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1. Introduction

Consider the following Navier-Stokes equations:

1
ut—|—uux—|—vuy=vAu—;px—kysin(%), (1)
1
Ve + uvy + vy = VAV — ra (2)
le-‘rVy:O, (3)

where (u, v), p, p and v are velocity vector, mass density, pressure and kinematic viscosity, respectively and y is a constant
representing the strength of the sinusoidal outer force. Also %z := 9/06(§ = t,x,y) and A = 8% /ox* + 8°/9y%. The flow
region is a rectangle [—a, a] x [—b, b] and the periodic boundary conditions are imposed in both directions. The aspect ratio
is denoted by o := b/a.

The above Eqgs. (1)-(3) describe the Navier-Stokes flows in a two-dimensional flat torus under a special driving force
proposed in [1,7] and have a basic solution which is written as

(u, v, p) = (ksin(my/b), 0, d),

where k := b?y/(7?v) and d is any constant. It is known that non-trivial solutions bifurcate from the basic solution at a
certain Reynolds number, which is defined below, if and only if 0 < o < 1 [1]. Okamoto-Shoji [7] computed numerically
bifurcation diagrams with the Reynolds number as a bifurcation parameter varying the aspect ratio as a splitting parameter.
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They also strongly suggested stability of the bifurcating solutions for all 0 < « < 1. Nagatou [3] took a new approach to this
stability problem by employing the theory of verified computation and showed that the stability of the bifurcating solutions
is mathematical rigorously assured for the cases of « = 0.4, 0.7 and 0.8. However, theoretical approach to the non-trivial
solutions of the Egs. (1)-(3) has not been showed up to now.

The aim of this paper is to propose a method to prove the existence and the local uniqueness of the steady-state solutions
of the Navier-Stokes Eqs. (1)-(3) for a given Reynolds number and aspect ratio by a computer-assisted proof.

In the previous results [11,6], the author considered Rayleigh-Bénard heat convection model which is known as the
Oberbeck-Boussinesq approximations and proposed an approach to prove the existence of the steady-state solutions.In[11,
6], the equation is decomposed into a finite-dimensional part and an infinite-dimensional error part, and if both the parts
lead to contraction maps under suitable assumptions, an infinite-dimensional fixed-point theorem implies the existence of
the solution in a certain function set. In the self-validating process in computer, Newton-like iteration is executed for the
finite-dimensional part, and the computation comes down to solving interval linear systems. However, the method adopted
Schauder’s fixed-point theorem and the local uniqueness is not assured.

On the other hand, Yamamoto [ 12] have proposed a method to prove the existence and the local uniqueness of solutions to
infinite-dimensional fixed-point equations using computer. However, the algorithm needs a special form of the given finite-
dimensional set and it turned out that there is a possibility that the verification algorithm come to an end unsuccessfully
even if very fine approximate subspaces are used.

Therefore, this paper will take an alternative verification method using norm estimates in the Newton-like iteration.
Note that our verification theorem can be described as a more general form and one may apply it to many kinds of
differential equations and integral equations which can be transformed into fixed-point equations. We will discuss them in
the forthcoming papers.

We admit that our study in this paper has some restrictions (a driving force, two-dimensional rectangle region, boundary
condition, etc.), however, we believe that our idea, not our results themselves, will pave the way to a tool to study the global
bifurcation structure for partial differential equations arising in more practical, or even industrial problems.

The contents of this paper are as follows. The Navier-Stokes equations are transformed into a non-dimensional form and
the function spaces are defined in Section 2. Constructive a priori error estimates for the linearized problems are described in
Section 3, which are needed in numerical computations. A fixed-point formulation and an existence theorem using Newton-
like iteration is considered in Section 4. A computable verification condition is given in Section 5. Numerical results which
prove the existence of steady-state solutions are described in Section 6. All numerical results discussed take into account
the effects of rounding errors in the floating point computations.

2. Non-dimensionalization and function spaces

The letter T,, denotes the rectangular region (—z/«, 7/) x (—m, 7r) for a given aspect ratio 0 < o < 1. Introducing the
stream function ¢ satisfying u = ¢, and v = —¢, so that u, + v, = 0, the Egs. (1)—(3) can be rewritten as

()~ 1879~ (9. A) = 1T cos () 4)

by cross-differentiating Eqs. (1) and (2) and eliminating the pressure p. Here J is a bilinear form defined by
J(, v) = uvy — uyvy. (5)

Eq. (4) is non-dimensionalized using change of variables

1%/

b
gy

nxrry)
b’ b))’

3
®.y) = (— L PEKY) = ”y%qb(r, x.)

