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Abstract

This paper deals with a monotone alternating direction (ADI) scheme for
solving nonlinear singularly perturbed parabolic problems. Monotone se-
quences, based on the method of upper and lower solutions, are constructed
for a nonlinear difference scheme which approximates the nonlinear parabolic
problem. The monotone sequences possess quadratic convergence rate. An
analysis of uniform convergence of the monotone ADI scheme to the solutions
of the nonlinear difference scheme and to the continuous problem is given.
Numerical experiments are presented.
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1. Introduction

In this paper we give a numerical treatment for the nonlinear singularly
perturbed parabolic problem in the form

uy — Lu + f(z,y,t,u) =0, Luzuz(um+uyy), (1)
(,y,) eQ=wx(0,T], w={0<z<1}x{0<y<l1},
u(z,y,t) =0, (z,y,t) € dw x (0,7,
w(@,y,0) =v(z,y), (v,y) €W,

where p is a small positive parameter, Ow is the boundary of w, the functions
f and v are smooth in their respective domains, and f satisfies the constraint

fu>=0, (r,y,t,u) €W x[0,T] x (—o0,0), (2)
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where 3 = const > 0. This assumption can always be obtained via a change
of variables. Indeed, introduce z(x,y,t) = e Mu(x,y,t), where X is a con-
stant. Now, z(z,y,t) satisfies (1) with ¢ = Az + e M f(z,y,t, eMz), instead
of f, and we have ¢, = A + f,. Thus, if A > —min f, + 3, where minimum
is taking over the domain from (2), we conclude ¢, > .

For p < 1, the problem is singularly perturbed and characterized by
boundary layers (regions with rapid change of solutions) near boundary dw
(see [2] for details). Various reaction-diffusion-type problems in chemical,
physical and engineering sciences are described by problem (1).

In the study of numerical methods for nonlinear singularly perturbed
problems, the two major points to be developed are: i) constructing robust
difference schemes (this means that unlike classical schemes, the error does
not increase to infinity, but rather remains bounded, as the small parameter
approaches zero); ii) obtaining reliable and efficient computing algorithms
for solving nonlinear discrete problems.

We shall employ a two-time level implicit scheme for approximating the
semilinear problem (1). Alternating direction implicit (ADI) methods are
very efficient methods for solving two or three dimensional parabolic prob-
lems. At each time-step, the ADI method reduces two or three dimensional
problems to a succession of one dimensional problems, and, usually, one needs
only to solve a sequence of tridiagonal systems. In the case of the nonlin-
ear reaction function f in (1), the corresponding discrete problems become
systems of nonlinear algebraic equations.

A fruitful method for solving the nonlinear difference scheme is the method
of upper and lower solutions and its associated monotone iterations. By us-
ing upper and lower solutions as two initial iterations, one can construct two
monotone sequences which converge monotonically from above and below,
respectively, to a solution of the problem. The above monotone iterative
method is well known and has been widely used for continuous and discrete
elliptic and parabolic boundary value problems. Most of publications on this
topic involve monotone iterative schemes whose rate of convergence is linear.
Accelerated monotone iterative methods for solving discrete parabolic prob-
lems are presented in [3, 9, 13]. An advantage of this accelerated approach
is that it leads to sequences which converge quadratically.

In [4, 6], the ADI method based on the Douglas-Rachford ADI scheme [5]
is applied to linear singularly perturbed reaction-diffusion problems of type
(1). This ADI method is shown to be uniformly convergent (robust) with
respect to the small parameter g on special nonuniform meshes.
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In this paper, we construct a nonlinear ADI scheme based on a modifica-
tion of the Douglas-Rachford ADI scheme [5]. A monotone iterative method
with quadratic convergence rate from [3] is in use for solving nonlinear dis-
crete systems. We consider the case when on each time level a nonlinear
difference scheme is solved inexactly, and give an analysis of convergence of
a monotone ADI scheme on the whole interval of integration [0, 7.

The structure of the paper as follows. In Section 2, we introduce a non-
linear difference scheme for the numerical solution of (1), (2). In Section 3,
we construct a nonlinear ADI scheme. The new monotone ADI scheme is
presented in Section 4. Monotone properties of the ADI scheme are estab-
lished. Based on these properties, existence and uniqueness of the solution
to the nonlinear ADI scheme are proved. In Section 5, we show that on each
time level the monotone iterative method possesses quadratic convergence
rate. We analyze a convergence rate of the monotone ADI scheme on the
whole interval of integration [0, T]. Section 6 deals with uniform convergence
of the monotone ADI scheme to the nonlinear parabolic problem (1), (2).
The final Section 7 presents results of numerical experiments.

2. The nonlinear difference scheme

h = whe x o

On @ introduce a rectangular mesh @" x @™, @
whx = {.Z'i, 0 < 1 < N:m To = 0) TN, = 17 hlm = Tij+1 — wi}’ <3)
0" ={y;, 0<i< Ny yo=0, yn, =1; hyj = yjr1 — y; }
@TZ{tk, OSkSN‘ra t0:O7 th— :Ta Tk:tk_tkfl}'
For solving (1), consider the nonlinear implicit difference scheme
LU(p,te) + f(pt, U) = 7, Up, tia) = 0, (p,ty) € " x (@ \ {0}), (4)
with the boundary and initial conditions

Ulp.t) =0, (p,ty) € 0" x (@ \ {0}),
Up,0) =¢(p), pew”,

where Ow” is the boundary of @". When no confusion arises, we write
f(p,te, Ulp, tx)) = f(p,tx, U). The difference operator L is defined by

