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1. Introduction

Let T be a positive number, we consider the backward problem for the nonhomogeneous linear parabolic equation

ur(x, ) — a(®uw(x, t) =f(x, t), (x,t) €[0,7] x (0, T] (M)
u(0,t) =u(w,t)=0, te[0,T] (2)
uix,T) =gkx), xel0,m] (3)

where a(t) is a function such that there exists p, g > 0
0<p<=<a) =<q. (4)

Many physical and engineering problems in areas require the solution of the backward problem for the parabolic equation
with a time-dependent coefficient. In general, the backward problem for the parabolic equation is ill-posed in the sense that
the solution (if it exists) does not depend continuously on the given data. It means that a small perturbation on the data can
affect the exact solution largely. Hence, it is difficult to calculate the regularized solution closing the exact solution and a
regularization is necessary. In fact, the linear case has been studied in the past four decades by many scientists all over the

* Corresponding author.
E-mail addresses: triet.Im@cb.sgu.edu.vn (T.M. Le), quan.ph@cb.sgu.edu.vn (Q.H. Pham).

0377-0427/$ - see front matter © 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2012.06.012


http://dx.doi.org/10.1016/j.cam.2012.06.012
http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
mailto:triet.lm@cb.sgu.edu.vn
mailto:quan.ph@cb.sgu.edu.vn
http://dx.doi.org/10.1016/j.cam.2012.06.012

T.M. Le et al. / Journal of Computational and Applied Mathematics 237 (2013) 432-441 433

world. Moreover, there were so many papers relating to the backward problem for the parabolic equation (see, e.g., [1-7]).
In [8], the authors introduced a method which was called the quasi-reversibility method (QR method). They regularized the
problem by using a “corrector term” in order to add it into the main equation. In a particular case, they investigated the
problem

u; + Ku — K*Ku = 0,
ux, T) =gx).

We see that the above problem is useful if we can construct the adjoint operator K*. In fact, the other approximated
problem was more practical than the problem given in [9,10]

us + Ku — Ku, = 0,
ux,T) = gx).

On the other hand, in 1983, Showalter presented the quasi-boundary value method (QBV method). By using the QBV
method, they regularized the problem by adding the “corrector term” into the final condition. Applying this method, Dense
and Bessila [2] used the final condition as follows

ux, T) — euy(x, 0) = g(x).

As stated above, there are many works on the backward problem for the parabolic equation with a constant coefficient,
the paper related to the time-dependent coefficient is very scarce. Recently, in [11], the authors consider the backward
problem for the heat equation (with a constant coefficient) and obtain the error estimates between the regularized solution
and the exact solution as follows

U (., £) —u(., t)| < CeT, fort>0
(., 0) — u(., 0)|| < V8CYT (In(1/€))"7, fort = 0.

We can easily see that the above estimate tends to zero slowly when ¢ is in a neighborhood of zero. That is the
one disadvantage of this method (using in [11]). However, in [12], by requiring some acceptable assumptions of f and
the exact solution u, the authors also improved the method (using in [12]) in order to obtain the better error estimate
than [11]

t
3L2TTA(T — t T\T"'
(., t) — uC., )| < Ty (14 /M) exp {12()} e/Tn <7> )
€
Hence, in this paper a modified method is given for regularizing the backward problem with the time-dependent
coefficient and obtain the error estimate that tends to zero more quickly than the logarithmic order.
In this paper, we also approximate (1)-(3) by using the regularization problem

BN N P i) T exp{m?(F(s) — F(t) — F(T)))}
@ =2 [ﬂ + exp{—m2F(T)} " /t B + exp{—m2F(T)]

m=1

fm (s)ds:| sin(mx) (5)
where

&n = 2 f ng(X) sin(mx)dx,
T Jo
fm(s) = 2 / ﬂf (x, 5) sin(mx)dx,
T Jo

t
F(t) =f a(s)ds,
0
and 8 = pB(e) (denoting by B) are chosen later. The rest of this paper is divided into two sections. In Section 2, the
regularization results and the proof of main results are presented. A numerical experiment is shown in Section 3 to illustrate
the main results.

2. Regularization and error estimates

For clarity, we denote that ||.|| is the norm in L%[0, 7 ].

2.1. Main results

In this section, we shall give the regularized solution of (1)-(3) and estimate the error between the regularized solution
and the exact solution. Hence, we need to find out the exact solution of (1)—(3). In fact, the exact solution of (1)-(3) satisfies
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00 T
ux, ) =y [GXP{mZ(F (T) = F(£)}gm — f exp{m’(F(s) — F (t))}fm(s)ds:| sin(mx), (6)

m=1 t

where

fnl) = > / " Flx,s) sin(mad,
T Jo

8m = 2 / g(x) sin(mx)dx,

T Jo

t

F(t) :f a(s)ds.
0

Hereafter, we need the following inequalities in order to evaluate error estimates.

