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1 Introduction

In this paper, we are concerned with finding a solution of a nonlinear equation F'(z) = 0,
where F'is a nonlinear operator defined on a nonempty open convex subset 2 of a Banach
space X with values in a Banach space Y. The solutions of this kind of equations are rarely
found in closed form. That is why most solutions of these equations are approximated by
iterative methods. Between these, Newton’s method,

T € €, Tyl = Ty — [F’(a:n)]_lF(xn), n >0, (1)

is the most well-known, used and studied iterative method in order to approximate solu-
tions of the nonlinear equation F(x) = 0.

In this paper, we study the semilocal convergence of this method. The first semilocal
convergence result for Newton’s method in Banach spaces was given by Kantorovich [§]
under the following conditions:

(A1) There exists g = [F'(z0)] 7! € L(Y, X), for some zy € Q, with ||To| < 8
and ||[ToF(zo)|| < n, where L(Y, X) is the set of bounded linear operators
from Y to X.

(A2) [|[F"(z)|| < M for z € Q.
(A3) h= Mpy < &,

Theorem 1. (The Newton-Kantorovich theorem, [8]) Let F': Q@ C X — Y be a twice
continuously Fréchet differentiable operator defined on a non-empty open convexr domain
Q of a Banach space X with values in a Banach space Y. Suppose that conditions (A1)-
(A3) are satisfied. If B(xg,s*) C 2, where s* = @n, then Newton’s sequence,
given by (1) and starting at xo, converges to a solution x* of the equation F(x) =0 and
T, x* € B(xo,s*), for alln € N.

As you can see in Theorem 1, the Newton-Kantorovich theorem, we use information
around the initial point z, (A1), a condition on the operator involved F', (A2), and a
condition for the parameters introduced in the previous two conditions to give criteria
ensuring the convergence, (A3). A very important problem in the study of iterative
methods is to locate starting points xo such that the sequence {z,} is convergent. The
set of this starting points is that we call the convergence domain, which is small in general,
so that it is important to enlarge the convergence domain without additional hypotheses.
Notice that the convergence domain of the method is connected with the domain of
parameters associated with the semilocal convergence conditions required to obtain the
convergence of the method. In this case, for each value of M that is fixed by condition
(A2), the condition required to the operator F' in the domain of definition 2, the domain
of parameters associated with conditions (A1)—(A3) is:

Dye(M) = {xer:Mgng%}. (@)



On the other hand, Huang proposes in [6] an alternative to condition (A2) that does
not consist of relaxing the condition on the operator F' and imposes a condition on I’ that
leads to a modification, not a restriction, of the the convergence domain. In particular,
Huang proposes that £ is Lipschitz continuous in 2 and proves the semilocal convergence
of Newton’s method can be proved under the following conditions:

(B1) There exists Ty = [F'(x)] ! € L(Y, X), for some x¢ € 2, with ||To| < 3
and ||ToF'(zo)|| < m; moreover, || F"(zq)| < M.

(B2) [[F"(z) = F"(y)|| < Lllz — y|| for z,y € Q.

(B3) 38*nL? + 3B82°MyL + B3M3 < (B*°MZ + ZBL)

In this case, for each value of L that is fixed by condition (B2), the domain of param-
eters associated with conditions (B1)—(B3) is:

Dy(L) = {0 € Q1 38%L? + 362 MoL + B*M < (8°Mg + 2BL)%} (3)

But, if we pay attention to the proof of Huang in [6], we see that it is not necessary
that F"(z) is Lipschitz continuous in the entire domain 2, since it is enough that F”(z)
is Lipschitz continuous only at xy. This observation was made by Gutiérrez in [5], where
(B2) is replaced by

IF"(x) = F"(zo)|| < Lollz — wol|  for z e,

which is a center condition at the starting point xy. Taking into account this, Gutiérrez
obtains a semilocal convergence result for Newton’s method under the following condi-
tions:

(B1) There exists Ty = [F'(xg)] ™' € L(Y, X), for some x € Q, with ||| < 3
and [|[ToF (zo)]| < n; moreover, ||[F"(xq)| < Mp.

