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Abstract

The aim of this paper is to discuss the role of hypergeometric functions in function spaces and to prove some new
results for these functions. The first part of this paper proves results such as monotone, convexity and concavity properties
of sums of products of hypergeometric functions. The second part of our results deals with the space ./ of all normalized
analytic functions f, f(0)=0= f’(0) — 1, in the unit disk 4 and the subspace

A(P)={f €.o: IneR such that Re ¢"(f'(z) — f)>0, z € 4}.

For f € .o/, we consider integral transforms of the type

1 ~
vn= [ o’
0 t
where A(¢) is a real valued nonnegative weight function normalized so that fol A(t)=1. We obtain conditions on f and
the function A such that V() takes each member of 2(f) into a starlike function of order f, ff € [0, 1/2]. These results
extend and improve the earlier known results in these directions. We end the paper with an open problem. (© 2002
Elsevier Science B.V. All rights reserved.
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1. Introduction and main results
The familiar hypergeometric function defined by the series

> b
2F1(a,b;c;z):=F(a,b;c;z) = Z MZ”
n=0

(e,n)(1,n)" (1.1)
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is analytic in the unit disc 4={z: |z| <1}. It arises naturally in the study of second order linear
differential equations with regular singular points. In (1.1), (a,0) =1 for a # 0 and the rising factorial
notation

I'(a+n)

=1,
r@ "

(a,n)=ala+1)---(a+n—-1)=
is used. To avoid division by 0, the parameter ¢ in (1.1) should be neither 0 nor a negative integer.
If a or b is 0 or a negative integer, then the power series reduces to a polynomial. The theory of
hypergeometric functions has found many applications and generalizations [4,6,7,19,20,31,50] and
the study of this theory acquired an independent status, see for more detail the recent book [6].
Until recently, there have been few attempts to look at the interconnectivity of the special functions
with geometric function theory. The use of hypergeometric functions in the proof of the Bieberbach
conjecture by de Branges has given function theorists a renewed interest to study the role of special
functions. We use certain basic facts about hypergeometric functions (see e.g. [6,24,48,51]). These
are the Euler representation

I'(c)

1
———7 | A0 =)0 =) %A (R Re b>0

F(a,b;c;z)=

the beta function formula

I'a)rao) _

Blab)=F 7 =

1
/tbl(l—t)“dt (Re a>0,Re 5>0)
0

and asymptotic behaviour of F(a,b;c;z) near z=1:

_I'(e)['(c—a—D)

F(a,b;c;1)= I'(c —a)['(c —b)

<oo, Rec>Re(a+b),

m F(a,b;a+b;z) 1
—1- log(1/(1 —z))  B(a,b)’

Re c=Re(a + b),

lim F(a,b;a+b;z) B(c,a+b—c) T(c)(a+b—c)

i1~ (1—z)ab — B(a,b) OO Re ¢ <Re(a +b).

The particular case ¢ =a-+b is called zero-balanced. When z=x, x € (0, 1), cases for Re ¢ < Re(a+
b) the above results have been extended and, in fact the results about the asymptotic approximation
have been improved in [2,45] (see also [7,12]).

Some of the results which also have impact on other areas such as number theory and algebraic
geometry, are related to the work of the Indian genius S. Ramanujan on hypergeometric functions.
The unpublished results of S. Ramanujan were edited with reconstructed proofs by Berndt (5 vol-
umes) in 1985-1996 and these results now become widely accessible. In this paper, we prove some
inequalities for hypergeometric functions of a real variable and study inclusion relations between
various subclasses of univalent functions. Some of our main results are Theorems 1.4, 3.8, 3.15 and
3.16. We now give some necessary preliminaries.
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Recall that the complete elliptic integrals of the first and second kind defined by the functions
and & for r€[0,1) are

“)‘F<2 2”) / \/1—7

é’(r)zZF( 755 L;r ) / \/1—r2sin¢pde

and their complements are defined by #”7(r)=#'(+') and &'(r)=&(") where > + r>=1. An
important property of these integrals is described by the Legendre relation

EXN +EHN — A ="

