‘H
{g JOURNAL OF
fﬁ COMPUTATIONAL AND

APPLIED MATHEMATICS

ELSEVIER Journal of Computational and Applied Mathematics 113 (2000) 51-64

www.elsevier.nl/locate/cam

Existence of solutions for quasilinear second order differential
inclusions with nonlinear boundary conditions

Nikolaos Halidias, Nikolaos S. Papageorgiou*
National Technical University, Department of Mathematics, Zografou Campus, Athens 157 80, Greece

Received 22 December 1998

Abstract

In this paper we consider a quasilinear second-order differential inclusion with a convex-valued multivalued term and
nonlinear, multivalued boundary conditions. Using the Leray—Schauder fixed-point theorem and techniques from multival-
ued analysis and from nonlinear analysis, we prove the existence of a solution. Our formulation of the problem is general
and includes as special cases the Dirichlet, the Neumann, the periodic problems, as well as certain Sturm-Liouville-type
problems. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper we consider the following second-order quasilinear multivalued boundary value
problem:

(IIX'OIP72X(¢)) € F(t,x(t),x'(¢)) a.e.on T =[0,b],

(1)
(' (O[I772x'(0), = [ (B)I"*X'(5)) € &(x(0),x(b)),  2<p < + o0

Here F: T x RY x RY — 28"\ {§} is a multifunction with convex values and &:RY x RV — 2F"*&"
is a maximal monotone map.

This problem with p=2 (semilinear case), was studied recently by Halidias and Papageorgiou [5],
who proved existence and strong relaxation theorems under various conditions on the multivalued
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term F(¢,x, y). For the “convex problem” (i.e. F was assumed to be convex valued), their approach
was based on the multivalued Leray—Schauder fixed point theorem, which requires that the compact
set-valued map has convex values. This forced them to assume (for the convex problem), that
Gr ¢ CRY x RY was convex (see [5, hypothesis H(&),, p. 133]). So there was a dichotomy between
the “nonconvex problem” (i.e., F' has in general nonconvex values), whose proof was based on
the single-valued Leray—Schauder theorem and the convex problem. In this paper we remove the
convexity hypothesis on the graph of ¢ and treat the convex problem using the single-valued Leray—
Schauder fixed-point theorem. The price that we have to pay to achieve this generalization, is
that we have to strengthen the measurability hypothesis on F(t,x, y). Moreover, here we deal with
the quasilinear problem, instead of the semilinear problem (i.e., p = 2), which was studied by
Halidias and Papageorgiou [5]. Our approach is based on an approximation technique which uses
the fact that an upper semicontinuous, convex valued multifunction has an approximate continuous
selection.

Second-order differential inclusions have been studied recently by Erbe and Krawcewicz [1], Frigon
[2,3], Frigon and Granas [4], Kravvaritis and Papageorgiou [8], Marano [9] and Pruszko [10]. The
most detailed study is that of Frigon [2], who examines both convex and nonconvex problems, but
with Dirichlet boundary conditions. Erbe and Krawcewicz [1], consider only the convex problem,
using certain single-valued nonlinear boundary conditions. Frigon [3] considers the scalar convex
problem under Sturm-Liouville boundary conditions, while Frigon and Granas [4] consider the non-
convex problem with Dirichlet boundary conditions. Kravvaritis and Papageorgiou [8] consider the
nonconvex Dirichlet problem and prove the existence of extremal solutions. Their work was ex-
tended by Halidias and Papageorgiou [5]. Marano [9] considers the convex Dirichlet problem, while
Pruszko [10] considers both the convex and nonconvex Dirichlet problems. All these works deal
with the semilinear inclusion (i.e., p =2).

2. Preliminaries

The purpose of this section is to fix our terminology and notation and briefly recall some definitions
and facts from multivalued analysis and from nonlinear functional analysis. For details, we refer to
the books of Hu and Papageorgiou [7] and Zeidler [11,12].

By Py (RY) (resp. Py (RY)) we denote the collection of nonempty, closed (and convex) sub-
sets (resp. compact (and convex) subsets) of RY. Let 7 =[0,b]. We say that F:T — P(R") is
measurable, if for all x € R, the R,-valued function ¢t — d(x,F(¢)) = inf[||x — v||: v € F(?)] is
Lebesgue measurable. In fact, due to the completeness of the Lebesgue o-field #(T) with respect
to the Lebesgue measure on 7, the above definition of measurability of F(-) is equivalent to saying
that GrF = {(t,x) € T x R¥: x € F(¢t)} € L(T) x B(R"), with B(R") being the Borel o-field
of RV. Given F:T — B(R") and 1< p<oo, by S¥ we denote the set of L?-selectors of F, i.e.
SE={f € LP(T,RY): f(t) € F(¢t) ae.on T}. In general this set may be empty. It is easy to check
that SZ # () if and only if t — inf{||v||: v € F(¢)} € LP(T) (see [7, Lemma 11.3.2, p. 175]). The set
SECLP(T,RV) is closed and is convex if and only if for almost all € T, F(¢) is convex. Moreover,
SE is bounded if and only if |F(¢)| =sup{||v]|: v € F(¢)} <¢(t), a.e. on T, with ¢ € L?(T).