(C2) || F"(x) — F"(x0)|| < Lollz — x0|| for x € Q.
(C3) 362L2 + 33*MoLo + B2 ME < (B*M2 + 28Lo)>.

w\o/

Notice that Lo < L, so that Huang’s result is relaxed by Gutiérrez in [5] by using
condition (C2) instead of (B2). In this case, for each value of Ly that is fixed by condition
(C2), the domain of parameters associated with conditions (B1), (C2) and (C3) is

Da(Lo) = {z0 € Q1 383013 + 352 MoLo + M < (B°M3 +26L0)* ) (4)

Notice that, in this situation, from condition (C2), the convergence domain for Newton’s
method consists of a single point, xg, or it is an empty set, and Newton’s method is then
never convergent. Observe that condition (C3) is (B3) with Lg instead of L.

To avoid this problem that presents the last condition, we use in this paper a center
condition for the second Fréchet derivative of the operator F' involved on an auxiliary
point z in the following way:



(D2) ||[F"(z) — F"(@)|| < Lz — | for z € Q,

once the point x € € is fixed. So, we obtain a convergence domain which is not reduced
to a point or to the empty set, since a nonempty set of possible starting points can be
found.

In this work, following the idea of extending the domain of starting points, we try to
reduce the value of parameter L to obtain then a bigger convergence domain. For this, our
idea is to restrict the domain {2 by means of considering condition (D2) for = € €y with
Qo C 2. Moreover, as condition on the starting point x(, we keep a condition centered at
xg, which allows us to sharpen the bounds to do and relax then condition (B3).

The paper is organized as follows. In Section 2, we establish the semilocal convergence
of Newton’s method using condition (D2) and the method of majorizing sequences of
Kantorovich. In addition, we see that the result obtained improves that given in [4],
which is the base of the new result. In Section 3, we give some a priori error bounds that
lead to the quadratic convergence of Newton’s method under the semilocal convergence
conditions proposed in this work.

Throughout the paper, we denote B(x,0) = {y € X;|ly—z| < o} and B(z,0) ={y €
Xilly -l < o}.

2 Semilocal convergence result

To prove the semilocal convergence of Newton’s method, we follow Kantorovich’s tech-
nique and use the concept of majorizing sequence. A scalar sequence {t,} is a majorizing
sequence of {x,} if ||z, — x,_1|| < t, — t,_1, for all n € N. From the last inequality,
it follows the sequence {t,} is nondecreasing. Moreover, it is easy to check that if {¢,}
converges to t* < 400, there exists z* € X such that 2* = lim,, ,, and ||z* —z,| < t*—t,,
for n = 0,1,2,... Then, the interest of the majorizing sequence is that the convergence
of the sequence {z,} in the Banach space X is deduced from the convergence of the
scalar sequence {t,}. From the concept of majorizing sequence, Kantorovich proves the
Newton-Kantorovich theorem given in Theorem 1.

For the last, a majorizing sequence is constructed from conditions (A1)—(A2) of the
Newton-Kantorovich theorem, by applying Newton’s method,

p(sn)
=0 n+l — N, n) — Sn — ) > 07
S0 =0, Sp+1 »(Sn) =5 T n
to Kantorovich’s polynomial
M, s n
p(s) = —s — =+ —. 5
() == 5+ (5)

Note that (5) has two positive solutions s* = #n and s* = 1tv1l=Zh V;_th such that
s* < s if h = Mpn < 3. Moreover, we consider p(s) in some interval [0, s'] taking into
account that s* < s** < s,



2.1 Main result

Now, we present a semilocal convergence result for Newton’s method under a center con-
dition of type (D2) with restricted domain by using the technique of majorizing sequences,
such as it appears in [1]. For this, we suppose the following conditions:

(E1) There exists T € € such that ||zg—Z|| = 7, Where zo € Q, and ||F"(7)]| <
d. There exists the operator Ty = [F'(x¢)]™* € L(Y, X), with [T < 3
and ||[ToF(xo)|| < n. Moreover, there exists Ky > 0, such that ||F'(z) —
F'(zo)|| < Kollz — xo|| for z € Q.

(B2) | F"(z) = F"()]| < Lilla = 7] for = € Q0 := 20 B (20, 5 )
(E3) Define the scalar function v, by

U (t) = [élt3+52° —;+Z (6)

where §y = max{d + yil, Ky}. There exists ay, unique positive root of
Y1 (t) = 0 with ¢ (a;) < 0.

