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Abstract In this paper, the improved CK reduction transformation is performed on the
generalized variable-coefficient KdV (ve-KdV) type of equation, then these variable-coefficient e-
quations are transformed into its constant-coefficient counterparts under some conditions. More-
over, the complete Lie group classification is presented, all of the point symmetries of the equa-
tions are obtained. Furthermore, the exact solutions and conservation laws of the equations are
investigated.
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1 Introduction

It is well known that the CK direct transformation is a powerful method for dealing with
similarity reductions and exact solutions to nonlinear partial differential equations (NLPDEs)

[1-4]. In this paper, by the improved CK transformation method, we consider the generalized
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variable-coefficient KdV type of equation as follows:
Ut + f(t)uua: + g(t)umc:c + h(t)uz + l(t)u =0, (1'1)

where u = u(z,t) denotes the unknown function of space variable = and time ¢, the coefficients
f=f@),g=g(t), h=~h(t) and | = [(t) are all arbitrary analytic functions, fg # 0 is assumed
throughout this paper.

In particular, if [(t) = 0, then Eq. (1.1) is reduced to the following equation
ug + f(O)uue + g(t)tgan + h(t)ue = 0. (1.2)
If h(t) =1(t) =0, then Eq. (1.1) is reduced to the following ve-KdV equation
ut + f(t)uug + g(t)ugzpe = 0. (1.3)

These variable-coefficient nonlinear evolution equations (ve-NLEESs) play a significant role in
mathematical physics, integrable system and physical applications [4-7]. However, the ve-NLEEs
differ greatly from its constant-coefficient counterparts, and they are more involved for inves-
tigating exact solutions and other properties of these generalized variable-coefficient equations.
For dealing with the exact solutions and other properties of ve-NLEESs, a lot of methods were
developed such as the Painlevé test [6-10], Lie symmetry analysis [10-15] and the various trial
function methods based on the homogeneous balance principle (HBP) [16,17], and so on. Ghany
and Mohammed [18,19] studied some complicated ve-NLEESs such as the generalized stochastic
Hirota-Satsuma coupled KdV equation and fractional KdV-Brugers-Kuramoto equation by the
white noise and homotopy analysis method along with the Hermit transform. But such meth-
ods are more involved and the solutions are not presented explicitly. Clarkson and Kruskal [1]
proposed the CK direct method for dealing with similarity reductions of the nonlinear partial
differential equations, Lou et al considered the similarity reductions and exact solutions to some
NLPDESs by using this method [2-4]. In the present paper, we shall develop the improved CK
transformation method for transforming the ve-NLEES into its constant-coefficient counterparts,
so the exact explicit solutions to the ve-NLEEs are obtained accordingly.

The remainder of this paper is organized as follows. In Section 2, through the improved CK
transformation method, the ve-NLEESs are transformed into its constant-coefficient counterparts

in the same form of the former. In Section 3, the complete Lie group classification of the
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generalized equation is performed, all of the point symmetries of the equations are obtained. In
Section 4, the exact explicit solutions to the generalized ve-NLEEs are investigated through the
similarity reductions and CK transformations. In Section 5, the explicit conservation laws of
the equations are given in terms of the nonlinear self-adjoint method. Finally, the conclusion

and some remarks will be given in Section 6.

2 CK transformations for the vc-NLEEs

In this section, we employ the direct reduction method for investigating the relationship between
variable-coefficient equations (1.1)-(1.3) and its corresponding constant-coefficient counterparts.

Firstly, we assume that Eq. (1.1) can be transformed into the following constant-coefficient
equation

ur + autly + BUzee + YUz + 0u =0, (2.1)

by the CK transformation as follows:
u=u(z,t) = A(z,t) + B(z,t)U(X,T), (2.2)

here X = X(x,t), T = T(x,t) and A = A(x,t), B = B(x,t) are functions of x and t to
be determined by requiring that U = U(X,T) satisfies the same KdV type of equation as
u = u(x,t) with the transformation {u,z,t} — {U, X,T}. That is, requiring that {U, X, T}
satisfy Eq. (2.1), i.e.,

Ur+aUUx 4+ BUxxx +vUx 4+ 6U =0, (2.3)

where a, 3, v and § are all constants, and o8 # 0 in Egs. (2.1) and (2.3).
Then, substituting (2.2) into Eq. (1.1), through the CK reduction method, we get the
following results:

Case I In general, I(t) # 0. In this case, we have

2
A=p(t)xr—e" J(fp+l)dt [/hpef(fpﬂ)dtdt B 02}7 B ag; 7

1
T= ﬂ/gr3dt+c4, X =r(t)z+ g/grgdt— /fgrdt+05, (2.4)

where p = p(t) = — L r=r(t) =cze” /P ¢ (i =1,2,...,5) are arbitrary constants.