If ¥,Z are Hausdorff topological spaces and G:Y — 2%\ {()} is a multifunction, we say that G(-)
is upper semicontinuous (usc), if for all C C Z closed, the set G- (C)={y € Y: G(y)NC # 0} is
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closed. A P(R")-valued multifunction G which is usc, has a closed graph (i.e., GrG = {(y,z) €
Y x Z:z € G(y)} is closed). The converse is true, if for example G(Y) is compact in Z.

Let X be a reflexive Banach space and X* its topological dual. A possibly multivalued map
A:DCX — 2X is said to be “monotone”, if for any x,y € D, we have (x* — y*,x — y)=>0 for
all x* € A(x),y* € A(y). If (x* — y*,x — y) =0, implies x = p, then we say that 4 is “strictly
monotone”. A monotone map for which the inequalities (x* — y*,x — y)=0 for all y € D and all
y* € A(y), imply x* € A(x), is said to be “maximal monotone”. It is clear from this definition that
A is maximal monotone, if its graph Gr4 = {[x,x*] € X x X*: x* € A(x)} is maximal with respect
to inclusion among the graphs of monotone maps. When A is maximal monotone, then for every
x € D,A(x) is closed and convex and the set Gr4 is demiclosed, i.e., if [x,,x%] € Gr4,n>1, and
X, — x in X,x* = x* in X* or x, —x in X;x* — x* in X, then [x,x*] € Gr4. Let D=X and assume
that 4: X — X* is single-valued. We say that 4A(-) is “demicontinuous”, if it is sequentially continu-
ous from X into X, where X* denotes the space X* furnished with the weak topology. A monotone,
demicontinuous map 4:X — X*, is maximal monotone. A map A:DCX — 2¥ is said to be
“coercive”, if D is bounded or D is unbounded and inf{||x*||.: x* € A(x)} — oo as ||x|| — co,x € D
(here by || - || and || - ||+, we denote the norms of X and X*, respectively). A maximal monotone,
coercive map 4:DCX — 2% is surjective. In particular then a monotone, demicontinuous and
coercive map 4: X — X* is surjective.

If Y,Z are Banach spaces, then an operator L:Y — Z (not necessarily linear) is said to be:
(a) “completely continuous”, if for all y,~>y in Y as n — oo, we have L(y,) — L(y) in Z as
n — oo; and (b) “compact”, if L is continuous and maps bounded sets into relatively compact
sets. In general these two notions are not comparable. However, if Y is reflexive, then complete
continuity of L implies compactness. Moreover, if L is linear and Y is reflexive, then the two notions
are equivalent.

Our approach ultimately relies on a fixed-point argument, which is based on the “Leray—Schauder
fixed-point theorem”. For the convenience of the reader we recall this result here (see [11,
Theorem 6A, p. 245]).

Theorem 1. If Y is a Banach space K:Y — Y is compact and there exists r > 0 such that if
y=2K(y) with 0 < A < 1, we have ||y||<r (a priori bound), then K has a fixed point, i.e., there
exists y € Y such that y = k(y).

If KCRY and v € R¥, by o(v,K) we denote the support function of K evaluated at v € RF,
ie. o(v,K) = sup{(v,x)m: x € K}. Evidently, if K = J,.,; K;, I arbitrary index set, then o(v,K)
= sup,.;0(v,K;). Finally recall that if 2<p < oo and a,c¢ € R, then 2>~?|a — ¢|?<(|a]""*a —
lc|72e)(a - ¢).

3. Auxiliary results

It is well known that a convex-valued, usc multifunction, need not have a continuous selector, but
it has a continuous approximate selector. In the next proposition we prove a measurably parametrized
version of this result.
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Proposition 2. If (Q, X, u) is a complete finite measure space, F: Q x R* — P..(R*) is a measurable
multifunction such that for all w € Q, F(w,-) is usc and ¢ > 0 is given,

then there exists a Caratheodory function g,:Q x R¥ — RF (ie. for all x € Rf, o — g,(w,x) is
measurable and for all w € Q, x — g.(w,x) is continuous), such that g,(w,x) € convF(w, SE;;(X))—I—
B, for all (w,x) € Q x R¥, where B,(x)={y € R*: ||y —x||<e} and B, ={y € R*: ||y||<1}.

