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Abstract

In this paper, we study the existence and uniqueness of coincidence points for nonlinear mappings of any number
of arguments under a weak (1), ¢)-contractive condition. Our results generalize, extend and unify several classical
and very recent related results in literature (see [1, 3, 4, 5, 6, 7, 13, 17, 18, 23]).

Keywords: Metric space, Coincidence point, Fixed point, Contraction, Mixed monotone property, Partially
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1. Introduction

The concept of coupled fized point for nonlinear operators was introduced and studied by Opoitsev (see [20,
21, 22]) and then, in 1987, by Guo and Lakshmikantham (see [10]) in connection with coupled quasisolutions of an
initial value problem for ordinary differential equations. In a recent paper, Gnana-Bhaskar and Lakshmikantham
[4] introduced the concept of the mized monotone property for contractive mappings of the form F : X x X — X,
where X is a partially ordered metric space, and then established some coupled fixed point theorems. Since then,
many results on coupled fixed point theory in different contexts have been published (see [9, 11, 14, 15,17, 24, 26].
Later, Berinde and Borcut [3] introduced the concept of the tripled fized point and proved tripled fixed point
theorems using the mixed monotone mappings (see also [2, 6, 25]).

Very recently, Rolddn et al. [23] proposed the notion of coincidence point between mappings in any number
of variables and showed some existence and uniqueness theorems that extend the mentioned previous results
for this kind of nonlinear mappings, not necessarily permuted or ordered, in the framework of partially ordered
complete metric spaces, using a weaker contraction condition, that also generalizes other work by Berzig and

Samet [5].

In this paper, our main aim is to study a weaker contractive condition for nonlinear mappings of any
number of arguments. This condition can be particularized in a variety of forms that lets us to extend the

above mentioned results and other recent ones in this field (see [1, 3, 4, 5, 6, 7, 13, 17, 18, 23]).
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2. Preliminaries

Preliminaries and notation about coincidence points can also be found in [23]. Let n be a positive integer.
Henceforth, X denotes a nonempty set and X™ denotes the product space X x X x --- x X. Throughout this
manuscript, m and k denote non-negative integers and i,j,s € {1,2,...,n}. Unless otherwise stated, “for all

m” means “for all m > 07 and “for all i” means “for all i € {1,2,...,n}".
A metric d on X is a mapping d : X x X — R satisfying: for all z,y,z € X,

(a) d(z,y) =0if and only if z = y; (b) d(z,y) <d(z,z)+d(zy).

From these properties, we can easily deduce that d(z,y) > 0 and d(y,x) = d(x,y) for all z,y € X. The last

requirement is called the triangle inequality. If d is a metric on X, we say that (X,d) is a metric space.

Definition 1. ([8]) A triple (X, d, <) is called an ordered metric space if (X, d) is a metric space and (X, <) is

a partially ordered set.
In the sequel, let F': X™ — X and g : X — X be two mappings.

Definition 2. ([4]) An ordered metric space (X, d, <) is said to have the sequential g-monotone property if it
verifies the following properties:
(a) If {z,,} is a non-decreasing sequence and lim,, o Tsmn = z, then gz, < gz for all m.

(b) If {ym} is a non-increasing sequence and lim,, o Ym = ¥y, then gy, > gy for all m.
If g is the identity mapping, then X is said to have the sequential monotone property.

Henceforth, we fix a partition {A, B} of A, = {1,2,...,n}, that is, AUB = A,, and AN B = @&. Then we
denote:
Qap={o:A, > A, :0(A) C Aand o(B) C B}
and
“Wp={0:A, = A,:0(A) C Band o(B) C A}.

If (X, <) is a partially ordered space, x,y € X and i € A,, then we use the following notation:

z<y ifieA,
r<y =
x>y ifieB.
Definition 3. ([23]) Let (X, <) be a partially ordered space. We say that F has the mized g-monotone property
with respect to the partition {A, B} if F' is g-monotone non-decreasing in arguments of A and g-monotone non-

increasing in arguments of B, i.e., for all z1,xs,...,2,,y,2z € X and i,
gy <gz = F(T1,...,Ti-1,YsTit1,---,Tn) <; F(T1,. . Ti1, 2, Tix1, -, Tn).
Henceforth, let oy, 09, ...,0n,,7 : Ay — A, be n+1 mappings from A,, into itself and let ® be the (n+1)-tuple
(0-17 02,...,0n, T)'
Definition 4. ([23]) A point (21,2, ...,z,) € X™ is called a ®-coincidence point of the mappings F' and g if,
for all 7,
F(Z0,1)s Toy(2)s -+ > Loy (n)) = 9T7(i)- (1)

If ¢ is the identity mapping on X, then (x1,z2,...,x,) € X™ is called a ®-fized point of the mapping F.
2



Remark 5. If F' and g are commuting and (z1,2,...,%,) € X" is a ®-coincidence point of F' and g, then

(g1, 922, ..., 9zy,) also is a P-coincidence point of F and g.

The commutative condition between F' and g is very restrictive. When n = 2, in [19], the authors introduced

a weaker condition, which we will extend to any number of variables.

Definition 6. ([19, 12]) Let (X,d, <) be an ordered metric space. The mappings F : X x X — X and

g: X — X are said to be O-compatible if

lim d(gF (Zm,Ym), F(9Tm, gym)) = 0, W}Enoo d(GF (Yms Tm), F(gYms> gTm)) = 0,

m—00

where {z,,} and {y.,,} are the sequences in X such that {gz,,}, {gym} are monotone and
lim F(@m,ym) = lim gz, =z, lim F(ym,Tn)= lim gy, =y
m—00 m—0o0 m— 00

m—0o0

for all x,y € X.