2
and a generalization of this due to Elliott [22] is
FA+4a-3-wl+i+wr)FE-Ai+vl+v+uml—r)

+F(3+Ay—vl4+itwr)F (=3 —As+vl4+v+upl—r)
—F(§+}u,%—v;l+i+,u; PE(—Agy+vl+v+ml—r)
IFA+A+wI(A+v+p
F(Z+p+v+3)I(3+n)
Clearly, the choice 2 =pu=v=0 gives the Legendre relation. Another natural generalization of the

Legendre relation was suggested in [3] by an L-function which we define as follows:
Let a,b,c¢>0, u(r)=F(a— 1,b;c;r), v(r)=F(a,b;c;r), and

La,b,c,r)y=u(r)v(1 —r)+u(l —r)o(r) —ov(r)v(l —r), re(0,1). (1.2)
n [3, Conjecture 3.16], Anderson et al. presented the following.

Conjecture 1.1. For a,b€(0,1), a+b < 1(=1), L(a,b,c,r) is concave (convex) as a function of
r on (0,1).

Motivated by this conjecture, Karatsuba and Vuorinen [30] proved the following results.

Theorem 1.2. Let a,b>0. Then

(i) Z(r) has only one extremum r=1/2,
(ii) For ¢>b with a+b>1, or —1<c#0<b with a+ b<1, we have £'(r)>0 for r>1/2 and
ZL'(r)<0 for r<1/2,
(iii) For —1<c#0<b with a+b>1, or ¢>b with a+ b<1, we have £'(r)>0 for r<1/2 and
ZL'(r)<0 for r>1/2.

In [30], Theorem 1.2 was stated for ¢>0. However, from the proof of Theorem 1.2 it is
clear that the condition ¢>0 can be replaced by 0#c¢> — 1. Now, we recall another result
from [30].



302 R. Balasubramanian et al. | Journal of Computational and Applied Mathematics 139 (2002) 299-322

Theorem 1.3. Let a,b,c>0.

(1) For c+ 1>ab/(a+b+1),
(@) if c>b,a+b>1 or c<b,a+b<1, then ¥(a,b,c,r) is strictly convex,
(b) if c>b,a+b<1 or c<b,a+b>1, then ¥(a,b,c,r) is strictly concave.
(2) (a) L(a,b,c,r)>0 for c>b,
(b) ZL(a,b,c,r)<0 for c<b,
(¢) ZX(a,b,b,ry=%(a,c,c,r)=0.
(3) Z(a,b,c,r) is constant for a+ b=1.
(4) ZL(a,b,c,1/2) is the unique extremum of the function ¥(a,b,c,r).

We improve part (1) in Theorem 1.4 in the following way:

Theorem 1.4. Let a,b,c> — 1 and let a=ua(a,b) =2 be defined by

2(a+b)+3 2ab }
tp=2
p—1 p(p—1)

oc(a,b):min{p+ (1.3)

We have

(i) if either ¢>b with a+ b>1, or 6ab/(39 + 12(a + b) + 2ab) — 1 <c<b with a+ b<1 then
L(r) is strictly convex for r € (0,1).

(i1) if either ¢>b with a4+ b<1, or ab/(a+b+2+a) — 1 <c<b with a+b>1 then L(r) is
strictly concave for r €(0,1).

The proof of (2)—(4) in Theorem 1.3 is fairly simple and hence, we do not require details. In
Section 2, we give a simple proof of Theorem 1.2 but with the help of the outline given in [30].
We also provide a straightforward proof of Theorem 1.4. Further, it does not seem to be easy to
state the precise value for the right-hand side expression of (1.3) because of the fact that the terms
involved inside the brackets depend on a,b. However, for example, for all a,b>0, it is easy to see
that

2a+b 2ab 2a+b
JAatD) 3 2ab 2D s Aat by +3
p—1 p(p—1) p—1

and therefore o(a,b) = 1+ 2+/2(a+ b) + 3 is a lower bound for a(a,b). Also, for a,b>0, one can
obtain a lower bound for a(a,b) by observing the fact that

2(a+b)+3 2ab 2ab M\ 1
e Ch) ¢ ¢ <a> +5

Zp+——= = =
p—1 p(p—1) p(p—1) 2
2. Proofs of generalization of Legendre relation

Throughout this section, we let #(r)= %(a,b,c,r). Clearly, (1.2) can be rewritten as
Lry=u(@u(l —r)y=V@r)V{ —r), (2.1)
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where

Viry=ov(r)—u(r) ie., v(r)=V(@)+ u(r).