LU(p,t) = LU (p, tg) + 7, *Ulp, t1.),
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LU = LU+ LU, LMU = —p’DLU, v =ux,y,

where D2U and D;U are the central difference approximations to the second
derivatives

DU = (hoi) ™" [(Uliy,; — UE) (hat) ™' = (Uf = UE ;) (hoi) ']

1) ? v
DiUi'; - (hyj)_l [(Ufjﬂ - Uil;') (hyj)_1 - (Uz'lj‘ - Uz']?j—l) (hy,jfl)_l} )

hm’ = 271 (hm,i—l + hm) ) hyj = 271 (hy:j—l + hyj) ’ Uk = U <xi’ yj’ tk) )

v

On each time level t;, k > 1, introduce the linear difference problem
(’C—I_C(pa tk)])W(pa tk) = q)(p, tk)> RS whv (5)

W(p,tx) = g(p, tx), p€ ",

where [ is the identity operator. We are concerned with maximal nodal
errors, so we use the norm

W ) llor = max [W(p, t)].
pEW
We now formulate the maximum principle and give an estimate to the solu-
tion of (5).
Lemma 1. Let the assumption

7'+ min ¢(p, tx) > 0
pewh

hold true for k > 1.
(i) If a mesh function W (p,ty) satisfies the conditions

(L +c(p, te) W (p, ty) >0 (<0), peuwh,

W(p,ty) >0 (<0), peowh,

then W (p,t) >0 (L0) in@".
(ii) The following estimates of the solutions to (5) hold true

O (p,t
W) o < max — L)L o
pewh T + C(p, tk:)

The proof of the lemma can be found in [11].
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Remark 1. A difference scheme which satisfies the mazimum principle from
Lemma 1 is said to be monotone. The monotonicity condition guarantees that
the systems of algebraic equations based on such methods are well-posed (see
[11] for details).

Remark 2. The maximum principle from Lemma 1 holds true for the linear
difference operators L' + (1, + c(p, tp)) I, v = z,y.

3. The nonlinear ADI scheme

We use the following ADI scheme
(I + Tkﬁg) U*(pu tk) = U(pa tk—1)7 pE wha k > 17 (7)

U*(0,y;,ts) = U (1, y;,t) =0, j=1,...,N, —1,
(I + TkEZ) U(p7 tk) = U*(pv tk) - ka(pv tkv U)7 peE wha k > 17
U(xi,O,tk):U(wi,l,tk):O, izl,...,Nx—l,

U(p, O) = d)(p)v pE w".

On each time level t;, & > 1, for U*(p,tx), N, — 1 linear systems in the
a-direction must be solved, and for U(p, t;), N, — 1 nonlinear systems in the
y-direction must be solved. The matrices corresponding to I + 7L"(p, 1),
v = x,y, are tridiagonal and can be inverted conveniently with the Thomas
algorithm (see [8] for details).

Applying from the left the linear operator I + 7,L" to the difference
equation for U(p, tx) from (7), we get

(I + Tk[,;l) (I + TkﬁZ) U(p, tk) = U(p, tk—l) - (I + TkEZ) ka(p, tk, U), (8)
or

([ + Tkﬁh) U(p» tk) + Tk:f<p7 tk: U) - U(pv tk—l) + (9)
els (F(pty, U) + LyU(p, 1)) = 0.
The implicit scheme (4) and the nonlinear ADI scheme (7) differ by an order

of 72. Taking error accumulation into account, both schemes will give the
same first order accuracy in time.




4. The monotone ADI scheme

-~

We say that mesh functions U(p, i), U*(p, tx) and U(p, i), U*(p, t1,) are

~

ordered upper and lower solutions of (7), if they satisty U(p,tx) > Ul(p, tx),
U*(p,tx) > U*(p, tx), p€ @", k> 1, and

(I + L) U (p,ty) > Ulp,te-r), peEW, k>1, (10)

~

(I + LMY U*(p,ty) < Ulp,tys), pewt, k>1,
U*(0,y;,t) <0< U*(Ly;,te), j=1,....,N,—1,
(I +7Lh) Ulp,te) > U (p,ts) — 7f (0.1, U), peW, k>1,
(I+7L Ulptr) < T (p,ty) — e f (.t U), pEWh, k>1,
Uz, 0,t) <0< Ulwiy 1,t), i=1,...,N,—1
U(p,0) < ¥(p) < U(p,0), pew”

We now construct an iterative method for solving (7) in the following
way. Introduce the notation

)

,CVZE}VL—‘er_lI, v=u,y.

On each time level ¢, &k > 1, we calculate sequences of upper and lower
solutions {Va(”) (p,tr)} (¢ = 1 and a = —1 correspond to, respectively, the
upper and lower cases) and define

Vilpte) = V™ (p,t), k>1, Vilp,0)=1(p), pew,

as an approximate solution of the nonlinear ADI scheme (7) on t;, k > 0,
where ny is a number of iterative steps on time level ¢;. Initial upper and
lower solutions VOEO) (p,tx), a = 1,—1, are calculated by solving the linear
problems

LV (p.tn) = 7, 'Vip, tir), pE W, (11)
V*(0,y;,tx) = V*(1,y;,tx) =0, j=1,...,N,—1,
LY (p,ty) = o|R(p, tx, S)|, p € wh
YO p,t) =0, peduwh,
R(p,tx, S) = LyS(p, tr) + f(p, tr, S) — 7V (p, 1),
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VOEO) (p7 tk) = S(p7 tk) + YOSO)(pa tk)a pE whv

where S(p, ;) is an arbitrary mesh function, defined on @", which satisfies
S(p,tx) = 0 on dw". For n > 1, we calculate upper and lower solutions by
using the recurrence formulae