Next, we construct a majorizing sequence from conditions (E1)-(E3) by applying
Newton’s method

tn
o), 2o, @)
U1 (tn)
Note that (6) has two positive zeros t* and ¢** such that t* < ¢** if ¢ (o) < 0, where

a; is the unique positive root of ¢](t) = 0. Moreover, we consider v (¢) in some interval
0,#'] taking into account that t* < ¢** < ¢'.

to =0, trnp1 = Ny, (tn) =t —

Theorem 2. Let F': Q) C X — Y be a twice continuously Fréchet differentiable operator
defined on a monempty open conver domain €2 of a Banach space X with values in a
Banach space Y. Suppose that conditions (E1)-(E3) are satisfied and B(xg,t*) C €,
where t* is the smallest positive zero of polynomial (6). Then, Newton’s sequence, defined
in (1) and starting at xy, converges to a solution x* of the equation F(x) =0 and x,,x* €
B(wo,t*), for all n € N. In addition, ||z* — x,|| <t* —t, forn >0, where {t,} is defined
in (7). Moreover, the solution x* is unique in B(xo,t**) NQ if t* < t** or in B(zo,t*) if
= t*.

[ 2L, | 2L,
Proof. From 20y < dg + /0o + — 5 , it follows 2Ky < &g + 1/ o + 7 and

2 1
) = <

A <6o+ V0o + 2L1> BKo




So, B(xzg,t*) C B (xo, ﬁ), since t* < ay.

The point z; is well-defined, since the operator Iy = [F”(x()]~! exists by condition
(E1). Moreover, taking into account to = 0 and (E1), we also have

~$(0) _ ha(ho)
¢1(0)  ¢ilto)

:tl—t0<t*

|21 — 20| = [[ToF(z0)]] <1 =

and z; € B(xy,t*) C B (a:o, ﬁ), so that x; € Q.
Let z € Q satisfy ||z — x| <t < t*. It follows from (E1), (E2), (6) and the definition
of dy that

11 = ToF'(z)|| < [[Tolll[ F'(z) — F' (o)l
< BKol|z — o]
< BKot
< Bt + %ﬁ
1 / /
AU
¥ (to)

<1,

By the Banach lemma on invertible operators, the operator [F”(x)]~! exists and
1
()

In particular, 'y = [F'(z)] ! exists and therefore 5 is well-defined.
Besides, from

IF" ()]~ < -

F(Il) = F(.IO) + F’(J;O)(xl — Io) + /xl F”(Z)($1 . Z) dz

Zo

= /o (F"(zg + 7(21 — 20)) — F"(T)) (21 — 20)*(1 — 7) dr
+ S F @) — 20,
(El), (Eg), (6) and ||ZE1 - J]()H <t - to, it follows



[E ()| < / 1F" (20 + 7(21 — w0)) — F"(@)| (1 — 7) dr |y — o |”
IIF”( )|l |1 — ol |

< / Wt + 7t — 1)) (1 — t0)2(1 — 7)dr

t1

to
= th1(t1)
Therefore,
t
o2 =1l = I < TP € <8 =t =
1

|22 — @ol| < [lwe — @1l + (w1 — @ol| < (2 = t1) + (b1 — to) =t — o <"

and x5 € B(xg,t*) C B(xo, 6_11%)’ so that zo € Q.
As with the previous estimate for inverse operator (8), for x = x5, and again by the
Banach lemma on invertible operators, the operator I'y = [F'(x4)]! exists and is such

that
1

[Tof| < R

If we now assume

Ty € Qo, (9)

I < s (10)

[F ()| < %( n); (11)

¢1(tn) ( )
i (t)

)

“In—i—l — QTOH < thy1 — b0 < t*, (13

||In+1 - xn” < - = tn+1 - tna

where the operator T, = [F”(x,,)]™! exists, it follows in the same way that the operator
Chir = [F'(xn41)] ! exists and

Tni1 € S,
TN e —
n+l|| > )
- ¢/< n+1)
| F(2ns1)l| < ¥1(tnsa),
Zﬂl( n+1)
Tpto — Tpitl] < =lpnyo — lny1,
” +2 +1H w/( n+1) +2 +1

[Znt2 = zoll < ||Tnt2 — Tpgall + |01 — @ol| < tnge —to <7,



so that (9), (10), (11), (12) and (13) are true for all positive integers n by mathematical
induction. As a consequence, the sequence {z,} is well-defined and z,, € B(xg,t*), for
n > 0.

Since lim,, t,, = t*, {t,} is a Cauchy sequence, then {x,} is also a Cauchy sequence
and thus convergent. So, lim, z,, = * and ||2* — x,| < t* —t,, for n > 0. Moreover,
as [|[F(x,)]| < ¢¥1(t,), for n > 0, then, by letting n — +oo, it follows F(z*) = 0 by the
continuities of F' and 1);.

