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1. Introduction

In recent times, fractional partial differential equations have received great attention both in analysis and application,
which are used in modeling several phenomena in different areas of science such as physics, biology, chemistry,
engineering and control theory, see [1-10], so the fractional computation is increasingly attracted to mathematicians,
where some circumstances of integer-order partial differential equations cannot simulate. Accordingly, many definitions
of fractional derivative are given [4,11,12]. In this paper, we study a problem for the time fractional reaction-diffusion
equation with nonlinear source

11—«
%u(t,x) — %Au(t,x) =f(t,x,u(t,x)), (t,x)e(0,7)x 2,a€(0,1)
u(t, x) = 0, (t,%) € (0, T) x 922, (1)
u(T, x) = p(x), x € £,
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where 2 = (0, 7)? is a subset of R?, x = (x1, le, ...,Xq) is a d-dimensional variable. The source function f is given and
¢ is called the final value status. The notation % denotes the R-L fractional derivative

9l 1 d

- = ‘ _ 1
ot u(t) = F(a)dt/o(t s)* v(s)ds, t >0,

where I'(-) is the Gamma function. It should be noted that if « = 1 then %—;”Au becomes Au and the equation

1—a

ad

ot u(t. x) ot
reduces to the typical heat equation (note (2) comes from [13]). Schneider and Wyss [13] showed that the description
of diffusion in special types of porous media is an application of (2) and that the fractional parameter ¢ € (0, 1) can
represent the “gray” noise instead of the white noise in the case of @ = 1.

Eq. (2) with the initial condition u(0, x) = v¥(x) is known as the direct problem. For more details of this equation we
refer the reader to [13-15] and the references therein. Numerical solutions of the alternative representation of such direct
problem have been studied in [ 16-19]. In contrast, the problem of recovering the function u at previous time t € [0, 7) as
in (1) is called the backward problem. This kind of equation arises in practical situations in which the initial density of the
diffusing substance is not available and we can only measure the density at positive time. We mention the applications of
backward in time diffusion equations in the work of A. S. Carraso [20,21]. Two major current applications of the backward
problem are hydrologic inversion and image deblurring. Hydrologic inversion seeks to identify sources of groundwater
pollution by backtracking contaminant plumes (see [22,23]) and this involves solving the diffusion backward in time,
given the contaminant spatial distribution at the current time 7. In image analysis, an effective setting for studying 2-D
backward diffusion lies in the field of imaging rehabilitation. One can create imaginary fuzzy image data, using a certain
sharp image as the initial value in the nonlinear diffusion equation studied and select the corresponding solution in a
positive number time T so successful backward continuation from t = T to t = 0, would restore the original sharp image.
Until now, there are some interesting papers on inverse problem of fractional diffusion. We can list some well-known
results, for example, [24,25], some papers of M. Yamamoto and his group see [26-38], etc. However, to the best of our
knowledge, there is no result concerning the backward problem for (2) with random noise.

Motivated by the above, in this paper, we study problem (1) and aim to provide an approximate solution. In reality,
it is impossible to get the exact final data ¢ and we only have the noisy physical measurement . A difficult point of the
backward problem is a small noise between @ and ¢ can generate a very large error in the solution u. In other words, the
solution does not depend continuously on the final value status (which makes (1) not well-posed). Therefore, we must
provide some suitable methods to find an approximation for u. When the final value status is measured on the whole space
£2 many good methods can be applied to establish the approximate regularized solution such as the Tikhonov, the quasi-
boundary value (QBV), the quasi-reversibility (QR) and the truncated expansion method (see [39-42]). Here we consider
a different situation in which only a finite number of data (instead of data on the whole space) is available. Precisely, we

Au(t, x) = f(t, x, u(t, x)), (2)

assume that the data ¢ is measured at 1y X 1y X - - - X 11g grid points Xy = X, ky,..kg € $2,d > 2, K= (k1, kz, ..., kg) € N,
as follows
2ki — 1 2k, —1 2ks — 1
X = (Xiys Xieys - -5 Xigg) = ( o 7, o T,..., T n),
where k; = 1,2,...,n;,i=1,2,...,d. Furthermore, the value of ¢ at each point xi is contaminated by the observation
q;ﬁbs
o) =@ (X’ﬁ s Xy oo e Xkd) ~ qjlgf,skz AAAAA kg — ¢ﬂbs~

The relationship between the two kinds of data is described by the random model
DR = p(xk) + exWi. (3)

where Wi = Wy, k,,...k, are mutually independent random variables, Wi ~ N(0, 1) and ek = &, k,,...k; are positive
constants bounded by a positive constant £n,.x. Some inverse problems when d = 1 were studied in [43-45].
Our main contributions in this paper are as follows:

e For the two dimensional case, i.e, d = 2, we apply the Fourier truncation method introduced in [46] to give a
regularized problem. The model in [46] is linear. Our problem is nonlinear and we use the Banach fixed point
theorem to show the existence of the regularized solution in the space X (note this space does not appear in [46]).
Some new estimates of Mittag-Leffler type are used.

e For the multidimensional case with d > 2, we apply the quasi-boundary value method (QBV). We emphasize that
our random model here is a multidimensional case which is a generalization of the results in [43-45]. Our method
in this case is new and very different from the methods in [46]. First, we approximate H and ¢ by the approximating
functions " defined in Theorem 5.1. Then, we use the approximation data to establish a regularized solution using
the QBV method. Moreover, we also give a new filter method which contains some results on the truncation and



N.H. Tuan, D. Baleanu, T.N. Thach et al. / Journal of Computational and Applied Mathematics 376 (2020) 112883 3

quasi-boundary value method (this filter is a new contribution). In particular in our error estimates we show that
the norm of the difference between the regularized solution and the solution of the problem (1) tends to zero when

Jm 4+ nd = +oo.
The structure of this paper is as follows. We first give some preliminaries which are needed for this paper in Section 2.
In Section 3, we establish an integral formulation for the solution of problem (1). In Section 4, we prove that the present
problem is not well-posed and then we construct an approximate regularized solution for the 2-dimensional problem
using the Fourier truncated method. The convergence result is also given there. In Section 5, the multi-dimensional
problem is considered and regularized using the quasi-boundary value method. We estimate the error between the

approximation and the sought solution in two different spaces. Finally, we provide some numerical results to illustrate
the convergence rates.

2. Preliminaries
Before going to the main parts, we present some concepts:
e Forj = (j1.j2,...,ja) € N% we denote [j| =,/ Z;;jiz. It is well-known that the following problem

—Ag(x) = A&(x), x e £2,
&(x) =0, X €.

admits eigenvalues {2;} and eigenvectors {&} as follows

d 3 d g
M=l =y =ik X =& K= (\’ P [ [ sinGixs)-
i=1 i=1

e For « > 0 and B > 0, the function defined as follows

o0

Zi
Em,ﬁ(z):;m, z € C. (4)

is called the Mittag-Leffler function. Some properties of this function can be found in [4].
e We introduce the subspace of L*(£2)

2
H(2)={gel’(2): Y N(g.§) <oop, 0>0,
jend

with the norm ||g||ys() = (ZjeNd A (g, Sj)z)l/z , in which (-, -) denotes the inner product in L*(£2).
e For an arbitrary Banach space B, we set
L* (0, 7:B) = {h: (0, 7) - B measurable s.t. esssup,cg 7 Ih(t, )llg < o0} .
e We denote by X+ (see [47]), the space of all L>-valued predictable processes w such that

lwlx, = sup /E[w(t,-)
te[0, 7]

2
||L2(Q) < 00.

For o > 0, we denote by S, 7, the space of all H?-valued predictable processes w such that

2
lwls, , = sup /E[[w(t, )Ze o) < 0.
te[0, 7]

3. The solution of the backward problem

Let u(t,x) = ZjeNd u;(£)&(x) be the Fourier series of u in [2(£2), where u(t) := (u(t, ), gj) are called the Fourier
coefficients of u. Similarly, we denote hj := (h, &) and fj(u)(t) := (f(, -, u(t, -)), &). Next, we find a representation for the
solution u of problem (1). By taking the inner product on both sides of the first equation in (1) with &;, one has

1-«a

a d
SO ——(0) = (u)(o).

Using the Laplace transform and uj(7") = ¢j, one obtains

o—1 Sa—l

u;(0) +

S s),
Y 5 +x,-f’( Xs)

Gi(s) =
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where the notation g is the Laplace transform of g. In order to solve the equation above, we need some following properties
of the Mittag-Leffler function (see [4])

a a9
op Ban(=A) = =AM Euo( =AY, o (67 B (=) = € Bt (—AE%),
and
o0 sa—]
/ e Ey 1(—At*)dt = ——,  for Re(s) > A1/,
0 S 4+ A

in which A is a positive constant. In this way, one gets
t
Uj(t) = Eq.1(—2t%)15(0) + / Eq.1(—=2j(t — $)*)fi(u)(s)ds. (5)
0
It follows that
T
U(T) = Eq1(—47%)15(0) + f Eo1(=2(T = $)*)fi(u)(s)ds.
0

Using the latter equation to determine u;(0) based on u;(7) and then substituting this quantity into (5), the Fourier
coefficients are obtained

Ey 1 (—At% t
o= 2D 6o - oo
T Ea-l(_)“jta)Ea,l(_}\j(T—S)a) '
B /0 Eq1(—27%) fi(u)(s)ds. o

For convenience, we define the operators

Ey 1 (—A;t®
Alt)g = Z(’l(’t) (g. s,->>s,-, 7)

jeNd EaJ (_)"JTO[)
B(t)g = Z(Easl(—%‘f“) (e, 51))517 (8)
jend

and D(t, s)g := A(t)B(s)g, for g € [*(2), t, s € [0, T]. Now, we conclude that u satisfies the equation

t T
u(t, x) = A(t)p(x) + / B(t — s)f (s, x, u(s, x))ds — / D(t, T — s)f(s, x, u(s, x))ds. (9)
0 0
The following lemma (see [4]) is useful for estimating the Mittag-Leffler function:

Lemma 3.1. Let 0 < o < 1 and the function E, , defined in (4). For a real number z > 0, we have
My My
<E —z) < s

in which M; = My(«) and M, = My(«) are positive constants depending only on «.