and the Reynolds number R := % After dropping the primes, an equation

(AP~ 2 A%~ J($, Ad) = 2 cos() (6)

is obtained.
We shall find steady-state solutions, where (A¢), is equated to 0 in Eq. (6) in the region T,, namely consider the following
non-linear problem:

A’¢ = —RJ(¢, Ap) — cos(y) inT,. (7)
Assume that the stream function ¢ is periodic in x and y, and the symmetric condition ¢(x, y) = ¢(—x, —y) [3], then Eq.
(7) has a trivial solution ¢ = — cos(y) for any R > 0. The aim of this paper is to verify the existence of non-trivial solutions

by a computer.
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From the assumptions imposed above, the solutions of Eq. (7) should be obtained in the following function space
Xk c H*(2) (k > 0) such that

X=xoxoxte. -, (8)
o0 o0

XE = {Z a, cos(ny) |a, € R, ZnZkaﬁ <oy, (9)
n=1 n=1

o0 o0

Xﬁl = [ Z a, cos(max + ny) |a, € R, Z ((am)® + nz")aﬁ <oof, m=>1, (10)

n=—00 n=-—00
especially
X=X

For all ¥ € X* can be represented by

Y= Z Apn cos(max +ny), Amn € R, (11)
(m,n)eQ
where
“m=0and 1 <n < o0”or
Q':{(m’n)eNXN“lim§ooand—oogngoo"}’ (12)
and it is noted that
27 d
(cos(max + ny), cos(kax + 1) )2 =1 o * k=mandl=n
0 else
holds for any (m, n), (k, ) € Q, where (-, - );2 means the usual I?>-inner product in T,,.
3. Approximate subspace and norm estimates
Let Xy be the finite-dimensional subspace of X, which depends on a non-negative integer parameter N, defined by
Xy = Z Apn cos(max +ny) |Amn €R ¢, (13)
(m,n)eQy
where
“m=0and1<n<N’or
Q”'_{(m’")ENXN“lfmgNand—N§n§N"} (14)

Also let X, denote the orthogonal complement of Xy in X such that X = Xy @ X,, then for any ¥, € X, can be represented by
V=Y. Amcos(max+ny), Amn € R, (15)
(m,m)€Qs
where
QG =Q—-Qu (16)

“O<m<NandN+1<n<o0"or
“I<m<Nand —oco<n<-N-1"or ;.

= {(m,n) eNxN
“N+1<m<oocand —oo <n <o’

Now, we define the norm of X as

||¢||X = |¢|H3(U) = \/”¢xxx||fz(1-a) + 3||¢xxy”fz(—ra) + 3||¢xyy||fz(Ta) + ”¢yyy”fz(—ra)-
Here, using the property:
2m?

lply =" > (@m’+n®?A%,
(m,meQ

for ¢ = 3" .nyeq Amn COS(marx 4 ny) € X, the following norm estimates hold.
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Lemma 3.1. For any { € X and v, € X,, it can be checked that

||¢||L2(Ta) = 0l_3||w||x, Hw*”LZ(Ta) < Cill¥llx,
IWallza,) <o 2. I ()xllzr,) < CIYlx,
I¥ylliza,) < Glllx, (W ylliza,) < Call¥llx,
IV, <o ¥, IV¥llizm,) < Cllvdlx,
IV¥slliza, <o vl IV@slliza,) < Glivlix.
IV¥ylliza,) < Gl IV@ryllizm,) < Gllvlx,
IAYl2m,) <@ Vi, IAYl2,) < CllYdix,
AV ll2m,) < 1¥lx AW Ixlliza,) < 1¥slx,
1Ayl < 1Y, AWy lzay < 1¥lix.
where

=+ -1

a3(N+1)3 a?(N + 1)2

23 1 2V3
Cz=maxi1, — ¢, C4 = max R R
{ 92 } {(N—l—])2 9a2(N + 1)2

C5=¥, C6=max{1,l},

a(N+1) 2a

1 1
C = LI
7 max{N+1, 2oz(N—|—l)}

Proof. We show the construction of Cs. The other estimates are quite similar. For ., represented by Eq. (15),
”V(V/*)x”fZ(Ta) = ”(Ilf*)XXHfZ(Tu) + ”(w*)xy”fz(-ra)

27
== Y Im’m’ +n)AL,
o

(m,n)eQx
2m2
S X Ty (A8
hence using0 < o < 1,
max — o _ max{ max om ! }
(m,n)eq. a?m? + n2 o=m=N a?m? + (N + 1)2" a(N+ 1)
max{ ! , ! }
- 2IN+1) a(N+1)
1
- a(N+1)°

O

In actual calculations, L>°-estimates proposed by Plum [8] are also needed.