The series expansion of the hypergeometric function gives

V(ry=F(a,b;c;r)— F(a—1,b;c;r)

_ (b, )
Z (c,n)(1,n

an—1D{(a+n—-1)—(a—1)})"

:@F(a,bJr I;c+ 1;r).
c

Moreover, the power series expansion of u(r) and v(r) imply that [3, Theorem 3.12(1), (2)]

du(r)

and

i )dv(r)

=(a—c)V(r)+ bru(r)

Differentiating (2.1) we find that

LF)=u (w1 —r)—u@)d' (1 —r)=V'@WVA =r)+ V)V —r).

=(a—Du(r) —u(r)]=(a - 1)V (r)

ie, r(1 —r)'(r)=(a —c)V(r) + bro(r).

In view of (2.2) and (2.3), (2.4) yields that

r(1=rWV'(r)={1 —c+ (a— D)r}V(r) + bro(r).

Using the derivative formulas (2.3) and (2.6), we can rewrite (2.5) as

#r)= {(a_lr)V(r)}u(l —r) - u(r){(a —bra—r)

1—r

_{V(r)[l —c+(a— l)r]—l—brv(r)} va—r)

r(l—r)

l—c+@— D1 —=r)]+b(1—rl—r)

|

+V(r) { ra -

Using the fact that u(r)=uv(r) — V(r), we can simplify the last equality to obtain
r(1 =L #)=(@+b— D[ —=rwl =r)V(r)—r@E)V( —r)

or equivalently,

1 —r)V(r)

r(l—r)

o)y —r)

L'(r)=(a+b—1) [”(

r

1—r

i

303

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Since V(r)=(b/c)rF(a,b+ 1;c+ 1;r), the last equation for #’(r) can be rewritten in the following
convenient form

(a+b-1)
c

L) = PlF(ab+ s+ 1 m)F(abies 1 —r)

—F(a,b;c;r)F(a,b+1;¢+1;1 —r)]. 2.7)

This form of representation helps us to get the proof of Theorems 1.2 and 1.4.

Proof of Theorem 1.2. Using the power series representation of the hypergeometric functions in-
volved in (2.7) we obtain

L'(r)y=@@+b—1)> [Bis— Blr*(1 —r),
k10
where
_b(a,k)b+1,k)(a,l)b, 1)
T e(e+ L) 1,k) (¢, D, 1)
and, by the definition of the ascending factorial notation, we see that
(a,k)(b,k) (a, )b, 1)
(¢, k+ 1)1L,k)(c, 1+ 1)(1, 1)

k1

Bk,l — Bl,k :(C — b) |: (k — l):| 2:(6‘ — b)Ak’l, say.

Therefore, we find that
L'(r)y=(a+b—1)c—b)> A1 —r)

k1=0
=(a+b—1)c—b)) <Z + Z) A (1 =r)!
120 \k>! k<l

=(a+b—1)(c—b)) > A {r* (1 —r) —r'(1 =1}

1>0k>1
Now, for k> [, we obtain

I L R e TR D U L s

k—1
=r'(1=r)@r - D) A=y,
n=1

which shows
=0 forallr=1/2,
>0 for all 0<r<1/2 and for (a + b — 1)(c — b) <0,
ZL'(r){ >0 forall 1/2<r<1 and for (a+b— 1)(c — b)>0,
<0 for all 0<r<1/2 and for (¢ +b — 1)(c — b)>0,
<0 forall 1/2<r<1 and for (a+ b — 1)(c — b) <0,

and the proof is complete. [
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Remark 2.1. It is easy to see that
bF(a,b+ 1;c+ 1;r)=cF(a,b;c;r) — (c — b)F(a,b;c + 1;r).