Using the latter lemma, we give some properties for the operators B, D as follows:

Lemma 3.2. Let g be a function in [*(£2). For t € [0, T, s € (0, 71, we have

2
M7

18(t)gll 22y < M2 1181l 120y ID(L, S)E Nl 20y < T
1

lglli2e) -

Proof. Using Lemma 3.1, we have

1808 sy = D E2a(—2it") (&, &) =23 liglg, -

jend
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For the second term, we have

Eq1(—2t%)Eq 1(—2js%) ’
@ —_— A @ [— .S
ID(t, $)gl% ) = Z( < 5‘1( o W )(g,sj>2

pare _)\.jTa)

2
Z M1+ 4T%) ( 5 < MIT™ gl
- M] 1 + A; Sa) & = M]Sa 2(2)"

This completes the proof. O

4. Backward problem in the case of two-dimensional
In this section, we study problem (1) when d = 2. Here, we recall that 2 = (0,7) x (0,7), x = (x1,%2) is a
2-dimensional variable. The value of ¢ at n; x n, grid points
2’(] -1 2]{2 -1
T,
2n1 21’12

Xk],kzz(‘X‘k]anz):( ﬂ), k1:1527"'7n15 k2:1527"'7n25

are contaminated by the observed data <D°b5k as in the model

q§,?]bsk2 = (p(xkl kz) + €k1.k Wiy ks » (10)

where Wy, x, are mutually independent random variables, Wy, r, ~ N(0, 1) and 0 < &, k, < &max.
Our main aim is to show that the problem is not well-posed and then to construct an approximate regularized solution
using the Fourier truncation method.

4.1. Estimator for the final value data ¢

It should be noted that the final data ¢ on the whole space §2 is not available. Therefore, we now establish an
approximate function for ¢ based on the observations and then estimate the error between them.

Lemma 4.1. Let Ny = Ni(n1), N, = Ny(ny) be natural numbers less than nq, n, respectively. Assume that there exists a
constant 6 > 2 such that ¢ € H’(2). Approximate ¢ by the following function

Ni Ny noom
N1 Ny . Z Z( Z Z ¢l?1bfk2é:j1,j2(xlflsk2 ))Sh,jz' (11)

j1=1j=1 k]:] ky=1

Then, we have

(2720 + 2GE 19 ) Mo

niny

E 3% — o < +2[(Ny + 172 4 (N + 17 20 -

where Cq is a positive constant (see (17)).

Remark 4.1. If we choose N; = Ny(n1), N = Ny(ny) satisfying

. . . NN,
lim N; = lim N, = oo, lim =0,
ny— oo ny— 00 ny,ny—o0 111y

2 e e s
then E |[gM1-N2 — q)HLZ(Q) tends to zero as ny, n, tend to infinity.

The following Lemma is useful for proving Lemma 4.1:

Lemma 4.2. Let my, m, be natural numbers less than ny, n, respectively. Set

n ny
Q:j],jz,m],mz = Z Z Sj].jz(xl(l,kz )Em],mz(xk],kz )-
ky=1ky=1
Then, we have
(—1)rth o )
——=—mny, if (1, m) = £(2, mz) + (2l1n1, 21n3),
Gy jpomymy = (_])llﬂz

T if G1. m1) = £(—j2, mz) + (2hing, 2hLny),

0, otherwise.
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Proof of Lemma 4.2. This Lemma can be proved using the method in [48], page 145. O

Proof of Lemma 4.1. Recall that ¢, j, = (¢, &, j,). for j1,j € Z*. Using (11) and the fact that

p(x) = Z Z Pir.in €12 (%),

j1=1j2=1
we have
) Ni N np m 2
=N1.Nz L
” - <,0||L2 Z Z i Z Z q)kl kz‘i:h,]z Xky.ky) = @iy
“:112 TNTT2 k=1
(o]
+Z Z ('0]1]2+ Z Z¢J1JZ+ Z Z (plllz
J1=1j2=N+1 J1=N1+1j=1 J1=N1+1j2=N+1
=&+ &1+ &2+ s (12)
Part A (Estimating &;). Construct estimators for the coefficients ¢;, j,, for j; < N1, j, < N, as follows
np M
Pir.iz N Z Z %4 xk] ky 5]1 jz(xkl kz)
kl_] ky=1
and set
np  m
Y1y :: Z Z (X ke Vi iy Xy k) = P - (13)
k] 1ky=1
Then, we get
Ny Ny ny np 2
& = ZZ . Z D i Wi ki s (e k) + T
j1=1j2=1 ky=1ky=1
Ni N np m Ny N
<2 Z Z — Z Z Eky ky Wiy ko 6710 (Riey k) |+ 2 Z Z iy
j1=1j2=1 k1=1ky=1 j1=1j2=1
= &1+ &2

The first quantity can be estimated as follows

Ni Ny ngoom 2

E€11 i o Erax D O VB[ DT Wi ko, iy (e k)

j1=1j=1 ki=1ky=1

Using the properties E (W, 1, Wi, 1,) = 8k,1,Sk,1, and Y01, D7, &7
we obtain

T Kkke) = iy oy =T Znin, (see Lemma 4.2),

Ny N ngom

272N1N,
2 2 2
E&y = 2 max Z Z Z Z Ewklszgh,fz(xkﬁkz) - niny Fmax:

j1=1j2=1 \k1=1ky=1
In order to estimate the term E&; 5, we need to undergo some steps as follows:

Step 1 (Finding an explicit form for the error 7j, ;,). In this step, we will prove that

o] (o] (o] (o]
Y, = Z(—1)12<Pj11212n2ij2 + Z(_l)ll(pmlnl:tj],jz + Z Z(—l)llJrlz(Pj],zzznzijz, (14)
h=1 =1 Lh=1h=1

where we define

Pahimtin gy = P2hmiting, — P2himi—jidzs  Pi2hmt; = Gii2hny+s, — G2y (15)
and

P2lin14i1,2Lbny i = P2ling+iq,2bny+p — P2ling+it,2kbny—j,

+ Q2111 2bny—jy — P2y iy, 2lny s - (16)
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Indeed, since ¢(Xi, k,) = D _1 D1 Py, mymymy (Xiy k), We have

m n n n
Z Z ‘p(xlq kz E]] ]2 X’(] k2 Z Z le my {Z Z Em] my Xk] k2 Sj] jz(xk] ’(2 )}

k1=1ky=1 my=1my=1 k1=1ky=1
= E § Omq.my Gy jp.my.my T+ E E ©my,my € jo,my,my
mp<ng mp<ny mp<ng mp=np
+ E 2 : @my,my €y jp.mymy + E E ©my,my €y jp.my,my -
myzny my<np my=ny my=ny
Applying Lemma 4.2, we get
np np o]
1}
E E @ xkl ks J6j1.jo xkl kz = @i t+ z :(_])ijblenzijZ
n1 2
ki=1ky=1 =1

+ Z( 1) D21in1 1,52 + Z Z ll-HZ(pj],lenz:tjzs

=1 Lh=1hL=1
which gives us formula (14).

Step 2 (Estimating & 7). From (14), we see

o0 o0
|le,j2| < E |§0j1,212n2ij2| + E "P2l1n1:tj14j2| + E E “/’j1,212n2j:j2 . J1 =Ni,j2 <Ny
=1 =1 h=1h=1

Since ¢ € H%(£2), we have A2 ;. 2 i, | < llgllgecoy for j1,jo € Z*. It follows that

2 o _
|031.26myi, | < » — lelnecay < 25°n5° l@llheca
(13 + (2lny — j2)?)?

Similarly, one gets

|<.0211n1:tj1,j2| = 21179n179 ”‘P”H"(Q) ’ |(Pj1,212n2j:j2‘ =4 (I%Tl% + l%n%)_% ||(P||H9(.Q)
Hence
© i X X 9 9
Tl < |20 D57 +2m Y L7+ 4y + ") Y Y 7L | gllune
=1 =1 L=1k=1

Put
o0 o0 o0 Q 7@
Co=2) L7 +4) Y I%L°
=1 h=1h=1
Then, one has

Ny

1
2¢2 N1N2 5
E12=2) > 1, <=2 l¢l}sq

1=1j1=2

for ny, n, large enough. Now, we conclude that

(27[ max + 2C0 ”‘P”Ho(g)) NlNZ

nin;

E& <E&q1+&12 =
Part B (Estimating &, ; to & 3). From the definition of &, 1, one can see that

) : 0 2
En=3 > RHR) M e, < N ) gl -
J1=1j2=Ny+1

Similarly, one obtains

&2 < (N1 + 1) ||§0||12L,e(m, &3 < [(N1+ 1) + (N + 1)7%] ||§0||,2,9(m
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This leads to
S+ &2+ &3 <2[(N1 + 1) +(Ny + 1)7%] ||§0||,2,9(m~ (19)
Now, from (12), (18) and (19), we deduce that

(27268 + 263 10l ) NiN:

nin;

E 3" — |, < +2[(Ny + 172+ (N + 172 gl 20,

This completes the proof. O
4.2. The ill-posedness of problem with discrete data

This subsection is aimed to demonstrate that the solution of the present problem is not stable, which follows that our
problem is not well-posed. The solution of our problem is called stable if for any sequence ¢™", we have

2
o lim E o™~ ¢lag =0, (20)
implies
n14,1ni2rgoo ||un1’"2 N u“XT =0, (21)

in which u™™ satisfies the system

alfa
&um,nz(t’ X) _ ?Aunl'"z(t, X) =f(t, X, u“%“Z(t, X)), (t, X) € (0, 7‘) X $2,
umn2(t, x) =0, (t,x) €(0,7T) x 9%2, (22)
U (T, X) = @2 (x), Xxe 2.

Now, we give an example showing that there exists a sequence ¢"""2 such that (20) holds but (21) does not:
Example 4.1. Let 0 < o < 1, ¢ = 0, f(t, x, u(t, x)) = Ku(t, x) with

Wﬁ 1— 2«
2MT\ (1 —2a)+ M2’

R=R(a,T) =

and the observed discrete data is q§,‘jf’fk2 =
{2} as follows

np—1ny—1 ng n
= T35 ottt o @)

1=1 jp=1 k1 1ky=1

kal k,- Based on the idea in Section 4.1, we construct the sequence

By a similar calculation as in Section 4.1, one can check that

i n—1ny—1 moom ? m3(ng — 1)(np — 1)
s ol =e] £ 32 3 o) [-TOII0I0
1 M

j1=1 jp=1 k] 1ky=1

which implies that E [|¢"1""2 — gﬂlle(m tends to zero as ny, ny — 00.

Next, we show that [Ju"""> — u]|x_ tends to infinity as nq, n — oo. To do this, we first prove that E ||u(t, ')”52(9) =0,
which implies that u = 0. Indeed, from (9) and ¢ = 0, one has

t T
u(t, x) =/ B(t — s)f(s, x, u(s, x))ds —/ D(t, T — s)f(s, x, u(s, x))ds. (25)
0 0
From the inequality (a + b)? < 2(a® + b?), for a, b € R, and Hélder’s inequality, one can see that
t 2 T
<2E |:/ 1B(t — ) (s, - uls, Nz ds] +2E [[ ID(E, T — s (s, -, uls, Nz ds]
0 0

t T
< Zt/ E [|B(t - s)f(s. -, u(s, -))Ilfz(mds+27/ E[D(t, T = $)f(s. -, u(s, )lljzq, ds. (26)
0

0
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Using Lemma 3.2 and the fact that f(s, x, u(s, x)) = fu(s, x), one gets

IB(t = $) (s, - u(s, Dl ) = & I1B(E = s)u(s, < R0 Jlu(s

)”Lz(ﬂ) ) )”52(9)7

and
2 2 2 MgTa ’ 2
ID(t, T = $)(s. - u(s. Nty g, = K2 ND(E, T = s)uls, ) ) < & (Ml(T_S)a) luCs, Nz g -

Hence, we deduce that

t M2\ 2 T  q
E||u(r,.)||fz(m gzﬁzMgr/O E [lus, )II% mds—i—Zﬁz (—2> T/O WE IIu(s,-)IIfz(mds

My

MZ
< 2820272 <1 + 7> sup E|lu(t, 2, o -
2 (1 —2a)M2 ) teo.7 2@

M3
(1-20)m?

Since 282M372 (1 + ) = 1 we conclude that u = 0.

Now, we are ready to estlmate the error [[u™" — ully. . Applying the result in Section 3 (see (9)), one has

-
u""(0, x) = A(0)p"""2(x) — / D0, T — s)f(s, x, u™™(s, x))ds
0

Since (@"1’”2, é,-m) =0 for j; > nq or j, > n, and E, 1(0) = 1, one can see that

np—1ny—1 S >
1.
FOTIEES 3) DSl T
ot =t E a1 (X T°)

It follows that
2[[u2(0, ) e

2
”A Q"2 ” 2 H/ D0, T — s)f(s, -, u™™2(s, -))ds
2(2) .
ni—1np—1 g 2 - ,
> J1 ]2 2_@2 / D(O, T — s)um,nz(s’ ) dS:|
112; J; ayl( )‘11 JzTa) |: 0 H ”LZ(Q)
ni—1ny—1 )»2 -
) Z Z EE jz o gjl’h)z - ZRZT/ [P0, 7 = sy, ')”fz(m ds.
j1=1 jp=1 o

By a similar calculation as in (24), we have

) 72 noom 2 72
E(‘)Dnl,nz’ gJAlvj2> = E n]n Z Z ¢k1 kzsfl JZ(Xkl k2) = n3/2n3/2 .
1 2

2k1 1ky=1

On the other hand

X T ) M% 2 T g X
28°T E |D(0, T — s)u™"2(s, - ds<2ﬁ 7’/ ——E |lus, - ds
/0 (2 w2(s, )| (m) M- lu(s, )1 q)

M
<28*T —"2_— sup Elu(t, )%, .
(1-— Za)M% te[0,7] 1(2)
Combining (27)-(29), we deduce that
272 )\ﬁ it M2
2E |[u"2(0, )|y o) = e a2l @272 T2 sup Elju(t, )%, -
” HLZ(.Q) M% n?/zn;/z (1 —2a)M 1[€[0 - 12(£2)

4
M
2 <

; 22 1
Since 28T (1—2a)72 3

and Aj, j, = j* + j3, we obtain

)” 2T (Tl1—1) +(n2_1)2
Lol 2 3/2_3/2
@ = T2 2

3
— E ni, "2
2 tes[l(;lg'] ” !

(28)
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Using the fact that

ny,n ny,n
e =, =

|X7’

u = sup \JElunn(t, W > [ sup Blunma(e, Y,
HXT te[0.7] 12(£2) 12(2)

tel0,7]

we conclude that [Ju™" — u||x_ tends to infinity as ny, n; — oo.

4.3. Fourier truncated method and regularized solution

For N1, N, are as in Lemma 4.1 and the function g € [*(£2), we set

AM Nz g _ZZ( )‘]112 ) ( 7Sj1,j2>)‘§j1,j2’

j1=1j2=1 Ay JZTO[)
1 Z
BN]VNZ(t)g = Z Z(Eﬂlﬂ (_)‘1'14,]2 ta) (g’ 5 Jz)) Sitz»
1=1i=1
and DVN2(t, 5)g == ANN2(£)BNUN2(5)g, which are truncated series of A(t)g, B(t)g and D(t, s)g respectively. Based on the

approximate function for ¢ constructed as in Lemma 4.1 (denote by gNtN2), we give the regularized solution as follows

t
N (g, x) = AN ()N (x) +/ BV N2t — 5)f (s, x, WN2(s, x))ds
0

;
- / DY (e, T — s)f (s, x, TN (s, x))ds. (30)
0

Before presenting the convergence rate between V"N2 and the solution u of (1) of the two-dimensional, we show the
existence and uniqueness of the solution uM1-M2:

Lemma 4.3. Assume that f satisfies the globally Lipschitz property, i.e. there exists a positive constant K such that
IFCE, -, ua(t, ) = F(E, - ualt, Nllizeey < K lua(t, ) — ua(t, 2y, 1, uz € LX(R2). (31)

Assume further that K € (0, Q;) where

ZMZT\/Z (V31 — a)? +M3)

Qa,T = Ml(] —O[) . (32)

Then, the integral equation (66) has a unique solution WN-N2 € X
Proof. Put
t
S(o(t, x)) == AN ()N (x) +/ B2t — 5)f(s, x, v(s, x))ds
0
-
- / DN (8, T — $)f (s, X, v(s, X))ds.
0

I<QO[,T

We will show that [|F(v1) — F(v2)llx, <
a unique solution. We first have

lvi — vallx., which implies that § is a contraction and thus Eq. (66) has

I§(v1(t. ) = §valt. Nl /HB”I”z(t S)(F(s, - vals, ) = f(s, - vas, ) [ 2 d

+ / [N, 7 = 5)(£(s, - s ) = £G5, - v2(5. ) | gy
0

Using Lemma 3.2 and assumption (31), we get
t
I15(va(t, ) — F(valt, Nlze) < Ksz lvas, -) — vals, 2o ds
0

MZ T
K27 / (T = )7 (5. -) = vas. 2 s,
1 0
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By Hélder’s inequality and (a + b)? < 2(a® + b?), for a, b € R, we obtain

t
E[|$(oi(t, ) = $walt, )| oy < 2K7M3 / Elo(t, -) = va(t, )17z ds

T T
+ 2K2 ZTZ“/ (T—s)‘“ds/ (T =) Elui(t, -) = valt, )l
M2 0 0

1
It follows that

E[|3(oi(t, ) = $(walt, )] ) < 2KMET? s{gg]xﬁnvl(r,)—vz( WMo

j\/[4 72
- 2K2 5T Sup Elvi(t, ) — valt,

I
M2 (1 — a)? refo, Lz

Thus
M2
2 20242 2
vq) — F(v <2K°M5T |14+ ——=—— ] sup E|v(t,:)—v
I§(v1) = S(v2)lli, =< 2 ( M%U_a)z)tdo’pﬂ lva(t, -) — valt, )Ile
KQu 7\’
=( T) sup E [lvi(t, +) = va(t, )l

2 tel0, T
KQa,T

We conclude that [|F(v1) — F(v2)llx, < lvi — vallx.-. This completes the proof. O
Note in the above result we could assume K € (O, ZQ;}). However K € (0, Q;}) is needed in our next result.
4.4. Convergence result

Now, we are ready to state the main result of the present section in the following theorem:

Theorem 4.1. Let Ny = N{(n1), Ny = N,(ny) be natural numbers less than ny, n, respectively and satisfy
NyNy 2
lim Ny = lim N, = oo, lim — MM _ g (33)

ny—o0o ny—00 nq,ny—00 ni{ny

Assume the conditions of Lemmas 4.1, 4.3 hold and u € L>(0, T; H?($2)). Then, the error i1z — uH;T is of order

N;N
max{ ! 2(Nf+N§),N;29,N;29}.
nny

Remark 4.2. If we choose

(N1, No) = (Lny*J, [ny/°]) or  (Ny, Na) = (Llogny], Llogna)),
where we denote |p]| the greatest natural number less than p, then Ny, N, satisfy (33).

Proof. Let

vNEN2 (e %) = ANCN2 (1) (x) + / BVN2(t — $)f(s, x, u(s, x))ds
0

-
— [ o s s s (34)
0
which is the truncated series of u. Then, we have
1w
— (w2 (t, ) —u(t
5 i (e, ) — u

iy = [T ) = N2, ) + [0 ) = uE, g -

Step 1 (Estimating the error between MM and vV1*M2). From (66) and (34), one can see that

[R(e, ) = 0NN (e ) gy = AN (@2 — 0) | oy

+ / [BY (e — $)(F(s, -, (s, ) = £(5. - (s, D) |2 B
0

.
+ / DM, T = $)(FGs, - WN2(s, ) = fGs, - uls, D)) [ 2 gy d
0

=71+ I +13. (35)
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For g € [?(£2), we have
N1 Ny

My(1+ A
sy = 303 (M) g g
Jj1=1j2=1
+ 2 N N
§<(—> 3 e )
J1=1jp=1

and recall that (see (12) and (18))

(2n28max +2¢2 gl m) NiN,

N1 Ny
E& = E[Z Z ((aNI’NZ’ é:fl,iz) - g011J2)2:| = niny ’

j1=1j2=1
Hence
2 2 (2722 + 26 Il ) oMo
]EI% < (Mz(l +)\.N14N27—O()> Ee, < (Mz(l +)\‘N1’N2Ta)> max 0 HO () . (36)
My My niny,
For the term Z, + I3, by a similar technique as in the proof of Lemma 4.3, one arrives at
M2 2
E (T, + I3)* < 2K*M272 (1 + 72> sup E [uNNa(e, ) —u(t, -) ) (37)
2 M%(l —a)? te[0.T] H ”LZ(Q)

Combining (35)-(37), one obtains

E[JieM(e, ) — oMiM(e, )|°

2,2 2 2
<4 Mz(] + A’N],Nzﬂ) 2 (ﬂ Emax + CO “go”HG(Q)) NlNZ
- My nyn
M2 2
+ 4Kk (14 ——2— ) [T —u] .
2 M%(l _ 0[)2 ” ”XT

Step 2 (Estimating the error between v™"N2 and u). From (9) and (34), one can see that

- 5 Nq 00 X 00 o0 o0 X
Hv (t, ’)_”(f")”mm=2 Z ujl’JZ Z Z 1112 )+ Z Z ujlyjz(t)

J1=1j2=Na+1 Jj1=N1+1j2=1 Jj1=N1+1j2=N2+1

The quantity above can be estimated in exactly the same way as in Part B in the proof of Lemma 4.1. In this way, one
gets

[0 —u) ) < 2[(N1 + 172 4+ (N + 172 g, 12
<2[(Ny+ 1) + (N +1)72

Now, using the results of the two steps, we deduce that

] ||u||L°°(O THO(2)) "

2
]E [@Na (e, ) H <4 Ma(1+ Awy ., T)\° ( max + €5 Il 9)) NNz
—u(t
(2) = My niny
M2 2
+ 4KV T? (1 + ——2— ) [7" ™ —u
2 M%(] _ Ol)z ” ||XT

+ 2[(Ne 4+ D7+ (Na + D)2 [l oo 702y -

which gives us

3 (2.2 201112 )
1— KZQ;T H’JNLNZ B u”2 4 Mz(l +)\N1,N27~a) (Tl’ Emax +CO ||(P||He(9) N]NZ
2 X = My

+ 2[(N 17+ (N2 A+ D72 ] Ul g ) -

niny

- 2 .
Hence, we conclude that ||aM-N2 — u||XT is of order

N1N:
max{ ]Z(Nf+N§),N1_29,N2_29}~ O
ning
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5. Backward problem in the multi-dimensional case

Based on Section 4.2, we claim that the multi-dimensional backward problem (1) with discrete data is not well-posed.
Thus, a regularized method is required to construct a stable approximate solution. To do this, in next subsection, we
establish an approximation for the final data ¢.

5.1. Estimator for ¢ in the multi-dimensional case

For any positive constant yn = ¥, n,...n, depending on n = (ny, ny, ..., ng), we define

W)/nz {jz(j]’ij"'?]d)ENd Z]l <Vn] (38)

For y, satisfying limp_,o ¥n = 00, we define an approximation for ¢ as follows

=2 {n 2.2 qu.‘z%j(xk)}sj- (39)

jeWy LLLiz1 T t=1 kg=1

Theorem 5.1. Let ;o = (p1, f2, ..., q) € R? in which pu, > %for any k = 1,2,...,d and u, € RT such that
o > dmax (w1, U2, ..., iq). Then we have

(a) Error estimate in [*(£2) (see Theorem 2.1 of [49]). If ¢ € H"°(£2) then

~ —4ui
E 9™ — ¢l < Cli. @ y./zl"[n " Ay 9l o ) -

i=1

where
278 16 C2(p)r )
C(/,L (p)—87'[ maxdl‘ (g) + dr (g) ”(p”H#o(_Q)v
with
max(u] ..... /‘d) d
Clw)=d— 2z = [ Jeat = 172,
1eNd |1j£0 i=1

(b) Error estimate in H° ($2). If there exists a constant o > 0 such that ¢ € H**°($2) then
0+% d
P 2 = —
E[@" ~ |50 q, < Clit. )7 H Al )

Proof of Part (b). First, by Lemma 2.3 of [49], we have

nom JeNd,l§+-~+l§#o
20 Z@Xk)% LD DI
1_[: 1 m1ky=1  kg=1 p=2l-nj

Thus, we get

P (x) — 9(x)

ngoom ng
= Z |:l_[ Z Z . Z D E (xi) — (Pji|‘§j(x) - Z @i&i(x)

jeWVn i=1 L k1=1ky=1 kq=1 j¢Wyn
np ny ng jENd,l%-I-'“-Hé#O
_y [ DI T o w,,}sjm S Y g
JEWy, l_[ n k1=1ky=1 kq=1 p=2l'ntj i¢EWyn
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It follows that
||’(E)/n - ‘prqa(sz)

+ 2 e

]ENd,l%+“'+1§#0 2
¢D:|
JEWyn

I DI 3 SEUIREAN S

€Wy i=1 Mg m1k=1  kg=1 p=2lnj

noon ng JeNdJ%J@AH?I#O 2
2 Z )\U|: Z Z ZSI(WI(¢j(Xl(:| +2 Z )\a|: Z (ﬂpi| + Z )\;7(sz

<
JEWyn ’k1 1ky=1 kq=1 JEW p=2l-ntj JEWy
=:C+ Cy + Cypp. (40)
From Lemma 2.2 of [49] and the property of W, the first term can be estimated as follows
ny  ny ngq 2
22 3 Al 35S )
JEWyn (]_[1 1 n) ki=lko=1  kg=1
27_[2,1 np  m
e (7,) Y3 Y v
(]_[?_1 n) k=lky=1  kg=1
27 d
= ——— g ehaccard (W) .
1_[1 ln
2w § d
In addition, using the inequality (2.30) of [49] that card (W,,) < — ./, we deduce that
(72
3d
42 o+d
EC, = maxg—d)/n 2 . (41)
dF(]t 2) Hi:] n;
From (2.37) of [49], the second term can be estimated as follows
jeNd B4 +12£0 2
w2y 5[ 5 el
JEWyn p=21'ntj
2 2 s —4y; o+§ 2 2 i 4
< 2¢7 ) 19 o gy [ i) *icard(W,,) < 2y 2 C(0) 9oy —— | J(m) ™" (42)
i=1 dF 7T7) i=1
For the last term, it is clear that
(43)

e =Y AMTG <y Nl e o0 -
jéw}’n
Combining (40)-(43), we conclude that

3d

42

dF(rr%) l_lle L
2 d
(

d
~ 2 2 o+5 —Ito
E”goyn - (p”Ha(Q) S emax Vn : + V " ||(p||HMo+a(Q)

d
2

otd 4y
+ 20 2 Il ne ) ——= | Jm) ™
dr j'[j) i=1

zr+% d
[T + va e ol so gy

i=1

d
which shows that E|g™ — ¢||HU is of order max (y,f+2 T, ()=, v ) .0
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5.2. Quasi-boundary value method and regularized solution
Using the estimator for ¢ as in (39), we give the regularized problem as follows
9 al—a

aﬁyﬂﬂ’"(t,x) + TAﬁyw’n(r,x) =f(t,x,wn"(t, %)), (t,x)€(0,7)x £,

Whin(t, x) = 0, (t.x) € (0,7) x 322, (44)

WU (T, X) + It ™0, X) = @1(x), Xe R,
where ¥, > 0 depends on n = (ny, ny, ..., ng) and satisfies limy|—, o ¥n = 0, ¥y fulfills Theorem 5.1. Here, the basic idea

is to replace the final value data ¢ by its approximation @,, and add the quantity ¥ n.Yn(Q, x) into the left-hand side of

the last equation. Then, using the result (5), one has

W) = Eg g (0t )i™"(0) + /0 Eq1(—24(t — 8)*)fi@™ " )(s)ds,

where we denote ’ﬁj”“’ﬁ“(t) = {'EV“”?", §j>. On the other hand, the last equation of (44) gives us
TINT) + daly™ " (0) = 9"
where ajy“ = (’ga\y", Sj). From the two latter equations, one can see that

ariney =2 g / o (gt — s O s)ds
J 0H+Ea,l(_)\-j7~a) j 0 o, j il

- " EO(J (_)\jta)ED"l (_)\J(T B S)a) - (71 Un
/o Dnt Ean(—rgre) s

For convenience, we define

Aonlt)g = Z('“H”)) e s,->)sj,

Z\oat B (7
and f)\ﬂn(t, s)g = Zl}n(t)B(s)g, for t,s € [0, T]. Then, "’n (called regularized solution) satisfies the equation

t
wnUn(t x) = Zgn(t)fﬁy"(x)+f B(t — s)f (s, x, u"mPn(s, x))ds
0
-
—/ Dy(t, T — s)f (s, x, 0™ 7n (s, x))ds.
0

5.3. Convergence results

(45)

We now estimate the error between the regularized solution 7’’n and the sought solution u in two different cases

of space under the following assumptions:

(H1) f satisfies the globally Lipschitz property, i.e., there exists a positive constant K such that
IFCE, - ualt, ) = f(E, - wa(t, Nlizgey < K llualt, ) = ualt, Mgy, Ui, Uz € L(R2).

(H2) K € (0, 9, %) in which Q' is defined in (32).

Part A (Convergence rate in X1 ). In this part, we give the error estimate in the space X:

Theorem 5.2. Let vy, Uy, Withn = (nq, ..., ng) € N, satisfying
yd/Z d y—uo
lim yp = oo, lim o, =0, and lim = %= lim 2 —o.
|n|—o00 Vo In|—o0 n [n|—o00 19'% 1_[ ! |n|—o0 l?l%

Assume that u(0,-) € HY(R2), ¢ € H"*(£2) with . is as in Theorem 5.1 and the assumptions (H1), (H2) are satisfied. Then,

[Nz — u||§gT is of order

d/2 d —Ho
4 1—[ —4u; Vs
max m ni '“" m ﬁn

2 20
no_q l}n
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In order to prove the theorem above, we first give some properties for the operators appearing in Eq. (46).
Lemma 5.1. Let g be a function in L*(£2). Then
|tk oy = 32 Vel Jor0 =T,
and

| Doalt. ) 20y < ||g||Lz<m, for0<t<T,0<s<T.

MO{

Proof. Since
Eq.1(—2t%) - Eq1(—it%) M
=50

O + Eo1(—27%) On

and
E —\it® E — it MZTO(

MEM( —Ajs%) < MEM(—AJ-S“) <2

Un + Eq 1(—AT%) a, 1(—=AT%) Mys*
we have

M3 . M7
Apy(t)g <= (g8 IIgII , and Dia(t. s)g <2 g%, -
” ”LZ(Q 192 ,eNd( J> ﬁz 12(R2) ” ” 12(2) M s 12(R2)

This completes the proof. O

Under assumptions (H1) and (H2), one can check that the integral equation (46) has a unique solution Wm»’n ¢ X,
using Lemma 3.2, Lemma 5.1 and a similar method as in Lemma 4.3. Now, we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let
-

t
V(L. x) = Ay, (£)e(x) + / B(t — s)f (s, x, u(s, x))ds — / Dyt T — S)f(s. x, u(s, x))ds. (47)
0 0
Then, we have
[, ) = u(e, ) gy = [ ) = 0™ | 2y + 0™ (8 ) = ult, )] g -
Step 1 (Estimate the first term of (48)). It follows from (46) and (47) that

[@arn(e, ) = v (t, ) 2

HAﬂn(t ((/’yn ‘P) ||L2(Q) + f HB(t - S)(f(sv .,’u\}’nvﬂn(s, )) _f(sv %y U(S, ))) ”LZ(Q) ds
0

-
+ / [ Doalt, T = $)(f(s, - @70 (s, ) = £(s. -, u(s, ) [ 2 A
0
= @1 + @2 + @3.

From Lemma 5.1, one gets

EO? = E | Zs () @ — 0)| 12 ZEnaV"—«anfz(m

—192

For the terms @, and @3, by a similar technique as in (37), one arrives at

M2 2
E(Oy+035)2 <2272 (1+ ——2—— ) sup E[amn(e, t,- .
( 2 3) = 2 M%(l — C()Z te[ol')r || ( ) )”LZ(Q)
Hence
E @t ) — v™(t, )|y ) < 2EOF +2E (O; + ©3)
M% “~yn 2 Qi T ~vn,%n 2
S 25197 — ¢l + o — . (49)

n
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Step 2 (Estimate the second term of (48)). It follows from (9) and (47) that

[v (e, ) = u(t, o gy
Aﬂn(t)§0 - A(t)(/) - / (Dﬁn(t’ T = S)f(s, %y U(S, )) - D(tv T - S)f(s’ s u(sv ))) ds
0 12(2)
2
Onka,1 xjr“) ¢ = Jo Ear (=3(T = s1")fi(u)(s) :
19,, + Eq1(—34T%) Eor(—37%) !
2(92)
In addition 1;(0) = fo - 1( — SF)hs ), and
Eaj(—)»j"/"")
O2E2 (=t 2
nfer(THE) BELL L (1+7’°’)M

(9n + Ean (—257%))" ~ 4Ean (—AjT“) am

Hence
O2E2 | (—2t®) DM
v (e, ) —u(t, )|, = nell ui(0) < ——2 (1+T“) llu(o, )II? (50)

|| ”LZ(.Q) ]%; (l?n + Eﬂy](_)\lea))2 J 4M HY(2)"
Combining (48)-(50), we deduce that

E ”ay"'ﬁn(t’ ) —ult, ')“LZ(Q)

ME " M2
SAZENR" — ¢lifyg + Qo [T -l + il 24T U0, gy

n

which follows that
" 2 M FaM
(1— Q) ) fwrm™ —ul, < 40—5% 197 = @lfa o) + 52 <1 + 79 w0, )%,

Now, using Part (a) of Theorem 5.1, we conclude that

d
o~ 2 Mz = —Ap; _
(1= Q% ) [ —ulf, <43 {cm, P T [n ™ + ayg ||so||,iu0(m}
n i=1

which implies that ||'£P’“’”“ — u||iT is of order

yd/2 d vt

n —4pi n

max 57 ||ni Yy ,Ons. O
n

noj—

Part B (Convergence rate in S, 7). The following theorem gives the error estimate in the space S, r:

Theorem 5.3. Let yy, ¥y, With n = (ny, ..., ng) € N¢, satisfying
ya+d/2 d 4 y—Ho
li = lim 9, =0 d li n “Hi— im 22 —o.
|n\linoo Y = 00, |n\linoo n ’ an \n|linoo 193 l_[ M \n|Loo 192

i=1
Assume that there exists a positive constant o > 0 such that u( ) € H*H1(R2), ¢ € H**9(£2) with u, is as in Theorem 5.1
and assumptions (H1), (H2) are satisfied. Then, ||uM1-N2 — uHS is of order

o+d/2 d —Ho
Vn —4p; Yn 9
max 52 | |ni 771?,% Oy -

i=1

Proof. In order to prove the theorem above, we first give a similar estimate as in Lemma 5.1:

HAﬂn(t g”Ha @) = “g”H“ @) 1B(t)gllHo(2) < M2 lIgllpo(ey, for0 <t <T, (51)
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and
MET™
M O

| Doa(t. )8 oy = lglpo (@), for0<t<T,0<s<T. (52)

Under assumptions (H1) and (H2), one can check that the integral equation (46) has a unique solution W™ ’n ¢ S, 7 using

(51)-(52) and a similar method as in Lemma 4.3. Next, we will prove Theorem 5.3 using a similar technique as in Part A.
In this way, we arrive at

~ Q .
E “uy“”}“(t, ) — vt ||H<T(Q E o™ — ‘P”H“(Q) +— ” o u”;af ’

and

19,,2

H vﬂn(t’ ) - u(t )HHU(Q (1 + Ta) ”u(o )||HO‘+](Q) )

which gives us

2 2
(- famm ]’ <a2E15m — plZeo + 222 (14 7% Ju(o, |2
T So.7 = 92 He(82) 200 » Mpo+1(0) -

Finally, using Part (b) of Theorem 5.1, we conclude that
d
~ 2 = o —4ui — o
(1- 9 o —ul; < 4; [cw,w)y., i R ||so||£,a+uo(m}
i=1

+7%) Ilu(o, )|

”H("‘H(Q) ’

which implies that |7 ’s — u||§(I _ is of order

L
n —4p n
max 19:21 l_[nl- s 19,% ,On¢. O

i=1

Remark 5.1. The truncation method in this paper is similar to the method in [46,50]. The quasi-boundary value method
in this section is more effective and useful than the one in [45]. The advantage of this method is that it allows us to
estimate the norm on the Hilbert scales H?(£2). As is known, estimates on higher Sobolev spaces such as H(£2) are not
an easy task.

5.4. A general filter method in the multi-dimensional case

Now, we introduce one more regularizatior}l method, called a general filter method. The main idea is to replace the
quantity % by a new one ﬁj(ﬁn)%, with £j(9,) chosen as in Theorem 5.4. In this way, regularized solutions
o, ]

w”mPn are obtained as follows

EV“’ﬂ“(t,x):K,yn(t)fﬁy“(x)—i—/ B(t — s)f(s, x, W™ (s, x))ds
0

-
= [ Baale T s . s, (53)
0
where yp, ¥q satisfy limyp—oc ¥n = 00, liMjpj-00 ¥n = 0 and
~ Eq 1 (—A2;t* ~ ~
Ap()g =) cm)ﬁ (g.&) )&, Doy(t,s)g = Ay, ()B(s)g. (54)
— Eq1(=257%)
jeN!
Theorem 5.4 (Error Estimate Obtained by General Filter Method). Let £j(¥n) satisfies the following conditions
Eq 1(—A;t%
£yom) 2T ) 01— £i(0n) < GO for some g > 0, (55)
Eot,l(_)\jTa)

where Ci(%q), Ci(Pa) satisfy

lim Cy(9a) = lim C2(9n) ”+d/2]_[n = lim CX(Oa)yy" = 0.
In|—o00 1 [n|—o00
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Assume that there exists a positive constant o > 0 such thatzu(O, ) € H°H24(2), ¢ € H*o(§2) with . is as in Theorem 5.1
and assumptions (H1), (H2) are satisfied. Then, |[a-"n — u]|{ . is of order

d

o —4p —Ho

max {cfwn)y.. T 7, CH(On)ya ™ cfwn)} :
i=1

Proof. Let

t T
T(t,x) = Aoy (t)p(x) + / B(E — $)f(s, x, u(s, )ds — / By (¢, T — ) (s. x, u(s, x))ds. (56)
0

0
From the definition (54), the following estimates hold for0 <t <7,0<s<T
2

M5TH
lglyo(2)y, &€ H(2).

”Kz?n(t)g HHU(Q) =< Cf(ﬂn) ”g”H“(.Q) s Hﬁﬂn(tv S)g”Ha(Q) M 5@

By similar techniques as in the proof of Theorem 5.3 and noting that [1 — £j(9n)] Ex.1(—%jt*) < C;(9a)Ma2], one can
check that

~ - _ o2
E @0t ) =50t ) o) < 2CFPRIE IR = @l o) + 2’T e —ulls (57)
and that
||~”“ ) —u(t, -)Hfz(m = Z [1- ﬁj(ﬁn)] o= At u; (0) < Mng(ﬂn) [lu(O, )IIHZq(Q (58)

jend

where Q, 7 is defined as in (32). From (57)-(58), one arrives at

=~ 2 a —4ui —Ho
(1 — Qi,T) ||u)/n,19n — u”Sa,T =< 4C1?(19n)|: ", 90 +d/2 HTI ha +4V o ||(p||,2_,a+uo(g):|

—I— M%Cf(ﬁn) ||Ll( 3 ')||,2.,a+2q(9) ’

which implies that ||'£P’“’”“ — u||;T is of order

d
max | C2(9n)y, +dﬂ]‘[n*““' CH(On )y "™ ciw..)}.
i=1

This completes the proof. O

Remark 5.2. Our problem is restricted to a rectangular geometry for which the eigenvalues and eigenfunctions of the
Laplacian are readily available. The analysis here comes from the trigonometric functions (sine, the cosine function) of
eigenfunctions. Lemma 3.1 gives the representations of the exact solution which is given by trigonometric functions.
However, if we let an arbitrary domain §2 with a C2-boundary, the analysis in this paper is not applied and such problem
is more difficult. This challenge and open problem may be addressed in future works.

6. Numerical example

In this section, we describe the Fourier truncated method applied to some examples of finding the function u = u(t, x)
satisfying the following conditions

P 11—«
au(t X) — —5 - Ault, x) = f(t,x, u(t,x)), (t,x)€(0,1)x 2q, (59)
u(t,x) =0, (t,x)e(0,1)x 0824, (60)
w(T,x)=p(x), XE€ 82, (61)
where o € (0, 1), t € (0, 1) is time variable, x € 224 = (0, 7)¢ and x = (x1, X2, . .., X4) is d-dimensional variable.

The discrete form of the problem (59)-(61) is as follows: We divide the domain (0, 7) x §24 into Ny and N; subintervals

of equal length hy and h;, where hy = Nl and h; = N respectively, where Ny is chosen satisfies the random model as
d t

follows:
The data ¢ is measured at ny x ny x - -+ x g grid points Xk = X, k,,..kg € 2, K= (ki, ka2, ..., kg) € N¢, as follows
2ki — 1 2k, — 1 2kg — 1
X = (X Xiys o ooy Xiy) = 7, ... ),
k = (Xey» Xy ki) ( an oT 2y



20 N.H. Tuan, D. Baleanu, T.N. Thach et al. / Journal of Computational and Applied Mathematics 376 (2020) 112883

Table 1
An example of the function randn(8).
—2.2207 0.7366 1.0446 1.4055 0.7041 0.9410 0.2901 2.1140
—0.2391 0.9553 —0.8073 1.5757 —2.3110 0.4566 0.1594 —0.0590
0.0687 1.9295 0.2059 —1.1114 1.8256 0.3717 —1.1562 1.9949
—2.0202 —0.7453 —0.9646 —2.1935 0.4909 —0.2571 0.3421 0.3080
—0.3641 —0.8984 —1.5254 0.1623 —0.0380 —0.0990 0.1795 —0.1571
—0.0813 —3.2625 0.0904 —0.7056 0.5892 1.3230 0.4859 0.7204
—1.9797 —0.0300 —0.4829 0.3841 0.6980 1.9087 —1.4602 —0.3344
0.7882 0.6134 1.2883 —0.4194 —0.3295 0.4929 0.2335 —0.4638
where k; = 1,2,...,n;,i=1,2,...,d. Furthermore, the value of ¢ at each point xi is contaminated by the observation
obs
Dy
~ obs __ xo0bs
Qi) = @ (Xieps Xigs s Xig) R DRy 4 = PR
The relationship between two kinds of data is described by the random model
@b = w 62
K = o(xiK) + exWk, (62)

where Wy = Wy, k,,...k, are mutually independent random variables, Wi ~ N(0, 1) and e = &, ,
constants bounded by a positive constant &px.

The function randn may be used to generate a random number drawn from the N(0, 1) distribution in Matlab software.
In order to simulate a state of randomness, the command randn(’state’,n) is used. As an example, one could use
randn (8) to generate a fixed set of random numbers then we get a matrix 8 x 8 with the average of the elements is
zero (see Table 1).

In the following, we discuss two examples to illustrate our results.

ks are positive

,,,,,

6.1. Case 1: d=1,0 = 0.3

In first case, the source function f and the data ¢ are chosen as

fim —singo [ 2% 4 =sinx), @ = 1%w 63
= —sin(x) [BF(O.B) + ] , @ = sin(x), = o(x) + 1%W, (63)

so that the exact solution of the problem (59)-(61) is given by u(t, x) = t sin(x).
The eigenvalues {;, } and the eigenvectors {&; } are given by

. 2 . .
My =01t &, =,/;sm(]1x), forj;=1,2....

According to (66), we have the regularized solution as follows

¢ T
™, x) = AN ()M (x) + f BV (t — s)f (s, x)ds — / DNi(t, T — s)f (s, x)ds, (64)
0 0

where

N By 1 (= £
AM(t)g = Z(‘(“) (. &, >)~§-1,

j1=1 E‘l»](_)“jl’ra)

BV1(t)g := Z(Ea,1(—kj1 t*) (g. &, ))"31'1,

j1=1

and DV1(¢, s)g = AN (£)BN1(s)g.

Before presenting the results of this subsection, we present an approximate method to support the calculation as
follows

In numerical analysis, Simpson’s rule is a method for numerical integration. Let # € L*(0, ), we have the following
approximation

(Nz+1)/2-1

T 1 4 (Nz+1)/2 1
/0 0(z)dz ~ Az <39(Zl) + 3 Z 0(za1) + 3 Z 0(z21-1) + 39(ZNZ+1)> .

=1 =1
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Fig. 1. The exact solution u, the regularized solution uNi and errors at t = 0.3, n; = 50.
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Fig. 2. The exact solution and the regularized solution with (t, x) € (0, 1) x (0, =), n; = 50.

Then the errors are estimated by

n

B0 = | -3 [ %) - ue )],

i=1

where we choose N; equal to greatest natural numbers less than logn;.

Figs. 1(a) and 3(a) show the exact and regularized solutions of the problem (59)-(61) with conditions (63) at t = 0.3,
n; = 50 and n; = 100, respectively. In addition, the error between the exact and regularized solutions is shown in
Figs. 1(b) and 3(b). Moreover, we also present the solutions on (t, x) € (0, 1) x (0, ) in Figs. 2 (for n; = 50) and 4 (for

ny = 100).
6.2. Case 2:d =2, =0.5

In second case, the model concerned subjects to the
1/2

f = —2sin(xy) sin(x) |:1 + (0.5)

following source function and final data

:| s @(x1.2) = sin(xy)sin(x,), D = p(x12) + 1.5%W1 2,

Value of u

21

(65)

In order to obtain the solution u(t, x) = t sin(x;) sin(x,) of our problem in this case, we employ the conditions given by

Eq. (65).
The eigenvalues {%;, ;,} and the eigenvectors {g;, ;, }

) ) 2 .. .
A’j],jz =112 +]227 Ej],jz = ; S]n(]1X1)Sln(_]2X2),

are given by

fOl'jl,j2=1,2....



22 N.H. Tuan, D. Baleanu, T.N. Thach et al. / Journal of Computational and Applied Mathematics 376 (2020) 112883

.02 T T T T
0.0 (9 ——o Error ot}
o
0.018 - P o0 o) 1
”'o? B o o] o) ©® o}
|| 0.016 o] 1
™ ~ @ [ol 0 o] (o] o]
= = i o} 7
; 5 0.014 ollP  db a b1l
= = oorzpy b o 1% q :
3 2 b
= < 001 bllll %o H 1
.2 S ™y o Hollq
° 2
i £ 0.008 it o ]
= b
@ E o LIl e 5! 0 @
& 2 0.006 fi| |||l | 1
= & it ol
5 0.004 1 N | |
£
= o] ollle
0.002 T H T H 1
iiliiined I o il ‘
0 0.5 1 15 2 25 3 35
x
(a) The solutions u and TV at t = 0.3 (b) Error between u and aN1 at t = 0.3
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According to (66), we have the regularized solution as follows
t T
N N; N1,N; N1.N: N1,N: N1,N:
LR2(E, x) = ATTR2(t)p" 2(x)+/ B 2(t—s)f(s,x)ds—/ DYR2(t, T — s)f (s, x)ds, (66)
0 0

where
N1 Ny

—Aj
ANl N2 g —ZZ AR ) (gV‘i:th) sjlij’

o
j1=1j2=1 OM( )L“JZT)
Ni Ny

BN N2 t)g = ZZ( a,1(— 2 )(g’éﬁl,jz))é:jl,jz’

j1=1j2=1

and DM1N2 (¢, 5)g = ANN2(£)BN1N2(5)g,
Then we have the errors estimated by

n ny

N 2

Err(t) == Erry2(t) = n1n2 E E [N (x,, X, 8) — (X, X5, )],
1]2 1

where we choose Ny and N, equal to greatest natural numbers less than logn; and log n,, respectively.

In this case, we show the results about the regularized solution (see Fig. 5-b) at t = 0.3, n; = n, = 50. We can
compare the exact (see Fig. 5-a) and regularized solutions thanks to the error of these solutions by the contour graph (see
Fig. 5-¢). In Table 2, we show the comparison of errors between theoretical method and numerical method for the cases
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Fig. 5. The exact solution and the regularized solution with (t, x) € {0.3} x (0, ) x (0, 7).

Table 2
The error between the exact and regularized solutions at t € {0.3, 0.5, 0.8}.
Err(t) 1D (n; = 50) 2D (ny = ny, = 50)
Numerical method Theoretical method Numerical method Theoretical method
Err(0.3) 0.011025586961961 0.010118040520960 0.024935435226306 0.054647006945596
Err(0.5) 0.010580529848833 0.020919970167952 0.029741170367171 0.030198892384940
Err(0.8) 0.009010268605417 0.010238297159259 0.040756196453124 0.031748168670840

1D and 2D with t € {0.3, 0.5, 0.8}. From this table, it shows that errors by the numerical method give better results than
errors by the theoretical method. From the aforementioned evidence, we can conclude that the method that we propose

is acceptable.

Acknowledgments

The first author gratefully acknowledges stimulating discussions with Dr Yavar Kian. The authors would like to thank
the reviewers and editor for their constructive comments and valuable suggestions that improve the quality of our paper.
This research was supported by Vietnam National Foundation for Science and Technology Development (NAFOSTED) under
grant number 101.02-2019.09.

References

[1] L. Debnath, Recent applications of fractional calculus to science and engineering, Int. J. Math. Math. Sci. 2003 (54) (2003) 3413-3442,
http://dx.doi.org/10.1155/s0161171203301486.

[2] R. Gorenflo, F. Mainardi, Some recent advances in theory and simulation of fractional diffusion processes, ]. Comput. Appl. Math. 229 (2) (2009)
400-415, http://dx.doi.org/10.1016/j.cam.2008.04.005.


http://dx.doi.org/10.1155/s0161171203301486
http://dx.doi.org/10.1016/j.cam.2008.04.005

24

(3]

(4]
[5]

(6]
[7]

[8

[9]
[10]
(1]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

(28]
[29]

(30]

(31]
(32]

(33]
(34]
(35]
(36]
(37]
(38]
(39]
[40]
[41]
[42]
[43]
[44]

[45]

N.H. Tuan, D. Baleanu, T.N. Thach et al. / Journal of Computational and Applied Mathematics 376 (2020) 112883

V. Gupta, S.N. Bora, ].J. Nieto, Dhage iterative principle for quadratic perturbation of fractional boundary value problems with finite delay, Math.
Methods Appl. Sci. (2019) http://dx.doi.org/10.1002/mma.5643.

I. Podlubny, Fractional differential equations, in: Mathematics in Science and Engineering, vol. 198, Academic Press Inc, San, Diego, CA, 1990.
S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional integrals and derivatives, theory and applications, in: Gordon and Breach Science, Naukai
Tekhnika, Minsk, 1987.

B. Jin, B. Li, Z, Zhou numerical analysis of nonlinear subdiffusion equations, SIAM ]. Numer. Anal. 56 (2018) 1-23.

Hongwu Zhang, Xiaoju Zhang, Generalized Tikhonov method for the final value problem of time-fractional diffusion equation, Int. J. Comput.
Math. 94 (1) (2017) 66-78.

Xiao-Li Ding, Juan ]. Nieto, Analytical solutions for multi-term time-space fractional partial differential equations with nonlocal damping terms,
Fract. Calc. Appl. Anal. 21 (2) (2018) 312-335.

B. de Andrade, T. Santos Cruz, Regularity theory for a nonlinear fractional reaction-diffusion equation, Nonlinear Anal. 27 (2019) 111705,
Available online.

Ravi P. Agarwal, Dumitru Baleanu, Juan ]. Nieto, Delfim F.M. Torres, Yong Zhou, A survey on fuzzy fractional differential and optimal control
nonlocal evolution equations, J. Comput. Appl. Math. 339 (2018) 3-29.

A.A. Kilbas, H.M. Srivastava, ].J. Trujillo, Theory and applications of fractional differential equations, in: North-Holland Mathematics Studies, vol.
204, Elsevier Science B.V, Amsterdam, 2006.

Y. Zhou, Basic Theory of Fractional Differential Equations, World Scientific, Singapore, 2014, http://dx.doi.org/10.1142/9069.

W.R. Schneider, W. Wyss, Fractional diffusion and wave equations, J. Math. Phys. 30 (1) (1989) 134-144, http://dx.doi.org/10.1063/1.528578.
B. De Andrade, A. Viana, On a fractional reaction-diffusion equation, Z. Angew. Math. Phys. 68 (3) (2017) http://dx.doi.org/10.1007/s00033-017-
0801-0.

K. Seki, M. Wojcik, M. Tachiya, Fractional reaction-diffusion equation, J. Chem. Phys. 119 (4) (2003) 2165-2170, http://dx.doi.org/10.1063/1.
1587126.

C.M. Chen, F. Liu, V. Anh, I. Turner, Numerical methods for solving a two-dimensional variable-order anomalous subdiffusion equation, Math.
Comp. 81 (2012) 345-366.

E. Cuesta, C. Lubich, C. Palencia, Convolution quadrature time discretization of fractional diffusive-wave equations, Math. Comp. 75 (2006)
673-696.

K. Mustapha, An L1 approximation for a fractional reaction-diffusion equation, a second-order error analysis over time-graded meshes,
https://arxiv.org/pdf/1909.06739.pdf.

B. Jin, R. Lazarov, Z. Zhou, An analysis of the L1 scheme for the subdiffusion equation with nonsmooth data, IMA J. Numer. Anal. 36 (2016)
197-221.

AS. Carasso, Hazardous continuation backward in time in nonlinear parabolic equations, and an experiment in deblurring nonlinearly blurred
imagery, J. Res. Natl. Inst. Stand. Technol. 118 (2013) 199, http://dx.doi.org/10.6028/jres.118.010.

AS. Carasso, Stable explicit time marching in well-posed or ill-posed nonlinear parabolic equations, Inverse Probl. Sci. Eng. 24 (8) (2015)
1364-1384, http://dx.doi.org/10.1080/17415977.2015.1110150.

J. Atmadja, A.C. Bagtzoglou, Pollution source identification in heterogeneous porous media, Water Resour. Res. 37 (8) (2001) 2113-2125,
http://dx.doi.org/10.1029/2001wr000223.

A.C. Bagtzoglou, ]. Atmadja, Marching-jury backward beam equation and quasi-reversibility methods for hydrologic inversion: Application to
contaminant plume spatial distribution recovery, Water Resour. Res. 39 (2) (2003) http://dx.doi.org/10.1029/2001wr001021.

J. Jia, J. Peng, J. Gao, Y. Li, Backward problem for a time-space fractional diffusion equation, Inverse Probl. Imaging 12 (3) (2018) 773-799.

L. Wang, J. Liu, Total variation regularization for a backward time-fractional diffusion problem, Inverse Problems 29 (11) (2013) 115013, 22.
D. Jiang, Z. Li, Y. Liu, M. Yamamoto, Weak unique continuation property and a related inverse source problem for time-fractional
diffusion-advection equations, Inverse Problems 33 (2017) 21.

Z. Li, 0.Y. Imanuvilov, M. Yamamoto, Uniqueness in inverse boundary value problems for fractional diffusion equations, Inverse Problems 32
(2016) 16.

L. Miller, M. Yamamoto, Coefficient inverse problem for a fractional diffusion equation, Inverse Problems 29 (2013) 8.

Y. Luchko, W. Rundell, M. Yamamoto, L. Zuo, Uniqueness and reconstruction of an unknown semilinear term in a time-fractional
reaction-diffusion equation, Inverse Problems 29 (2013) 16.

G. Li, D. Zhang, X. Jia, M. Yamamoto, Simultaneous inversion for the space-dependent diffusion coefficient and the fractional order in the
time-fractional diffusion equation, Inverse Problems 29 (2013) 36.

B. Kaltenbacher, W, Rundell on an inverse potential problem for a fractional reaction-diffusion equation, Inverse Problems 35 (6) (2019).

B. Kaltenbacher, W, Rundell regularization of a backward parabolic equation by fractional operators, Inverse Probl. Imaging 13 (2) (2019)
401-430.

B. Kaltenbacher, W. Rundell, On the identification of a nonlinear term in a reaction-diffusion equation, Inverse Problems (2019).

B. Kaltenbacher, W. Rundell, Recovery of multiple coefficients in a reaction-diffusion equation, . Math. Anal. Appl. 481 (1) (2020).

W. Rundell, Z. Zhang, Recovering an unknown source in a fractional diffusion problem, J. Comput. Phys. 368 (2018) 299-314.

W. Rundell, Z. Zhang, Fractional diffusion: recovering the distributed fractional derivative from overposed data, Inverse Problems 33 (3) (2017)
035008, 27.

J. Janno, N. Kinash, Reconstruction of an order of derivative and a source term in a fractional diffusion equation from final measurements,
Inverse Problems 34 (2018) 19.

J. Janno, K. Kasemet, Uniqueness for an inverse problem for a semilinear time-fractional diffusion equation, Inverse Probl. Imaging 11 (2017)
125-149.

J. Cheng, JJ. Liu, A quasi Tikhonov regularization for a two-dimensional backward heat problem by a fundamental solution, Inverse Problems
24 (6) (2008) 065012, http://dx.doi.org/10.1088/0266-5611/24/6/065012.

M. Denche, K. Bessila, A modified quasi-boundary value method for ill-posed problems, ]. Math. Anal. Appl. 301 (2) (2005) 419-426,
http://dx.doi.org/10.1016/j.jmaa.2004.08.001.

P.T. Nam, An approximate solution for nonlinear backward parabolic equations, J. Math. Anal. Appl. 367 (2) (2010) 337-349, http://dx.doi.org/
10.1016/j.jmaa.2010.01.020.

A. Qian, J. Mao, Quasi-reversibility regularization method for solving a backward heat conduction problem, Am. J. Comput. Math 1 (3) (2011)
159-162, http://dx.doi.org/10.4236/ajcm.2011.13018.

N. Bissantz, H. Holzmann, Statistical inference for inverse problems, Inverse Problems 24 (3) (2008) 034009, http://dx.doi.org/10.1088/0266-
5611/24/3/0340009.

E. Nane, N.H. Tuan, Approximate solutions of inverse problems for nonlinear space fractional diffusion equations with randomly perturbed
data, SIAM/ASA ]. Uncertain. Quantif. 6 (1) (2018) 302-338, http://dx.doi.org/10.1137/17m1111139.

F. Yang, Y. Zhang, X.-X. Li, C.-Y. Huang, The quasi-boundary value regularization method for identifying the initial value with discrete random
noise, Bound. Value Probl. (2018) http://dx.doi.org/10.1186/s13661-018-1030-y.


http://dx.doi.org/10.1002/mma.5643
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb4
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb5
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb5
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb5
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb6
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb7
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb7
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb7
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb8
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb8
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb8
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb9
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb9
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb9
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb10
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb10
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb10
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb11
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb11
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb11
http://dx.doi.org/10.1142/9069
http://dx.doi.org/10.1063/1.528578
http://dx.doi.org/10.1007/s00033-017-0801-0
http://dx.doi.org/10.1007/s00033-017-0801-0
http://dx.doi.org/10.1007/s00033-017-0801-0
http://dx.doi.org/10.1063/1.1587126
http://dx.doi.org/10.1063/1.1587126
http://dx.doi.org/10.1063/1.1587126
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb16
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb16
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb16
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb17
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb17
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb17
https://arxiv.org/pdf/1909.06739.pdf
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb19
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb19
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb19
http://dx.doi.org/10.6028/jres.118.010
http://dx.doi.org/10.1080/17415977.2015.1110150
http://dx.doi.org/10.1029/2001wr000223
http://dx.doi.org/10.1029/2001wr001021
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb24
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb25
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb26
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb26
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb26
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb27
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb27
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb27
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb28
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb29
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb29
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb29
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb30
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb30
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb30
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb31
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb32
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb32
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb32
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb33
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb34
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb35
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb36
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb36
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb36
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb37
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb37
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb37
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb38
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb38
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb38
http://dx.doi.org/10.1088/0266-5611/24/6/065012
http://dx.doi.org/10.1016/j.jmaa.2004.08.001
http://dx.doi.org/10.1016/j.jmaa.2010.01.020
http://dx.doi.org/10.1016/j.jmaa.2010.01.020
http://dx.doi.org/10.1016/j.jmaa.2010.01.020
http://dx.doi.org/10.4236/ajcm.2011.13018
http://dx.doi.org/10.1088/0266-5611/24/3/034009
http://dx.doi.org/10.1088/0266-5611/24/3/034009
http://dx.doi.org/10.1088/0266-5611/24/3/034009
http://dx.doi.org/10.1137/17m1111139
http://dx.doi.org/10.1186/s13661-018-1030-y

N.H. Tuan, D. Baleanu, T.N. Thach et al. / Journal of Computational and Applied Mathematics 376 (2020) 112883 25

[46] N.D. Minh, K. To Duc, N.H. Tuan, D.D. Trong, A two-dimensional backward heat problem with statistical discrete data, J. Inverse Ill-Posed Probl.
26 (1) (2018) 13-31, http://dx.doi.org/10.1515/jiip-2016-0038.

[47] B. Baeumer, M. Geissert, M. Kovacs, Existence, uniqueness and regularity for a class of semilinear stochastic volterra equations with multiplicative
noise, J. Differential Equations 258 (2) (2015) 535-554, http://dx.doi.org/10.1016/j.jde.2014.09.020.

[48] R.L. Eubank, Nonparametric Regression and Spline Smoothing, second ed., Marcel Dekker, New York, 1999.

[49] E. Nane, N.H. Tuan, A random regularized approximate solution of the inverse problem for Burgers’ equation, Statist. Probab. Lett. 132 (2018)
46-54, http://dx.doi.org/10.1016/j.spl.2017.08.014.

[50] N.H. Tuan, E. Nane, Inverse source problem for time-fractional diffusion with discrete random noise, Statist. Probab. Lett. 120 (2017) 126-134,
http://dx.doi.org/10.1016/j.spl.2016.09.026.


http://dx.doi.org/10.1515/jiip-2016-0038
http://dx.doi.org/10.1016/j.jde.2014.09.020
http://refhub.elsevier.com/S0377-0427(20)30174-6/sb48
http://dx.doi.org/10.1016/j.spl.2017.08.014
http://dx.doi.org/10.1016/j.spl.2016.09.026

	Final value problem for nonlinear time fractional reaction–diffusion equation with discrete data
	Introduction
	Preliminaries
	The solution of the backward problem
	Backward problem in the case of two-dimensional
	Estimator for the final value data 
	The ill-posedness of problem with discrete data
	Fourier truncated method and regularized solution
	Convergence result

	Backward problem in the multi-dimensional case 
	Estimator for  in the multi-dimensional case 
	Quasi-boundary value method and regularized solution
	Convergence results
	A general filter method in the multi-dimensional case

	Numerical example
	Case 1: d = 1, = 0.3
	Case 2: d = 2, = 0.5

	Acknowledgments
	References