Proof. Let C(w)={n € C(R"): n(x) € convF(w,eB,(x))+B,}. From Theorem 1.4.42, p. 107, of Hu
and Papageorgiou [7], we know that C(w) # ) for all w € Q. Let F)(w,x)=convF(w,B,(x))+ ¢B,.
By virtue of Corollary 1.2.20, p. 42 of Hu and Papageorgiou [7], we see that convF(w,B,(x)) €
P(R¥). Then for every v € RF we have that

o(v,convF(w, By(x))) = sup o(v,F(w,x + y))
y€EeB
= w — o(v,convF(w, B,(x))) is measurable
(see [7, Proposition 11.2.23, p. 161])
= o — Fi(w,x) is measurable (see [7, Proposition 11.2.39, p. 166]).

Next, fix w € Q. Since F(w,-) is usc, we have that the function [x, y] — a(v, F(w,x+ y)) is upper
semicontinuous (see [7, Proposition 1.2.29, p. 46]) and then so is x — sup[a(v, F(w,x + y)): y €
¢B,] = a(v,convF(m,B,(x))) (see [7, Proposition 1.3.3, p. 83]). Because convF(m,B,(x)) € P.(R¥)
we infer that x — Fj(w,x) is usc (see [7, Proposition 1.2.32, p. 47]). Then using the fact that for
every v € R*, x — d(v,Fi(w,x)) is lower semicontinuous (see [7, 1.2.64, p. 61]), for {x,},>1 C R¥
a dense subset, we have

GrC = {(w,n) € Q x C(R*): n(x) € Fi(w,x)}
= {(o,n) € @ x C(R"): d(n(x), Fi(w,x)) = 0}
= J{(@,n) € @ x C(R*): d((n(x,), Fi(w,x,)) =0}

n=1

= GrC € X x B(C(RY)).

Note that C(R¥) equipped with the usual compact-open topology is a separable Frechet space.
So we can apply Theorem I1.2.14, p. 158, of Hu and Papageorgiou [7] (the Yankov-von Neumann—
Aumann selection theorem) and obtain 7, : Q — C(R*) a measurable map such that n,(w) € C(w)
for all w € Q. Then if we set g.(w,x) = n(w)(x), this is the desired Caratheodory approximate
selector of F. [

In what follows by ¢ : RY — R we denote the function ¢(x)=||x||?~2x. Given h € LI(T,R") (1/p+
1/g=1), we consider the following auxiliary problem:
—(IX 772X () + [Ix(0)]["7*x(t) = h(t) ae.on T,

2
($(x'(0)), —p(x'(b))) € &(x(0),x(D)). @

Proposition 3. If ¢:RY x RY — 28 *E" i maximal monotone map with (0,0) € &(0,0),
then problem (2) has a unique solution x € C'(T,R") with ||x'(-)||?7x'(-) € W"(T,RM).
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Proof. For v,w € R" consider the following two-point boundary value problem:
—([IKON1P~2(2)) + |]x(@)||”"*x(¢) = h(t) a.e. on T,
x(0) =v,x(b) =w.

Let () =(1 —t/b)v+t/bw (so p(0) =v,p(b) =w). Set y(¢) =x(t) — y(¢) (thus y(0) = y(b)=0).
Then problem (3) written in terms of y, becomes a homogeneous Dirichlet problem:

(I += YOI+ Y @) + (v + )OI (y +9)(2) = h(z) ae onT,
y(0) = y(b) =0.
We solve (4). To this end let 4, : W,”(T,RY) — W~="4(T,R") be defined by

3)

(4)

b
i.2) = [+ 717 2
0
b
+/ e+ ]| 2(u + p,2)gv dt for all u,z € Wy (T, RY).
0

Here by (-,-), we denote the duality brackets for the dual pair (W,*(T,RY), W ~4(T,R")). Then
for u,z € WyP(T,R"), we have

(Ai(u) — A1(2),u — z)

b b
- / o + 9|72+ 0 — 2 gy dt+/ o+ |72 (u + p,u — z)pv dt
0 0

b b
—/ HZ/‘FV/Hp_z(Z/‘i‘V/,u/—Z')RNdl—/ lz + )17z + 7, u — 2)gv dt.
0 0

Note that
/Ob(\u’ YW Yl = 2 ey — |2 V)P Y — 2 e ) de
>/Ob(||u’+v’\|”— ' + 9" 177 2"+l = o+ 2+ 17+ 112+ )17) de
z/ob(llu’ 91PN =N I = 12 1Pl = D) de
_/ob(”u’ 9 =l DA A (1P =12 [P de

b
27 [+ 7~ 12+ 5)

Similarly, we obtain

b b
[ 2w =2 de = [z 49177+ = 2
0 0

b
20 [ | u+ll = 2+ | ar ©
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From (5) and (6), it follows that 4; is monotone. Moreover, 4, is strictly monotone. Indeed if
(di(u) — Ai(z),u — z) = 0,
= [+ 71 d [kl = e ol ar=0
= [ + )] ="+ )OI = m(@)
and  |[(u+ )OI = |z + )OI = n2(2)
We have

b b
02/0 ﬂl(f)p_zHu/(f)*Z/(f)||2df+/0 na()? 72 ||u(t) — z(¢)|* ds,
=u =z and u=z,

=-A; is strictly monotone.