Lemmal. letn € R,y > 0,0 <a < bandb # 0 then we have

ena

oia

- <y~
1+yen =7

Lemma 2. Let a(t) be a function satisfying (4)andt € [0, T],0 < 8 < 1. Then for m > 0, one has
exp {—m2 fot a(s)ds} 0
=g
B+ exp !—mz fOT a(s)ds]

ke

Lemma 3. Let a(t) be a function satisfying (4)and t € [0, T],0 < 8 < 1. Then for m > 0, one has
B exp {—m2 fot a(s)ds} o
B +exp {—mz fOT a(s)ds}

< B

The next theorem is proved for the stability of the modified method given in this paper.

Theorem 1 (Stability of The Modified Method). Let u(g) and u¢ (h) be defined by (5) corresponding to the final values g and h
in [%(0, 1), respectively. Then we get
at _q
lu @, t) —u“ (., O)ll < B ¢ llg —hll,
foreveryt € [0, T).
The following theorems give us the error estimate between the exact solution of (1)-(3) and the regularized solution (5)

corresponding to the noise data g..

Theorem 2. Let € € (0, T), g, Zx € L2[0, 7], u be the exact solution of problem (1)-(3) such that Q = 2 |u(., 0)||*> < oo and
e} T T
M =4nT Z/ / [!exp{sz(s)}ut(x, s)|2 + |exp{m2F(s)}a(s)uxx(x, s)fz] dxds < oo.
m=10 0

If B(e) = e% and u.(g.)(., t) is given by (5) then one has, for every t € [0, T),

2

llue(g) (. ) —u(, D < GeeT,
whereC; = 1+ /Q + M.

Finally, the error estimate between the exact solution of (1)-(2) and the regularized solution is presented.

Theorem 3. Let € € (0,T), g, 8x € L*[0, w] and u be the exact solution of problem (1)-(3) such that there exists a positive
number y € (0, qT) satisfying for all t € [0, T],

T [e¢]

5 exp{2ym?ju (t) < A%,

m=1
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pT
where up,(t) = % foﬂ u(x, t) sin(mx)dx. If we assume that 8 = €17+ and u.(g.)(., t) is given by (5) then one has, for every
te[0,T],

4y Py
luC., ) = U@ (. O] < €T + Are@Tn

Remark.
P2
1. In Theorem 2, it is easy to see that the error estimate between the exact solution and the regularized solution is C;e ¢*T.
Hence, if t closes to the initial time t = 0, the convergence rate is very slow. Especially, if t = 0 then the regularized
solution may not converge to the exact solution. To improve this point, we suggested another regularized parameter

pT
B = €90+ (in Theorem 3) and obtain the better error than Theorem 2.
2. In Theorem 3, we required the condition on the expansion coefficient u;,(t) and we consider that the assumption
D eer"zuzm(t) < A3 does not depend on the function f (x, t). Hence, this condition is acceptable.

2.2. Proof of the main theorem

Proof of Lemma 1. We have
ena ena
Thye™ (14 yem)b(1+ yen)'™h

ena

IA

(1+yen)s
<yh
This completes the proof of Lemma 1. O

Proof of Lemma 2. From Lemma 1, we obtain

exp {—mZ fot a(g)ds} ( 1 )C(t)
<\3 )
B + exp {—m2 fOT a(s)ds] B

fOT a(s)dsffot a(s)ds

[OT a(s)ds
From (4), we get

where c(t) =

T T
F(T) = / a(s)ds > / pds = pT,
0 0

T T
F(T) — F(t) = / a(s)ds < / qds = q(T —t).
t t
Then we have

e

qt
pT

B + exp {—mZ fy a(s)ds} “\B

This completes the proof of Lemma 2. O

exp i—mz s a(s)ds] 1 )qqﬂt) 5
< =

Proof of Lemma 3. We have

B exp {—m2 f()t a(s)ds} 4 ( 1 >c(t)
<

B + exp {—m2 Iy a(s)ds] - T\B
— lglfc(t)

pt
= p.

This completes the proof of Lemma 3. O
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Proof of Theorem 1. From u¢(g) and u€ (h) as in (5) corresponding to the final values g and h, we get

U@, 1) = Y us (@) sin(my),
m=1

u (), ) = Y uf,(h)(t) sin(mx),
m=1

where
o expl=mE(D) " exp(m?(F(s) — F(t) — F(T)))
O = el / f+epl-mrm) 0"
9 T 2 _ _
ey = SO / expl(F(s) — F(O) —F(D)) - o
B+expl—m2E(D)} " ), T B+ exp(—nPE(T))
and

2 g

&m = */ g(x) sin(mx)dx,
T Jo
2 (7 .

hy = f/ h(x) sin(mx)dx,
T Jo

fm(s) = 2 [nf(x, s) sin(mx)dx.
T Jo

By applying Lemma 2, we obtain the following estimate

o0

3 Jus @)@ ) — g () 0)|

m=1

7_[00
e

2qt  2q

< B P g —hl?.

