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Abstract

In this paper we develop a semi-iterative method for computing the Drazin-inverse solution of a singular linear system
Ax =b, where the spectrum of A is real, but its index (i.e., the size of its largest Jordan block corresponding to the
eigenvalue zero) is arbitrary. The method employs a set of polynomials that satisfy certain normalization conditions and
minimize some well-defined least-squares norm. We develop an efficient recursive algorithm for implementing this method
that has a fixed length independent of the index of 4. Following that, we give a complete theory of convergence, in
which we provide rates of convergence as well. We conclude with a numerical application to determine eigenprojections
onto generalized eigenspaces. Our treatment extends the work of Hanke and Hochbruck (1993) that considers the case in
which the index of 4 is 1.
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1. Introduction

Consider the linear system
Ax = b, (L.1)

where A € C*" is singular and ind(4) = a is arbitrary. Here ind(-) denotes the index of a matrix,
namely, the size of the largest Jordan block corresponding to its zero eigenvalue. The purpose of
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this paper is to develop a semi-iterative method for computing the Drazin-inverse solution of (1.1),
namely, the vector 4P, where AP is the Drazin inverse of A, in an efficient manner. For the Drazin
inverse and its properties, see, e€.g., [1] or [2].

We shall assume that

o(4)C{0}Ufc —d,c+d], O0<d<c, (12)

where o(-) denotes the spectrum of a matrix.

Our work here extends that of Hanke and Hockbruck [8] which treats the case of a =1 and utilizes
the general theory of Eiermann et al. [4] of semi-iterative methods for computing the Drazin-inverse
solution to singular systems.

We begin with some essential background. Let x, be an arbitrary initial vector and let ro =b — Ax,
be the corresponding residual vector. Then, beginning with x,, the mth iterate x,, is given by

X =X+ gm—1(A)ro = pm(A)Xo + qm—1(4)b, (1.3)

where g,_1(4) is a polynomial of degree at most m — 1 and p,(1) is a polynomial of degree at
most m given by

Pr(A)=1— Agm_1(A). (1.4)
We call p,(4) the mth residual polynomial. Note that
pn(0)=1. (15)

As is shown by Eiermann et al. [4, Lemma 2], necessary and sufficient conditions for the convergence
of the sequence {x,}>, are that

lim p(0)=0, i=1,...,aq, (1.6)
and
lim p¥(4,)=0, i=0,....,k —1, (1.7)

where A; are the nonzero eigenvalues of 4 and k; =ind(4 — A;]).
The conditions in (1.6) will, of course, be satisfied if

pf,’;)(O):O, i=1,...,a, forallm=0,1,... . (1.8)

Polynomials p,(4) satisfying (1.8) and (1.7) were considered by Hanke and Hockbruck [8] for the
case a=1. We mention in passing that the polynomials that arise in connection with the extrapolation
methods for the Drazin-inverse solution studied by Sidi [10] satisfy (1.8) and (1.7) for arbitrary a.

The plan of this paper is as follows: In Section 2, using a weight function w(1), we provide
an integral norm |||-||| and a set of polynomials {pn,(4)}3>_, satisfying (1.8) and (1.7) such that
the norm of p,(4) is minimal over the set of all polynomials p(1) of degree at most m which
satisfy p(0)=1 and p’(0)=0, i=1,...,a. We use these polynomials to construct our semi-iterative
method. Our work here extends directly the developments of Hanke and Hockbruck [8] to the case
a>1.
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In Section 3 we develop a recursive algorithm for implementing the semi-iterative method defined
by (1.3) and (1.4), p,(4) being the minimal polynomials of Section 2. This algorithm involves only
four successive iterates x,, independently of the index of 4. Here we make use of the fact that the
Pm(A) can be expressed in terms of a set of orthogonal polynomials that satisfy the usual 3-term
recurrence relation.