Also, it is straightforward to check that A4, is demicontinuous. Finally we have

b b

<A1(u),u>=/ ||u’+v’||(u’+y’,u’)mdt+/ e+ 9] (u + 7, u)gy di
0 0

[ + 9112 = 1l + 11571 1+ [+ 912 = a4+ 21157 91,

>
> [lu+0f, = lu+yll7, M, (7)

where M, > 0. Here by || - ||;,, we denote the norm of the Sobolev space W,”(T,R").

Therefore from (7) we see that 4,(-) is coercive. Recall that a coercive, demicontinuous, monotone
operator (hence maximal monotone operator), is surjective (see Section 2). So there exists u €
Wol’p (T,RY) such that 4,(u) = h. Moreover, by virtue of the strict monotonicity of 4, this u is

unique.
Let 0 € Cg°(T,RY). We have

<A1(M), 9> = (ha 9)pq;
where by (-,-),, we denote the duality brackets of the pair (L7(7,R"),L(7,R")). We have

b b b
/ [+ )1P72 W+ 7, 0 )y df+/ e+ I[P + 7, 0)y dt:/ (h, 0)mx dt
0 0 0

o [ 1720 00+ [t 7172 00t = [ 0
(by Green’s identity)
= —(['@) + YOI 2@W @) + 7' @) + [Ju(t) + 90|77 (u(?) + (1)) = h(z) ae. on T;
i.e. u solves (4).
Set x=u+y € CY(T,RY), with ||x'||?2x" € W"4(T,R"). Clearly x solves (3) uniquely. Let s(v,w) be

this unique solution and 6(v, w)=(—¢(s(v,w)'(0))); @(s(v,w) (b)). Then &£+ 0 is maximal monotone,
coercive and so 0 € (¢ 4+ 0)(v,w). Thus x = s(v,w) is the unique solution of (2). [J
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Now, we introduce the hypotheses for the data of our problem (1).
H(F):F:T x R¥ x RY — P;(R") is a multifunction such that

(1) (t,x,y) — F(t,x,y) is measurable;
(ii) for all t € T, (x, y) — F(t,x, y) is usc;
(iii) for almost all ¢ € T, all x,y € RY and all v € F(t,x, y) we have

(0, )my = — allx[|” = bllx[|"[| y[["™" = e(o)]|x[]

with a,b>0,1<r,s < p,c € L'(T);.
(iv) there exists M > 0 such that if ||xo|| > M and (xo, yo)rv = 0, then we can find 6 > 0 and
¢ > 0 such that for almost all £ € T we have

inf[(0,)ev + [ ]| [lx = x0ll + Ly = woll <0, v e F(tx, y)]=>¢,

(v) for almost all € T and all x,y € RY we have

|[F(tx, p)| = sup{lo[|: v € F(t,x, )} <yi(e, [lx[]) + 208 [ DI I,

where for all » > 0,sup,_,.,71(,v)<i,.(t) a.e. on T with y,, € LY(T) and sup,_,,72(t,7) <yn,(t)
a.e. on T with Y, € L>(T).

Remark. Hypothesis H(F') (iv) is a suitable extension to the present measurable and multivalued
situation of the classical Nagumo—Hartman condition (see [6, p. 433]). Note that hypothesis H(F')
(1) is stronger than the corresponding hypothesis of Halidias and Papageorgiou [5] (see hypothesis
H(F), (1), p. 132). Recall that if F(¢x, y) is measurable in ¢ € 7" and usc in (x, y), then it need not
be jointly measurable. For a counterexample, we refer to Hu and Papageorgiou [7, Example 11.7.2,
pp- 227].

Our hypotheses on ¢ are the following:
H(E): E:RY x RY — 28" *®" i maximal monotone map such that (0,0) € £(0,0) and one of the
following holds:

(1) for every [a',b'] € &(a,b), we have (d',a)py =0, (b',b)ry =0; or
(ii) dom & = {[a,b] € RY x R": a = b}.