In fact, the last identity is clear if we compare the coefficients of 7" on both sides of it. Substituting
this value of bF(a,b+ 1;c+ 1;r) and the corresponding value for bF(a,b+ 1;¢+1;1 —r) in (2.7),
we find that (2.7) is equivalent to

L) = (a+b —Cl)(c —b)

[F(a,b;c;r)F(a,b;c+ 1,1 —r)—F(a,b;c+ 1;r)F(a,b;c; 1 —r)].

It is interesting to point out that if a+b=1, then Z’'(r)=0 for all » € (0, 1) so that X(a,1 —a,c,r)
is constant. However, it is proved in [3, Corollary 3.13(5)] that

Ir*(c)

Lla,1 — =
@l-acr) I'c+a—1DI(c—a+1)

which is clearly a generalization of the Legendre relation.

Proof of Theorem 1.4. Differentiating (2.7), we find that

1
2'y=@+b-1) | P D ip g 1 b+ 20+ 20 F @bl - 1)
clc+1)
+F(a,b;c;r)F(a+ 1,b+2;¢+2;1 —r)}

ab?
—7{F(a,b+ Lic+1;nF(a+ 1,b+ 1;¢+1;1 —7r)

+F(a+1,b4 Lic+ L;r)F(a,b+ Lic+ 11— r)}]

=(a+b—1)_ [(Ces+ Crx) = (Drs+ Do)l (1 =),

k1=0
where
Cab(b+1) ((a+ 1,k)b+2,k)\ ((a,1)(b,1)
M e+ 1) < (c+2,k)(1,k) ><(c,l)(l,l)>
and
H Cab? ((ak)b+1,k)\ [(a+1,0(b+1,1)
"”_c2<(c+1,k)(1,k)>< (c+ L,I)1,1) )

Again, by the definition of the ascending factorial notation, it is easy to see that

(a,k)(b,k) (a,1)(b,1)

(Crr+ Cre) = Prr + D) =0 03 1y (el + 2)(1. 1)

[E(k, 1)+ E(L,k)]
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with
E(k,l)=(a+k)b+k)b+k+1)c+)c+I1+1)
—(a+k)b+Db+k)c+1+1)c+k+1)
=(c—b)Ya+k)b+k)c+I+1)k—1+1)
so that
E(k,1)+E(Lk)=(c —b)(k — D{(a+k)b+k)c+I+1)—(a+ )b+ I])c+k+1)}
+{a+k)b+k)Nc+I+1)+(@+ Db+ D(c+k+1)}]
=(c—b)F(k]1),
where

Fk, )= (k — D*{(c + 1)k + 1)+ (c +1)(a +b) + lk — ab)
+{a+k)Yb+k)Yc+I+1)+(@a+ Db+ (c+k+ 1)}

Therefore, we have

(a+b— 1)(c—b)z ( (a,k)(b,k) (a,)(b, 1)

=Gty (c+2.k)(LK) (e +2,D)(1. 1)

> F(k,Dyr*(1 —r)".

k1=0

We claim that F(k,[)>0 for all £,/ > 0, under the hypotheses. For this we first observe that, as
F(k, 1) is symmetric over £ and [/, it suffices to assume that & > [. Clearly for k=1[, we have
F(k,k)>0 and therefore, we can assume that k=/+ p, p = 1. Also, F(I + p,/) is clearly an
increasing function of / so that F(/ 4+ p,/) = F(p,0), where

F(p,0)=(c+1D)p*+((c+1)a+b+1)—ab)p’
+((c+1)a+b+1)+ab)p+2(c+ 1)ab.

Therefore, since F(1,0)>0, it suffices to show that F(p,0) = 0 for all p > 2.

If ¢>b, then it is clear that each of the coefficients of the polynomial is positive and therefore,
F(p,0)>0 for all p > 2. This observation suggests to look at the remaining cases.