/4

lu(g)(., t) — u(h)(., )1 5

2

exp{—m?F(t)} &0 — )

B + exp{—m?2F(T)}

A

Therefore, we get

€ € a9
lus@ (., ) —u“ (M, Ol < BT 7 |Ig—hl.
This completes the proof of Theorem 1. 0O

Proof of Theorem 2. From (5), we construct the regularized solution corresponding to the final values g, and g,

(g (X, 1) = Y U (8 (x, 1) sin(mx),

m=1

U (Za) (%, £) = ) U (8a) (x, 1) sin(mx),

m=1
where
. _ ep-mF©) [T expimi(F(s) — F() — F(T)
o8O = o i ), pie) e O
. _ epl=mF©) L, [T exp(mi(F(s) — F(©) — F(T)))
Un(8e0 ) = 5 exp(_meF ()] 5" / B©) + expl—meF(n)] ImO%

From Theorem 1, we get

I ©) () — U (Ee) (o O] < BT P g — gl
< B il (7)

We get the exact solution of (1)-(3)

ux, t) = Zum(t) sin(mx), (x,t) €[0,7] x[0,T],

m=1
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where

exp{—m*F(t)} _/T exp{m*(F(s) — F(t) — F(T))}
exp(—m?F(D)}*" ™ J, exp{—m2F ()}

Thus, we have

Un(t) = fin(s)ds.

T
Um(0) = exp{m*F(T))gm — / exp{m’F (s)}fum(s)ds.
0

Hence, we get

) T 2 _ _
() — 1, (g0) (£) = exp{—m~F(t)} _/ exp{m*(F(s) — F(t) — F(T))}
t

m fm(s)ds
exp{—m2F(T)} exp{—m2F(T)}
exp{—m?F(t)) T exp{m?(F(s) — F(t) — F(T))}
B (ﬂ +exp{—m2F(T)}™" / B + exp{—m2F (T)}
_ Bexp{—m*F(1))
B+ exp{—m?F(T)} (

From Lemma 3, we obtain

fm (s) dS)

;
exp{m’F(T)}gn —/ eXP{mZF(S)}fm(S)dS>- (8)

t

B exp{—m*F(t)}
+ exp{—m*F(T)}

t
Um(0) +/ exp{m2F(s)}fm(s)ds| .
0

T
exp{m°F(T)}gm — / exp{m*F(s)}fn(s)ds

t

mt_;ext =<
|m (1) — 115, () (8) 8

pt.
= BT

Therefore, we have

]T o0
e (o) (-, ) — u(., D2 = 5; |, (20 (1) — (D) [}
o0 t 2
pBT z
< p¥ 7 mg Un(0) + /O exp(m’E($)}fn (5)ds
o] t 2
g7 2 >
<8 2;[2|um(0)| +2‘ fo exp{m*F(s)}f(s)ds }

Hence, we obtain

e (ge) (., £) — u., O

o0 0 ’
SAEPMCISTEEDD ( [expim*F &) Lno) ds)
m=1
- 2
<5 e . Z |t (0)? + 28 = Z( exp{m F(s)}/ f(x, s) sin(mx)dx ds)
m=1
2
—pix Zlum(O)I +280 Z( exp{m*F(s)} / (U (X, $) = aS)unlx, ) sin(mu)dx| d )

2

)

= 287 Jlu( O +287 (/
0

/ exp{sz(s)} (U (x, s) — a(s)ux(x, s)) sin(mx)dx
m=1 0
2

2t 5 p 2
<28 |lue(, 0)||I7 + 2T BT ds.
m=1

i |exp{m2F(s)} (ue(x, s) — a(s)ux(x, s))| dx
0

Thus, we get
2 it 2 e S 2
lue (gex) (-, £) —u(, OIIF < 289 [luee(., 0)|I° + 27 TB T Zf / |lexp{m*F (s)}u; (x, 5)
m=1v0 0

— exp{m?F(s)}a(s)u(x, s) |2 dxds
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o0 T T
< 26% Juol O + 4778 % 3" [ [ fexptmir @ o)
m=170 J0
+ |exp{m®F(s)}a(s)ux(x, s) |2 dxds

< BT (@Q+M), 9)
where

Q = 2 ||u€X('7 0)”2 ’

o] T b4
M =4nT Z/ / [|exp{m2p(s)}ut(x, 5)|2 + |exp{m21~"(s)}a(s)uxx(x, 5)’2] dxds.
m=10 0

Hence, from (7) and (9), we get
llue(@) (., £) —ul, Ol < llue(@) (. 1) — Ue(@ex) (s Dl + e (€ex) (-, 1) — Uex(, D]
< B he + BIT/Q + M.

p . .
Let B(€) = €9, we obtain the estimate

pt

e+(e§)q7 Q+M

qt

lue(g) (., ) —u(., )]l < (ﬁ)ﬂ‘

=15

2t
t B
€T +€4T,/Q+M
P2t
2
Ciea T,

IA

IA

whereC; = 1+ /Q + M.
This completes the proof of Theorem 2. O

Proof of Theorem 3. From Theorem 1, we get
at _q
U (ge) (- £) — u(8ex) (-, Ol < BPT P [Ige — Zexl
< ﬁ%ige_ (10)
From (8), we have

c _ B
um(t) - um(gex)(t) - ﬁ + exp{_sz(T)}um(t)«

Thus, we obtain

B exp{—ym?}
B + exp{—m?F(T)}

< BT explym?} |um(0)]

explym*} um(t)]

|um(t) - uem(gex)(t)| =

Hence, we have

e (o) () = uC OFF = 23 [y (80 () = un(®)
m=1
B = 2 2
< B ;exp{zym } um (0]
2y 2
< ﬂqTAz, (11)

Thus, from (10) and (11), we get

e (€) (o £) — (e D] < (@) (s £) — e (Zex) (o O + [1te (Zex) (- £) — uC.. O]
< BT Fe 4 BT A,
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_pr . .
Let B = €9T+7), we obtain the estimate

qt_q '
T T
u L —=u(, ) < emfiiw ’ pe equ{w qA
lue (@) (., t) —u(, Ol < + 2

t+y Py
= €T 4 Aye T+,

This completes the proof of Theorem 3. O
3. Numerical experiment

Consider the linear nonhomogeneous parabolic equation with the time-dependent coefficient
ur(x, t) —a(®un(x, t) = f(x,t), (,t)€[0, 7] x (0,1]
where
sin(t) sin(x)

t)=2t+1, ,t) = . 12
a(t) + f&x,0) exp(t + 1) (12)
The exact solution of the equation is
cos(t) sin(x)
Uep(X,£) = —— 2 (13)
exp(t? +t)
Then we obtain
cos(1) sin(x)
uex(xv 1) = gex(x) = T - (]4)
exp(2)
From (3), we obtain
cos(1) sin(x)
uex(X7 1) = gex(x) = - - (]5)
exp(2)
Lett = 0, from (13), we have
Uex (%, 0) = sin(x). (16)
Consider the measured data
W=(1+e) 2D )¢ (17)
X) = & | ——— X),
& w(cos(2) + 1) Bex
then we have
4exp(4)
lge — gexll; =&, ———— llgexll, = €. (18)

m(cos(2)+ 1)

From (5) and (17), we have the regularized solution for the caset = 0

U () (%, 0) = Y uf,(g0)(0) sin(mx),

m=1
where
. B 1 . T exp{m?(s®* + s — 2)}
um(ge)(o) = D) Em — 2
B(€) + exp{—2m?} ¢ Ble) +exp{—2m?}
We consider &1 = 107,65 = 107,63 = 107°%, g4 = 107%0 g5 = 1071%°, We get the following table for the case
t=0.

fm(s)ds.

& ||u5i(g€i)("0) - ueX('?O)”

g1 = 107" 9.231542e—001
g, = 1073 6.520434e—001
g3 =107°°  4.298486e—008
€4 =107 9.260810e—010
g5 =107  3253301e—016

We have the following graphs (Figs. 1 and 2) of the exact solution ue(., t) and the regularized solution u,(g.,) (., t),i =
1,2,3,4,5.
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the exact solution the regulanized solution (eps=0.1) the regularized solution (eps=1e-005)

Fig. 1. The exact solution ue(., t) and the regularized solution u, (gs;) (., ), i =1, 2.

the regularized solution (eps=1e-050) the regularized solution (eps=1e-060) the regularized solution (eps=1e-100)

Fig. 2. The regularized solution ug, (g¢,) (., t), i = 3, 4, 5.

Now, the figure can represent visually the exact solution and the regularized solution at initial time t = 0.
Notice that, in Fig. 3, the curve number O expressing the exact solution is indistinguishable from the curve number i
expressing the regularized solution corresponding ¢;,i = 3, ..., 5.
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sin(x)
T T T T T T

0345

1 1 1 1 1 1
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X

Fig. 3. The exact solution and the regularized solution at initial time t = 0.
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