(ﬁy + C(n_l) (pa tk‘)]) Zén) (p7 tk) = _R(p7 tkv Vagn_l))v p e Wh: (12)
R(pa tk’v Vogn_l)> = ﬁyvogn_l) (p7 tk) + f(pa tk‘v Vogn_l)) -
TIJIV*(Z% tk)7

Zél)(xi,O,tk) (xz,() ty), i=1,...,N,—1,
ZW(x;,1,t) = =V O(x;,1,t,), i=1,...,N, —1,

ZM (2;,0,t;,) = Zg">(g;l, 1,tk) 0, i=1,....,N,—1, n>2,

Vogn)<p7 tk) = Vognil)(pa tk) + Zézn)(pv tk)a p € wha
The mesh function ¢~V (p, t;) is given by

" Dp,te) = max{ fulp. 1 V), VI V0, t0) <V <V Vot (13)

where below in Theorem 1, we prove that V(n 1)(p, tr) < Vl("fl)(p, tr), p €

Wl

In the following theorem we prove the monotone property of the ADI
scheme (11)-(13).

Theorem 1. Let (2) hold. The sequences {V\"™}, {V"Y, generated by (11)-
(13) are ordered upper and lower solutions to (7) and converge monotonically

VO otn) <V (1) <V (0t) <V PV (oti), ped®, (14)
where k> 1 andn > 1.

Proof. We show that Vl(o) (p,tr), k > 1, defined by (11) is an upper solution.
From (11), by the maximum principle in Lemma 1, it follows that

YO, t) 20, ped




Using the difference equation and the mean-value theorem, we have
£,(S(p. ) + Y (p, 1)) + £ (p tr S + ¥ = 7 Valp, tit) =
R(py tka S) + |R(p» tkv S)‘ + fu(p7 tkv R)Yi(O) (p7 tk:)u

where S(p,ty) < R(p,ty) < S(p,ty) + YO(p,t;). From (2) and Y,* is

nonnegative, we conclude that V,” (p, t;) = S(p, tx) + Y. ” (p, 1) is an upper

solution. Similarly, we can prove that VO (p, t,) = S(p, ) + YV (p, t1) is a

lower solution.
Since Vl(o) is an upper solution, then from (12), we have

(L, + O (p,t:)I) ZW(p,t) <0, pewh
ZW0(x;,0,t) <0, ZW(z;,1,1) <0, i=1,...,N, — 1.

From (2) and (13), by Lemma 1, it follows that

Z0(p, ) <0, pewh (15)
Similarly, for a lower solution V_((i), we conclude that

ZU(p,t) =0, pew (16)
We now prove that

V(1) < VIV (p 1), ped”. (17)

Letting W™ = V"™ — v 5 >0, from (12) and the mean-value theorem,
we have

(L, + 9 (p, t1)1) WO(p,t1) = (p,t1) — fulp, t1, E)Y)W O (p, 1),
pewh, WW(x;,0,t) >0, WW(x;,1,¢,)>0, i=1,...,N, —1,

where Vf?)(p, t1) < E(p,t1) < Vl(o)(p, t1). From WO (p,t;) >0, p € @", (2)
and (13), we conclude that the right hand side in the difference equation is
nonnegative. Taking into account (2) and (13), the positivity property in
Lemma 1 implies WM (p,t;) > 0, p € @", and this leads to (17).

We now prove that Vl(l) (p,t1) and V_(ll) (p, t1) are upper and lower solutions
(10), respectively. Using the mean-value theorem, from (12) we obtain

R(p, t1, Vi) = = (¢O(p, 1) = fulp, 11, Q)) Z(p, 1), (18)
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where V" (p, 1) < Q(p, t1) < Vl(o)(p, t1). From here, (13), (15), (16) and
(17), it follows that

C(O)(pv tl) Z fu(pa t17Q)7 pE Wh'

From here and (15), we conclude that
R(pa tl? ‘/1(1)) Z 07 peE why

Vi (2s,0,81) = VP (2,1,8) =0, i=1,...,N, — L.
Thus, Vl(l)(p, t1) is an upper solution. Similarly, we can prove that V_(ll) (p,t1)
is a lower solution, that is,

R(p7 tla V(ll)) S 07 pE wh7

V—(ll)(xla Oatl) - V_(ll)(fﬁz, 1,t1) = 0, = 1, RN Nx — 1.

By induction on n, we can prove that {Vl(n) (p,t1)} is a monotonically

decreasing sequence of upper solutions and {V_(T) (p,t1)} is a monotonically
increasing sequence of lower solutions, which satisfy (14) for ¢;.

By induction on k, k > 1, we can prove that {V;™(
tonically decreasing sequence of upper solutions and {V_(?)(p, tx)} is a mono-
tonically increasing sequence of lower solutions, which satisfy (14). Thus, we

prove the theorem. O

p,ti)} is a mono-

Applying Theorem 1, we investigate existence and uniqueness of a solution
to the nonlinear ADI scheme (7).

Theorem 2. Let (2) hold. Then the nonlinear ADI scheme (7) has a unique
solution.