Case 1: Let a+b<1 and —1 <c #0. First, we observe that the inequality F(p,0) > 0 is equivalent
to

¢+ 1= abg(p), (2.8)

where

2
P-r
= N 22.
N = G br D tatbt)praab P

It can be easily seen that the function ¢ satisfies the condition ¢(p)<p(3) for every p = 2. It is a
simple exercise to verify this inequality for p=2,4,5,6. For p > 7, we write the equivalent form



R. Balasubramanian et al. | Journal of Computational and Applied Mathematics 139 (2002) 299-322 307

of $(p)<¢(3) as
Y(p)=6p> +[6 — 6(a+b)— 39 — 2ab]p* + [45 + 18(a + b) + 2ab]p + 12ab > 0.
Clearly, to verify this inequality for p > 7, it suffices to replace p* by 7p? (since p* > 7p?) and

use the fact that a +b<1 and ab< 1. Thus, if we replace p*> by 7p?, then the resulting equation is
clearly positive. Thus,

6ab _1
39+ 12(a+b) +2ab
is a sufficient condition for F(p,0)>0 for all p > 1.
Case 2: Let a+ b>1 and —1 <c#0. Note that
2(a+b)+3 2ab
p—1 p(p—1)

c=¢3)=

1
—  —a+b+24p+
é(p)

By (1.3), we have
n 2(a+b)+3 2ab
p—1 p(p—1)
so that ¢(p) = 1/(a+ b+ 2 + o) and the theorem follows. [

p =2

>u(a,b) =2, p=2

3. Mapping properties

Let # denote the space of all analytic functions in the unit disk 4={z€ C: |z| <1} with the
topology of uniform convergence on compact subsets and denote by .o/ the subspace of ## with the
usual normalization f(0)= f’/(0) — 1=0. The class .o/ has been studied extensively, together with
its subclass of univalent (schlicht) functions, denoted by .%. See the books [21,28,29,35,36] and the
bibliography of Bernardi [14]. The remarkable result of de Branges [15] shows that for each n > 2

o0
f(z):Z—i—Za,,Z"GV = |a,| <n
n=2
settling a conjecture of L. Bieberbach from 1916 and the proof of this conjecture relies on hyperge-
ometric functions. One of the fundamental questions in the theory of univalent functions is to ask
for coefficient univalence criteria, that is, results converse to the de Branges theorem.

Problem 3.1. Find conditions on the Maclaurin coefficients a, of f € .o/ that ensure the membership
of fin & and also f in some of its interesting subclasses.

We now give a brief outline of the known results on Problem 3.1. Along with the classes .o/ and
& several subclasses of % have been widely studied. Two such subclasses are

%(ﬁ)Z{fEd!Re<l +ij:((z))> >, zeA}, p<1,

zf'(z)
A

(yﬂﬁy:{fe&%uk< :>>ﬂ,zeA}, p<l.
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These classes are called convex of order [ and starlike of order f3, respectively. If =0 these
classes are called just convex and starlike and denoted by 2#" and &*, respectively. The names of
the classes 7" and .%* correspond to the geometric properties of the image domains of the functions
in these classes (see [21, p. 41, Theorem 2.10 and p. 42, Theorem 2.11] and [28, p. 111, Theorem
11). Given a convex function g € #" and f <1, set

%,(B)= {f € 4| 35 € R such that Re(ei"g,/((zz))> > f, zeA}. (3.2)

Now, €,(0) = %, is the class of functions close-to-convex with respect to g. Let € ={%,: g A"}
denote the class of all close-to-convex functions. The strict inclusions

NS " cC =S (3.3)
hold [21,28]. For <1, we also introduce the class

P(B)={pe #:3IneR such that p(0)=1, Re[e"( p(z) — f)]>0, z€ 4}
and define

AB)=1{f € : f'2) e P(B)}.

For 0 < <1, we have that Z(f) is included in %, but not in &*, and neither is the smaller class
R(P). The question about inclusion of Z(f) (with #=0) in ¥* was raised by Zmorovi¢ [52], and
settled in the negative through an example by Krzyz [33].

The well-known univalence criteria for functions f € .o/ can be divided roughly into two different
types (for an extensive survey of univalence results, see [8-10]). The results of the first type give
various sufficient conditions for f € .o/ to be a member in one of the classes %, .9*, ¥ and such
functions will be clearly univalent in view of (3.3). There are also studies pertaining to individual
special functions and their membership in these classes.