To prove the uniqueness of z*, we suppose that t* < ¢** and y* is a solution of F(z) =0
in B(xzg, ™) N Q different from z*. Then, taking into account that ¢, = 0, we have

ly* — woll < p(t* — o) with € (0,1).
We now suppose ||y* — z;]| < p¥ (t** —t;) for i = 0,1,...,n. In addition,
1y* = znall = =T F(y*) F(an) = F'(zn)(y" — )|

H F” (zn + 7 — ) (" — 2,)*(1 — 7)drT

H F” (zn + 7 —2,)) — F"(@)) (y* — 2,)*(1 — 7) dT

QF%Xy—%>

1
< I / 1" (20 + 7(y" = @) = F"@)[(L = 7) drly” — zall*

HF”( Dlllly* — zal?

< - %( >||y — x|,

where p = [ 0% (t, + 7(t™ — t,)) (1 — 7) dr.
On the other hand, we also have

*k A 1 v " *ok o /'L Kok 2
vt = s [ RO € de = — R 12

Therefore, it follows

1 _thrl
b — <

Hy - anQ p2n+1 (" = tns1),
so that y* = x*.

If t** = ¢* and y* is another solution of F(z) = 0, different from z*, in B(xo,t**),
then ||y* — xo|| < t* —tp = t*. Proceeding similarly to the previous case, we can prove by
mathematical induction on n that ||y* — x,| < t** —¢,. Since t** = ¢* and lim,, t,, = t*,
the uniqueness of the solution is now easy to follow. |

8



2.2  On the convergence domain

Following to Huang [6] and Gutiérrez [5], a sufficient condition to satisfy (E3) is:
362113 + 33260 Ly + 325 < <525§ + 25zl>g :
As a consequence, we obtain the following domain of parameters
D(L,) = {xo € Q:38%nL% + 3526, L, + 263 < (5253 + 2551)3} (14)

associated with Theorem 2. In this case, once parameter Zl is fixed, it is obvious that we
can find different starting points for Newton’s method, such as we can see in the following
example. So, by keeping a condition centered on the second derivative of the operator
involved, we obtain that the convergenc domain is not reduced to a single point, or the
empty set, as in the case of Gutiérrez in [5]. Observe that we obtain Gutiérrez’s result as
a particular case of our result if the auxiliary point = is chosen as the starting point x.

2.3 Example

We illustrate Section 2.1 with the following nonlinear Fredholm integral equation

x(s) = %sin(ﬁs) —|—/0 cos(ms) sin(nt)z(t)° dt, (15)

where s € [0,1] and z(s) is a solution to be determined.
Observe that solving equation (15) is equivalent to solving F(z) = 0, where F : Q C
C([0,1]) — €(]0,1]) is such that

[F(2)](s) = z(s) = %sin(ws) — /0 cos(ms) sin(mt)z(t)° dt.

In addition, a solution z*(s) of equation (15) always satisfies
2 (s)] = Sl sin(ms)| = 2o (5)IP < 0
z*(s 5|l sin(ms —llz*(s)II” < 0,
which is true provided that ||2*(s)|| < p1 = 0.5255... or ||z*(s)|| > p2 = 0.9203. .., where

p1 and po are the two real positive roots of the scalar equation deduced from the last
expression and given by %t‘r’ —t+ % = (0. Thus, we can consider the domain

Q={reC([0,1]) : [zl <p},

with p € (p1, p2), as domain for the operator F.
Besides, as

[F'(z)y](s) = y(s) — 5/0 cos(ms) sin(mt)x (t) y(t) dt,

9



[F"(x)(y2)](s) = —20/0 cos(ms) sin(mt)z(t)*2(t)y(t) dt,

we have

/ 4 10 & % —1
17/ () = F(ao)l| < — (Zp oI ) [l = o,

=0

17" (z) = F'(@)l < — (Zp 171 ) [l = ],

so that F'(x) is center Lipschitz continuous at z¢ with constant K, = 12 (ZZ o P'll@ol|*)

and F”(z) is center Lipschitz continuous at Z with constant L; = 42 (ZZ o P'1Z]1>") and
we can then apply Theorem 2 for guaranteeing the convergence of the method.