Proof. Let Uy(p,t1) = lim,, . Vl(n) (p,t1), p € wh. It follows from (14) that
the limit exists and

Uilpt) <V(pt), lim 27 (p 1) =0, pea’ (19)
Similar to (18), we can prove that

R(p, t1, V") = —(c" D (p,t1) — fulp, t1, Q"N ZM (p,11), n>1,  (20)




where Vl(")(p, t) < QM (p,t;) < Vl(”*l)(p, t1). From here and (19), we con-
clude that Uy (p,t;) solves (7) at ¢;. By induction on k, k > 1, we can prove
that

Ui(p,te) = lim VI (p,1s), ped, k21,

is a solution of the nonlinear ADI scheme (7). Similarly, we can prove that
U71<p7 tk) = lim V—(?)(ZL tk)v JAS wh7 k 2 17

is a solution of the nonlinear ADI scheme (7).
We now show that

Ul(p7 tk) = U—l(pa tk)7 JAS wh> k Z 17

where Uy (p, t) and U_;(p, ) are solutions to the nonlinear ADI scheme (7),
which are defined above. Let W (p, tx) = Ui(p, tr) — U_1(p, tx). From (7), by
Lemma 1, it follows that U*(p,t;) = 0, p € ©@". From here and (7), we have

LW (p,ty) + f(p, 11, Uh) — f(p,11,U-1) =0, pewh
Wi(p,t1) =0, pc o™
From (14), it follows that
VW (p,t)) <U_i(p,tr) < Ur(p, ) <V (p,th), ped (21)
Using the mean-value theorem, we obtain
(Ly+ fulp,ti, EYD)W (p,t1) =0, pew”, W(pt)=0, peduh

where U_1(p, t1) < E(p,t1) < Ui(p,t1). Using (2), by Lemma 1, we conclude
that W(p,t;) = 0, p € @". By induction on k, k > 1, we can prove that
W(p,t;) =0, p € @", k > 1, and prove the theorem. O

5. Convergence properties of the monotone ADI scheme

5.1. Quadratic convergence of the monotone iterative method
Introduce the notation

Tk = mai([mxaxﬂfuu(pa Uk, V)|7 ﬁ(p, tk) <V< ﬁ(p, tk)}] (22)

pEW

The following theorem gives the quadratic convergence of the monotone it-
erative method (11)—(13).
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Theorem 3. Let (2) hold. On each time level, for the sequences {VOS")},
a =1,—1, generated by (11)-(13), the following estimate holds:

WD ) < ol WO I, o= mr (23)
where W™ (p, ) = V™ (p, tx) — V7 (p, t1,).
Proof. From (12), we have

(ﬁy + C(n) (p, tk)[)W(nJrl) (p7 tk) = H(n) (p7 tk)? pe wha (24)

H (p,ty,) = ¢ (p, t)) W (p, 1) — (f(p, t, V) — Fp,t, VD)),
WO (2,0, t,) = WO (2, 1,4,) =0, i=1,...,N, — 1.

By the mean-value theorem,
St Vi) = .t V) = Fulps i, E®YW O (1),

where V' (p, ) < E® (p, t1,) < V" (p, ;). From (13), it follows that

A (p,t) = fulpti @), VD (0, t4) < Q™ (p, 1) < V™ (. 14).
Thus, we represent the right hand side H™ from (24) in the form

(fulps ti, Q™) = fulp, tes EW)W ™ (p, ).
Applying again the mean-value theorem, we get
Justiy QM) = fulp, 6 E™) = fuu(p, te, G™N)Q™ (p, 1) — E™ (p, 1)),

where G™ lies between Q™ and E™. Taking into account that

Q™ (p, tx) — E™ (p, tx)| < V™ (p, tr) — VI (p, 1),

in the notation (22), we estimate H™ from (24) as follows
I (ot o < rl WO 1) 120

From here, using (6), we prove the estimate (23). O
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Remark 3. If on each time level ty,, k > 1, the nonlinear function f satisfies
the constraint

min[mvin{fuu(p, tr, V), ﬁ(p, tr) <V < ﬁ(p, t)} >0, (25)

pewh
then for the upper sequence {Vl(n)} in Theorem 3, we have the estimate

o < eV G ti) = UC )12,

where U is the exact solution of the nonlinear ADI scheme (7). From as-
sumption (25) on fu, and (13), it follows that

™ (p,t) = fulp, tr, V). (26)

If we take into account that W (p,t;,) = Vl(n)(p, tr) — U(p,tx), U*(p, tr) <
EM™(p,t) < Vl(n)(p, ty) and QM = Vl(n), the proof of the estimate repeats
the proof of Theorem 3.

In the case of the constraint (25), from (26), it follows that on each
time level t, k > 1, one can calculate only the sequence of upper solutions
{Vl(") (p,tr)} in the monotone ADI scheme (11)-(13). Thus, calculation of
the mesh function "~V (p,t},) is simplified to compare (26) to (13).

If on each time level ty, k > 1, the nonlinear function f satisfies the
constraint

VD) = UG )]

pED

then for the lower sequence {qu)} in Theorem 3, we have the estimate
VI Ct) = UG )l < el VY i) = UG ) [

From assumption (27) on fu., and (13), it follows that

If we take into account that W™ (p, t;) = V_(?) (p,tr) = Ul(p, tr), V_(?) (p,tr) <
EM () < U*(p,t) and QM = qu), the proof of the estimate repeats the
proof of Theorem 3.

In the case of the constraint (27), from (28), it follows that on each
time level ty, k > 1, one can calculate only the sequence of lower solutions
(V" (p,te)} in the monotone ADI scheme (11)~(13). Thus, calculation of
the mesh function ¢~V (p, t;.) is simplified to compare (28) to (13).

=
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Introduce the notation

n(te) = [V (o) = VI () |-

In the following theorem we estimate the quadratic convergence rate in (23).

Theorem 4. Let (2) hold. Then on each time level, for the sequences {V,;Sn)},
a = 1,2, generated by (11)-(13), there exists ny, such that prqn, < 1, and
the following estimate holds:

1 n—n
an(te) < - ok, (B >y (29)
k

where py, is defined in (23).
Proof. Let ky(ty) = pran(tr). Multiplying (23) by pi, we have
Fnit(te) < [ka(t0)]”, n > 0.