By virtue of hypotheses H(F') (i) and (ii) and Proposition (4), given ¢ >0 we can find a
Caratheodory function g,:7 x RY x R¥ — RY such that for all (£x,y) € T x RY x RV we
have g,(t,x,y) € F(t,B,(x),B,(y)) + ¢B,. We consider the following single-valued approximation
of problem (1):

(@O 72(0)) = gt x(2),x' (1)),

8
($(x'(0)), —p(x'(b)) € <(x(0), x(b)). ®

Proposition 4. If hypotheses H(F) and H(E) hold,
then problem (8) has a solution x(-) € C'(T,R") with ||x'(")||?~%x'(-) € W (T, RY).
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Proof. Let D={x € C/(T,RY): ||X'(")[["*x'(-) € W"U(T, RY),($(x'(0)), —p(x'(b))) € &(x(0),x(b))}
and let A:DCL/(T,RY) — LI(T,RY) (1/g+ 1/p =1) be defined by A(x)(-) = —(||x'(:)||*~2x'(+)).
O

Claim 5. 4 is maximal monotone.

Arguing as in the proof of Proposition 4, for every x, y € D we have

b
(Ax) = A(Y),x = y)pg = /0 (O~ = 1O~ DO = 1)) de=>0.

So A(-) is monotone (in fact it can be shown to be strictly monotone). To prove the maximality
of 4, it suffices to show that if J : LP(T,RY) — LY(T,R") is defined by J(x)(-)=[|x(-)||?~x(-), then
R(A+J)=LYT,R"). Indeed suppose that 4 +J is surjective and let y € LP(T,R"Y), v € LY(T,R")
be such that

(A(x) —v,x — y), =0 forall x € D. (9)

Since R(A+J)=LY(T,R"), we can find x; € D such that A(x;)+J(x;)=v+J(y). In (9) we set

x =x; € D and obtain
0<(A(xy) —A(x1) = J(x1) +J(¥)sx1 — V) pg = (J(¥) = J(x1), X1 — ¥) pg-

But J(-) is strictly monotone. Hence (J(y) —J(x;),x; — y)=0 and x; = y. Therefore, y € D and
v=A(x;). This proves the maximality of A(-). Hence it remains to show that R(4 +J)=LI(T,R").
But this follows immediately from Proposition 4.

Since J(-) is strictly monotone, we see that (4 +J)™' : LYT,RY) — DCW'"(T,R"Y) is a
well-defined single-valued map. In what follows, we set K = (4 +J)~".

Claim 6. K : LY(T,RY) — D C W'P(T,R") is compact.

Because of the reflexivity of LI(T,R"), in order to prove the claim, we need to show that if
U, —u in LI(T,RY), then x, = K(u,) — K(u) =x in W"P(T,RV) as n — oo (see Section 2). We
have

Ax,) +J(x,) = u,,n=1
= (A(xn),xn)pq + (J(xn)axn)pq — (un,xn)pqa
= lelly =+ el < lluallgllxall
= {x,}us1 SWP(T,RY) is bounded

Thus by passing to a subsequence if necessary, we may assume that x,-—-x in W'?(T,RV).
Because W'?(T,R"Y) is embedded compactly in L?(T,R"), we also have that x, — x in L?(T,R")
as n — oo. Hence,

lim(A(x,) +J(x,), X, — x) pg = lim(u,,x, — ),y =0
= A(x,) = A(x) in LY(T,R")
=[x, 1772 %, =[x |77 " in WH(T,RY)

=x! — x" in LY(T,RY). (10)
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Hence, x, — x in W'?(T,R") as n — oco. We have [x,,u, —J(x,)] € Gr4, n>1, and because 4
is maximal monotone (Claim 5), GrA C L?(T,RY) x LY(T,R") is demiclosed and so [x,u —J(x)] €
GrA — A(x) +J(x) =u — x = K(u). Therefore, we conclude that K(u,) — K(u) in W'?(T,R") as
n — oo, which proves the claim.

Let N, : WhP(T,RY) — LY(T,R") be the Nemitsky operator corresponding to g,; i.e N,(x)(-) =
g:(-,x(+),x'(+)). By Krasnoselskii’s theorem, N,(-) is continuous and bounded. Set L, = —N, +J. So
L, is continuous and bounded. Then problem (8) can be written as the following abstract fixed-point
problem:

x = KL,(x). (11)
We will solve (12) using Theorem 1. Note that KL, : W'(T,RY) — W'(T,R") is compact.