3. Preliminary results

In this section, we present some statements about real sequences and coincidence points which simplify the

proofs of our main results.

Lemma 7. Let {a}, }men, - - -, {a” }men be n real lower bounded sequences such that
{max(al,,...,a" )} men — 6.
Then there exists ig € {1,2,...,n} and a subsequence {aiz(k)}keN such that {aiz,(k)}kEN — 0.

1
s Qs - -

Proof. Let b,, = max(a .,a®) for all m. Since {b,,} is convergent, it is bounded. Since al, < b, for all
m and i, every {a’,} is bounded. Since {a},}men is a real bounded sequence, it has a convergent subsequence
{azln (m)}meN — aj.

Consider the subsequences {ail(m)}meN, {ail(m)}meN’ -+ -{ay, () tmen which are n — 1 real bounded se-
quences and the sequence {by, (im) }men Which also converges to d. Since {a?f1 (m) }men is a real bounded sequence,
it has a convergent subsequence {aigal(m)}meN — as. Then the sequences {ai’wl(m)}meN7 {aiwlw)}meN7 -
{a'{’;zo1 (m)}mgN also are n — 2 real bounded sequences, {ai'za'l (m)}meN — a1 and {bg, s, (m)}men — 0. Repeat-
ing this process n times, we can find the n subsequences {ai(m)}meN, {ag(m)}meN, cey {ag(m)}meN, where

0 =0, ...01, such that {af,(m)}meN — a; for all i and {by(m)}men — 0. But

{bo(m) men = {max(ag s - ag(m)) bmen — max(as, ..., an)
and so § = max(ay,...,a,) and there exists iy € {1,2,...,n} such that a;, = §. Therefore, there exists
io € {1,2,...,n} and a subsequence {aff(m)}meN such that {aff(m)}meN — a;, = 9. This completes the proof.

Lemma 8. Let {an, }men be a sequence of non-negative real numbers which has not any subsequence converging

to zero. Then, for all € > 0, there exist 6 € 0,e[ and mg € N such that a,, > 0 for all m > my.



Proof. Suppose that the conclusion is not true. Then there exists g9 > 0 such that, for all § € ]0,¢][, there
exists mo € N verifying a,,, < 0. Let kg € N be such that 1/kg < 9. For all k € N, take 6, = 1/(k+ko) € ]0, 0]
Then there exists m(k) € N verifying 0 < a1y < 0, = 1/(k + ko). Taking limit when k& — oo, we deduce that
limg o0 Gk = 0. Then {a,,} has a subsequence converging to zero (maybe, reordering {a,x)}), but this is

a contradiction. This completes the proof. m

Lemma 9. If {x;, }men is a sequence on a metric space (X, d) that is not a Cauchy sequence, then there exist

g0 > 0 and two subsequences {T, k) Yken, {Tn) tren such that, for all k € N,
kE<m(k) <n(k), d@mm):Tak) =0, ATm)s Tnr)—1) < €0-

Proof. We know that {z,,} is a Cauchy sequence if and only if, for all £ > 0, there exists ng € N such that
d(Xym, ) < € for all m,n > ny.

If this condition does not hold, then there exists g > 0 such that, for all ng € N, there exists m,n > ng
such that d(xm,, x,) > €o.

Let ng = 2. Then there exists mji,n; € N such that mi,n; > ng and d(z,,,Tn,) > €o. Let m(1) =

min(my,n1) > ng = 2 > 1 and consider the numbers

d(xm(l)7 xrn(l)+1)7 d(xrn(l)7 I7IL(1)+2)7 e d(xrn(l)> Imax('ml,nl))'

Since d(Tp,1)s Tmax(mr,n1)) = ATmy s Tny) > €0, between the previous numbers, there exists a first non-negative
integer n(1) € {m(1) + 1,m(1) +2,...,max(my,n1)} such that d(z,,q), Zn1)) > €0 but d(zm, ), z;) < €o for
all j € {m(1),m(1) +1,...,n(1) — 1}. In particular, d(Zm(1), Tn(1)—1) < €0-

Now, let ng = n(1) + 1. Then there exists mg,ne € N such that mg,ne > n(1) + 1 and d(Zm,, Tn,) > €o-

Let m(2) = min(mg,n2) > ng =n(1) +1 > n(1) and consider the numbers

A(Zm(2), Trm2)+1)s ATm(2)s Tm(@)+2)s - - - ATm(2) Tmax(ma,na))-

Since d(Tp(2) Tmax(ma,na)) = ATmy, Tn2) > €0, between the previous numbers there exists a first non-negative
integer n(2) € {m(2) + 1,m(2) + 2,..., max(ma, n2)} such that d(zy,(2), Tn2)) > €0, but d(zm(2), z;) < € for
all j € {m(2),m(2) +1,...,n(2) — 1}. In particular, d(2m(2), Tn2)-1) < €0

Repeating this process, we can find two subsequences {,, ()} and {z, )} such that, for all k € N:
E<m(k) <n(k) <m(k+1), d@pnm),Tnw) >0, ATmm) Tnk)—1) < €o-
This completes the proof. m

Definition 10. Let ¥ be the family of all continuous, non-decreasing mappings v : [0, co[ — [0, oo[ such that

1 (t) = 0 if and only if ¢ = 0.