Since the sequences {VOE") (p,tr)}, @ =1, —1, converge to the exact solution
U(p, tx) of the nonlinear scheme (7), then for some ny, the inequality x,, <1
holds. By induction, we show that

on—ng

Fn(tr) < [Rn, ()] 7, n2 (30)
It is true for n = n;. Assuming that it holds true for n = [, we have

2 2l+17nk

e (te) < It < (I (00 )" = [ony (0T
and prove (30). From (30) and &, (tx) = pran(tx), we conclude (29). O

5.2. Convergence of the monotone ADI scheme on [0, T]

In Theorems 1, 3 and 4, we have investigated convergence properties
of the monotone ADI scheme (11)-(13) on each time-level ¢, & > 1. We
now investigate convergence of the monotone ADI scheme (11)-(13) on the
whole interval of integration [0,7]. In (12), we assume that on each time-
level t, k > 1, Vi(p,tx) is the approximation of the exact solution, where
Vilp, tg) = Vl(n’“)(p, tr). Thus, on the whole interval of integration, we esti-
mate maxy, ez ||Vi(-,tk) — U(, tg)|lon, where U is the exact solution to the
nonlinear ADI scheme (7).
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We now choose the stopping criterion of the monotone ADI scheme (11)—
(13) in the form

IR(:, te, V™) lon < 6, (31)

where § is a prescribed accuracy, and set up Vi(p,tx) = Vl(n’“)(p, ty), p €N,
such that ny is minimal subject to (31).
We prove the following convergence result for the monotone ADI scheme

(11)-(13), (31).

Theorem 5. Let (2) hold true. The sequence {Vl(")}, generated by (11)-(13),
(81), converges uniformly in the perturbation parameter ji:

w

max [[Vi (-, t) = Ut llon < 19, (32)
ECw

where U(p, tx) is the unique solution to (7).

Proof. The difference problem for Vi(p,t;) = Vl(n’“)(p, tr), k > 1, can be
represented in the form

‘Cy‘/l(p7 tk) + f(p7 tka ‘/1) - T]g_l‘/*(pa tk) = R(pv tka ‘/1(7%))) p € whv

‘/1(37i707tk):‘/1($i71,tk):0a i:1,...,Nx—1.

From here, (7) and using the mean-value theorem, we get the following
difference problems for W*(p,tx) = V*(p,tx) — U*(p,tx) and W(p,t;) =
Vilp: tr) = U(p, ti):

LW (p,ty) =1, W(p,ti—1), pe W, (33)

W*<0,yj,tk):W*<1,yj,tk> :0, j:]_,...,Ny—l,
(Ly + fulp ti EYO)W (p, 1) = Rip,ty, Vi) + 7 ' W (p, 1), p € W,
W(xi,O,tk) :W(l’i,l,tk) :0, 1= 1,...,Nx—1,

where F(p,t;) lies between Vi(p,t;) and U(p,t;). From here and (2), by
using (6), we have

W= ti)llr < W te1) s (34)

W ti)llzn < TRl RC ey Vi) llon + W C ) [l
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Since W (p,0) = 0, from here, by using (6), we conclude that W*(p,t;) = 0,
p € @". From here, (34) and taking into account that according to Theorem 1
the stopping criterion (31) can always be satisfied, it follows that

W (- 1) llgn < 071
Similarly, from here and (34), we obtain
IW5( o) lon < 071, [IW (s bo)llgn < 0 + 072

Now, by induction on k, we conclude that

k
W (- ti)llon 6> m<oT, k=1

=1

Thus, we prove the theorem. O

6. Uniform convergence of the monotone ADI scheme to the non-
linear parabolic problem

We suppose sufficient smoothness of functions f and ¢ in (1) and also
sufficient compatibility conditions between the initial and boundary data, in
such a way that for [ sufficiently large integer and 0 < € < 1, the solution of
(1) satisfies

u(x7 n t) e Cl+e,l+e,(l+e)/2(@>.

Using the mean-value theorem, the reaction function f in (1) can be written
in the form f(z,y,t,u) = f(z,y,t,0)+ fuu. Now, we may consider (1), (2) as
a linear parabolic problem with the smooth coefficient f,, and use the bounds
of the exact solution and its derivatives obtained in [12] for a linear problem.
According to [12], the solution can be decomposed into two parts u = S+ E,
where S and E are the regular and singular parts of u, respectively. In turn,
the singular part can be decomposed in the form

E=®+ U+ (Too+ YTio+ Tor + Y1),

where ® and ¥ are essentially one-dimensional boundary layer functions in
some neighborhoods of sides x =0, x = 1 and y = 0, y = 1, respectively, and
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Yn, m,n = 0,1 are corner layers in the neighborhood of (m,n). According
to the results from [12], the following bounds hold true:

%% =¢ (35)
% < Op™™(x), I(z) = Mo(x) + Mi(x),
% < OpMI(y), Ti(y) = To(y) + M(y),
%W < Cp BT (@) (y), m,n = 0,1,

Ho(x) = exp (—v/Fo/n) . i(x) = exp (—V/B(L - 2)/n)
e —eXp( fy/u) ﬂl(y)zexp(—\/ﬁ(l—y)/@,

where k = (ky, ky, kt), ky+ky+2k, <[, and here and throughout C denotes a
generic positive constant which is independent of 1 and the mesh parameters.