In Section 4 we prove the convergence of the method and provide error bounds and the corre-
sponding rates of convergence for the case in which

1

w(l)= . 1.9
“4) VA —c+d)c+d - 1) (1.9)
In particular, we show that if 4 satisfies (1.2), then
[ xm — AP — %o|| = O(m**xk™) as m — oo,
where X, is that part of x, that lies in the null space of A% s is a nonnegative integer, and
S22
kol vemd (1.10)

d

The asymptotic estimates that we give for the bounds on our residual polynomials in equation
(4.17) of Theorem 4.5 do not reach, except in the case of the index A being equal to 1, the near
optimal rate achieved by the residuals of Berstein (see [6]) which is displayed here in (4.24).
But we believe that our short recurrence relation for computing the residuals makes up for this
deficiency.

In Section 5 we present several numerical examples in which we compute the projections onto the
generalized eigenspaces of matrices whose spectrum is real and satisfies the condition of (1.2). The
algorithm does well when the transforming matrix of 4 to its Jordan canonical form has a relatively
low condition number.

2. Minimal polynomials

Let w(4) be a nonnegative weight function over the interval [c — d,c+d] and let f and g be
functions defined on [c¢ — d,c +d]. Define the inner product (-,-) on [c — d,c+d] by

c+d
(f.9)= [ W (g2 i
Next define the norm ||| - ||| via
1
AP = (£, 55 )-
Let IT, denote the set of all real polynomials of degree at most m and define

= {pel, p0)=1, p0)=0, i=1,...,a}.

Note that p,(A)=1 is the only member of the set 1% for m=0,1,...,a.
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Theorem 2.1. Let a be a positive integer. Then, for m>=a+ 1, the minimization problem
i 2.1
min {[| [l 2.1

admits a unique solution p,,(1) which is characterized by

(pm#)=0, j=1,...,m—a. (2.2)

Proof. We start by noting that p € IT} implies that p(1)=1—2""u(4) with u € II,,_,_,. Thus, we
have

c+d
PP = [ weiaes (! - u)* a2 23)

As w(A)4°*? is nonnegative on [c — d,c+d], there exists a unique polynomial u*(4) in IT,_,.,
that minimizes the integral on the right-hand side of (2.3); u™(A) is the best approximation from
M, ,, to A7 in the norm induced by the inner product (-, A**2.), see, €.g., [3]. Consequently,
Pm(A)=1—A*"4*(1) is the unique solution to (2.1).

Consider the polynomial p(1)= p,(4)+ ai*"/, where a €R and j=1,...,m — a. Obviously,
p €. Hence,

11 2wl 112 <RI = [l pal* + 20 p, ) + o2 [ 27+

Since o has an arbitrary sign, this inequality holds if and only if (2.2) holds.
Conversely, assume that (2.2) holds for some p,€II%. Let peII%. Then p(A) — p,(4) has a
zero of multiplicity at least a4+ 1 at A =0. Thus,

_ (D) — pa(A)

7 €span{i,A%,..., A"}

v(4)
Consequently,
2 =11 2all? +2(2m, v) + 11211 = 1| pal|* + [[|4%0]][* = ||| pal 1%,

since (pm,v) =0 by (2.2). This means that p,(4) is the unique solution to (2.1). O
Now, let us define
Pa(2) = Pusr(A) 24

1 , mz=a.

Clearly, u,(4) is a polynomial in span {4%,A*"!, ..., A"}

um(/l) =

Theorem 2.2. The polynomials A~ °u,,(1), m=a,a+ 1,..., are orthogonal with respect to the inner
product (-, 1572,

Proof. First, A~“u,,(4) is of degree precisely m — a. For any polynomial p(A) in II,_,_;, with
mz=a+ 1, we then have that

(’l_auma la+2p> = <um’ izP) = <pm - pm+19/1p> =0
by (2.2). O
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From Theorem 2.2 we now have that the u,(A) satisfy a 3-term recursion relation of the form
Um(A) = (O A + i Ym_1(A) + Vthn2(A), m=a+1 2.5)

for some constants @,,, Um, and v,, with v, ; =0.