The theorems of the second type give univalence criteria not in terms of the Maclaurin coefficients
but in terms of conditions involving the Schwarzian derivative

d (/'@ _1(/"@Y
Si(z)=— - = ,
dz \ f'(z) 2\ f'(2)
such as Nehari’s condition
S =2’ <2, |z|<1,
or f"(z)/f'(z) such as Becker’s condition (see [13,36])
1" ()
f(z)
or some other quantities such as Epstein’s [23] univalence criteria, a generalization of the last two
criteria. There are many more important results of this type e.g. those due to Anderson and Hinkkanen
[5], Chuaqui and Osgood [17] and see also [18]. It is clear that the above two univalence criteria

impose constraints on the coefficients @,. On the other hand, we do not know any conditions on the
coefficients that would imply one of these conditions to become valid.

(1 -z

<1, |z|<]1,
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Our second problem deals with the stability of the subclasses of % under a small perturbation.
Observe first that condition (3.2) measures the nearness of f* and g: /' € ¢, means that f is in some
sense close to g and, in particular, f € %,. Thus, a refined version of Problem 3.1 is the following
one.

Problem 3.2. Given a convex function g find sufficient conditions for f €./ to be in €, in terms
of the coefficients of the Maclaurin series of f and g.

Many results on Problem 3.2 follow from the work of Ozaki [34]. More recently, Ponnusamy
[38] extended the results of Ozaki [34] and proved the following interesting theorems which contain
results concerning certain monotone conditions on the coefficients a, when these coefficients are real
and nonnegative. Ozaki’s results are the case f=0 and #=0 in Lemma 3.3.

Lemma 3.3. Let f(z)=z+ Y .2, a,z". Then we have the following:

(1) Xy nay — (n+ Da,1| < (1 — B)cosn implies that f € C(f;g) with g(z)=z/(1 — z).
(i) > = |(n = Day—1 — 2na, + (n+ a,1| < (1 — B)cosn implies that f €€ (B;g) with g(z) =
z/(1 —z)%.
(iii) >, > [(n—Day—1 —(n+Day1| < (1—p)cosn implies that f € €(p;g) with g(z) =z/(1 —z%).
(iv) Y02, [(n — Day—1 — na, + (n + Da,1| < (1 — p)cosn implies that f€€(f;g) with g(z)=
z/(1 — z + 2%).

An important subclass of .o is described in the following classical result of Fejér [25] which
deals with the case g(z)=z.

Lemma 3.4 (Fejér [25]). Let {a,} be a sequence of nonnegative real numbers such that a; =1,
and that for n =2 the sequence {a,} is a convex decreasing, i.e. 0 = a,2 — yi1 = Qi1 — ap, fOr
all neN. Then Re{> >°, a,z""'}>1/2 for all z € A.

We remark that the g’s in Lemmas 3.3 and 3.4 are associated with the functions from the set
given by

z z z z
Z’ b b b
1+ 1+z2 1+ 1+z+22

and these are the only functions in .% having integer coefficients in the power series expansion of
f e (see [27]). We remark that each of these functions maps the disc 4 onto a starlike domain.
Further, Fejér [25] proved the following coefficient criteria for starlike functions.

Lemma 3.5 (Fejér [25]). Let {a,} be a sequence of nonnegative real numbers such that a; =1,
and that, for n = 1, the quantities
da, :=na, — (n + 1)an+l and Aafl =na, — 2(” + 1)an-ﬁ-l + (n + 2)an+2

are nonnegative. Then f(z)=3_° a,z" is starlike in A.
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Monotonicity of the sequence {a,}, a, = (a,n)(b,n)/((c,n)n!), was used in [2,45] to derive explicit
bounds for the asymptotic behaviour of F(a,b;c;x) near x = 1. Several applications of the last three
lemmas to special functions were obtained in a series of papers in [38-40,46,47,42,43] (see also
[1]).