Lemma 3.2 ([8]). For i € X, the following assertion holds true:
1Yliom, < CGllvlea,) + ClV¥lza, + Col A¥lza,,

where || - || (t,) iS the sup-norm and

Ja 1.1548 ja?2 +1 0.44722 [9a* + 1002 +9
CGg=——, Co = Y Co=m \/ .
2 V3 o 3 503

Lemmas 3.1 and 3.2 imply L*°-estimates immediately.

Lemma 3.3. For ¢ € X and v, € X,, the following estimates hold:

1Yl < Cuall¥lx, Wil < Crall¥llx,
1Yxlliomy) < Cisllllx, (W )xllie ) < Crallullx,
1Yy llice(ry) < Cisll¥llx, Iyl < Cisll¥llx,

(18)
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where

Cin = o 3G+ a 2Co + o~ 'Cyo, Ci2 = GG + GGy + GsCyp,
Ci3 =a2Cs + o 1Cy + Cqo, Cig = GG + C5Co + Cyp,
Ci5 = G3Cg + CGgCo + Coo, Cie = C4Cg + GGy + Cro-

Moreover, some “inverse”-order estimates are required (proofs are similar as that of Lemma 3.1).

Lemma 3.4. For {y € Xy the following estimates hold:

I¥nllx < Cizll Az,
IWwxlx < Cisll AYnllizer,)»
IWnylix < Croll AYnllizer,)

where

Ci7 = NvV1+ o2, Cig = aN*v1 + o2, Cig = N*V1 + o2.

4. Fixed-point formulation and error estimates

The bilinear form J defined by Eq. (5) has the following properties.

Ju,v),w)z = (Jw,u), v)z = —(Ju,w),v)z, uv,weXx? (19)
Ju,v) X, u,vex'. (20)
Denote an approximate solution of Eq. (7) by ¢y € Xy which is obtained by an appropriate method. Then setting

Vi=¢—du 1)
and

FW) = —RJ(¢n + ¥, Ady + AY) — cos(y) — A’¢y, (22)
problem (7) is rewritten as the residual form to find ¥ € X satisfying

Ay =f() inT, (23)

in a weak sense. Note that v is expected to be small if ¢y is an accurate approximation. By virtue of the property (20) for J,
f is the bounded continuous map from X to X°.

Moreover, it is easily shown that for all g € X?, the linear problem A2£ = g has a unique solution £ € X*. When this
mapping is denoted by & = Kg, denoting the embedding from X# into X by £ and A~2 := (K, the operator A= : X* — X is
a compact map because of the compactness of the embedding H*(T,) < H*(T,) and the boundedness of K. Therefore, Eq.
(23) is rewritten by a fixed-point equation:

Y =F() (24)

for the compact operator F := A~%f on X.
Now, the H2-projection Py : X —> Xy is defined by

(AW —Pyy), AYy)2 =0, Vi € Xy. (25)

Note that for ¥ = 3", nycq Amn COS(max + ny) € X the projection coincides with truncation: Py = 3~ nycqy Amn COS(max +
ny) € Xy. From this fact, the following constructive a priori error estimate is derived.

Lemma 4.1. Foreachg € X°, let & € X* be the solution of A%£E = g and Py& € Xy be the finite-dimensional approximation defined
by Eq. (25), then

1§ — Pnéllx < Gsliglizer,)- (26)

Proof. The estimate (26) is derived immediately from the stronger fact:

1 272
2 < max ——— —— o?m? + n?)%A2
I8l = (mmeQ. a?m? +n? o (m%éq*( ) Ao
20 A28 112
= CS ”A $*||L2(Ta),

for &, = 3" (n.nycq, Amn COS(MaX + ny), Amy € R satisfying A%E, € X°. O
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Now, we apply the Newton-like method for non-linear elliptic problems proposed by Nakao [4,5] to the fixed-point Eq.
(24). Using the projection Py, the fixed-point problem ¥ = F(i) can be uniquely decomposed as the finite-dimensional
(projection) part Xy and infinite-dimensional (error) part X, as follows:

(I'=Py)Y = (I — Py)F(Y),
where I is the identity map on X. Suppose that the restriction of the operator Py(I — F'[0]) : X —> Xy to Xy has an inverse
[I — PyF'[O]]5" : Xy —> Xu» (28)

where F'[/] denotes the Fréchet derivative of F at 1. Note that this assumption is equivalent to the invertibility of a matrix,
which can be checked numerically in actual verified computations (for example see Rump [9]). Applying the Newton-like
method to the first term of Eq. (27), the operator & : X —> Xy is defined by

N () =Py — [1 = PyF (O] 'Px (¥ — F(¥)),
and also the compact map T : X — X is defined by
T(Y) = N (W) + (I — P)F(Y).