tfcl)li}m
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Thus, if we obtain the exact solution to Eq. (2.1), then the exact solution to Eq. (1.1) can

be given through the transformation as follows

u=p(t)x — e JUPHHA [ / hpel (Pt gy CZ:|

aﬂg;z (r(t)zv—l—g/gr?’dt—/fgrdt—i—%,;/grsdt+c4>7 05)

under the condition aBfg’ — aBf'g+ Bfgl — aBf2gp — adfg*r® =0, here p = p(t) and r = r(t)

are given by (2.4). In other words, under this condition, Eq. (1.1) can be transformed into the
constant-coefficient equation (2.3) through the transformation (2.2).
Case II If [(¢t) = 0, then Eq. (1.1) becomes Eq. (1.2), and § = 0 in Egs. (2.1) and (2.3),

correspondingly. In this case, we have

1 Aag
A=——(z4+c—H(), B=—2>"_
F(t) + cl( 2~ H(t)) B(F +c1)2f
cs(z+c2) iy g csH 3 g
x=3w=rc 5 dt — o, T=2 -9 _dtve, (26
F+c B (F+61)3 Fte 1 ) (F+c)? i (2:6)

where F' = F(t) = [ f(¢t)dt, H = H(t) = [ h(t)dt, ¢; (i = 1,2,...,5) are arbitrary constants.
Thus, if we obtain the exact solution to Eq. (2.1) with 6 = 0, then the exact solution to Eq.

(1.2) can be given through the transformation as follows

1
LI — _H{(t
S EH g @ te - HY)
2 3 3
csayg c3(x + ¢2) 037/ g csH c3/ g
+ htin dt — ey, 2 | —L—dt+es), (2.7
BF +c1)2f (e ) Frap” Fra @B Frap ). 27

under the condition fg¢' — f'g — = 0, here F = F(t) is given by (2.6). In other words,

F+Cl
under this condition, Eq. (1.2) can be transformed into the constant-coefficient equation (2.3)
with 0 = 0, through the transformation (2.2).

In particular, if A(t) = I(t) = 0, then Eq. (1.1) reduces to Eq. (1.3), and v = 6 = 0 in Egs.

(2.1) and (2.3) at the same time. In this case, we have

1 c2ag
A= ——(z+¢), B=—3"__,
PO +o " B(F +c1)2f
= ° (x+c2)+c T——g S —; T (2.8)

where F = F(t) = [ f(t)dt, ¢; (i = 1,2,...,5) are arbitrary constants.
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Thus, if we obtain the exact solution to Eq. (2.1) with v = § = 0, then the exact solution to

Eq. (1.3) can be given through the transformation as follows

1
S FD et

2 3
csayg c3(x + c2) c3 g
e 2 dt+ , 2.9
B(F + c1)2f ( Ftea 43 ) Fra)p C5> (2.9)

under the condition fg' — f'g — Ffjgl = 0, here F' = F(t) is given by (2.6). In other words,

+

under this condition, Eq. (1.3) can be transformed into the constant-coefficient equation (2.3)
with v = § = 0, through the transformation (2.2).

Summering the above discussion, we have

Theorem 2.1 If U = U(X,T) is a solution to Eq. (2.3), then u = A+ BU(X,T) is a
solution to Eq. (1.1), where A, B, X and T are given by (2.4) under the condition (2.5). In
particular, if [ = 0, then u = A+ BU(X,T) is a solution to Eq. (1.2), where A, B, X and T
are given by (2.6) under the condition (2.7). If h =1 =0, then u = A+ BU(X,T) is a solution
to Eq. (1.3), where A, B, X and T are given by (2.8) under the condition (2.9). O

Therefore, if the exact solutions to the corresponding cc-NLEEs are obtained, then the exact
solutions to the ve-NLEEs are presented through the CK transformations immediately. So in
what follows, we consider the symmetry reductions and exact solutions to the former only.

Remark 2.1 From our previous discussion, we can see that the coefficient function | = I(t)
rather than h = h(t) affects the CK transformation of the ve-NLEESs greatly, in addition to the

coefficients functions fg # 0.

3 Complete Lie group classification of Eq. (2.1)

In this section, we give the symmetries of Eq. (2.1).