Let us denote by #,(4) the orthogonal polynomial of degree m with respect to the inner product
(-,-) and normalized such that 7,(0)=1. As a result of this normalization, the #,(1) satisfy a 3-term
recursion relation of the form

tmi1(A) = — 0 Alm(A) + (1 + Bu)tw(A) — Butm—1(A), m=0 (2.6)
with
1(A)=0 and tfH(A)=1,

for some constants a,, and f3,,.

Theorem 2.3. For m>a, the polynomials p,(A) can be expressed in terms of the polynomials t(1)
as

m-+1

Apm(A)= D" T iti(A) .7

Jj=m—a
Jor some constants m,,; which satisfy the linear system

m+1

Z nm,j :Oy

j=m—a

m+1

Z n,,,,jrﬁl) =1, (2.8)

j=m—a

m+1 '
Z nm,jT;l):O, i=2,3,...,a+1’

j=m—a
(i) @)
where 1;” =1,"(0).

Proof. Since Ap,(2) is in II,,,, we have that

m+1

APn(AY=" " Ttm t1(A).

=0
But
(APmrtj) = (Pmy A;) =0, j=0,1,....m—a—1,

by (2.2). Therefore, n,,; =0 for j=0,1,...,m—a—1. This proves (2.7). The first of the equations in
(2.8) follows by letting A=0 in (2.7). The remaining equations in (2.8) can be obtained by taking
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the ith derivative of both sides of (2.7), i=1,2,...,a+ 1, noting that

Apn(IP = 2P0 +ipV(A), i=1,2,...,
and letting A =0 on both sides, and recalling that p, € I°. O

We now show how the coefficients w,,, u,, and v,, in (2.5) can be determined from the constants
T, in (2.7) and the coefficients «,, and B, in (2.6).

Theorem 2.4. Let
Ym = T, m+15 5m = Tmm and Em = Nmm—a- (29)

Then the coefficients ., tm, and v, of (2.5) can be computed from

Wy = — i Om+i,
1 O Ym—1 — 5m
== [ym S kO )], (2.10)
— wmgm—lﬂm—a—l
" Om—a—1E€m—2 .
Proof. Using (2.7) in (2.4) we see that
1 m+1
Up = ﬁ [ T, m—alm—a + Z (nm,j - 7":m+1,j)tj = Tt 1, m+28m+2 ]’ mza, (211)
Jj=m—a+1

where we have written ¢; instead of #;(4) for short.
Now, let m>a+ 2. Substituting (2.11) in (2.5), and multiplying throughout by A?, we obtain that

m+1

7'Zm,m—atm—-a + E (ﬂm,j = Tmt1,j )tj - nm+1,m+2tm+2
j=m—a+1

m
— Wy [nm—l,m—l—altm—l—a + Z (nm—-l,j - Tcm,j)'ltj - nm,m+1/1tm+1:|

Jj=m—a

m
—Hm |inm—1,m—1—atm—1—a + Z (nm—l,j - 7Tm,j)tj - nm,m+ltm+1:|

j=m—a

m—1
—Vm 7'Lm—Z,m—Z—atm-—Z—tz + Z (Tcm—2,j - nm—l,j)tj - nm—l,mﬂvtm

Jj=m—1-a

=0. (2.12)
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Next, from (2.6) we know that

1 1+ B; :
}.tj: ——tj+1+ +ﬁjtj_&tj_1, _]——_—0,1, (213)
%; j j
Substituting (2.13) in (2.12) yields that
m+1
nm,m—atm—a + Z (nm,j - 7'Cmatl,j)tj - nm+l,m+2tm+2
Jj=m—a+1
1 1+ m—1-— —1—a
— Wy 7’:m—l,m—l—a ( - tm—a + ‘B 1 atm—l—a - Bm 1 tm—2—a )
Om—1-a Um—1—a Om—1—a
u 1 148, B
+ Z (Tem—1,j — Tom,;) ( -t + jtj — )
j=m—a <‘xJ a] f
1 14 B,
“Tm,m+1 - tm+2 + —ﬂﬂtm-kl - Bm+1 tm
Am+1 Om+1 Q1