Claim 7. C={x € DCW"(T,R"): x=1KL,(x),0 < A < 1} is bounded in W"»(T,R") for all ¢ > 0
small.
Let x € C. By definition we have

x=AKL,(x)with0 <1< 1
=>MA4+J) (jx) =L,(x)
= (W)X (1)) = = g (tx(0,X (1) + (AP = Dx(@)|”2x(1) ae.on T
(¢(x'(0)), —p(x'(b))) € &(x(0),x(D)). (12)
We take the inner product of the differential equation with x(¢) and then integrate over 7 =[O0, b].
We have

b b
/0 (=IO 722" (), %(2) ) dt = 277" /0 (=gt x(),x' (1), x(¢))m dt + (227" = D|x]| 4.
Using Green’s identity and hypothesis H (&), we have

b
/O (= @O0 x(0))re dt = —((x'(5)),x(5)) ey + (H(x(0),x(0))rv + [Ix'[[5 = [l'|[

b
= [|'[|2 < 27! /0 (—gu(t.x(6), X (1), () v df (since 0 < 4 < 1), (13)

By construction we have g,(¢,x(¢),x'(t)) € F(t,B,(x(t)), B,(x'(t)) + ¢B, a.e. on T.

Let I',(t) = {(u,z,e) € RY x RY x RY: g.(¢,x(¢),X'(t)) € F(t,u,z) + ¢e, |lu — x(2)|| <s, ||z —
x'(1)|| <e, |le]| <1}. Evidently, I'.(t) # () a.e. on T and by setting it to be equal to {0} on the excep-
tional Lebesgue-null set, we can have I',(z) # () for all z € T. Since g, is Caratheodory, is jointly
measurable. This combined with hypothesis H(F)(i) implies that Gr I', € ¥ x B(R") x B(R"), with
% being the Lebesgue o-field of 7. So we can apply the Yankov-von Neumann—Aumann selection
theorem (see [7, Theorem 11.2.14, p. 158]) and obtain u : T — RY,z: T — RY and e : T — R" mea-
surable maps such that (u(z),z(¢),e(t)) € I';(¢) for all t € T. Evidently, u,z,e € L?(T,R"). We have

g:(t,x(2),x' (1)) € F(t,u(t),z(t)) + ce(t) ae.on T
with [|u(?) — x(0)|| <e, ||z(¢) — X' (2)|| <&, ||e(?)|| <& for all € T.
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Using hypothesis H(F')(iii), we obtain

(gs(t’x(t)axl(t))ax(t))RN = (gs(tax(l)ax/(l))’x(t) - l/l(t) + u(t))RN
= (ga(t,x(2),x"(1)),x(t) — u(t) e + (go(t,x(£), X' (£)), u(t) )
= —|lgu(t,x(0),x'(O)|e — al|u)]|” = bllu)|"|=()I|”~
—c(O)[u|]* = [leCO)] fJu@)]].
Note that
[u@)|| < [Ju(@) = x@)]| + x| <& + [lx()]
= Ju@||” <277 e” + 277 x()[|” and  [u(0)]" <27+ 277 ()]
Similarly, we obtain ||z(¢)||7~" <27~ ler™" 4+ 277X (¢)[|P7" and [|lu(2)|]* <257 1e 4+ 257 |x(2)||f.
Using these facts we have
(—ga(t,x(2), X' (1)), x())ry < [|go(t,x(1),X"(1))||e + k(2)e + b [[x()]|"[|x" (]| 7~
+bo| (D))" + bs[lx' (77" + bal (DI + &llx(1)]] (14)
for some k € L'(T) and b, >0, k € {1,2,3,4}.

Next, we will show that for all # € T', we have that ||x(¢)|| <M with M > 0 being as in hypothesis
H(F)(iv). To this end let #(¢) = ||x(¢)||” and suppose that 7, € T is a point where r(-) attains its
maximum. Proceeding by contradiction, assume that »(¢z,) > M?. First consider the case 0 < #, < b.
We have

0="r"(to) = pllx()|” (' (t6),x(t0) v
= (X'(%),x(%))mr = 0.

So by virtue of hypothesis H(F)(iv), we can find 6 > 0 and ¢ > 0 such that for almost all t € T

we have
inf[(0,)ay + Y172 lx = x(@)I| + |y — (@)l <b,v € Ft.x, y)] =c.

Because x € C, ||x'(-)||[?~2/(-) € W(T,R"Y) and so ||x'(-)||?2x'(-) € C(T,R") (since W(T,R")
CC(T,RY)) and so ¢~ '(|[x'()]|P~2X'(-)) =x'(+) € C(T,R"), because ¢~!(-) is continuous). Hence
x € CY(T,R"Y) and we can find &, > 0 such that for all ¢ € (t,% + J,] we have ||x(¢) — x(t)| +
Ix'(#) — x'(%)]| <0/3. Let 0 < ¢<9/3. Then for ¢ € (f,t, + J;] we have

[[u(t) — x(t)|| + l|2() — (o)
<lu(t) —x@)] + [Px(2) — x(to)[| + [|2(2) — X' @) + I¥'(#) — x'(20)
0
<32-s
3

