic wave
propagation in unbounded domains) or in lossy media, where SAI can be efficient [44]. We note that nonzero conductivity
terms (lossy media) as well as nonreflecting boundary conditions, such as PML [42,43], lead to a nonzero symmetric
part in the matrix A which is beneficial for convergence and overall efficiency of the Krylov subspace exponential time
integration [44,45].

The results are presented in Table 3, where the values reported there in the column ‘‘error’’ are relative error norms
computed with respect to the EXPOKIT solution. As we see, the RT restarting performs well comparably to EXPOKIT and
outperforms it for longer restarts. We also see that the ART restarting, as expected, indeed helps to reduce the CPU time,
possibly at the cost of the increased total number of Krylov steps. In Fig. 9 the residual and error convergence plots are
presented for the 40 × 40 × 40 mesh and the restart length 30. We observe a convergence stagnation until the last
two or three restarts. This is probably caused by the fact that the nonzero entries in the initial vector v are localized at
the center of the domain which is not the case for the solution vector exp(−tA)v for the final time t = 10. Since A is a
local (finite difference) discretization of a differential operator, the Krylov subspace basis vectors v, Av, A2v, . . . cannot
represent the solution vector well unless the subspace dimension is large enough. Note that there is no stagnation in the
convection–diffusion test (cf. Fig. 8) where the initial vector v is not localized.

4. Conclusions and outlook

In this paper a new restarting RT (residual-time) procedure for Krylov subspace matrix exponential evaluations is
proposed, analyzed and tested numerically. Our restarting is algorithmically simple as it only relies on evaluation of the
readily available residual (8) and the restarted problem has the same form (2) as the original one. Furthermore, the RT
restarting compares favorably to three other restarting techniques, namely, the time step restarting of EXPOKIT [10], the
generalized residual restarting of Niehoff–Hochbruck [13] and the residual-based restarting [11,12]. For the rational SAI
(shift-and-invert) Krylov subspace approximations the proposed restarting works well for moderate accuracy require-
ments. The RT restarting is also implemented adaptively and the adaptive RT (ART) Krylov subspace method is available
as a part of the Octave/Matlab package expmARPACK at http://team.kiam.ru/botchev/expm/.

Our future research plans include extension of this restarting approach to nonhomogeneous and nonlinear ODE
systems, in combination with the exponential block Krylov method [46]. Furthermore, it would be interesting to see
how this approach will work for second order ODE systems, where the matrix cosine and sine functions are involved.

http://team.kiam.ru/botchev/expm/
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Fig. 9. Residual (dashed line) and error (solid line) convergence plots for the photonic crystal test problem, mesh 40 × 40 × 40, the restart length 30.

Table 3
Results for the photonic crystal test problem. The restart ways are denoted by ‘‘RT’’
(residual-time) and ‘‘ART’’ (adaptive RT). EXPOKIT uses time-stepping restarts.
Method Restart CPU Steps Error

length, way time (s)

Mesh 40 × 40 × 40

EXPOKIT 30 10.6 256 1.02e−06
Arnoldi 30, RT 11.3 231 5.19e−07
Arnoldi 30, ART 11.2 229 5.80e−07
EXPOKIT 70 23.3 288 2.16e−09
Arnoldi 70, RT 14.4 168 1.17e−07
Arnoldi 70, ART 14.4 167 1.57e−07

Mesh 80 × 80 × 80

EXPOKIT 30 155.2 512 4.37e−07
Arnoldi 30, RT 162.0 502 3.15e−07
Arnoldi 30, ART 160.8 488 4.06e−07
EXPOKIT 40 170.3 420 2.25e−06
Arnoldi 40, RT 160.8 427 2.77e−07
Arnoldi 40, ART 168.9 417 9.69e−07
EXPOKIT 50 178.9 416 2.33e−07
Arnoldi 50, RT 169.1 383 1.52e−07
Arnoldi 50, ART 169.1 379 2.31e−07
EXPOKIT 60 208.1 434 2.43e−08
Arnoldi 60, RT 181.3 354 1.06e−07
Arnoldi 60, ART 169.0 378 1.49e−07
EXPOKIT 70 250.5 432 2.74e−08
Arnoldi 70, RT 190.1 338 8.16e−08
Arnoldi 70, ART 162.2 389 1.06e−07

A computable expression for the residual, similar to (7),(8), can be derived in this case, too (see e.g. [46]). However, the
error and residual behavior in Krylov subspace methods is essentially different, as the projected first order ODE system
in (13) is replaced by a corresponding second order counterpart (for more detail see e.g. [47–49]). Thus, it remains to be
seen whether the proposed restarting approach can be efficient for the second order ODE systems.
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