j=m—a

m
_;um [nm—l,m—l—atm—l—a + Z (nm—l,j - Tcm,j)tj - 7"-'m,m-Htm+1 jl

m—1
—Vm 7tm—Z,m—Z—atm—Z—a + Z (nm—Z,j - 7l:m—l,j)tj - 7":m—l,m)“tm

j=m—1l—a
=0,

which is of the form E}":,:_a_znm, jt;=0 for some constants 7, ;. Thus, we must have #,, ;=0 for
all j=m—a—-2,m—a—1,...,m+2. Now, from %, mi2=""mm+1 =Nmm—a—2 =0, we obtain the
expressions for @, u,, and v,, respectively, as given in (2.10). O

3. The algorithm

We now return to the general framework of semi-iterative methods for computing the Drazin-
inverse solution of singular linear systems that was discussed in Section 1. We choose the polyno-
mials p,(A) that appear in (1.3) and (1.4) to be precisely those given in Theorem 2.1, the integer a
in the latter being ind(4). As they are in I1°, these p,(4) already satisfy (1.5) and (1.8).

From (1.3), (1.4), and (2.4), the iterates x,, and x,,, of the semi-iterative method satisfy

X1 = Xm = U(A)ro. (3.1)

But the u,,(A) satisfy the 3-term recursion relation given in (2.5). Consequently, the x, satisfy the
4-term recursion relation

Xmi1 =Xm + OpAXm — Xm—1) + tm(Xm —xm—1)+vm(xm—1 _xm—Z), mza+1, (32)
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which is exactly of the form given in [8] for the case a=1. Note that this recursion relation has
the same length independent of a.

As the recursion relation above is valid for m>a+1 and as v,,; =0, we see that in order to
start the algorithm we need x, and x,,,. Now because p,(1)=1, we have that g,_;(41)=0 so that
x, =Xp. As for x,,,, we proceed as follows: First, we know that

Pani(A)=1—pi*

for some constant p that can be uniquely determined from the characterization property in (2.2). As
(Pas1,4) =0, we evidently have that

(1,4)

p= ey (3.3)
Next, on recalling (2.4), we see that

u,(1)=pA°. 34
Finally, from (3.1) and (3.4) we have that

Xop1 =X, + pA°ry =x, + pA°(b — Axp). (3.5)

Assuming that the polynomials 7,(1) and the constants o, and f, in (2.6) are known, our algorithm
now reads as follows:

Step 0: Choose x, and set x, = xo.
Set 7,0 = r;_(_ol)’ Tl = — Ta0, and m, ;=0 for j # 0, 1.
Determine p from (3.3).
Compute x,,, from (3.5).
Step 1: For m=a+1,a+2,..., until convergence, do:
Solve (2.8) for the m,, ;.
Compute ®,,, U, and v, from (2.9) and (2.10).

Compute x,,; from (3.2).

For the special case in which the weight function w(4) is that defined by (1.9), the polynomials
tn(A) and the corresponding constants a, and S, are given by

L) - i 2ay= S22 (3.6)

WA= T 0y d

where T,,(z) are the Chebyshev polynomials of the first kind normalized so that 7,,(1)=1, and

1
0o = —, ﬁOZO,
¢ 2
C
"ga g el
1
O Bn=coy, — 1, m=2.

T = (dPan
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In addition, the constant p in (3.3) is now given by
1

— -
TG G ()

4. Error bounds and convergence analysis
4.1. General preliminaries and error bounds

Let us denote by % the direct sum of the invariant subspaces of 4 corresponding to its nonzero
eigenvalues 4, and by &, its invariant subspace corresponding to its zero eigenvalue. Thus, & =
A(A4%), the range of 4%, and & = A" (4%), the nullspace of 4°. Every vector in C" can be written as
the sum of two unique vectors, one in ¥ and the other in &.