Then under the invertibility assumption of the existence for [I — PNF’[O]],Ql, two fixed-point problems:

v =T{) (29)

and Eq. (24) are equivalent. If the approximate solution ¢y is sufficiently good, the finite-dimensional part of T will possibly
be a contraction. On the other hand, the magnitude of the infinite-dimensional part of T is expected to be small when the
truncation numbers of Xy are taken to be sufficiently large, because of Lemma 4.1.

The question which we must consider next is to find a solution of Eq. (29) in a set U, referred to as a candidate set. Let the
finite-dimensional part of the candidate set Uy and the infinite-dimensional part of the candidate set U, be balls with radius
y > 0and B8 > 0 such as

Uy = {¥n € Xn | IUnllx < v}, (30)
U, = (¥ € X | IWllx < B}, (31)

respectively. The candidate set U C X is defined by
U= Uy +U,. (32)

Now, the following verification condition is held.

Theorem 4.1. Let N’ be the Fréchet derivative of N. For Y1, Y2, Z1(U) and Z,(U) > 0 satisfying

M&O)x <Y1, (33)
51;13 , [N T2 lIx < Zi(U), (34)
(I = Py)F(O)|Ix < Ya, (35)
sup [[(I = PyF [Y11(¥2) lIx < Z2(U), (36)
V1, ¥2€U

if it holds that
Yi+Zi(U) <y, Y2+20U) <p,
then there exists a fixed-point of F in
U:= 0y +0,,
Uy = {Yw € Xn | 1¥wllx < Y1 +Z1(U)},
U = {Y € X | 1Yllx £ Y2 + 22U}

Moreover, this fixed-point is unique within the set U.
Proof. From Banach’s fixed-point theorem, it is sufficient to check that the two conditions:

T(U) C U, (37)
and 3k < 1 such that

IT(w1) — T2l < kllug —wzll, Vur,up €U (38)
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hold. Applying the mean value theorem [12], condition (37) can be shown by
IV Wllx < 1N O)Ix + 5[1(1)13]] [N [sulllx <Y1+ Z1(U) <y,
sell,

A

I —PFW)llx < 10— Py)FO)|Ix + 5[1313]J (I — Py)F [sul(u)lIx
Y2+24U) <« ,

IA

foranyu € U.
Next, define the norm || - ||y by

lully = max [IPyullx 1T = PN)“”X}
U - ')/ ) a )

then for any uy, u, € U, the condition (38) holds by

(IT(u1) = T(u2)llv = sup (T wl(ur — u2)lly

- { IV Wl(uy —up)llx 11T — Py)F'[wl(u; — u2)||x}
< sup max ,
weU Y o
-Y —Y-
=< max{uv u} lug — uzlly. O
y o

Note that in the References [2,12] the finite-dimensional part is taken to be a set of linear combinations of base functions
with interval coefficients.

If we obtain a fixed-point ¥ € X by Theorem 4.1, we can also assure the existence of a non-trivial solution ¢ = ¢y +1 € X
for (7) with the error bound

lp —dnlix <Y1 +Z1(U) + Y2 +2Z,(U).
Moreover, since Y can be written as ¥ = Yy + ¥, ¥n € Uy, ¥, € U,, a L®-error estimate:
lp — dnlliry) < C11(Y1 +Z1(U)) + Ci2(Y2 + Z2(V)) (40)

is obtained by Lemma 3.3.

5. Verification procedure

This section is devoted to the detailed estimation satisfying Eqgs. (33)-(36).

5.1. Estimation of Y,

Consider the computation of Y; > 0 such that || (0)||x < Y;. Since & (0) = [I — PyF'[0]]5 'PyF(0), it holds that
Py(I — F'[0]) N (0) = PyF(0). (41)
Let M := dim Xy and let v;(1 < i < M) be a basis of Xy, then .~ (0) can be represented as

M
N(0) = Zailﬁi, a=[q] eRrR".
i=1

By the definition of Py, Eq. (41) is equivalent to
M

> (AU =FIODWy), AYi)p ¢ = (AF(0), AYi)p, 1<i<M. (42)

j=1
Then by partial integration and the definition of F and F/, the Eq. (42) is written as
M

DAY, AY) 2 = (FI01W), i)z} g = (F(0), ¥i)2, 1<i<M. (43)

j=1
Here, defining a M x M matrix G = [G;] by

GU = (Al/fjs Al/ll )L2 - (f/[o](wj)» I/Ii )Lzs 1 = 15] = M? (44)
and M-dimensional vector r = [r;] by

I = (f(o)! 1y//i)L27 ISISM
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the vector a is obtained by
a=c¢'r. (45)
Therefore after some transformation of indices for a; <— a;,, (m, n) € Qu, the norm ||/ (0) ||x can be estimated as
27’ 2432

INOz="— > @m*+n*’d,
(m,n)eQn

and Y; > 0 is taken to be

o (m,n)eQn

2
JTJ - Z (a*m? 4+ n?)3a2, < Y.

Note that all the computation procedures for Y; > 0 should take into account the effects of rounding errors. Here, f(0) and
f'101(y;) can be computed using the approximate solution ¢y.