Recall that the geometric vector field of a NLEE is as follows:
V =&(x,t,u)0p + 7(x,t,u)0 + ¢(x, t,u)0y, (3.1)

where &(x,t,u), 7(x,t,u) and ¢(x,t,u) are coefficient functions of the vector fields to be deter-

mined.
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If the vector field (3.1) generates a symmetry of Eq. (2.1), then V must satisfy the Lie’s

symmetry condition
pr®V(A)]az =0, (3.2)
where A = uy + quuy + Bugyy + Yuz + du. Thus, by the Lie symmetry analysis method, we get

the complete Lie group classification of Eq. (2.1) as follows
Case I In general, if § # 0, then the vector field of Eq. (2.1) is

Vi=0, Va=20, Vz=ae %9,—dea,, (3.3)

where ad # 0 are arbitrary constants.

Case II In particular, if 6 = 0, then the vector field of Eq. (2.1) is
Vi=0., Vo=0, Vi=axd,+ 0, Vi=axrd,+ 3atd;— (2au+ 27v)0y, (3.4)

where a # 0 and +y are arbitrary constants.
Remark 3.1 We note that (3.3) and (3.4) is the complete Lie group classification of Eq.

(2.1) actually. If v = 6 = 0, then we get the vector field of the general KdV equation
ug + autly + Bugge = 0 (3.5)

as follows

Vi=0:, Vo=0¢y V3=oax0,+ 0y, Vi=x0;-+ 3t0;— 2udy,, (3.6)

where af # 0 are arbitrary constants.

4 Exact solutions to the ve-NLEEs

In Section 2, we give the transformation between the ve-NLEEs and cc-NLEEs. Thus, if the
exact solutions to the cc-NLEEs are obtained, then the exact solutions to the corresponding
ve-NLEEs are given through the CK transformations immediately. In Section 3, we present
all of the point symmetries of the cc-NLEEs, now we investigate the exact solutions to these
ve-NLEEs by the symmetry reductions and CK transformations. In what follows, we consider
the general case d # 0. In this case, the vector field of Eq. (2.1) is (3.3).
(i) For V4 = 0., we have
u=(8), (4.1)



H. Liu, et al/CK transformations, symmetries, exact solutions and CLs of ve-KdVs 7

where £ = t. Substituting (4.1) into Eq. (2.1), we have
¢+ 56 =0, (12)

where ¢/ = d¢/d¢. Solving this equation, we get ¢(£) = ce . Thus, we obtain the exact
solution to Eq. (1.1) as follows

u(x,t) = A4 cBe T, (4.3)
where A = A(z,t), B = B(z,t) and T = T (z,t) are given by (2.4), under the condition (2.5), ¢
is an arbitrary constant.

(ii) For V3 = ae %9, — §e=9,, we have

u=¢(&) - —x, (4.4)

a

where £ = t. Substituting (4.4) into Eq. (2.1), we have

(b/ — ’YE(S = 07 (45>

where ¢’ = d¢/d€. So we have ¢(&) = %& + c¢. Thus, we obtain the exact solution to Eq. (1.1)
as follows

u(z,t) =A+cB — gB(X —T), (4.6)

where A = A(z,t), B = B(z,t) and T = T(z,t) are given by (2.4), under the condition (2.5), ¢
is an arbitrary constant.

(iii) For V = v0; + 0; (v is a constant), we have
u = ¢(&), (4.7)
where £ = o — vt. Substituting (4.4) into Eq. (2.1), we have
agd’ + " + (v — v)¢' + 36 =0, (4.8)

where ¢’ = d¢/dE.

(iv) For V = vd; + ae™®9, — 6e~%9, (v # 0 is a constant), we have
1 _
u=leit 4 g00), (19)
where § = z 4+ 2e7%. Substituting (4.9) into Eq. (2.1), we have

agd’ + " + ¢ + 66 =0, (4.10)
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where ¢/ = d¢/d¢. We note that Eqgs. (4.8) and (4.10) are the same type of nonlinear higher-
order ODEs, they cannot be solved by the classical integration method in the general case
0 #0.

Now, we seek the exact power series solutions to such equations. First, we suppose a solution

to Eq. (4.8) in a power series form as follows

[e.e]

EOEDIR (4.11)

n=0
where the coefficients ¢, (n =0,1,2,...) are constants to be determined.
Substituting (4.11) into (4.8), and comparing coefficients, we obtain

-1
nts = Bn+1)(n+2)(n+3)

n
[oz S (41— k)erens—k + (v — 0)(n + et + 6cn], (4.12)
k=0

foralln=0,1,2,....
On the other hand, we note that Eq. (4.8) has a constant solution ¢ = ¢(£) = 0 (for § # 0),

so we have cg = 0. Thus, for arbitrarily chosen constants ¢; and ¢y, from (4.12), we have

1

@ ozcl +2(y —v)cg + ey,

c3=——(y—v)e1, cq4=—

: —=l
240
and

5 = ———[3aciea + 3(y — v)eg + dea),

" 6083
and so on.

Hence, the other terms of the sequence {c,}7°, can be determined successively from (4.12)
in a unique manner. This implies that for Eq. (4.8), there exists a power series solution (4.11)
with the coefficients given by (4.12).

Now, we show the convergence of the power series solution (4.11) to Eq. (4.8). In fact, in
view of (4.12), we have

n
|Cn+3’ < M(Z |Ckch+l—k| + |Cn+1| + |Cn|>7 n= 07 17 27 ) (413)
k=0

where M = max{|4], |%52],]3]}.

If we define a power series P = P(§) = >_,° ;pn&" by po = |co| = 0, p1 = |e1|, p2 = |c2| and

Pn+3 :M[Zpkprkklfk +pn+1 +pn ) n:071727"'7
k=0
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then by the induction method, it is easily seen that
|Cn| Spn, n:O, 1,2,....

In other words, P(§) =Y 7, pn&" is a majorant series of (4.11).
Now, we prove that P = P(&) has a positive radius of convergence. Indeed, noting that by
the formal power series calculation, we have

P=P) =pi&+p+ > pnyal"?

n=0

oo n o o
=& +p2? + M[Z (Zpkanrlfk) Y paa ™+ anfmg}
n=0 n=0

n=0 " k=0
= 1€+ p2t? + ME[P(E) + EP(€) + P(€))-

Consider now the implicit functional equation
F=F(&P)=P—p&—pt?— ME(P* 4¢P+ P)=0.

Since F is analytic on a disk with the origin as the center and F'(0,0) = 0, F5(0,0) =1 # 0, by
the implicit function theorem [20,21], we see that P = P(&) is analytic in a neighborhood of the
origin and with a positive radius. This completes the proof.

Therefore, the general solution in power series form of Eq. (4.8) can be written as follows:

$(6) = cré + 26 + ) enial™ = 1€ + e’ — 615@ —v)er €
n=0
) ! . n+3
B n; Bn+1)(n+2)(n+3) [a kzo(”Jr 1—k)cxenir—k+ (v —v)(n+1)cns1 +5an§ 3 (4.14)

So, we obtain the corresponding exact traveling wave solution to ve-NLEE (1.1) in power

series form as follows
1
u(z, t) = A+ B[cl(X —vT) + co(X —vT)? — @('y —v)er (X —oT)3

(a Z(n+ L—k)erenpr—k+ (v —v)(n+1)cns1 —|—5cn) (X— vT)"+3} ,
k=0

> 1
_; B(n+1)(n+2)(n+3)

(4.15)
where ¢; and ¢y are arbitrary constants, ¢,+3 (n = 0,1,2,...) are given by (4.12) successively,
A = A(z,t), B= B(z,t), X = X(x,t) and T' = T'(x,t) are given by (2.4), under the condition

(2.5), v is the wave speed.
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Second, we suppose that Eq. (4.10) has a solution in a power series of the form (4.11) also.

Then substituting (4.11) into (4.10), and comparing coefficients, we obtain

n

[oz Z(n +1—Fk)egens1—k + (n+ 1)yens1 + 0cy |, (4.16)

1
n+1)(n+2)(n+3)

Cn+3 = B(

foralln=0,1,2,....
Similar to the above, we obtain the exact solution to ve-NLEE (1.1) in power series form as

follows

1 o o yer o
H=A B[— 5T x 4 X T o Y emy2 O QT3
u(w,t) + e +c (X + 50¢ )+ ca(X + 5¢ ) Gﬁ( + 50¢ )

3 ! O 5T\n+3
_ ngl B(n+1)(n+2)(n+3) (a g(n+1—k)6kcn+1—k+(n+ 1)ycni1 +5cn>(X+%e )t }’

(4.17)
where ¢; and ¢y are arbitrary constants, ¢,+3 (n = 0,1,2,...) are given by (4.16) successively,
A = A(z,t), B= B(z,t), X = X(x,t) and T' = T'(x,t) are given by (2.4), under the condition

(2.5), v # 0 is an arbitrary constant.

5 Conservation laws of Eq. (2.1)

In the preceding section, we give all of the point symmetries of Eq. (2.1), the symmetries of
the other equations are presented successively. In this section, we give the explicit conservation
laws in terms of the point symmetries. Since this equation is not a self-adjoint in general, so
we employ the the nonlinear self-adjoint concept [22], it is the generalization of the self-adjoint
method.

First, for Eq. (2.1), if we write that
F = v + auug + Buger + Yur + du =0, (5.1)
then the adjoint equation to this equation is as follows
F* = v + auvg + Brzgs + YUz — 6v = 0, (5.2)

where v = v(z,t) is a new dependent variable of x and t.
Clearly, if 6 # 0, then Eq. (2.1) is not self-adjoint. In particular, if 6 = 0, then it is

self-adjoint.
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Second, for Eq. (2.1), the formal Lagrangian is
L = v(us + auuy + Bugey + yuy + 0u), (5.3)

where v = v(z,t) is defined by (5.2). Moreover, we consider the conservation laws of Eq. (2.1)
in following cases, respectively.

(I) In general, 6 # 0. In this case, Eq. (2.1) is not self-adjoint. If we get v = p(z,t,u) # 0,
such that

F*lyeyp = AF, (5.4)

then Eq. (2.1) is said to be nonlinearly self-adjoint. Furthermore, through the similar procedure

to symmetry analysis, we get ¢ = ue*l(cs — ¢y [ fe7ldt) + eX(ciz — c1H + ¢2), where H =
= [h(t)dt, L = L(t) = [I(t)dt, ¢; (i =1,2,3) are constants.

Based on the generators V = (k1e™% + k3)0, + ko0 — gkle_‘st@u (k1, ko and kg are arbitrary

constants), the conservation laws of Eq. (2.1) is as follows
Di(C") 4 Do (C)|(21) = O, (5.5)
with the following components of the conserved vector C' = (C1, C?):

Ct = p(koF + W),

Cz = @[(kleiét + k3)F - /B(kleiét + kB)UJ::L‘x - ﬁkQwat} +W [agpu + e

+5 (03 —c /feLdt> eQLum} + B[(klef‘;t + k3)Uge — kotigt] [cleL + (03 - /feLdt) e2Lul},
(5.6)
where ¢ = ue?l(c3 — 1 ffe*Ldt) +el(cir — et H 4 ¢2), F = uy + cquug + Puges + YUz + ou,
W = —2kie™ — (kie™ + ks)uy — kowy, H = H(t) = [h(t)dt, L = L(t) = [I(t)dt, ¢; and k;
(i =1,2,3) are arbitrary constants.
(IT) In particular, 6 = 0. In this case, Eq. (2.1) is self-adjoint. So we have v = w.
Based on the generators V = (c1x + cst + ¢4)0y + (3c1t + ¢2) 0 — (2c1u + %clx + éc;;)@u (c1,
¢ and cg are arbitrary constants), the conservation laws of Eq. (2.1) is (5.5) with the following

components of the conserved vector C' = (C, C?):

2vc1 — ¢
C' = a(3eit + 62)u2u1« + B(3ert + co)utigry — [cr1z — (3ye1 — ¢3)t + ca|uuy, — 2c1u% — %u,
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C? = [crz — (3yc1 — e3)t — Yoo + caluug + Bl + st + cq)utipey — 20ac1u® — 2B¢1 Uty
—(4ye1 — e3)u? — 2(2701 —c3)u — 2(2701 — C3)Ugy + 2B(c1 + 3t + ca)ugUyy

—a(3cit + 02)u2ut — B(3cit + co)ugpur + 3ﬁ01u§ + B(Bcit + e2)ugptgy — 4,801u33m

—B(c1x + cst + c4)UppUprr — B(3c1t + €2)UgprUzspt, (5.7)

where ¢; (i =1,...,4) are arbitrary constants.

6 Conclusion and remarks

In the current paper, the generalized variable-coefficient KdV types of equations are investigat-
ed by the improved CK reduction transformation method. Under some constraint conditions,
the ve-PDEs are transformed into its constant-coefficient counterparts. Then, all of the point
symmetries are obtained, the exact solutions to the ve-PDEs are presented through the symme-
try reduction and CK transformation method. Moreover, the explicit conservation laws of the
equations are investigated by the nonlinear self-adjoint method. However, how to consider the
other properties of ve-PDEs through such CK transformation, it is an interesting and promising
problem, we hope to investigate it in the future.

Remark 6.1 Generally speaking, the improved CK transformations in the current paper are
equivalent transformations, they transform the ve-PDEs into its constant-coefficient counterparts
under some conditions. Conversely, they can transform the exact solutions and other properties
of the latter into the former. From the above discussion, we can see that compare to the other
aforementioned methods, this CK transformation method is more effective and direct for tackling
exact solutions to the ve-PDEs. Moreover, we think it will plays a more great role in studying

other properties of ve-PDEs.
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