6.1. Layer-adapted meshes
We employ a layer-adapted mesh from [10] which is formed in the follow-
ing manner. We divide each of the intervals @* = [0, 1] and @¥ = [0, 1] into
three parts [0,¢,], [z, 1 — <], [1 =<, 1], and [0,¢,], [s, 1 —¢,], [1 =gy, 1],
respectively. Assuming that N,, N, are divisible by 4, in the parts [0, ¢,],
1 —¢;,1]and [0,s,], [1 — ¢y, 1] we allocate N, /441 and N,;/4+41 mesh points,
respectively, and in the parts [¢,, 1 — ¢, ] and [g,, 1 — ¢,] we allocate N, /24 1
and N,/2 + 1 mesh points, respectively. Points ¢, (1 —¢,) and ¢, (1 —¢,)
correspond to transition to the boundary layers. We consider meshes @™ and
Y which are equidistant in [xNz /45 T3N, /4} and [yNy /45 Y3N, /4} but graded
i [0, 2], [/ 1] and [0.9x,a] (s ae1)- O [0,y [ran, oo 1
and [0, YN, /4]7 [Z/SNy /4 1} let our mesh be given by a mesh generating func-
tion ¢ with ¢(0) = 0 and ¢(1/4) = 1 which is supposed to be continuous,
monotonically increasing, and piecewise continuously differentiable. Then
our mesh is defined by

§x¢(§z)a EZ:NLI Z_O '7NT7
T =9 ihg, z’:%+1,...,%—1;
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w9 (&) G=5 =0,
Yi =94 jhy, j=2 41,2,
- (1=0(&). &=0-"IN, j="+1...,N,
he =2(1—2¢) N, ', hy=2(1—-2¢)N,".

We also assume that ¢ does not decrease. This condition implies that

N, . 3N,
hm'ghx,i+1,2‘:1,...,?—1, hmth7i+17Z: 4 +17--~7Nx_17

. N, . 3N,
hngh%j_i_l,j:].,...,zy—l, hijhyJ'_'_l,j:Ty—Fl,...,Ny—l.

Piecewise uniform meshes of Shishkin-type. The piecewise uniform
meshes W"® and W" are defined in the manner of [7] and are referred to as
Shishkin meshes. The boundary layer thicknesses ¢, and ¢, are chosen as

¢ =min{l1/4, mpInN,}, ¢, =min{l/4, mopln N},

where m; and msy are positive constants independent of u, N, and N,. If
Sy = 1/4, then N, ; are very small relative to p, and in this case, the
difference scheme can be analyzed using standard techniques. We therefore
assume that

S =mapln Ny, ¢, =moulnN,. (36)

Consider the mesh generating function ¢ in the form

$(§) = 4. (37)

In this case the meshes @"* and @™ are piecewise equidistant with the step
sizes

N;'< h, <2N;', hgy=miuN; InN,,
Ny' <hy <2N;', hy, =mepN, " InN,.
The mesh @™ is defined similarly.

Log-meshes of Bakhvalov-type. We choose the transition points ¢,
(1—¢,) and g, (1 —g,) in Bakhvalov’s sense (see [1] for details), i.e.

G =mpln(1/pn), ¢ =mopuln(1l/u), (38)
and the mesh generating function ¢ is given in the form
In1 —4(1 — p)&
9(§) = [ 1( )], (39)
np

where m,; and my are positive constants independent of y, N, and N,,.

17




6.2. Error analysis

Firstly, we analyze a local truncation error of the exact solution u(zx,y, t)
to the nonlinear problem (1), (2) on the nonlinear ADI scheme (7). Since
the exact solution U(p, tx) of (7) satisfies (9), then on each time level t; the
local truncation error o(p,tx) is defined by the left hand side of (9), where
u(p, tx) is in use instead of U(p, ).

Lemma 2. The following error bounds hold true:

Cre (N"'In N + 7)), on mesh (36), (37),

(s ti) [l < { Cre (NP +71), on mesh (38), (39), (40)
where N = min {N,, N, }, and constant C' is independent of u, N and 7y.

Proof. We split o(p, ty) into two parts o1(p, tx) and oa(p, ty), where
o1(p,tr) = (I + 7L"ulp, t) + 7 f (p, te, w) — u(p, ti-v),
o2 (p, t) = TR LE(f (p, by w) + Lu(p, tr)).

The part o1(p, tx) corresponds to the nonlinear implicit difference scheme for
solving (1), (2), and for oy (p, tx), we proved the error bounds (40) in [2].
We now estimate oy(p, tx). The representation

[T [0 0Pyl y)
D2gi; = (haihy) 1/ / o2 2L dzds +

Ti_1 82 Z y
hIZhI 11— J
1) / / 0x?
for any smooth ¢ yields

|D2gi;| < |0%g/027

[Ti—1,2i41]

From here, (35) and using the mean-value theorem, we obtain
Hﬁgf('?tbu)nwh < H‘CZf(ﬂf’w O)Hwh + H[’];quu(’tk)”wh <C.

For any smooth g, we have

Yj+1 a
DD2g; = (hyihy)” / / pf 90t gx“ ) dzds +
Yi—
(yihyi—1) / /192895”“ dzds.
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Using the above integral representation for D2, we get

ID2D2g;;| < ||0%g/(0220y?)]

[Ti1mia]x[yj—1,0541]
From here and (35), we obtain
IhLhul, ) < C
Collecting the above bounds, we estimate oo(p, tx) in the form
loa(-, t) [l < O
From here, we prove the error bounds (40) for o(p, t;). O

We now investigate p-uniform convergence of the nonlinear ADI scheme
(7) on layer-adapted meshes to the nonlinear parabolic problem (1), (2).