Hence, if we consider, as it is usually done, the starting point zo(s) = % sin(ms) for
Newton’s method, then g = 1. 1061 .., n =0.0108.... If we now choose p = 3/5 and

T(s) = wo(s), then v =0, § = 12,

U (t) = (0.0097...) — (0.9040 .. )¢ + (0.4687...)* + (1.9310.. )¢

a; = 0.3223..., P1(a) = —0.1682... < 0 and B(zo,s*) C 2, where s* = 0.0108... is
the smallest positive zero of ¢;(t). Therefore, the convergence of Newton’s method is
guaranteed by Theorem 2 and taking into account the point Z(s), where F”(x) is center
Lipschitz continuous, as starting point for the method.

In addition, we can also guarantee the convergence of Newton’s method starting at
other points different from the point Z(s) where F”(x) is center Lipschitz continuous, so
that the domain of starting points is then increased when center conditions are required.
For example, if we choose the starting point 2o (s) = 55 sin(ms), then v = [|Z(s) —2o(s)|| =
5, 3 =1.0696...,7=0.0061..., 6 = 1.5168...,

Y1(t) = (0.0057...) = (0.9349 .. )t + (0.7584...)t* + (1.9310...)¢*

a; =0.2916. .., ¥1(a1) = —=0.1544 ... < 0 and B(xg,t*) C 2, where t* = 0.0061 ... is the
smallest positive zero of the last ¢;(t). Thus, the convergence of Newton’s method can
be also guaranteed when the method starts at xo(s) # Z(s). Moreover, the domains of
existence and uniqueness of solution are respectively

{veQ:|v(s) —xo(s)]] <0.0061...} and {reQ:|v(s)—xo(s)|| <0.5226...}.

After that, we apply Newton’s method from z(s) = 2%sin(ﬁs) to approximate a
solution z*(s) of integral equation (15) and obtain the approximation

1
z*(s) = (0.0097...) cosms + 5 sin s
after three iterations with stopping criterion ||z, (s) — z,_1(s)| < 107'%. In Table 1, we
show errors ||z*(s) — z,(s)|| and sequence {||[F(z,)](s)||}. From the last, observe that

x*(s) is a good approximation of a solution of equation (15).

10



l2*(s) — xa(s)l [[[F ()] (s)]]
8.0297...x 107* ] 8.0179... x 10~*
5.0494 ... x 1078 | 5.0417... x 108

N —| S

Table 1: Absolute errors and {||[F(x,)](s)||} for (15)

2.4 Remark

Note that Theorem 2 is reduced to the theorem given in [4] if the center condition for the
first Fréchet derivative on the starting point is dropped, since 6y = § + ’yZl and L, = L.
In [4], condition (D2) is used instead of (E2), the center condition for the first Fréchet
derivative of F' on the starting point xy given in (E1),

|F'(z) — F'(x0)|| < Ko|lz — x| for =z € Q,

is dropped and polynomial
L, 1 =
vt = S+ 3 (5+7L) 2 -

is used instead of 11 (t). Observe then that

"
T3

| =+

L <L
holds in general, since 2y C Q. Moreover, the iterates {x,} lie within 2y, which is a more
precise location than €. Furthermore,

2

2L
3 %+V%+7f

and the smallest positive root of ¢/(t) = 0 is

] =

2
o= —
~ ~\2 2L
B 5+7L+\/(5+7L> +?
In addition, if _
50 < o+ 7L7
then
(67 S aq, wl(t) S ¢(t>
and

B@)<0 = dyla) 0.

Hence, we obtain weaker sufficient semilocal convergence conditions than in [4] for the
semilocal convergence of Newton’s method.

11



2.5 Example

Now, we illustrate the idea written in the previous remark on the following chemical
equilibrium problem from [10], that describes the fraction of the nitrogen-hydrogen feed
that gets converted to ammonia, called fractional conversion [2]. For 250 atm and 500°C,
this equation takes the form:

f(z) = 2" — 7.790752° + 14.74452% + 2.511x — 1.674 = 0. (16)

If we choose xy = 0.5 and Q = B(x,0.75), then 5 = 0.0839... and n = 0.1978...
Moreover, if z = 0.31, then v = 0.19, § = 16.1514 ... and L = 46.0245. . ., so that

() = (2.3562...) — (11.9124 .. )t + (12.4480. . )t* + (7.6707 .. ),

a=10.3592..., ¥(a) =0.0389... > 0 and, as a consequence, the main condition of Theo-
rem given in [4] is not satisfied and we cannot then guarantee the semilocal convergence
of Newton’s method from that work. However, we can do it if we apply the present work,
as we can see below.