Recall that for two functions f(z)=>;2, a;z* and 92)=>22, biz* in A we define the usual
Hadamard product, or convolution, of f and g as (f *g)(z)=3 .2, arbiz*. Note that # « # C H
and o/ x .o/ C /. The Koebe function immediately shows that & x % is not included in %.

Consider integral transforms of the type

1 Z
Vi(f):/o PTOTAGIEN (3.4)

t
where A(¢) is a real valued nonnegative weight function normalized so that fol At)=1. Proper-
ties of this integral transform have been studied under suitable restriction on the A-function, see
[26,40,41,11]. This interesting linear operator was also studied by Fournier and Ruscheweyh [26] to
solve a special problem when A(z)=(1+y)t’, y> — 1, and the method used by them is the duality
theory developed mainly by Ruscheweyh (see [49]). We want to look at a more general integral
operator with this setting. For example, consider the convolution operator (see [39]) as taking the
convolution between functions f(z)=> 7, a;z* in .o/ and a normalized hypergeometric functions
of the form zF'(a,b;c;z):

[e.o]

I'(c) ZF(a—i—n)F(b—i—n) -

Hone ()= e 1) =2F (@b552) % [0 = 10 is > ol o m ™17

n=0
Note that H, ;..(z/(1 —z))=zF(a,b;c;z). For a=1, the Euler’s representation immediately gives
_ I
I'(b)I'(c —b) Jo
In [16], Carlson—Shaffer studied this operator under certain restrictions on the parameters b, c. On the
other hand, the more general operator H, ;..(f) is well studied (see [39—41]). The simplest cases,
Hi12(f), Hi23(f) and Hy pp+1(f), b>0, are popularly known as Alexander, Libera and Bernardi
operators, respectively. It is well known that
Hio() LS Hiap(S)L S

Here it is interesting to raise the following

1
Hy po(f(2))= (1 - t)ﬁ”*@dt, Rec>Rebh>0. (3.5)

Problem 3.6. Find the exact range of the triplets (a,b,c) so that H,;.(¥) C <.

Partial answer for this problem is found in [38,39,47]. Now, we recall the following well-known
result from the work of Balasubramanian and Ponnusamy in [11].

Theorem 3.7 (Balasubramanian and Ponnusamy [11, Theorem 1.4]). Let b,c>0 and y€][0,1/2].
Suppose that b,c,y are related by any one of the following conditions:

(i) b€(0,3] and ¢ = b+ 1 with y=0,
(i) b€ (0,2] and ¢ = b+ 1+ 2y with ye(0,1/2].
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If Bp.. is given by
Bre I /1 Py et [LEr == 2y loa(140)
1= PBre I'(b)'(c —b) Jo (I=p+2) A=y t
then Hy po(#(B)) C S*(7).

dz,

Now, our aim is to give a more general form of Theorem 3.7. For this, we define ¢ by

(1 —0)=1+> by(1—1)",

n=1

where b, > 0 for each n > 1, and consider
1
L )
Parel f@N= [ 20T ar with 0=t - oy g -,
0

where C is a constant satisfying the condition that fol AM)=1.

Theorem 3.8. Let a,b,c>0, y€[0,1/2], A(t) and ¢p(1—t) be defined as above. Suppose that a,b,c,y
are related by any one of the following conditions:

(i) b€(0,3] and ¢ = a+ b with y=0,
(ii) 5€(0,2] and ¢ = a+ b+ 2y with y<(0,1/2].

Suppose that = f,p.. is given by
B ! {l—ky—(l—y)t 2y log(1+1)
=— [ 2 — ds.
e e ROl e e e
Then, Py (Z(B)) C S*().

Remark 3.9. In the proof of Theorem 3.8, we observe that the condition of ¢(1—¢) can be weakened.
For instance, it suffices to assume that ¢(1 —¢)>0 and ¢'(1 —¢) =0 on (0,1).

The following Lemma is crucial in the proof of Theorem 3.8.

Lemma 3.10 (Ponnusamy and Renning [41]). Assume A is integrable on [0,1] and positive on
(0,1). Assume further that

A(t)
(1 +6)(1 =)+’
is decreasing on (0,1). IfA(t):ft1 A(s)ds/s, and = (1) is given by
g L+y—(1—=p)¢ 2y log(l+1)
5, M{ G-pd+n 1-3 o« %
then we have V,(%(f)) C S*(y), 0 <y < 1/2.