Lemma 3. On each time level t,, k > 1, the nonlinear ADI scheme (7)
converges p-uniformly to the nonlinear parabolic problem (1), (2):

C(N'InN +71), on mesh (36),(37),
IUC ) = st llon < { C(N"'+71).  onmesh(38), (39).

where N = min {N,, Ny}, 7 = maxy, 7, and constant C is independent of p,
N and 7.

Proof. Let e(p,ty) = U(p,tp) — u(p,tx). We use (8) and the mean-value
theorem to represent the difference problem for e(p,t;) in the form

(I+ Tkﬁg) (1 + 7 fu) I + Tk»CZ) e(p,te) = e(p. te—1) —o(p, tr), peW,
e(p,tr) =0, ped, e(p0)=0, pew”

From here and taking into account that

|emey <1 s maremey ™| <

(41)

we obtain the following estimate for e(p, ty):

leCs ti)llgr < lles th-s)llgr + lo (s ta) llzn-

From here and e(p, 0) = 0, p € @", we conclude that

k
leC-, te)llon < (Z Tz) I o ()l
=1

From here, Ele 7 < T and (40), we prove (41). O
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We now arrive at our main theoretical result.

Theorem 6. The sequence {Vl(")}, generated by the monotone ADI scheme
(11)-(13), (31), converges p-uniformly to the solution u of the nonlinear
parabolic problem (1), (2):

-1
||v1<-,tk>—u<-,tk>||whS{C(‘”N InN +7), on mesh (36), (37),

Cl+N"'1+1), on mesh (38), (39),
where constant C' is independent of u, N and 7.

Proof. The proof follows from (32) and (41). O

7. Numerical experiments

In this section, we present some numerical experiments for the monotone
ADI scheme. Our test problem arises from the enzyme reaction model where
the reaction function is based on the Michaelis-Menton hypothesis. In the
test problem, the true continuous solution is explicitly known and is used to
compare with the numerical solution from the monotone iterations by the
monotone ADI scheme.

We choose the stopping criterion in the form (31) with § = 1075, In all
numerical experiments, the monotone property of upper and lower solutions
is observed at every mesh point of the computational domain.

We consider the enzyme reaction model with an internal source ¢(z,y, t)
inw={0<x<1, 0<y<1}. Thisis given by

a—+u
b+ u

u(z,y,t) =0, (z,y,t) € ow x (0,7,
u(x,y,O) =0, (iE,y) €uw,

ut—,uz(um—i—uyy)— =q(z,y,t), (z,y,t) €w x (0,T],

where a and b are positive constants, a > b > 0. We choose ¢(z,y,t) such
that the exact solution is

e—Z/,LL + 6_(1_2)/1“
1+e1/n

u($7y>t) = (1 - e_t)¢(x)¢(y)v ¢(2) =1- (42)

For f(x,y,t,u) = —(a+u)/(b+u) — q(z,y,t), we have
a—0b a—2b a—2b
< < —

f“:(b+u)2’ (1+0b)




Thus, 8 = (a—b)/(1+b)? in (2). Since fu, = —2(a—b)(b+u)> <0, u >0,
then ¢~ in (13) is given in the form of (28), and we can calculate only the
sequence of lower solutions {V"" (p, t,)}, where V_1(p, tp_1) = quk’l)(p, tr—1)
is in use in (12), instead of Vi (p, tx_1).

Piecewise uniform mesh of Shishkin-type. Here we consider the
monotone ADI scheme on the piecewise uniform mesh (36), (37). In Table 1,
for a =50, b =1 and T' = 0.5 and different values of u, N and 7 = T/N, we
present the maximum numerical error

euror(N) = max V() — )l
where u(z,t) is the exact solution (42), and number of monotone iterations
on each time level is given in parentheses. The order of maximum numerical
error, corresponding to the data from Table 1,

error(NV
Order(N) = lOgQ (W(g]\[))) s

is reported in Table 2. The data in Tables 1 and 2 show that the monotone
ADI scheme converges p-uniformly, the numerical solution has the first-order
accuracy in the time variable, and the monotone lower sequences converge
in a few iterations to the exact solution.

11/ N 64 128 256 512 1024
1T 221e4(2) L1.34c-4(2) 7.60e-5(2) 4.06e-5(2) 2.10e-5(2)
1071 1.54e-3(4) 9.75e-4(4) 5.89e-4(3) 3.29e-4(3) 1.76e-4(3)
1072 2.10e-3(4) 1.27e-3(4) 5.97e-4(3) 3.34e-4(3) 1.78¢-4 (3)
1073 1.05e-2(4) 6.23e-3(4) 3.52e-3(3) 1.93e-3(3) 1.01e-3(3)
1074 7.31e-3(4) 4.19¢-3(4) 2.30e-3(3) 1.21e-3(3)  6.26¢-4(3)
<1075 7.66c-3(4) 4.21e-3(4) 2.32e-3(3) 1.22¢-3(3)  6.28¢-4(3)

Table 1: Errors in the monotone ADI scheme on mesh (36), (37) for 7 = T/N.

For the same set of parameters as in Table 1 but 7 = (T'/N)?, we present
the maximum numerical error and the order of maximum numerical error
in Tables 3 and 4, respectively. The data in Tables 3 and 4 show that the
monotone ADI scheme converges p-uniformly, for g < 1073, the numerical
solution has the first-order accuracy in the space variables, and the monotone
lower sequences converge in a few iterations to the exact solution.
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w/N 64 128 256 512
1 0.72 0.82 091 0.95
1071 066 0.73 0.84 0.90
1072 0.73 1.09 084 0091
1073 0.76 0.82 0.87 0.93
107 0.80 0.84 0.90 0.95
<10™® 0.86 0.90 0.93 0.97

Table 2: Order of convergence in the monotone ADI scheme on mesh (36), (37) for 7 =
T/N.