These mappings are known as the altering distance functions (see [16]). Note that every ¢ € ¥ commutes
with max, i.e., ¢ (max(sy, $2,...,sn)) = max(¥(s1),¥(s2),...,¥(sy)) for all s1,82,...,8n5 € [0,00).

Lemma 11. If¢ € ¥ and lim,,— o0 Y(am) = 0, then limy,,—oo am = 0.

Proof. Since there exists 1)(ay,), then a,, € domy = [0, 00[. If the conclusion is not true, there exists 9 > 0

such that, for all ng € N, there exists n > ng verifying a, > 9. This means that {a,,} has a subsequence
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{@m(r) }1 such that a,, ) > 0. Since ¢ is non-decreasing, ¥(eo) < 9(amx)) for all k € N. Therefore, {¥(am)}m
has a subsequence {1(a,x))}r lower bounded by 1(go) > 0, but this is impossible since limy, oo ¥(am) = 0.
This completes the proof. m

With regards to coincidence points, it is possible to consider the following simplification. If 7 is a permutation
of A,, and we reorder equations (1), then we deduce that every coincidence point may be seen as a coincidence

point associated to the identity mapping on A,,.
Lemma 12. Let 7 be a permutation of A,, and let
¢ = (017 02y... 70-77,77—)7 P = (0-7'_1(1)7 Or=1(2)5 -+ O—T_l(n)7IAn)-

Then a point (x1,Ta, . ..,x,) € X™ is a P-coincidence point of the mappings F' and g if and only if (x1, T2, ..., Ty)

s a D’-coincidence point of the mappings F' and g.

Therefore, in the sequel, without loss of generality, we only consider Y-coincidence points where T =

(01,02,...,0n), i.e., which verify F(2,,1), Zo;(2)s- - - To;(n)) = g2; for all 7.
4. Main results

In order to avoid the commutative condition between F' and g, we introduce the O-compatibility in any

number of variables.

Definition 13. Let (X, d, <) be an ordered metric space. The mappings F : X™ — X and g : X — X are

said to be O-compatible if, for all sequences {z} }m>0, {22, }m>0, -« {T%}m>0 i X such that {gzl,}m>0,
{922} >0, - - -, {977 }m>0 are monotone and the following limit exists: for all i,
771121100 F(zgiM 2o gy — n%gnoogrin € X,
we have
lim d(gF(z2M,20:@ 27y F(gasi®) gpoi@ graiy) =0

n—oo

for all i.
Obviously, if F and g are commuting, then they are O-compatible, but the converse does not hold. In
the following result, we show sufficient conditions to ensure the existence of Y-coincidence points, where T =

(01,02,...,0n).

Theorem 14. Let (X,d,<) be a complete ordered metric space. Let T = (01,09,...,0,) be a n-tuple of
mappings from {1,2,...,n} into itself verifying o; € Qap ifi € A and o, € Uy g ifi € B. Let F: X" — X
and g : X — X be two mappings such that F has the mized g-monotone property on X, F(X™) C g(X) and g

is continuous and O-compatible with F'. Assume that there exist ¥, € ¥ such that

(A (21,22, 2n) (Y1 42,05 yn))) <9 (gggg; d(gmi,gw)) —¢ <1§1?<Xn d(g-ri,gyi)> (2)
for which gx; <; gy; for alli. Suppose that either F is continuous or X has the sequential g-monotone property.
If there exist x}, 22, ..., 28 € X verifying:

ng) Sl F(l’gi(l),l'gi@), o ,ng(n))

for all i, then F' and g have at least one Y -coincidence point.
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Proof. The proof is divided in six steps. We follow the methodology of Theorem 9 in [23].

Step 1. There exist the n sequences {z} }m>0, {22, }m>0, - - -, {27 }m>0 such that
gm:‘n+1 = F(xf’,;'(n,a:;’,;@), s >mgr§(n))

for all m and .
Step 2. g, <; gz¢, ., for all m and .
Step 3. We claim that {d(gx?,, g2%, 1) }m>0 — 0 for all i (i.e., {maxi<j<n d(gm%,gmznﬂ)}mzo — 0).
Indeed, define 6,, = maxi<;<y, d(gz,, g:cf@_l) for all m. Since gat, <; ga¥, 4 for all m and i, the condition

(2) implies that, for all m > 1 and 1,

A9z, 974 11)) = PUAE @R, 2D, 2l ), a5 ® 2 ™))

1(]) i (j) 1(1) ai(J)
< (lrg]ag d(gz 1, 9T, )> ® (lgljag d(g9z,, 1, 9z, )> (3)

<v ( max d(gzd, l,gxm) = Y6 r):

1<j<n

Therefore, for all m > 1,

(o) = (max (g ng:‘nm) — max ¢ (d(gzty, g2t 1)) < V(mr).