5.2. Estimation of Z1(U)

Consider the computation of Z;(U) > 0 satisfying sup., y,cy |V [¥11(¥2) [Ix < Z1(U).
Let M x M diagonal matrices D = [D;] and H = [Hy] be

D,‘j = (AI//)', Alpl )Lz 1 < 1,] < M, (46)
Hij = ( (Wj)xxm (Wi)xxx )L2 + 3( (Wj)xxya (1/fi)xxy )LZ + 3( (wj)xyw (Wi)xyy )LZ + ( (wj)yyya (Wi)yyy )L2 ’
1<i,j<M. (47)

Since H is the positive diagonal, H can be decomposed as H = H'/2H'/2, Define now the upper bound of the Euclidean norm
p > 0by

IH26 D2 e < p, (48)

the following Lemma is obtained.

Lemma 5.1. For each wy € Xy and vy = [I — PyF'[0]]5 'wy € Xy, it holds that

lvwllx < o llwnlix-

Proof. Set vy, wy € Xy as
M M
VN = Zvilﬁi, V= [Vi] € RM, WN = ZW{'(//,‘, W= [W[] € RM.
i=1 i=1

Then the relation Py(I — F'[0])vy = wy can be expanded as

M M
{(AY;, AY) 2 — (FI01Y), ¥idiz} vi =D (A, Avi)z wy, 1<i<M. (49)
j=1 j=1
Eq. (49) is represented by the matrix and vector form by v = G~!'Dw and this implies

llvwllx = I1H?V]le

= [H"¢""Dw;

< IHV2G7'DH™ 2| [H'*w]¢

< pllwnlix

which proves the lemma. O
Now for any V1, ¥, € U,
N'[Y11(W2) = [I = PNF' 011y Pu(F [11(¥2) — F01(Py2)),
then Lemma 5.1 leads
[N (D) Y2lx < pIPV(FY11(¥2) — FIO1(PyY2)) llx-
Therefore Z;(U) > 0 can be decided satisfying

p sup IPx(F'[11(2) — FIO1(Px2)) lIx < Z1(U). (50)

1,V2€

We will discuss more concrete computation procedure for Z; (U) in the next subsection.
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The estimation of p satisfying inequality (48) is generally reduced to a computation of the singular value of a matrix.
Actually, when setting indices of Qy by (m;, n;), and M x M diagonal matrix D by

- 1
Dij = ——,
Jo2m? +n?
it is not difficult to check that
(H'26¢'pH 2 = % pei?.
272

Hence, we apply some computational algorithm with the result verification to estimate rigorous bounds for the smallest
singular value (e.g. see Rump [10]).

5.3. Estimation of Z,(U) (detail)

This subsection is devoted for the detailed estimation of
sup |Py(F[¥11(¥2) — FI01(Pvir2)) lIx

V1,Y2€U

in Eq. (50). First, for obtained approximate solution ¢y, define computable upper bounds 4, 73, 73, T4 > 0 such that
1(@n)xlli=ry < 715 (
1(@n)yllie(ry) < T2s (52
1A (PM)xlli (s < T34 (
1A (DN)yllie(ry) < Ta- (

For fixed vy, ¥, € U can be decomposed as

vi=v v =9l e e e Uy vl v e ..

Then the result
FU@) = F101(Pyv2) = —R (1w, AYD) + ]2, Adw) + (W2, AY) +] (Y1, Avra))

implies
[Py (F [Y11(¥2) — FIO1(Px¥2)) lx = [IPyA™(F[Y11(¥2) — F101(Px¥2)) lIx

IPNA™?611lx + 1PV A ?E2]x

IA

where
&1 == —Rj(¢n. AYP),
& = —R(JW, Adw) +](W2, MY+, M)

Here, term &; has to be estimated separately in order to obtain O(1/N) described below.

5.3.1. Estimation of |PyA™%&||x
Setting Yy = PvA %] (¢n, AY?) € Xy, from the definition of Py, Eq. (19) and Lemma 3.1, it holds that
IAYNIE g, = Uy, AYP), )2
= (AJ YN, o0, ¥
= (AU =POIWn. ). D)
< AU = PN, ¢ ll2ay 192 12,
< GG = Pw)](¥ns dn) lIx B-

And Lemma 3.4 assures that

1= P)J(n, d)llx < IU(Ww, dn)lIx
< )« (@n)ylix + 1(In)y (Inxlix
< NWllxll(@n)y ey + 1Ny I (D) xllioo 1)
< (12Cis + T1C1) 1 AYn | 21, »

A

then
lAYNl2r,) < CiCs(T2Cis + T1C10) B
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is obtained. Therefore we have

IPNA2E1lIx = RllYwlix
RCi7 | AYnll2(r,)
RCy B,

IAIA

where
Coo == C17C1C5(12Crg + 71Cro).
Note that C;; = O(N), C; = 0(1/N3), Cs = 0(1/N) and C;g = C19 = O(N?), then G = O(1/N).

5.3.2. Estimation of |PyA™%&;||x
Setting &2 = 3~ (. meq Amn COS(Max + ny), it can be shown that

IPNAE ;< ||A*2§2||)2(

= > @m?+n’)7 AL,
K3 (m,n)eQ

max ————
(mmeq a?m? + n2 I1zr,

-2 2
o ||§||L2(Ta),
then
IPNA2E Ix < o M€l 2,)-
Hence ||&;|;2(1,, should be estimated. Since

162y = R(UWD, Adwlaa, + DWE + 2, AU + A¥ D)z,
WP + 90, A + AYP)llag,))

for each L?-norm can be bounded as follows:

WP, Adlza, = 1WAy — )y Az,

1A DNy e @ I Pillzer,) + TA @0l )y 2,
(4G + T3C) 1P |Ix

(124G + 13C4) B,

U + v, A + AYD) 2,
< NEWIRAW)y — W AW Kz @y + TEAWD), — Wy AW 2wy
FIWDRAG )y — @AWz, + IEDRAGD), — G2, AQ D)z,
< Nl an AW iz, + 1y e an) 1A WG sz,
F WDl @ 1Ay 2wy + 1A e | A )l 2r,
H Il apl A iz + 1@yl @) 1A G li2er,)
F Il @ | AW O) 2, + TP, e @) A G ll2qr,)
< (C13 + C15)y* + (C13 + C1a + Ci5 + Ci6) By + (Cra + Ci6) B2,
and similarly
U + v, AP + AYP) 2,
< (C13 + C15)y? + (C13 + Ciq + Ci5 + Ci) By + (C1a + Ci6) B2

INIA TA

Then
I€21li2r,) < R((TaCa + T3Ca) B+ 2(C13 + Ci5)¥* + 2(Ci3 + Cia + C1s + C16) BY + 2(Cra + C16) ).

5.3.3. Conclusion
Considering the circumstances mentioned above, Z;(U) > 0 can be determined satisfying

PR (Czoﬁ +a! {(T4C2 + 13C2) B+ 2(Ci3 + C15)Y? + 2(C13 + Cia + Ci5 + Ci6) By + 2(Cia + C16),32})
< Z;(U).
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5.4. Estimation of Y,

From Lemma 4.1 and the definition of F, it holds that
1t = Py)FO)]Ix < GlIfF (Ol 2 r,)-
Then Y, > 0 can be determined satisfying
Gsll — A% — RJ(Pn, Ady) — cosM 2, < Y2
using approximate solution ¢y € Xy.

5.5. Estimation of Z,(U)

From Lemma 4.1 and the definition of F, for all ¥, Y, € U
1T = PyF [Y11(¥2) lIx < Gl 11 iz,

holds. Since

FY11(¥2) = =R ((@n, AY2) +] (Y2, Apn) + (Y2, Ayrn) + (Y1, Ay)),
the latter two L?-norm estimates have been obtained before. And we also get
W(dn: A2,y = (@A 2y — (@Dn)y A2z (r,)
I @M)xlle @ 1A (W2)y l2(r,) + 1@y lliee o) I A (W2)ull 21,
(T +2)B+P),
I (¥2)x A(Bn)y — (Y2)y APl 2 ry)
1A @DN)y Nl @ (2D llizery) + TA(DNx Nl [ (F2)y 2,
A ¢ VO )ll2r,) + Iy + Yy liz
(14C2 + 13C4) B+ (1402 + 13C3) Y.

INIA I

W2, Adn)lli2er,)

INIA A

Then
If rD)¥2lli2r,) <R ((fl + T+ G+ BC)L+ (11 + T+ T + 13G)y

+ 2(C13 + C15)Y* + 2(C13 + C1a + Ci5 + Ci6) By + 2(C1a + C16),32) . (55)
Therefore Z,(U) > 0 can be determined satisfying
C5 R ((T] + T + ‘L'4C2 + T3C4),B + (T] =+ T + ‘L'4O[_2 + T3C3))/ + 2(C]3 =+ C]S))/Z

+2(C13 + Cia + Ci5 + Cig) By + 2(Cia + CIG),B2> <ZU).

5.6. Verification algorithm

For the results stated above, we formulate the following verification algorithm. Here, assume the computation of ¢y, Y1,
Y, and p have been done.

e k=0
Set the initial values @ > 0and 8© > 0.
o k>1
(1) For a fixed small constant & > 0, set

PO = A4y, Y = (14 e)pt .
(2) The kth candidate set U® is defined by
UY = (vw € X | lvwllx < P9},
UY = (v, € X, | Ivillx < BYY,
u® = uP +u
: ®,
(3) Compute values Z;(U®) and Z, (U®) for kth iteration satisfying
OR <C20/§(k) +a ! [(1’4C2 + 13C) BY + 2(C13 + C15) P92 4 2(C3 + C1q + Ci5 + C16) BRFP
+ 2(Cia + C]G)(B(’())Z}) < z;(uW),
CsR ((T1 + T+ 1G4 13C) BY + (11 + T + Taa 2 4 1363) P 4 2(Ci3 + Cris) (FP)?

+ 2(C13 + Cua + Cos + o) BYPY +2(Cua + Co) (BY)) = 2 UY).
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-4 e 0 2 4

Fig. 1. Shape of approximate solution.

(4) If Y1 +2;(UY) < $® and Y + Z,(UM) < B® hold then stop, and there exists a desired solution in U® ¢ X uniquely.

(5) Setting k := k+ 1, y® = v; +2;(U®) and BY = Y, + Z,(UY) and return to step 1. If k reaches a maximum iteration
number or if y® and B% exceed a criterion then stop, and the verification fails.

In actual computation, almost all cost of verification procedures center on the estimation of p in (48). In our algorithm,
when the Reynolds number tends to be large, a larger truncation number N should be needed because each Z;(U®) and
Z,(UW) is in proportional to R.

6. Some verification results

We now show some verification results. The interval arithmetic in each verification step was implemented using Sun
ONE Studio 7, Compiler Collection Fortran 95 on FUJITSU PRIMEPOWERS850 (CPU: SPARC64-GP 1.3 GHz, OS: Solaris8).
The approximate solutions were obtained by Newton-Raphson method using usual floating point arithmetic by double
precision.

6.1. Result 1

The Reynold number is R = 4 and aspect ratio is « = 0.7. In order to show concrete approximate solution, the obtained
approximate solution was translated to decimal digit. We adopt ¢y as each interval coefficient encloses the decimal value
rigorously. Fig. 1 shows the shape of approximate solution ¢y.

Fig. 2 shows the obtained parameters as the result of verified computation for N = 45. The computation (elapsed) time
is 38,196 5 (10.61 h).

The verification algorithm executed successfully under the following values:

Y1 + 2, (U%) = 0.2104483239393 x 1072,
Yy + Z,(U%) = 0.1195514641468 x 1072,

and we can assure that there exists a non-trivial solution ¢ around the approximate solution ¢y bounded
¢ — ¢nllx < 0.32999978808611105 x 10~°

with local uniqueness. Moreover the solution is unique for the bound of
¢ — ¢nllx < 0.9603388265712344 x 10~*.

6.2. Result2

Fig. 3 shows obtained parameters as the result of verified computation for R = 13, « = 0.7 and N = 80. The computation
(elapsed) time is 2,328,377 s (646.77 h).
The verification algorithm executed successfully under the following values:

Y; + Z;(UW) = 0.2984666091441 x 1072,
Y, + Z,(U%) = 0.2550977301831 x 1072,

and we can assure that there exists a non-trivial solution ¢ around the approximate solution ¢y bounded
I — dnllx < 0.5535643393271721 x 107°
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71 = 0.679988962444568
73 = 0.688531888675846
) = 0.299524522791540 x 104
Cs3=1
Cs = 0.310559006211180 x 10~*
Cr = 0.217391304347826 x 107!
Cy = 0.972725460991748
C11 = 0.442078072440795 x 10*
C13 = 0.309454650708556 x 10
Ci5 = 0.253907054371308 x 10°
C17 = 0.549295002708017 x 102
Cho = 0.247182751218608 x 10*
Y1 = 0.486767083804449 x 10~
p = 0.277961085501260 x 10*

T2
Ty
Ca
Cy

Y,

= 0.760572136105463

= (.762504737664696

— (.964468963388759 x 10~3
= 0.472589792060492 x 1073
=1

= (.133158578910294

= 0.143318650381104 x 10*
= (.454510495768881 x 107!
= 0.146352379637580 x 10}

; = 0.145439563886989 x 10!

= 0.173027925853025 x 10*
= (.153123721033578
= 0.177855233274369 x 107!

Fig. 2. Obtained parameters.

71 = 0.804392084576680

73 = 1.08299013162018

C) = 0.548593709375779 x 1075
C3=1

C5 = 0.176366843033510 x 107+
C7 = 0.123456790123457 x 107!
Cy = 0.972725460991748
Chi = 0.442078072440795 x 10*
C13 = 0.309454650708556 x 10*
C15 = 0.253907054371308 x 10!
Ci7 = 0.976524449258696 x 102
Cho = 0.781219559406957 x 10*
Y1 = 0.130027857641770 x 10~1°

p = 0.115923517738789 x 10!

T2
T4
Cz
Cy
Ce
Cs
Co
Ciz
Ca
Cie
Cis
Cao
Ys

= 0.280788924200297

= (.282159189340473

= 0.311052633216067 x 10~3
= 0.152415790275873 x 1073
=2 ||

= 0.133158578910294

= 0.143318650381104 x 10*
= 0.255799572311638 x 10!
= 0.145038357500699 x 10
= (.144521575558961 x 10}
= 0.546853691584870 x 10*
= (.738811961720739 x 10~}
= 0.376053834380867 x 10~

Fig. 3. Obtained parameters.

with local uniqueness. Moreover the solution is unique for the bound of

lp — dnllx < 0.12104328219862762 x 107>,
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For some fixed Reynolds number R, we can prove the existence of steady-state solutions for the Kolmogorov flows by
computer-assisted proof. We cannot say for certain the continuity of the verified solutions with respect to the Reynolds
number. These questions must be solved in our future works.

Acknowledgements

We would like to thank the referees for many helpful insights and comments. This work was supported by a Grant-in-Aid
from the Ministry of Education, Culture, Sports, Science and Technology of Japan (Nos. 18540127, 15204007, 16104001).

References

[1] V.L Iudovich, Example of the generation of a secondary stationary or periodic flow when there is loss of stability of the laminar flow of a viscous
incompressible fluid, ]. Appl. Math. Mech. 29 (1965) 527-544.
[2] K. Nagatou, A numerical method to verify the elliptic eigenvalue problems including a uniqueness property, Computing 63 (1999) 109-130.
[3] K.Nagatou, Acomputer-assisted proof on the stability of the Kolmogorov flows of incompressible viscous fluid, ]. Comp. Appl. Math. 169 (2004) 33-44.
[4] M.T. Nakao, A numerical verification method for the existence of weak solutions for nonlinear boundary value problems, J. Math. Anal. Appl. 164
(1992) 489-507.
[5] M.T. Nakao, Solving nonlinear elliptic problems with result verification using an H~! type residual iteration, Computing, Suppl. 9 (1993) 161-173.
[6] M.T.Nakao, Y. Watanabe, N. Yamamoto, T. Nishida, Some computer assisted proofs for solutions of the heat convection problems, Reliable Computing
9(2003) 359-372.
[7] H.Okamoto, M. Shoji, Bifurcation diagrams in Kolmogorov’s problem of viscous incompressible fluid on 2-D flat tori, Japan J. Ind. Appl. Math. 10 (1993)
191-218.
[8] M. Plum, Explicit H-estimates and pointwise bounds for solutions of second-order elliptic boundary value problems, J. Math. Anal. Appl. 165 (1992)
36-61.
[9] S.M. Rump, On the solution of interval linear systems, Computing 47 (1992) 337-353.
[10] S.M.Rump, Verification methods for dense and sparse systems of equations, in: ]. Herzberger (Ed.), Topics in Validated Computations, Elsevier Science,
North Holland, Amsterdam, 1994, pp. 63-135.
[11] Y. Watanabe, N. Yamamoto, M.T. Nakao, T. Nishida, A numerical verification of nontrivial solutions for the heat convection problem, J. Math. Fluid
Mech. 6 (2004) 1-20.
[12] N. Yamamoto, A numerical verification method for solutions of boundary value problems with local uniqueness by Banach’s fixed-point theorem,
SIAM ]. Numer. Anal. 35 (1998) 2004-2013.



	A computer-assisted proof for the Kolmogorov flows of incompressible viscous fluid
	Introduction
	Non-dimensionalization and function spaces
	Approximate subspace and norm estimates
	Fixed-point formulation and error estimates
	Verification procedure
	Estimation of  Y1 
	Estimation of  Z1 (U) 
	Estimation of  Z1 (U)  (detail)
	Estimation of   ||PNΔ- 2ξ1||X  
	Estimation of   ||PNΔ- 2ξ2||X  
	Conclusion

	Estimation of  Y2 
	Estimation of  Z2 (U) 
	Verification algorithm

	Some verification results
	Result 1
	Result 2

	Acknowledgements
	References