/N 64 128 256 512 1024
1 4.81e-6(2) 1.28¢-6(2) 3.30e-7(2) 8.37e-8(2) 2.08¢-3(2)
1071 9.17e-5(3) 1.94e-5(3) 3.54e-6(3) 6.62e-7(2) 1.36e-7(2)
1072 2.21e-3(3) 1.23e-3(3) 5.08¢-4(3) 1.64e-4(3) 4.30e-5(2)
1073 1.05e-2(3) 6.03e-3(3) 3.38e-3(3) 1.86e-3(3) 9.8le-4(2)
107*  7.26e-3(3) 4.11e-3(3) 2.27e-3(3) 1.18¢-3(3) 6.11e-4(2)
<107% 7.66e-3(3) 4.19¢-3(3) 2.28¢-3(3) 1.18¢-3(3) 5.98¢-4(2)

Table 3: Errors in the monotone ADI scheme on mesh (36), (37) for 7 = (T//N)2.

w/N 64 128 256 512
1 1.91 196 1.98 2.01
1071 224 245 242 228
1072 085 1.29 1.62 1.93
1073 0.80 0.84 0.86 0.90
10°* 083 0.86 092 0.95
<107° 0.87 092 0.95 0.98

Table 4: Order of convergence in the monotone ADI scheme on mesh (36), (37) for 7 =

(T/N)2.

Log-meshes of Bakhvalov-type. Here we consider the monotone ADI
scheme on log-mesh of Bakhvalov-type (38), (39). For the same set of pa-
rameters as in Table 1, we present the maximum numerical error and the
order of maximum numerical error in Tables 5 and 6, respectively. The
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data in Tables 5 and 6 indicate that the monotone ADI scheme converges
p-uniformly, the numerical solution has the first-order accuracy in the time
variable, and the monotone lower sequences converge in a few iterations to
the exact solution.

/N 64 128 256 512 1024
1 2.18e-4(2) 1.35¢-4(2) 7.61e-5(2) 4.066-5(2) 2.10e-5(2)
1071 2.04e-3(4) 1.21e-3(4) 6.74e-4(3) 3.57e-4(3)  1.84c-4(3)
1072 2.06e-3(4) 1.23e-3(4) 6.8le-4(3) 3.61e-4(3) 1.86e-4 (3)
1073 8.50e-3(4) 4.96e-3(4) 2.73e-3(3) 1.48e-3(3) 7.77c-4(3)
1074 5.94e-3(4) 3.37e-3(4) 1.85e-3(3) 9.70e-4(3)  5.02e-4(3)
<1075 6.63e-3(4) 3.62e-3(4) 1.91e-3(3) 9.80e-4(3) 4.97e-4(3)

Table 5: Errors in the monotone ADI scheme on mesh (38), (39) for 7 = T/N.

u/N 64 128 256 512
1 0.70 0.83 0.91 0.95
1071 075 084 0.92 0.96
1072 0.74 085 0.92 0.96
1073 0.78 0.86 0.88 0.93
107 0.82 0.87 0.93 0.96
<10™® 0.87 0.92 0.96 0.98

Table 6: Order of convergence in the monotone ADI scheme on mesh (38), (39) for 7 =
T/N.

For the same set of parameters as in Table 5 but 7 = (T'/N)?, we present
the maximum numerical error and the order of maximum numerical error
in Tables 7 and 8, respectively. From the data in Tables 7 and 8, we can
conclude that the monotone ADI scheme converges p-uniformly, for 4 < 1073,
the numerical solution has the first-order accuracy in the space variables,
and the monotone lower sequences converge in a few iterations to the exact
solution.

Our numerical experiments confirm the theoretical results proved in The-
orem 6 that on meshes (36), (37) and (38), (39), the monotone ADI scheme
(11)—(13), (31), converges p-uniformly to the solution of the nonlinear parabolic
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w/N 64 128 256 512 1024

1 480e-6(2) 1.28¢-6(2) 3.30e-7(2) 8.37¢-8(2) 2.08¢-3(2)
1071 1.30e-4(3) 3.66e-5(3) 9.57e-6(3) 2.42e-6(3) 6.22¢-7(2)
1072 1.82e-3(3) 1.05e-3(3) 4.80e-4(3) 1.81e-4(3) 5.69¢-5 (2)
1073 2.62e-3(3) 1.66e-3(3) 9.53e-4(3) 5.32e-4(3)  2.89¢-4(2)
1074 1.94e-3(3) 1.12e-3(3) 6.25¢-4(3) 3.39¢-4(3) 1.78¢-4(2)
<1075 2.23e-3(3) 1.26e-3(3) 6.85¢-4(3) 3.62e-4(3) 1.86e-4(2)

Table 7: Errors in the monotone ADI scheme on mesh (38), (39) for 7 = (T//N)2.

w/N 64 128 256 512
1 191 196 198 2.01
1071 1.83 1.94 198 1.96
1072 0.79 1.13 141 1.67
1073 0.75 0.80 0.84 0.88
107 0.79 0.84 0.88 0.93
<10™® 0.83 0.88 0.92 0.96

Table 8: Order of convergence in the monotone ADI scheme on mesh (38), (39) for 7 =

(T/N)?.

problem (1), (2). The numerical solutions have the first-order accuracy in
the time variable and for x4 < 1073, the first order accuracy in the space
variables.
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