1<i<n 1<i<n

This means that the sequence {¢(0,,)}m>1 is non-increasing and lower bounded. Therefore, it is convergent,
i.e., there exists A > 0 such that {¥(6,,)}m>1 — A.
Now, we show that A = 0. Suppose that A > 0. Since we have

<isn

{1@% ¥ (d (gxin7g$fn+l))}m = {1/) <1maX d(gxinginﬂ)) }m ={¢(6m)},, = A,

Lemma 7 assures that there exist i € {1,2,...,n} and a subsequence {¢(d(gxi;’l(k),gx;‘;(k>+l))}k such that
{¢(d(gz k),gxm(k)+l))}k — A. Repeating (3), for all k > 1,

00 (4) 7o (4) 7o (43) 7o (4)
¥ (g2t 4y, 92 40 11)) < ¥ ( max d(ga,, 0”1, 97,0 )) —¢ (lrg]agn (g0 1 9%tk )) (4)
Consider the sequence
7ig(3) mD(J
{11}1]32(” d(g’rm,(k —1 97, (k) )}k>1 . (5)

If this sequence has a subsequence converging to zero, taking into account that i) and ¢ are continuous, then

we can take the limit in (4) using this subsequence and we would deduce

0<A<Y(0)=¢(0)=0,
which is impossible. Suppose that the sequence in (5) has no any subsequence converging to zero. Using € = 1,
Lemma 8 assures that there exists 6’ € ]0,1[ and ko € N such that

0'1( () Tig(4) !
lglja<x'n d(ga? ()k> l,gxm‘(Jk) ) >4

for all £ > kg. Therefore, we have

io (J) oig (4)
—p (1%a§nd(gmm((]k] 197 mok)i )) < —o(?)



for all k > kg. Then (4) implies that

oig (4) oig (4) io (4) i (4)

P (d(gl‘:%(kygm:z(k)_‘_l < lgljaé(nd I (k) =12 9T (k) )> 'z (lgl]aé(nd(gx (k) —1> 9T m (k) ))

1<j<n

< ( max d( gﬂcm k)) 1, 9% Zn((’,s]))) — ()
(1glja<xnd 9o, (k)— l’gxm(k))) @ (d")

Smky—1) — @ (8).
Taking the limit in k, we deduce that A < A — ¢ (&') < A, which is impossible. Then we have just proved that
A = 0. Therefore, {¢)(0m)}m>1 — A =0 and Lemma 11 assures that {,, }m>1 — 0, which means that

lim §,, = lim (

m—0Q m—0o0

max d(gwm,glm+1)> =0.

Since 0 < d(gm%,ngnH) < 4, for all m and j, {d(gm%,gz%+1)} — 0 for all j.

Step 4. Every sequence {gz?, }m>o is a Cauchy sequence. Suppose that {gzl},.>0, ..., {92} m>0 are
not Cauchy sequences and {gziﬁ“}mzo, .oy {gzin Ym0 are Cauchy sequences if {i1,...,in} = {1,...,n}. By
Lemma 9, for all » € {1,2,...,s}, there exists &, > 0, the subsequences {gmi;;(k)}k€N and {gxf;;(k)}keN such
that

k< m;(k) < n;(k), d(gx:;;(k>,gx;{,<k)) > Er, d(gl' /(k)vg‘r ' (k)— 1) <ér

for all k € N. Let g = min(ey,...,e5) > 0. Since {gT““}mZO, ooy {gzin},>0 are Cauchy sequences, there
exists ng € N such that, for all n,m > ng, d(gz),, gi) < g0/2 for all j € {isi1,...,in}-
Let ko € N such that ng < min(mf (ko), mb(ko), ..., m5(ko)) and define

m(1) = min(m] (ko), m5(ko), ..., m%(ko)).

Since m(1) = m/.(ko) for some r € {1,2,...,s}, there exists n’.(ko) such that d(gazr ,(ko),gz ' (ko >) > g > €p.
Thus we can consider the numbers m(1) + 1,m(1) + 2,... until finding the first positive integer n(1) > m(1)
verifying

ir(1)

d(qx;b((ll)) gxn(l)) = 1121?2(5 d(ga: (1),gx:{'(1>) > e, d(gmiﬁb(l),gxzf(l)_l) < &g

for all j € {1,2,...,s}, where r(1) € {1,2,...,s}.
Now, let k1 € N such that n(1) < min(m] (k1), m5(k1),...,m}(k1)) and define

m(2) = min(m} (k1), my(k1),...,m5(k1)).

Since m(2) € {m}(k1), m5(k1),...,m}(k1)}, we can consider the numbers m(2) + 1, m(2) + 2,... until finding
the first positive integer n(2) > m(2) verifying

d(gm;l(é)) 937,:((2;) = lmaX d(gl’m 2)793’/’”(2)) > €o, d(gx2(2)7g'r23(2),1) < é&o

for all j € {1,2,...,s}, where r(2) € {1,2,...,s}. Repeating this process, we can find the sequences such that,
for all k > 1,

ng < m(k) <n(k) <m(k+1), d(gxrfl((’}g) gx;r((;g;) = max d(gz'r (e ),gxf{(k)) > €o,

where r(k) € {1,2,...,s}, and

(9T, 1> 9T (1) —1) < €0
7



for all j € {1,2,...,s}. Since ng < m(k) < n(k), we know that

d(gxin(k) ) gxi,(k) ) d(gwiﬂ<k> : gzi(k)fl )» A9, 1)1 95”1,,(16)71) < o0/2

for all j € {is41,...,in}. Therefore, it follows that, for all k,

j j _ ir ir ) — CIONMEO!
max d(gay, ) 9Tnw) = 18X d(g7,769, 973 ) = A9T,50),9%,) 2 €0, (6)
121]‘a§Xn d(gIZn(k)7ngil(k)71) < €o-

Applying the contractive condition (2), it follows, for all & > 1,

0 < ¥Y(eo)
< (dlgzy ) 90))) (7)

Ty () Ty () Ty (9) Ty (F)
= (121]'3'3){71 d(gzm(k)*l 7gmn(k)*l ) ¥ lréljaﬁxn d(gxm(k)*l 7gx"(k)71 ) ’

If the sequence:

Ti o (9) Ti o (9)
r(k) r(k)
{fgfgnd(gxm(k)q 9% (k) -1 )}k>1

has a subsequence that converges to zero, we can take the limit when k& — oo in (4.7) using this subsequence,
so that we would have 0 < ¢(g¢) < 9(0) — ¢(0) = 0, which is impossible. Therefore, this sequence has no any
subsequence converging to zero. In this case, taking €9 > 0 in Lemma 8, there exist § € ]0, 0] and kg € N such
that

max d(gl'gir(k) (4) Ty )

1<j<n m(k)—1 7g$n(k>_1 ) > 0

for all k > kg. Therefore, since ¢ is non-decreasing, for all k > ko,

Tip o (9) Ti i (9) Ti oy (9) Ti o (9)
(k) (k) _ (k) (k) _
0= max d(gr,g)_1 91 ) = P (llgjagnd(g:rm(k),l 19T, (21 )) < —¢(9).

Thus, by (7), we have

0 < ¥(eo)
< (g 90))
<o (s o7y V0aTi2 1) = o (s on 5 )
<o (s o o)) = o)
Y (1%&5}(” d(gxzn(k)—l’ 9zi(k)_1)> —(d)
< (félfgxn d(gx{n(k.),l, gwfn(k)) + max d(ngn(k),gxi(k)fl)) e
<o (s, om0 ) 20 )~ 00

Since {maxi<j<n d(gxfn(k)il, gmzn(k))}k — 0 by Step 3 and ) is continuous, we can take the limit when & — oo
and deduce

0 <9(e0) < (0) + 9 (20) = #(9) = P (e0) — ¢(8) < ¢ (o),

which is impossible. Thus every sequence {gz?, } >0 is a Cauchy sequence. Since (X, d) is complete, there exist

X1,T2,...,T, € X such that z; = lim,, .. gz, for all 4. Since g is continuous,
. o (1 oi(2 On I 3 _
"%Tloo gF(zm( )7 zm( )7 sl (n)) = "%E)nooggxin-kl = 9T (8)
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for all 5. Hence we know that every sequence {gx!,},, is monotone (by Step 2) and there exist the limits

Jim F(a 2@, e ™) = lim g, =2, € X

for all 7. Since F' and g are O-compatible, we have

Jim_d(ggay, ., Flgan ™, g2 @), ga7i ™))
= lim d(gF(.’E%(l),xf;;(z)7 e 71'%(”))7 F(gx'ror:‘(l)vgx;jri(2>7 . ,gigﬁ(”))) =0 (9)

m—o0

for all 4.

Step 5. Suppose that F is continuous. In this case, since {gm%(]‘)}m — T, (4 forall 4, j and F is continuous,
{F(gw;’,{(l)7g$%(2), .. ,gz%("))}m — F(Zg,(1),Toy(2)> - - - » Toy(n)) for all @ and, taking into account (8) and (9),
we conclude that F(z4,(1), Zoy(2)s - - - » Loy (n)) = 92; for all 4, that is, (21,22,...,2,) is a T-coincidence point of
F and g.

Step 6. Suppose that X has the sequential g-monotone property. In this case, by Step 2, we know that
g:):fn < gwinﬂ for all m and 7. This means that the sequence {gazin}mzo is monotone. Since z; = lim,,, o ga:ﬁn7
we deduce that ggxt, <; g, for all m and i. This condition implies that, for all m and j, either ggmf,{(i) <i 9%q;(0)
for all i or gz, sy <i gng,{(i) for all 4 (the first case occurs when j € A and the second one when j € B). Then,

by (2), for all j, we have

6 (@ (99201 P11, 70,215+ rs) ) )

=) (d <F(gmfy{(1)79$g{(2)7 ... 793377{(">7F($gj(1)7$aj(2)7 ... ,xgj(n))))

< <1I3?<Xnd (ggmf,{(“, 9%, (i))) - (f??i{nd (ggri’,{("’), gzajm)) (10)
< i PR

<9 <1r£igxnd (ggxwgwl))

Taking into account that gz; = lim,, .o ggzt, 11 for all ¢, we can deduce that

lim d (gga},41,92:) =0,

m—o0

and so limy, oo maxi<ij<p d (ggacﬁn, gM) = 0. Taking the limit in (4.10) when m — oo, we deduce that

lim (d (ggwfnﬂ, F(2s,01):To;2), - - - ,ng(n))>) =0

m—0o0

since v is continuous. From 1 € ¥, Lemma 11 guaranties that

'n}gnoo d (ggxfnﬂ, F(xaj (1)sToj(2)y -+ 7xaj(n))> =0

and 80 F(Z4,(1),To;(2)s- > Toy(n)) = Mmoo ggxf;ﬁ_l = gx; for all j. Therefore, (z1,22,...,25) is a Y-

coincidence point of F' and g. This completes the proof. m

Remark 15. In the previous Theorem, if the image Imd of the metric d is not the whole set [0, co[, then v
and ¢ can only be defined on Im d and we can consider a wider range of mappings since it is only necessary to

impose that they are continuous and non-decreasing on Imd.

Corollary 16. Under hypothesis of Theorem 14, if (y1,Y2,-..,Yn) € X™ is a Y-coincidence point of F and g,
then (gy1, gya, - .-, 9yn) also is a T-coincidence point of F and g.

9



Proof. If we suppose that gy; = F(y,,i(l), Yoi(2)s - - +» You(n)) for all 4, we can choose zi =y, for all m and all i
as in the previous proof. We have just proved that {gx?,} — x; for all i and (21,2, ...,2,) is a T-coincidence
point of F and g. In this case, {gz?,} = {gy;} — gy; for all i and so (gy1, gy, ..., gyn) also is a T-coincidence
point of F' and g. This completes the proof. m

The following example is based on Examples 1.9 and 2.2 in [12].

Example 17. Let X = {0} U [1/2,2] provided with the usual metric d(z,y) = |z — y| for all z,y € X. Then
(X,d) is complete and d generates the discrete topology on X. Consider on X the following partial order:

z,y € X, <y x=yor (.T,U)6{(0,0),(0,1),(1,1)}
Consider F': X™ — X and g : X — X defined by

0 ifx,zg,...,2, € {0}U[1/2,1]
F(mlvaa"'vxn) =

1 otherwise,

0 if 2 =0,

1 if 1<z <1,
g(x) =

2—z ifl<z<3,

1 i3

Then it is not difficult to prove the following statements:
(1) F and g are continuous mappings (since d generates the discrete topology on X).
(2) F has the mixed (g, <)-monotone property on X.

(3) If 1, @2, .-, Tns Y1, Y2, - - -, Yn € X verify gz; <; gy; for all ¢, then

F(xy,22,...,20) = F(y1,y2, -, Yn)-

In particular, (2) holds (whatever v and ¢; for instance, ¥(t) =t and p(t) = (1 — k)t).

For simplicity, henceforth, suppose that n is even and A (resp., B) denotes the set of all odd (resp., even)

numbers in {1,2,...,n}.
(4) For a mapping o : A,, — A, we use the notation o = (c(1),0(2),...,0(n)) and consider
oi=(i+1,...,n—1n1,2...i-1)
for all 7. Then o; € Q4 p if ¢ is odd and o; € Q/A,B if ¢ is even. Let Y = (01,09,...,04).

(5) F and g are O-compatible but they do not commute.

Indeed, let {1 }m>o0, {22, bms0s -« {27 mso in X such that {gz} }m>0, {972, }mz0,- -, {927 }m>0 are

monotone and

dim F(ep®, 20,2l ) = lim_ga;, =2’ € X,
Since F(m%(l),x%@), ... ,xfﬁ(")) = F(xf,{(l),x"mj@), .. .,mz{(”)) € {0,1} for all i, and for all n, x* = 29 €

{0,1}, for all 4,j. The case, 2* = 1, for all i is impossible. Thus x* = 0, for all i. That implies that gzf, = 0,

for all i and all m > ng, for some ng. That is, 2, = 0, for all i and all m > ng. Thus, for all i and all m > no,
d(gF (M, aqi®, ™), Fgaq D, gaii® L gagi™))) = 0.

(6) Take zf) = 0 if i is odd and z}) = 1 if i is even. Then gz} < F(zgi(l) a:gl(g), . ,xgz(")) for all 4.

I

(7) (X,d, %) has the sequential g-monotone property.
10



In conclusion, taking into account that all the conditions of Theorem 14 are satisfied, F' and g have, at least,
one Y-coincidence point. However, Theorem 9 in [23] cannot be applied since F' and ¢ are not commuting as

well as other results in dimensions 2 or 3.

5. Consequences

Note that Theorem 9 in [23] is an easy consequence of Theorem 14 if we take 1(t) = ¢ and ¢(t) = (1 — k)t
for all ¢ € [0, 00].

In the next result, let T' the family of all non-decreasing on each argument, continuous mappings ¢ : [0, co[" —

[0, oo verifying ¢(z1, 2, ..., z,) = 0 if and only if 1 = 29 = ... = x,, = 0. Examples of such mappings are as
follows:

(1) ¢(z1,2,...,z,) = k maxj<i<pn x;, where k > 0;

(2) d(z1,22,.. ., 2p) = _ilaﬂi;

(3) d(x1,ma,. .. ,2,) = Z’{L/alx% + @23 + ...+ apa2;

(4) p(x1,ma,. .., 2,) = Xn:a,x;“, where a; > 0 and n; € N for all 7.

s
Il
—

Lemma 18. Let ¢ € I’ and define a function ¢ : [0,00] — [0, 00[

¢(t) = min(p(ter), ¢(tea), . .., ¢(ten))

for allt > 0, where{e1,ea,...,e,} is the usual basis of R™. Then ¢ € ¥ and p(maxi<i<n ;) < ¢(r1,T2,...,Ty)

for all x1,29,..., 2, € [0,00].

Proof. The first part is clear. Let 1, zo,...,z, € [0,00] and let x;, = maxj<;<y z;. Since ¢ is non-decreasing

on each argument, we have

@(Ii(]ei‘)) = ¢(0307 . 707x1',[;707" . 70) < ¢(x17z27' s Lo —1y Ligs Ligy e - - 75671,) = @(x171f2,.. . 71’.71)’

Therefore, we have

p((max @;) = (i)

= min(¢(mi(]el)7 ¢(xil)e2)7 cee ,¢(.§C1',U€n))
< ¢(wig i)

S ¢(x17$27 cee 7$n)~
This completes the proof. m

Corollary 19. The conclusion of Theorem 14 also holds if we replace the contractive condition (2) by one of
the following conditions:

(A) ([5, pag. 1322],[23, pag. 538]) There exist » € ¥ and ¢ € I' such that

Y(d(F(z1, 22, 2n), F(y1,92, -y Yn)))

(5.1)
<y (1211%1@(9%1&9%)) — ¢ (d(gz1,gy1), -, d(9Tn, gyn)) ,

for which gx; <; gy; for all i.

11



(B) ([1, pag. 4451]) There exist v, € ¥ and B1, B2, ..., 0n € [0,1] such that 1+ B2+ ...+ Bn <1 and

for which gz; <; gy; for all i.
(C) There exist 1, € ¥ and ay, g, ...,a, > 0 such that

Y(A(F(z1, 22,5 20), F(y1, 42, -1 yn))) <9 <1rgia<xnd(gzi,gyi)) —p <Z:L:104id(g$i7gyi)) ,

for which gz; <; gy; for all i.

(D) ([4, pag. 1380],[3, pag.4891],[6, pag. 5931]) There exist ) € ¥, ag,az,...,an > 0 and f1,02,...,0, >0
such that By + B2+ ...+ B <1 and

Y(A(F(x1, 22, %), F(y1, 42, -1 Yn))) <9 (éﬁid(g%gyiﬂ - iaid(gwi,gw),

for which gz; <; gy; for all i.
(E) ([17, pag 4343]) There exist » € ¥ and oy, az,...,a, > 0 such that

1 n n
Y(A(F (@1, @2, .- 2n), F(y1,52,- -, yn))) < (g ;d(g$i7gyi)) - ;aid(gm,gyiL
or which gx; <; gy; for all i.
g gy
(F) ([13, pag. 1841],[18, pag. 984]) There exist 1, € U such that ¢ is subadditive (Y(s+t) < P(s) + ¥(t)

for allt,s € [0,00)) and

Y(d(F(x1, 22, .. 2n), F(Y1,92, -, Yn))) < =0 (Zn:d(gwi,gyi)) - (ggiagnd(g%gyi)) ,

i=1

S|

for which gz; <; gy; for all i.

Of course, it is also interesting to particularize all the previous conditions to the following cases: ¥(t) = At
(where X > 0), ¢(t) = put (where g > 0) or gz =« for all z € X.

(A) By Lemma 5.1, there exists ¢ € W such that —¢(z1,22,...,2,) < —p(maxi<i<n ;) forall x1, z9, ..., z, €
[0, 00 and so (5.1) implies (2).

(B) It is obvious that

2 id(gwis gy:) < (Zﬁz') max d(gz;, gy;) < max d(g;, 9y;)

=) 1<i<n
and so (5.2) implies (2).
(C) We only take ¢(z1,%2,...,Zn) = ¢ i%’%‘) in (A).
(D) It is a mixture of (B) and (C). =
(E
(F

It is a particular case of (D), where 8; = 1/n for all i.

If 1 is subadditive, then L4(t) <4 (L) for all ¢ > 0 and so we may choose 3; = 1/n for all i in (B).

)
)
6. The uniqueness of Y-coincidence points

Consider on the product space X™ the following partial order: for (z1,z2,...,2Zn), (Y1,Y2,...,yn) € X",
(1,22, Zn) < (Y1,Y2y -y Yn) <= w; <;y;, forall i
We say that (z1,29,...,2,) and (y1,¥2,-..,Yn) are comparable if
(1,22, @) < (Y1,Y2, -5 Yn) OF (T1, @2, Tn) = (Y1, Y2, - -+, Yn)-

12



Theorem 20. Under hypothesis of Theorem 14, assume that, for all Y-coincidence points (x1,2,...,%x),
(Y1,Y2,---,Yn) € X™ of F and g, there exists (u1,uz,...,u,) € X" such that (guy, gua, ..., guy,) is comparable
to (gx1,9%a,...,9Tn) and (gy1,9Y2, .- -, 9Yn), respectively. Then F and g have a unique Y-coincidence point

(21,22, +,2n) € X™ such that gz; = z; for all i.

Proof. From Theorem 14, the set of T-coincidence points of F' and g is non-empty. The proof is divided in
two steps.
Step 1. We claim that, if (z1,22,...,2,), (Y1,Y2,.-.,yn) € X™ are two Y-coincidence points of F' and g,

then we have

(6.1) 9Ti = gY;
foralli. Let (z1,22,...,2n), (Y1,Y2,-..,Yn) € X" be two Y-coincidence points of F' and g and let (uy,us, ..., u,) €
X™ be a point such that (gui,gus,...,gu,) is comparable, at the same time, to (gz1,gz2,...,9%,) and

to (gy1,9Y2,---,9Yn). Using (u1,us,...,u,) define the following sequences. Let u) = wu; for all i. Rea-
soning as in Theorem 14, we can determine the sequences {ul,}m>0, {2 }m>0, --., {u”}m>0 such that

i(1) ZZ(Q), .. ,uzi(")) for all m and 3.

PUipgr = Flum',u

Now, prove that gz; = lim,,_¢ gu’, = gy; for all i and so (6.1) is true.

First, we concern with (gui,guo,...,guy), (921, 922,...,92,) and the same argument will be true for
(gu1, gua, ..., guy) and (gy1,gy2, ..., 9Yn). Since (gui,gus,...,guy,) and (gx1,gze,...,gx,) are comparable,
we can suppose that (guy, gus, ..., gu,) < (921, gTa,. .., gz,) (the other case is similar), i.e., gud = gu; <; ga;
for all . Using that F' has the mixed g-monotone property, as in Theorem 14, it is possible to prove that
gul, <; gw; for all m > 1 and 4. This condition implies that, for all j and m > 1, either guf,{(i) <i 9%, () for
all i or gz, (i) <i qund @) for all 4.

Define 8, = maxj<;<y, d(gu’,, gz;) for all m. As in Theorem 14, it is not difficult to prove that {8 }m>1 —
0, which means that

lim B, = lim (@%Xn d(gus,, gmi)) =0.
Since 0 < d(gul,, gz;) < Bm for all m and i, we deduce that {d(gui,, g7;)}m>1 — 0 for all 4, i.e.,
(6.2) lim gu;, = g,

m—00

for all 4.
If we had supposed that (gz1, gza,...,92,) < (gui,gus,...,guy,), we can obtain the same property (6.2).
Since (gu1, gus, . . . , gu,,) also is comparable to (gy1, gya, - - - , gy ), sSimilarly, we can prove that gy; = lim,, ¢ gul, =

gx; for all i.

Let (z1,%2,...,2n) € X™ be a Y-coincidence point of F and g and define z; = gz; for all 7. Since
(21,22, .+, 2n) = (921,922, ...,92,), Corollary 16 assures that (z1,z2,...,2,) also is a Y-coincidence point
of F' and g.

Step 2. We claim that (21, 22,. .., 2y,) is the unique ®-coincidence point of F' and g such that gz; = z; for

all 4. It is similar to Step 2 in Theorem 11 in [23]. This completes the proof. m

It is natural to say that g is injective on the set of all T-coincidence points of F' and g when gx; = gy; for
all ¢ implies z; = y; for all i when (z1,x2,...,2Zn), (Y1,Y2,-.,Yn) € X™ are two Y-coincidence points of F' and
g. For example, this is true if g is injective on X.
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Corollary 21. In addition to hypotheses of Theorem 20, suppose that g is injective on the set of all Y-

coincidence points of F' and g. Then F' and g have a unique Y-coincidence point.

Proof. If (z1,22,...,2,) and (y1,¥y2,---,Yn) are two coincidence points of F' and g, then we have proved in

(6.1) that gx; = gy; for all i. Since g is injective on these points, then z; = y; for all i. m

Corollary 22. In addition to hypotheses of Theorem 20, suppose that (2y,(1), Zo;(2); - - - %0s(n)) @5 comparable
to (z,,j(l),z(,j(g), .. A,Z,,].(,L)) for all i,j. Then z1 = z9 = ... = z,. In particular, there exists a unique z € X

such that F(z,z,...,z) = z, which verifies gz = z.
Proof. Let M = maxi<; j<n d(2, 2;), let jo,s0 € {1,2,...,n} such that M = d(z;,, zs,) and let

Ajys, = max d(z,,jo (1)1 2o @) <M.

050 T 1 <i<n

Fix j,s € {1,2,...,n}. Since (Z0,(1)s Z0,(2)5 - - =+ Zo;(n)) 18 comparable to (24, (1), 20, (2)s - - - s Zo,(n))s it fOllows
that either 2,,;) <i 2o,¢i) for all i or 2, ;) <i 2o,y for all i. Sinee gz; = z; for all 4, we know that either

920;(0) <i 9Zo, () for all @ or gzo (s) <i 924, (i) for all i. In any case, applying (2), we have

1/)(M) = ¢(d(2jm ZS(J))
= ’t/)(d(ngD,ngD))

(A(F (20, (1) 204y (2)1 - -+ » Zoj () F (B (1)1 2000 (2)5 - - 3 200y ()

lrgia<xn d(gzajn (i) gzoso (i) )) — ¢ <1r£?§xn d(gzajn (i) gzoso (i) ))

( max d(z,; (i), Zoso(i))) -9 ( max d(2o;, (i)s %o, (i)))

1<i<n 1<i<n

(Ajgso) - ¢ (A]'OSO) .

If Ajyso > 0, then (M) < (Njosy) =@ (Ajosy) S (M) =@ (Ajysy) < (M), which is impossible. Therefore,
Njoso = 0 and (M) < 9 (Ajyso) — ¢ (Njosy) = ¥ (0) — @ (0) = 0. Then M =0 and 21 = 20 = ... = z,. This

completes the proof. m

Example 23. Let X = R provided with the usual partial order < and the usual metric d(z,y) = |z — y|.
Let n € N and let ay,as,...,a, € R\{0} be real numbers such that there exist ig, jo € {1,2,...,n} verifying
a;, <0 < aj,. Let N > |a1| + |ag| + ...+ |a,| and consider F'(x1, 22, ...,%n) = (a121 + @222 + ... + anxy,)/N
and gx = x, for all z,z1,22,...,2, € X. Then F is monotone, non-decreasing in those arguments for which
a; > 0 and monotone non-increasing in those arguments for which a; < 0.

Furthermore, taking k = (|ai| + |az| + ... + |an|)/N € (0,1), F verifies the condition (2). Actually, all
conditions of Theorems 14 and 20 (and Corollaries 21 and 22) are satisfied. Indeed, it is clear that (0,0,...,0)

is the unique fixed point of F'.
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