Indeed, for the last values, we also obtain K, = 24.3959..., so that the restricted
domain g = QN B(zo, B—ll%) = (0.0117...,0.9882...) allows us to guarantee the semilocal

convergence of Newton’s method from Theorem 2, since L, = 42.8841.. . 00 = Ko,
Pi(t) = (2.3562...) — (11.9124 .. )t + (12.1979. . )2 + (7.1473 .. )83,

a; = 0.3687..., P1(a1) = —0.0194... < 0 and B(xg,t*) C 2, where t* = 0.3375... is the
smallest positive zero of ¢4 (t). In addition, the domains of existence and uniqueness of
solution are respectively

{s€Q:|s—1x0<03375...} and {se€Q:|s— x| <0.399...}.

Finally, we apply Newton’s method from x; = 0.5 and approximate the solution
x* = 0.2777 ..., which is the only solution physically meaningful, since, by definition, the
fractional conversion is a number between 0 and 1. In Table 2, we show errors |z* — z,,|
and sequence {|f(x,)|}. From the last, observe that z* is a good approximation of a
solution of equation (16).

3 A priori error bounds and quadratic convergence
of Newton’s method

Finally, from the following theorem which provides some a priori error estimates for New-
ton’s method, we deduce the quadratic convergence of the method under conditions (E1)-
(E3). The proof of the theorem follows from Ostrowski’s technique [9] and is analogous
to that given in [3].
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2.4440...x 1072 | 2.2469... x 107!
5.3328...x 107* | 4.7937...x 1073
2.7537...x 1077 | 2.4740... x 10~
7.3561...x 107" | 6.6090... x 10°13
5.2494 ... x 10727 | 4.7162... x 10726
2.6731...x 1073 | 2.4016... x 107°2

D UL W N3

Table 2: Absolute errors and {|f(z,)|} for (16)

Notice first that if 11 (¢) has two real zeros t* and t** such that 0 < t* < t™* we can

then write
i (t) = (%t +5> (t* —t)(t™ — 1)

6 6
with t* # 2° and t** # hly

Ly 1
Theorem 3. Suppose that conditions (E1)-(E3) are satisfied and ¢ (cy) < 0, where ay
is a positive Toot of 1 (t) =0 and ¥, is given in (6).

(@) If t* <t and t* > 2=, then
t** _ t* 02” t** _ t* AQ"
%St*—tné%, n =0,
P —0? Q — A2
where 0 = tt—P A= t**Q, = Lff:;gf Q= W and provided that 8 < 1
and A < 1.

(b) If t* =t and t* > 12‘5 , then

T —6e\ . . t*
) <t —t, < —, n>0.
Lqit* —12¢ 2n

Proof. Let t* < t** and denote a,, = t* — t, and b, = t** — t,, for all n > 0. Then

Ly

(th n 65) by W (t) = =L anby — é (fltn n 65) (n -+ bn)

wl (tn) 6

CDI»——\

and

(k) @ (Lib, — 62 — Lty

an+1:t*—tn+1:t*—tn+ = = — .
Viltn) Ty anby, — (thn + 68) (an + by)

13



Gi (Zl bn — (Eltn + 68))
bui g2 (Zl a, — (thn + 65))
P < min{d(t);t € [0,t*]} = d(0) and @ = max{d(t);t € [0,t*]} = d(t*) it follows

th**—ﬁs—ZLt
Lqit*—6e—2L1t ’

and taking into account function d(t) =

In addition,

2n+1

n n+1 n+1
a n a A2 a o ao\ 2 0?2
2ntl < Q? -1 (_0> - and Zntl > p? -1 [ 20 — ,
bn-l—l bO Q bn+1

Taking then into account that b, = (** — t*) + a,, 41, it follows:

(t** _ t*)92n+1
P _ 02n+1

(t** o t*)AQ"JA
Q- AT

<t =ty <
If t* = t**, then a, = b, and

an, (Zl a, — (thn + 65))
Zl An — 2 (thn + 6&?)

A1 =

As a consequence, (2525 ) ¢ < @, < % and
4 ' \Tapr—12¢ ) 7 = Undl = 5

T —ee £
1t — b * *

y Ll 4 <ttt < .
(th* - 125) T e

The proof is complete. n

From the last theorem, it follows that the convergence of Newton’s method is quadratic
if t* < t* and linear if t* = t**.
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