312 R. Balasubramanian et al. | Journal of Computational and Applied Mathematics 139 (2002) 299-322

The presence of the factor ¢(1 — ¢) in Theorem 3.8 is important in the sense that special cases
give some interesting applications as we see in the following two corollaries. For example, a special
choice of ¢(1 —t) yields the following result which generalizes Theorem 3.7.

Corollary 3.11. Let a,b,c>0 and y€[0,1/2]. Suppose that a,b,c,y are related by any one of the
following conditions:

(i) b€(0,3], ac(0,1] and ¢ = a+ b with y=0,
(i) b€(0,2], a€(0,1] and ¢ = a+ b+ 2y with y€(0,1/2].

Suppose that = Pup. is given by

ﬁ _ F(C) lb*l _ y\¢c—a—b C—(l,l—a 1
-5 F(a)F(b)F(c—a—b+1)/0[ (=0 F(c—a—b+1’1 [>

1+79—(1—9y) 2y 10g(1~|—t)] df

(I—y)(1+1) (A—y) ¢
Then, Hup((B)) C (7).

For the proof of the Corollary 3.11, we require the integral representation of H,;..(f) in the
form (3.4). To get this, we let f(z)=> .2, axz* and obtain

_T(e) =T(a+mI(b+n) .
Hype(f(2)) = F(Q)F(b); e mI( o m ™ -,
Now,
I'(a+n)I'(b+n) I'(b+n)

=F(c—al—a,c—a+n+1;1)

I'(c+n)I'(1+n) I'(c—a+n+1)

B oo (c—a,m)1 —a,m) I'b+n)c—a—b+1,m)
_%(c—a—bvtl,m)(l,m) <(c—a+n+1,m)F(c—a+n+1))

o0

B 1 (c—a,m)(1 —a,m)
_F(c—a—b—l—l)mz(c—a—b—l—l,m)(l,m)

=0

I'b+n)l'(c—a—b+m+1)
X< I'c—a+n+m+1) >

o0

B 1 (c—a,m)(1 —a,m)
N F(c—a—b—i—l)mz(c—a—b—i—l,m)(l,m)

=0

1
% </ thrn—l(l _ t)c—a—b+m dt>
0
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and therefore, we can write

_ I'(c) S
1QWU@»—Fwﬁwﬂu_a_b+U§;%ﬂ

: - (c—a,m)(l _aam) m b—2 c—a—b n+1
x/o (;(c—a—b+l,m)(l,m)(l_t)t (1—1) (1) dt

_I'(e)I'(c—a—b+ 1)~!
N I'(a)[(b)

/ltb_z(l e (€T T reya
X — 01—
0 c—a—b+1’ =

where we assume that Rea >0, Reb>0, and Re(c + 1)>Re(a + b). Hence, we have the following
integral representation of form (3.4)

auuv»—/ i g

where

At = I'(c) th_l(lt)c_a_bF< c—a,1—a lt>

I'@)rb)yr(c—a—»b+1) c—a—b+1’
Now, the proof of Corollary 3.11 is a consequence of Theorem 3.8 if we choose
o1 — )= F( coal-a >
—a—b+1’°
and the constant C as
_ I'(c)
I'a)(b)I'(c—a—b+1)

Corollary 3.12. Let a>0, p>=1, y€[0,1/2] and a, p,y be related by one of the following condi-
tions:

(i) ae(—1,2) and p = 1 with y=0,
(i) ae(—1,11 and p =1+ 2y with y€(0,1/2].
Suppose that f is given by

B (A+ay [1, a1+ y=QQ=yx 2y log(l+1)
gy, et [
Then for [ € R(P), the function @ ,(a;z) * f(z) defined by

cbp(a;z)*f(z)=<zl 812,, ) f(z)= F—i(—a))l’/(l /)P~ f(iz) dt

belongs to *(y).
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Part (i) in Corollary 3.12 extends Theorem 2.3 in [32]. