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1. Introduction

Inverse problems (IPs) usually lead to mathematical models that are ill-posed in the sense of Hadamard. Many of them
do not have a solution in the strict classical sense, or if there is a solution, it might not be unique or might not depend
continuously on the data. To prove global (in time) existence and uniqueness of a solution turn out to be a serious task.
Another important goal in IPs is their solvability and description of a constructive algorithm for finding a solution. The
standard algorithms for IPs start with suitable parametrization and they involve continuous dependence of a parametrized
solution on the parameter. A cost functional capturing the error between parametrized and exact solutions at a given
measurement place is minimized in appropriate function spaces. The common disadvantage of this approach is lack of
convexity of the cost functional, which can be remediated by an appropriate regularization - cf. e.g. [1-3] - based on adding
a suitable term to the functional in order to guarantee its convexity, ensuring the existence of a unique solution to the
minimization problem by means of the theory of monotone operators [4,5]. This later problem can be solved numerically
by adequate approximation techniques, such as the steepest descend, Ritz or Newton or Levenberg-Marquardt method, see
e.g. [6,7].

We are interested in determining the unknown couple (u, h) obeying the following semilinear parabolic problem

ur(x, t) — Au(x, t) = h(t)f (x) + a(u(x, t)) + B(x,t) in£2 x (0,T),
Vu(x, t) -v=0 onI" x (0,T), 1)
u(x, 0) = up(x) forx e £2,
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where 2 € R, d > 1is a bounded domain with a sufficiently smooth boundary I". The symbol v denotes the outer normal
vector associated with I". The data functions ug, f, @, 8 are given and T > 0. The unknown purely time-dependent source
term h(t) will be recovered from the following (non-invasive) measurement on the boundary

m(t):/u(x, t)dx, te]0,T]. (2)
r

Recovery of an unknown source belongs to hot topics in inverse problems. If the source solely depends on the space
variable, one needs an additional space measurement (e.g. solution at the final time), cf. [8-17]. For purely time-dependent
source a supplementary time-dependent measurement is needed, cf. [ 18-20]. This means that both kinds of inverse source
problems (ISPs) need totally different additional data. The integral overdetermination is frequently used in various IPs for
evolutionary problems, cf.[8,21,22] and the references therein. The integral is usually taken over the whole domain (or over a
sub-domain). To get such a measurement is not always obvious. We consider the integration just over the boundary I" in (2).

The goal of this paper is to address the well-posedness of the ISP, to study the regularity of a solution and to describe
a constructive way for finding it. The added value of this paper relies on reformulating the ISP into an appropriate direct
formulation. This means that we are looking on the ISP as on a system with two unknowns (u, h). We eliminate h from
(1) by (2). The proposed numerical scheme involves the semi-discretization in time by Rothe’s method cf. [23]. We prove
the existence of approximations at each time step of the time partitioning and we establish some stability results. The
convergence of iterates towards the exact solution is obtained by arguments of functional analysis. Finally, we discuss
uniqueness of the ISP.

Notations. Denote by (-, -) the standard inner product of L*(£2) and ||-|| its induced norm. When working at the boundary

I" we use a similar notation, namely (-, -)r, L*(I") and ||-||-. By C ([0, T], X) we denote the set of abstract functions
1

w : [0, T] — X equipped with the usual norm max¢jo 1 [|-|lx and L? ((0, T), X) is furnished with the norm (fOT ||-||§ dt)ﬁ
with p > 1, cf. [24]. The symbol X* stands for the dual space to X. As is usual in papers of this sort, C, ¢ and C, will denote
generic positive constants depending only on a priori known quantities, where ¢ is small and C, = C (8_1) is large.
Take any function ¢ € H'(£2), and derive from (1) after integration over £2 and involving the Green theorem that
(0w, @) + (Vu, Vo) = h (f, @) + (a(u), ¢) + (B, ¢) . (P)

Integrating (1) over I" and taking into account the measurement (2) we have

m’—/Au:h/f+/a(u)+/ﬁ. (MP)
r r r r

The relations (P) and (MP) represent the variational formulation of (1) and (2).
2. Time discretization

In Rothe’s method [23], a time-dependent problem is approximated by a sequence of elliptic tasks which have to be
solved successively with increasing time step. Rothe’s method can be also used for determination of the unknown time
dependent source h. For ease of explanation we consider an equidistant time-partitioning of the time frame [0, T] with a
step T = T/n, for any n € N. We use the notation t; = it and for any function z we write

zZi—zi_
z=2(t), bn=-——.
Consider a system with unknowns (u;, h;) fori = 1, ..., n. At time t; we infer from (P) by the backward Euler scheme
Bui, ) + (Vui, Vo) = hi (f, @) + (@(ui-1), @) + (Bi, ¢) - (DPi)

Considering u;_1 in the right-hand side makes (DPi) linear in u;. From (MP) we obtain

m;_./ Aui_q =hi/f+/ 05(”171)4—/‘ Bi. (DMPi)
r r r r

The decoupling of u; and h; has been achieved by considering u;_; in (DMPi). Note that for a giveni € {1, ..., n} we solve
first equation (DMPi) and then (DPi). Further we increase i toi + 1.
Let us introduce the following space of test functions

V={p:2 —>R; [el+ Vel +lA¢l+ VAl < oo},
which is suitable for our purposes. We will seek u within this space. Let us note that we have to work in sufficiently regular
function space in order to keep h depending on f r Au under control, cf. (MP).

Lemma 2.1. Let m' € C([0,T]), B € C ([0, T],H'(2)), f € H'(R), [,.f # 0, a is global Lipschitz continuous. Assume that
ug € V. Then foreachi € {1, ..., n} there exists a unique couple (u;, h;) € V x R solving (DPi) and (DMPi).
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Proof. From (DMPi) we see that
—m+ [ Auioy + [ a(ui—) + [ Bi
Irf '

Ifu;_;, € V then h; € R by the trace theorem and Lipschitz continuity of «.
The relation (DPi) for ¢ € H!(£2) can we rewritten as follows

hy =

1 1
- (Ui, ) + (Vu;, Vo) = - Wi—1, @) +hi (f, @) + (a(ui-1), @) + (Bi, @) .

The left-hand side represents a continuous, elliptic and bilinear form in H!(£2) x H!(£2) and the right-hand side is a linear
bounded functional on H'(§2). The Lax-Milgram lemma ensures existence and uniqueness of u; € H'(£2). Inspecting the
relation (DPi) we may write for any ¢ € H'(£2) that

(—Au, @) =hi (f, ¢) + (@(ui-1), @) + (Bi, @) — (Bu;, @) .

The term — Au; has to be understood in the sense of duality, as a functional on H!(£2). The right-hand side can be estimated
by Gi(7) ||l¢]l. Thus there exists an extension of —Au; to L?(£2) according to Hahn-Banach theorem, cf. [25, p. 173]. This
extension will have the same norm as the functional on H'(£2) and

—Au; = hif + a(ui_y) + Bi — Su; € [(2).

Applying the gradient operator to this relation we see that

— VAU = hiVf + Va(ui_1) + VB — §Vu; € [2(2) (3)

taking into account the assumptions of this lemma, which concludes the proof. 0O

Lemma 2.2. Let the assumptions of Lemma 2.1 be fulfilled. Then there exists a positive constant C such that
5 n n n
max w]|” + Z IVul|* T + Z lu — uiq|* < C (1 + Zhizf> .
= i=1 i=1 i=1
Proof. Set ¢ = u;t in (DPi), sumitup fori=1,...,jtoget

J J J J J
Do Guouyt+ Y IVulP T =Y hi(fu)t+ ) (i), u) T+ Y (Biu)T.
i=1 i=1 i=1 i=1 i=1

The summation by parts formula says that

: ; 1 J
;((Sui, u)T = ;(ui — U1, Uj) = 3 (Huj”Z — lluoll® + Z i — Lli1||2) '

i=1

Making use of the Cauchy and Young inequalities we deduce in a standard way that

J J J J
Jll” + 3 s = wia I+ IVuilP v < € (1 + Y ORT Y fuil? r) (@)
i=1 i=1 i=1 i=1

as « is Lipschitz continuous. We conclude the proof by Gronwall’s argument, cf. [26]. O

Lemma 2.3. Let the assumptions of Lemma 2.1 be fulfilled. Then there exists a positive constant C such that
5 n n n
max || V[ + D luill T+ Y IV — Vui,|* <€ (1 - thr) :
= i—1 i—1 i=1

Proof. Putting ¢ = §u;t into (DPi), summing itup fori = 1, ..., j we obtain

J J J J J
D (Vu sV T+ Y SulP T =) hi(f,8u) T+ Y (aluisn), Su) T+ Y (i Su) T

i=1 i=1 i=1 i=1 i=1

The Abel summation gives

J J 1 J
D (Vui, Véupt = Y (Vuy, Vit — Vuy_y) = = (H Vi) * = Va2 + Y IVu; — VUHHZ) :

i=1 i=1 2 i=1
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Making use of the Cauchy and Young inequalities we deduce in a standard way that

J J J J J
2
[V |* + Y 1vu = Vua I + > suil’ « < G (1 +Y mr+ ) P r) ey lloul?
i=1 i=1 i=1 i=1 i=1
J J
sG1+) nr|+ed lsulr 5)
i=1 i=1

using Lemma 2.2. Setting a sufficiently small ¢ > 0 we complete the proof. O

Lemma 2.4. Let the assumptions of Lemma 2.1 be fulfilled. Then there exists a positive constant C such that
5 n n n
max [ Aw] "+ D IVAGIP T+ Y Au — Aug|? < C (1 - Zn,h) :
=i=n i=1 i=1 i=1

Proof. We start from (3). We multiply this by —V Au;t, integrate over £2 and sum the result up fori = 1, ..., j to find

J J J J J
=D (Vu VA T+ Y IVAUIP T ==Y hi(Vf, VAu T =) (Va(ui), VAu) T =Y (VB VAu)T.
i=1 i=1 i=1

i=1 i=1

Integration by parts formula together with Abel’s summation yields

J j 1 J
— Z (8Vu;, VAu) t = Z SAu;, Auy) T = 3 <||Auj||2 — lAuoll® + Z |l Ay; — Au,-1||2) .

i=1 i=1 i=1

Making use of the Cauchy and Young inequalities we deduce in a standard way that

J J i J J
|au]® + > 1A — Au 2+ IVAuPT < G, (1 +Y T+ Vul? 1') +e ) IVAaul’t
i=1 i=1 i=1 i=1

i=1

j i
=G (1+Zh,-2r) +e ) IVAaul’t (6)
i=1 i=1

using Lemma 2.2. Fixing a sufficiently small ¢ > 0 we close the proof. O

Theorem 2.1 (Stability of Approximations). Let the assumptions of Lemma 2.1 be fulfilled. Then there exists a positive constant
C such that

n n
max ||u]-||2 + max ||Vuj||2 + max ||Auj||2 + Z Suill® T + Z IVAu|>t <C,
1<j<n 1<j<n 1<j<n — —

n n n
Dl =il + DIV = V> 4 ) llAw — A |* < €
i=1 i=1 i=1
and
J
Zhizr <C.
i=1

Proof. Putting the relations (4)-(6) together, and fixing a suitable ¢ > 0 we have

J J J J
g+ [ Ve + A+ D 18wl e+ > IV AwIE + > s — wia I+ D1V — Va2
i=1 i=1 i=1 i=1

J J J
+ > A — Auq|)? < C (1 + Y T+ il r) :
i=1 i=1 i=1
In virtue of (DMPi) we deduce that
‘—m; + [ Auig + [ auio) + [ Bi

Irf

C 1+ Al p + luiallp)

|hil

IA

< C(Imj] + lAuillp + el + 1Bl )

IA
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which implies by the Necas inequality [27]

lzIF < ellVzl> + C llzl*, VzeH'(2),0<e<s (7
that

J J J
Y mr<c (1 + Y lAu T+ il r)
i=1 i=1 i=1

Jj J
<G (1 + ) [Au a1 + Va1 + luiall?] r) +e) IVAu|°r. 8)

i=1 i=1

Putting things together and setting a small ¢ > 0 we get

J J J J
li )+ | Vo |* + A + > 6wl 7 + > UVAwIE + Y u — il + Y Vi — Vai_q)?
i=1 i=1 i=1 i=1

1

J
+ ) Ay — Auql? < C (1 +

J
i=1 =

[lwill? + 1Vull® + 1l Au)?] f) :
1

An application of Grénwall’s lemma gives the estimates for u;. Relation (8) implies the bound for h; in [2(0, T). O

3. Well-posedness

Now, let us introduce the following piecewise linear function in time

Up t=0

, 0<i<n,
Ui + (t — ti—)du;  t € (ti—q, ] - =

un:[O,T]—>L2(Q):t»—>{

and a step function

Upg t=0

, 0<i<n.
up te(ti1,t] - =

un:[O,T]—>L2(.Q):t|—>{

Similarly we define h,, B, M, and m’,. These prolongations are also called Rothe’s (piecewise linear and continuous, or
piecewise constant) functions. Now, we can rewrite (DPi) and (DMPi) on the whole time frame as

Beun(0), @) + (Vig(t), Vo) = hy () (f, ) + (@(@n(t — 7)), ¢) + (B, (1), ) (DP)
and

@) = [ 8t -0 =5 [ 1+ [ a0+ [ B (DMP)
r r r r
Now, we are in a position to prove the existence of a weak solution to (P) and (MP).

Theorem 3.1 (Existence of a Solution). Let the assumptions of Lemma 2.1 be fulfilled. Then there exists a solution (u, h) to
the (P), (MP) obeying u € C ([0, T],12(£2)) N L* ((0,T), H'(2)) with d,u, Au € L*((0,T),[*(£2)), VAu € L*((0,T),

L,(2)), h € [*(0, T).
Proof. Theorem 2.1 says that |u;| + |V < Cand 31, [6uill* T < C, which means that for all n > 0 it holds
[Un(t) 1) < C forallt € [0, T] and fOT [|9;unll® d& < C.Using [23, Lemma 1.3.13] there exists u € C ([0, T],L?(£2)) N

L ((O, T), Hl((z)) which is time-differentiable a.e. in [0, T] and a subsequence of (u,),en (denoted by the same symbol
again) such that

Up — U, inC ([0, T],I*(2)) (a)

u(t) — u(t), inH'(2), vt € [0,T] (b)
U, (t) — u(t), inH'(R), Yt €[0,T] (c)
dely — deu,  inL*((0,T),[*(2)) (d).

Moreover u : [0, T] — L?(£2) is Holder continuous, i.e. |[u(t) — u(t")|| < C/Jt = ¢'], which follows from

t/ T
Hun<t>—un(r’)\|=”/ dund | < CV/Jt — 1] / 8y ]|? dg < €/t — /] (10)
t 0
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when passing to the limit for n — oo. Similarly we deduce

t+t
lun(®) — T(0)]] < cﬁ\/ f 1un(s) 12 ds < Cv/7
t

and
T (t) = Tn (£ — D)l = 7 ety | = / lunll| < CVT.
We can easily see that T
1im a(@y(t — 1) = lim @ (0) = lim a,(0) = a@®) inC ([0,T],1(2) (1)

as « is Lipschitz continuous and u, — u in C ([0, T], L*(£2)). Obviously lim,—,« B,(t) = B(t) in C ([0, T], L*(£2)). The
reflexivity of L?(0, T) and the bound )"}, h?t < C gives h, — hinL? ((0, T), L*(£2)). In the light of these considerations
we can integrate (DP) in time, pass to the limit for t — 0 and differentiate with respect to the time variable to arrive at (P).
Now, we would like to pass to the limit in (DMP). First we need some preparation work. Using Necas’s inequality (7), the
fact that ||Tpl|y1() < C (Theorem 2.1)and u € L* ((0, T), H'(£2)) we obtain
lee@n(t — 7)) — @) < & V(@ (t — 1)) — a@®)* + C; ot — 1)) — e ()|
< &+ Ce lla(ln(t — 1) — (o)

as « is Lipschitz continuous. Passing to the limit and applying (11) we have

A

im et = 1) @O} < & = aln(t — 1) = @), inC([0.T). 1) (12)

Theorem 3.1 helps us to get
T n
/ AT (6) = ATyt = DI* = Y 1Al = Auia ] 7 = 0 (2)
0 i=1
and analogously

T T
/ AT (6) — Aun(@)] < c/ | AT (6) — ATin(t = DI? = 0 (7).
0 0

Using (9)(b) we see that for ¢ € H'(£2)
(Auy(t), @) = — (Vup(t), Vo) — — (Vu(t), Vo) = (Au(t), ¢) .
According to Zle [VAu||? T < C we see that VAL, — z in L2((0, T), L,(£2)). Taking any Qe (CS"(.Q))N we deduce that

T T T T
/ (VAu,, @) = —/ (Aup, V- @) — —/ (Au,V-9) = / (VAu, @),
0 0 0 0

from which we deduce thatz = VAu.

Let us consider the following temporary Neumann problem @ — A® = F in £ along with V& - v = 1on I'. If
F € (H'(£2))" then by Lax-Milgram lemma we have & € H'(22).If F € H'(£2) we conclude that A® € H'(£2) by
the Hahn-Banach theorem. We see that

t t t t t t
/(Aﬂn,l)p =/ (Atly, VO - v) =/ (Aﬂn,A¢>+/ (V ATy, VO) =—/ (van,mcb)+/ (V AT, Vo)
0 0 0 0 0 0

t t t t t t
/ (Au, 1) = / (Au, V& -v) = [ (Au, A®) +/ (VAu, Vo) = —/ (Vu, VAD) +/ (VAu, Vo).
0 0 0 0 0 0

Now, we integrate (DMP) in time. Using m’ € C([0, T]), B € C ([0, T], H'(£2)) and the considerations above we may pass
the limit for n — oo. Finally we differentiate the result with respect to the time and we arrive at (MP). O

Theorem 3.2 (Uniqueness of a Solution). There exists at most one solution to (P), (MP) obeying ug € V,u € C ([0, T], LZ(Q))H
L* ((0,T), H'(2)) with d,u, Au € [*((0,T),L*(22)), VAu € I*((0,T),Ly(2)), h € L[*(0,T) if one of the following
assumptions is valid:

(i) a is linear

(ii) a € C?is nonlinear and |Vu| < C a.e.in 2 x (0, T).
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Proof. Let us have two solutions (u1, hy) and (uy, hy). Set u := u; — up and h := hy — h,. Subtracting the corresponding
variational formulations (P) for particular solutions from each other and putting ¢ = u we readily obtain

||u(r>||2+/ot ||Vu||2dssc/0th2ds telo,T] (13)
similarly as in Lemma 2.2. Analogously as in Lemma 2.3 we deduce that

||Vu(t)||2+/: l0;ul?ds < cfothzds t € [0, T). (14)
If « is linear, then matching Lemma 2.4 we find that

lAu(®)|? +/O[ IVAu|?ds < C/Othzds t [0, T]. (15)

If @ is nonlinear, then we can follow Lemma 2.4, but the following term must be estimated in a different way
[Var(ur) — Va(u)| = |o () Vuy — o (u2) Vi |

|a,(u1)(vul — Vup) + [ (uy) — a’(uz)]Vu2|

C (lul + [Vul)

IA

using @ € C? and |Vu| < C a.e.in £2 x (0, T). Also in this case we reveal (15). By (7) we get

/Au
r

/ a(uq) — a(uy)
r

Subtracting the corresponding variational formulations (MP) for particular solutions from each other we easily see that

2
< CllAul} < e |[VAul® +C [ Aul?,

and
2
< Cllully < € (lull* + Vul®) .

fthzds < e/t IV Aul*ds +C /t (Iull® + I'Vul® + 1| Aull?) ds. (16)
0 0 0
Relations (13)-(16) imply for a fixed small ¢ > 0
lu@ 1 + IVu@©l* + lAu®)|1? + /Ot IV Aul® ds < C/Ot (lull® 4+ 1Vull® + (| Aul?) ds.
Gronwall’s argument ensures thatu = 0. O
Conclusion

An ISP for a semilinear parabolic equation with a solely time-dependent unknown source is considered. The existence
and uniqueness of a weak solution for the ISP are proved. The missing source term is recovered from an integral-type
measurement over the boundary. A numerical algorithm based on Rothe’s method is established and the convergence of
approximations towards the exact solution is demonstrated.

We would like to point out that this technique can also be easily extended to a non-homogeneous Neumann BC,
f =f(x,t) and to a measurement (2) taken just over a measurable part of the boundary.
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