Since g,(t,x(2),x'(¢)) — ee(t) € F(t,u(t),z(t)) a.e. on T, for almost all # € T, we have
AN gt x(2),x' (1)), x(0))ry + AP (O] = 207 e + 2P e(e(t), x(8) gy
= (KO @) x(0)ay + (27 = D)[lx(@)]|”
AP W O)))P =27 e + A7 a(e(r). x(t) ey
> 2" e = ellx(0)]).
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Let ¢ > 0 be such that ¢ < ¢/||x||. We have
(O @) x (@) + A7 (@7 =277 er > 0 (61 = ¢ — x]|oc > 0).
Integrate over [ty,¢], <ty + J; and on the first integral use Green’s identity. We obtain
" (|72 (), x())my = AP ei(t — 1) > 0 (recall that (x'(2),x(fo))ry = 0)
=r'(t) >0 forall ¢t € (ty,t) + ;]
=r(t) > r(ty) forallt € (t,ty+ 1],
a contradiction to the choice of .

If z = 0, then #/(0)<0, hence [|x(0)]|”~*(x'(0),x(0))rv <0 = (x'(0),x(0))rv <0. On the other
hand since (¢(x'(0)), —p(x'(b))) € &(x(0),x(b)), by hypothesis H(&), we have ||x'(0)||7~2(x'(0),
x(0))py =20 — (x'(0),x(0))py =0 = (x'(0),x(0))gv =0 — #'(0) =0 and we proceed as before. Simi-
larly if #,=». Therefore we infer that ||x(¢)|| <M for all # € T. Also note that by virtue of hypothesis
H(F)(v), we have for 0 < e<1

lg:(£,x(0), X" ()] < [F(t,u(t),z(1))] + &llet)]]
<M+ 1)+ (6, M + 1)||x'(¢)|| + f5s  a.e. on T, for some f5 > 0. (15)
Now going back to (13) and using (14) and (15), we obtain

AN < 15 <27 (Bt + Bllx g + Bsllxll7 (157" + Bollx[l}, + Bro)
for some f; > 0,k € {6,7,8,9,10}. Hence from (16) it follows that

|lx'|| ,<M; for some M; > 0 independent of 1 € (0,1) and x € C.

This proves that C is bounded in W'?(T,R") (Claim 5).
This permits the use of Theorem 1, which gives a solution for problem (8). [J

4. Main theorem and special cases

In this section we prove an existence theorem for problem (1) and we indicate some special cases
of interest that are included in our formulation. In particular, we derive as special cases the Dirichlet,
Neumann and periodic problems. By a solution of problem (1) we mean a function x € C!'(T,R")
such that ¢(x'(-)) € WHI(T,RY), (|x'(0)||”*x'(t))Y = f(¢t) ae. on T with f € S} .., and
(p(x'(0)), —d(x'(b))) € E(x(0),x(b)). Recall that ¢ : RN — RN is defined by ¢(r) = ||r|??r.

Theorem 8. If hypotheses H(F') and H(&) hold,
then problem (1) has a solution x(-) € C'(T,RY) with ||x'(-)||P72x'(-) € W™(T,RY).

Proof. Let ¢, = 1/n, n>1, and let x, be a solution of (8) with g, (¢,x, y) on the right-hand side.
Proposition 5 guarantees the existence of x,. From the proof of Proposition 5 we know that for all
n=1

lx. ()| <M forallt €T and |x,|,<M,.
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Using these bounds together with hypothesis H(F)(v) and Eq. (8), we infer that {(||x/(-)||”~2x]
(-))'}.=1 is bounded, hence {||x\()|[”2x/(-)}.=1 C W (T,RY) is bounded. Thus we may assume
that x, = x in WH(T,RY) and ||x/()||P~2x/(-) > u in W(T,RY) as n — oco. Because W'(T,RY),
1 <r < oo, is embedded compactly in C(T,R"), we have that x, — x and ||x,(-)||”2x'(:) — u in
C(T,R") as n — oo. Since ¢~' : RY — RV is continuous (recall that ¢ is a homeomorphism), we
have that ¢~'(||x/(¢)||?~2x/(¢)) = x'(¢) — ¢ "(u(t)) as n — oo for all ¢ € T. Because x/ > x' in
LP(T,RY) as n — oo, we infer that u(¢) = ||x'(¢)||?~2x'(¢) for all t € T. Also, since Gr¢ is closed
(because ¢ is maximal monotone, see Section 2) and (¢(x,(0)), —p(x.(b))) € &(x,(0),x,(b)), we
infer that (¢(x'(0)), —p(x'(b))) € £(x(0),x(b)). Moreover, from the proof of Proposition 5, we have
that

g, (,x,(2),x.(2)) € F(t,u,(t),z,(¢)) + %e,,(t) ae.onT (16)

with ||x,(2) — u,(8)|| < 1/n, ||x'(¢) — z,(¢)|]|<1/n and ||e,(¢)||<1 for all £ € T. So u,(t) — x(¢),
z,(t) — x'(¢) and 1/ne,(t) — 0 as n — oo for all ¢ € T. Because F(¢,-,-) is usc, we have

lim sup F (¢, u,(t), 2:(¢)) C F(t,x(¢),x'(t)) forall € T. (17)

Also if g’\;;n(xn)(') = gsn('axn(')ax;z(')) € Lq(T, RN)a nz la we have that {éz:,,(xn)(')}WZI qu(Ta RN)
is bounded and so we may assume that gl"(xn)i f in LY(T,R"Y). Invoking Proposition VII.3.9,
p. 694, of Hu and Papageorgiou [7], we have that

f(t) € convlimsup{g, (x,)()},>1 ae. onT. (18)
From (16)—(18) it follows that
f(t) € F(t,x(2),x'(¢)) ae.onT, ie f €Sk vy

Therefore in the limit we have that

('O x'()Y = f(t) aeonT,

(19)
(¢(x(0)), =p(x(b))) € <(x(0),x(P))

with f* € S{. . ()x(y hence x is a solution of (1). [

Next, we present some special cases of interest that are incorporated in our general formulation.
(a) Suppose K, K, € B.(RY) and 0 € K; N K,.
Let

0 if x € Ki,x € K5,

Ories (¥15%2) = { +00 otherwise.

Then from convex analysis (see, for example, [7, Section VI.5]), we know that 00k, «k,(x1,X;) =
Ni, xk,(X1,%2) = Ng, (x1) X Ng,(x;), with Ng.(x;) the normal cone to K; at x;, i = 1,2. Thus, problem
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(1) becomes
(D)7~ (0)Y € F(t,x(1),x'(1)) ae on T,
x(0) € Ky, x(b) € Ky,
(x'(0),x(0))rx = o(x'(0), K1),
(=x'(b),x(b))ry = a(—x"(D), K3).
Note that since 0 € K, if x* € Nx.(x), then (x*,x)gv = a(x*,K;)=0, i = 1,2. So hypothesis H(&)
is satisfied and we can apply Theorem 8.

(20)

Theorem 9. If K|, K, CR" are as above and hypotheses H(F) hold,
then problem (20) has a solution x(-) € C'(T,RY) with ||x'(-)||P~2x'(-) € Wh4(T, RY).

(b) In the previous example, let K; = K, = {0}. Then Nk, (0) = Nk, (0) = R" and so problem (1)
is the Dirichlet problem, i.e.,
()| 772 (6)Y € F(ex(1),x'(1) aeon T,

x(0)=x(b)=0. 1)

Theorem 10. If hypotheses H(F) hold,
then problem (21) has a solution.

(¢) In example (a) let K; = K, = RY. Then Nk, (x;) = N, (x,) = {0} for all x;,x, € RV and so
problem (1) is the Neumann problem, i.c.,
(X' ON1P*x' (1)) € F(t,x(1),x'(t)) aeonT, 22)
x'(0)=x'(b)=0.

Theorem 11. If hypotheses H(F) hold,
then problem (22) has a solution.

(d) Let
K={xyleR" xR":x=y}
and
. O lf X =Y,
Ox(x,y) = { 400 otherwise.

Then 00x(x,y) = Nk(x,y) = K+ = {[v,w] € R¥ x R": v = —w}. Thus problem (1) is the periodic
problem, i.e.,
(X' (OP2x' (1)) € F(t,x(¢),x'(t)) aeon T, (23)
xX'(0)=x'(b), x(0)=ux(b).

Theorem 12. If hypotheses H(F') hold,
then problem (23) has a solution.
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(c) Consider the following Sturm-Liouville-type problem:

(W7 2% (1)) € F(t,x(1),¥'(1)) acon T,
x(0) — f'(0) =0, (24)
x(b) + ') =0, 7> 0.

Let &(x, y) = [1/(BP~Hp(x),1/(y?~")p(y)], where as before ¢ : RY — RN is defined by ¢(r) =
||7]|7~2r. Note that if (v, w) € &(x, ¥), then (v,x)gv=1/(S7")||x||? =0 and (w, y)ev=1/(y7"1)||y||* =0.
Thus, hypothesis H(&) is satisfied and we can apply Theorem 8, to obtain:

Theorem 13. If hypotheses H(F) hold,
then problem (24) has a solution.

Remark. It will be interesting to know if we can have Theorem 8 under a weaker measurability
hypothesis on F. Namely assume only that # — F(¢,x, y) is measurable (or even more general that
t — F(t,x,y) has a measurable selector) and that (x,y) — F(¢,x,y) is usc (see [2,3,5]). It seems
that in our approach, the crucial Proposition 3 needs the full strength of the joint measurability
hypothesis H(F)(i).
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