Resolve b=5h+ b, where b€ % and be &. Then APb, the Drazin-inverse solution of Ax =b, is
the unique vector in & that satisfies the consistent linear system Ax =b. From (1.3) and (1.4) we
see that

X — APh = pou(A %o + gm_r(A)(b + b) — APb

= Pl A)%0 + gm_1(4)AA"b + ¢, (A)b — APb

= pu(A)x0 — APD) + gp_1(A)b. (4.1)
Decompose xg = X, + Xy, where X, € & and %, € &. Then (4.1) becomes

Xn = A°h = pu(A)(o — AD) + Pu(A)Fo + qm1(4)b. | (4.2)
Because

Pm(A)=1—= 2"u(l) (4.3)
for some ueIl,_,_;, we have that

Pm(A)Fo=Fo — u(A)A "%y =%, (4.4)
as %o € £ = N (4%). Similarly, g,_i(1)=2*u(A) by (1.4) and (4.3), so that

g ()b =u(4)A°b=0 (4.5)

as be P = ¥ (4%).
Combining (4.4) and (4.5) in (4.2), we deduce the following result.

Theorem 4.1. Let xo =% + %o, where %€ & and %, € . Then
Xy — APb = p(A)(Zo — APh) + X,. (4.6)

Now, as the vector £, — APb is in &, we observe that the behavior of x,, — APb is determined by
the action of p,(4) on &.
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Recall that, by ind(4 — A1) =k;, 4; € 06(4)\{0}, the fact that %, — 4°b € & implies that

Pu(d)Go —4PD) = Y Z e 4.7)

Aj€a(d)\{0} =0

for some vectors r; that lie in the invariant subspace of A corresponding to 4;. Thus, from (4.6)
and (4.7),

_ADp 2 || — s ADpy(< Gy
i = 4% — Sl = [ XG0 — 20| <C | max - max [0 (48)

for some positive constant C. Replacing the maximum over the 4; € 6(4)\{0} by the maximum over
the interval [¢ — d,c + d], and using

Ip(')(/l)|<Dm( max |pm(/l)|> for some D;>0,

le[c —d, c+d] A€[c~d,c+d]

which follows from one of Markoff’s inequalities, see. e.g., Meinardus [9, p. 67], (4.8) becomes

me—ADb—xou:np,,,(A)(xo—ADb)||<Mm2'?-2( max |pm(;.)|>, (4.9)

A€[c—d,c+d)
where M is a positive constant and
k = max{k;: 4, € s(4)\{0} }. (4.10)

Hence, all we have to analyze is maX;cic—g,c+a) | Pm(A)|-

Before we go on, we observe from (4.6) and (4.7) that the conditions in (1.7) ensure the conver-
gence of {x,}2°, to APb+ %, as guaranteed also by Eiermann et al. [4, Lemma 2]. Also, if %, =0,
which can be enforced by picking xo = 0, then lim,, .., x,, = 45 under (1.7).

4.2. Convergence analysis

In the sequel, we analyze the case in which the weight function w(4) is that defined by (1.9).
Obviously, we first need to know the behavior of the 7, ; in Theorem 2.3 for m — co. For this we
have to start with the behavior of the #¥)(0) for m — oo, as is obvious from (2.8). Recall that in
this case #,(4) are as in (3.6).

Lemma 4.2. Suppose that t,(A) are the polynomials given in (3.6). If A€[c — d,c + d], then, for
i=0,1,2,...,

em cosh™! z(1) +e cosh™! z(1)

t)(A) = P(4,m)

em cosh~! z(0) + e cosh~! z(0)

mcosh™' z(A) __ e—mcosh"z(i)

+ Ni(4,m)

(4.11)

emcosh~! z(0) +em cosh—!2(0)°
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where P(1,m) and Ni(A,m) are polynomials in m, whose coefficients are functions of A and whose
degree is dependent on the parity of i, given by

1

2r
Py(A,m) = [— } m” + O(m” %),

(4.12)

2r —1)2r

N2r(l7m) = '—T_“(C — A) [— !

with the terms O(m* %) and O(m*~*) missing for r =0,1, and

2r+1
} er—l + O(m2r—3 ),

2r+2
2r(2r + 1 1 . .
Py i(4,m) = Lz——)(c —A) [-m] m” +O(m* ),

(4.13)
1

Jc— 2P -

with the terms O(m*~?%) and O(m* ') missing for r = 0,1, and r = 0, respectively.

2r+l1
N2r+l(lam) = [— ] mr+l +O(m2r—1)’

Proof. The proof is straightforward and proceeds by induction on i. O

Taking 4 =0, (4.11) becomes

D(0) = __?
(0) = PO.m)+ MO m) (1= —5 ). (4.14)

where k, defined by (1.10), satisfies also

—1
K=e cosh z(O)'

Upon substituting (4.12) and (4.13) in (4.14), we now have the following result.

Theorem 4.3. Suppose that t,(A) are the polynomials defined in (3.6). Then, for i=0,1,2,...,

(1, i=0,
! o .
D)= “@= gy T O i=1,
i 1 i — k 1..2m .
(—l)mm + > mmt + O(m'K™™), P2
\ k=0

as m— oo, where 1, are some constants and 1 =i — 1 if i is even, and | =i if i is odd.
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Theorem 4.3 has the following implication. In order to solve the system in (2.8) for the m,, ;, we
first introduce the matrices B and E in C**>*2 and the vector 4 in C**? as follow:
e Fori,j=0,1,2,...,a+ 1, set

1, o,
1 ) -
bt = _(c2_d2)1/2(m_a+f)> i=1,
N 1 . i—1 . .
S am—at )+ mum—a+ )y, 2<i<a+1,
(c B ) k=0

with the #;, as in Theorem 4.3.
e For j=0,1,2,...,a+1, set

0, i=0,
€; Ni =
T omlet), 1<i<a+ 1,

where [ is defined in Theorem 4.3, and observe that £ — O as m — oc.
e Introduce the vector A via

0, i=0,
hin=4q1, i=1,
0, 2<i<<a+1.
Then the linear system in (2.8) can be written as
(B+E)n=h, (4.15)

where 7€ C**2 is the unknown vector whose (j + 1)th entry, 0<j<a + 1, iS T pm_at)-
To solve (4.15) for = we apply elementary row operations to obtain the equivalent system

(B(2) + E(Z))n — h(2)’

where
bz(i)l,j+1 = { b i l:(.),
(m—a+j)y, 1<€iga+1,
i.e., B? is a Vandermonde matrix, and
0, i=0,
=4 (@ =d)R i=1,

Ki(* —d>)'?, 2<i<a+1,

where K; is a constant that depends only on the coefficients #; ;.
Now, using the algorithm to solve Vandermonde systems (see [7, p. 122]), we obtain the equivalent
system

(I +ED)ym=n®,
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where
B = (1Y) (" f 1) &a—flz)—l/ima +O(m*") for 0<i<a+1 (4.16)
and E® — O, as m — oo. Therefore, we have the following result.

Theorem 4.4. For i =0,1,2,...,a,a + 1, the ®, ,,_,: in (2.8) are given by nm,,,,-a“:h(a) where

i+1s
K3, are defined in (4.16).

We now combine Theorem 4.4 with the expansion of p,(4) in Theorem 2.3 to derive an asymp-
totically optimal upper bound on |p,(4)| for A€[c —d,c +d].

Theorem 4.5. Consider the polynomials p,(1) of Theorem 2.1 with the weight function w(1) given
by (1.9). Then

K_l - Ka)'(l + K)a_l maKm——a+1

2
max ]lpm(l)|= ( +O0(m* k™) as m— oo, (4.17)

A€le—d,c+d

where x is given by (1.10).

Proof. For the weight function w(A) given by (1.9) we have that the polynomials #,(1) are defined
by (3.6).
For A€[c—d,c+d], it is easy to see that

ta(A) = 26" R(s(AY™) + O(K*™)  as m — oo, (4.18)
where
s(4) = s D) with |s(1)| = 1
and, therefore,
A=c—dz(d)=c— dR(s(L)). (4.19)
Now, from (2.7), (3.6), Theorem 4.4, and (4.18), we obtain that for m — oo,

a+1 (a+l> /cz__dz
—_—m

pm(ll) == % Z (—1)/ azxm——a-%j?R(s(i)m—a-ﬁ) + O(m“_l;c'")
j=0

al
W= & Jym=e
= __—_Ca' T m R (s( ’)c [1- xs(x)]““) + O(m*~'x™). (4.20)
On the other hand, from (1.10) we have that
2 __ g2
k! +x=2£,— and K~ —;czz——”cdd. (4.21)
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Now, using (4.19) and the fact that |s(1)| = 1, we conclude that
A= %drc“[l — ks(A)][1 — ks(4)].
Inserting this expression into (4.20) and using (4.21), we obtain that

s(A)"4[1 — ks(D))F
1 — ks(4)

Pu(A) = %(K_l — KM K™ R ( ) + O(m*'«™) as m— oco.

Then

(=2
a.

maxm—atl Pm

m—a 1 a
N G Ll C0) i O P (4.22)
1 —xs(A)
Next, using the facts that |s(1)| =1 and |1 — ks(1)| = |1 — ks(1)|, we conclude that

s(AY*4[1 — ks(1)]*

A€[c—d,c+d] 1 — KS(/I)

11— ks(D)* = (1 + &) (4.23)

le [c d +d]

and this maximum is attained at A=c+d for which s(4)=—1. Finally, combining (4.23) and (4.22),
we obtain that

1 2k —x)(1 4+ x) !
maym—atl lE[c dc+d] Ip”’(l)l o !

from which (4.17) follows. O

+0(m™') as m— oo,

Now, using (4.9) and (4.17), we have the following convergence result that is the main result of
this section.
Corollary 4.6. With the same notation as in Theorem 4.5, we have
[ — AP — %o|| = O(m*** k™) as m — oo,
where k is as defined in (4.10).
Theorem 4.5 implies that

2k~ — k)1 + x)*! _
/1 ~ a m a+]
Ae[c d, +d]lpm( )' al K

On the other hand, the Berstein result as applied by Eiermann and Starke to the polynomials { p,}
developed in their paper, see [6, p. 314], gives that their residual polynomials satisfy that
2k~ ! — k)

M rpm(z)1~———a!——m K", (4.24)

Now,

Z(K—la'—’ K)amaKm < Z(K—l - ’(2'(1 -+ K)a—l maKm——a—!—l,
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because 1> —«. Therefore, our polynomials are not “near-optimal”. However, the residual poly-
nomials { p,} constructed by Eiermann and Starke in {6] cannot be computed by means of short
recurrences as we have developed for the present residuals in Section 3. Such short recurrences
make for the efficient implimentation of semi-iterative methods. In this regard please see also the
comments on Hanke and Hochbruck [8, pp. 90, 93].

5. Numerical examples

In this section we use the algorithm developed in Section 3 to compute the eigenprojection
Zs:=1 — A4® onto the eigenspace of A corresponding to the eigenvalue 0 of three singular ma-
trices whose index exceeds 1.

If we take 5 =0 in (1.1) then Corollary 4.6 implies

lim x, =% = (I — A4°)x,.

m-—00

Now, if we choose x; as the ith column of /, the above expression represents the ith column of the
eigenprojection Z.
First, consider the following singular M-matrix:

1 -1 0o o 0
-1 1 0 o0 0
-1 -1 1 -1 0
0
2
1

A
-1 -1 -1 1

-1 -1 -1 0
-1 -1 0 -1 -

N - O O O O

Observe that o(4;) = {0,0,1,2,2,3} and a = 2. So we can choose ¢c=2 and d =1 in (1.2). Using
the algorithm of Section 3, with the polynomials #,(4) defined by (3.6), and stopping when

”xm+1 _meOO

<107%,
[ |l 0

we obtain, after 35 iterations, that

0.50000000000001  0.49999999999999 0 0 0 0
0.49999999999999  0.50000000000001 0 0 0 0
7, - 0 0.50000000000001  0.49999999999999 0 0
A= 0.49999999999999  0.50000000000001 0 0

0.50000000000005  0.49999999999997 —0.00000000000004  0.00000000000002
0.49999999999997  0.50000000000005 0.00000000000002  —0.00000000000004

o O o ©

0
0
0
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The exact eigenprojection is given by

(05 05 0 0 0
05 05 0 0 0
0 0 05 05 0
0 0 05 05 0
0 0 05 05 0
0 0 05 05 0

0

[ e e N o 2N -]

J

As a second example, we again consider a singular M -matrix, this time of index a =4:

4,

r 1.0

-1.0

-1.0

-1.0
0

0
0
0

-10 0 0
1.0 0 0
-1.0 1.0 —-1.0
-1.0 -1.0 1.0
0 0 0
0 0 0
0 0 -10
0 0 0

0 0
0 0
0 0
0 0
1.0 -10
-1.0 1.0
0 0
0 0

0
0
0
0
~1.0
-1.0

1.0
-1.0

0
0
0
0

-1.0 |
-1.0
-1.0
1.0 |

Here 0(4,)=1{0,0,0,0,2,2,2,2}. With ¢=2 and d=1 in (1.2) we get using the algorithm in
Section 3 that after 25 iterations for columns 1,2,5,6, and 7 and 45 iterations for columns 3 and 4

that

2

[ 50000 % 10~

1

50000 x 1071

0

0

0

0
—1.2500 x 10~
12500 x 10~

5.0000 x 107"

5.0000 x 107"
0
0
0
0
—1.2500 x 107"

1.2500 x 107

The exact eigenprojection is given here by

-

L

0.5000
0.5000

-0.1250

0
0
0
0

0.1250

0.5000
0.5000
0
0
0
0

—0.1250

0.1250

0 0 0 0 0 0
0 0 0 0 0 0
5.0000 x 107" 5.0000 x 107" 0 0 0 0
5.0000 x 107" 5.0000 x 107! 0 0 0 0
12500 x 107" —12500%x 107" 50000x 1071 50000 x 107" 0 0
12500 x 1071 —12500x 107" 50000 x 107" 5.0000 x 107! 0 0
—57858 x 10712 2.5000 x 107" 0 0 5.0000x 107" 50000 x 10~
—25000x 107" 53423 107! 0 0 50000 107" 50000 107" |
0 0 0 0 0 0 7
0 0 0 0 0 0
0.5000 0.5000 0 0 0 0
0.5000 0.5000 0 0 0 0
0.1250 —0.1250 0.5000 0.5000 0 0
0.1250 —0.1250 0.5000 0.5000 0 0
0 0.2500 0 0 0.5000 0.5000
—0.2500 0 0 0 0.5000 0.5000 |
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Finally, we consider a singular matrix 4 with a = 3.

(5 -1 -1 =1 -1 0 —1]
1 3 -1 -1 =1 0 -1
0 0 3 -1 -1 0 -1
A= 0 0 1 1 -1 0 -1
0 0 0 0 1 0 —I
o 0 0 0 1 0 -l
0 0 0 0 0 1 —1]

Here 0(4;)=1{0,0,0,2,2,4,4}, so we can take c=3 and d=1. Then, using the algorithm in
Section 3 we get, after 51 iterations for columns 1,2,3 and 4, 29 iterations for column 5, and 6
iterations for columns 6 and 7 that

[ —03908x107"  0.1799x107"%  0.0267x10°'2 0.1909x 107 10000 © 0
~0.1846x 10712 —0.0252x 1072 0.0270x10™"2 0.1909x10™'? 1.0000 0 0
0 0 —0.1840x 107 0.1909x107* 1.0000 0 0
Zay = 0 0 —0.1890x10™% 0.1970x107'* 1.0000 0 0
0 0 0 0 1.0000 0 0
0 0 0 0 0 10000 0O

0 0 0 0 0 0 1.0000 |

The exact value is

[0 0 0
0

o O O o O

o O o O o o
o O o o o O
o O O O o o ©
O O = e s =
o = O O O o O
—_o O © O O O
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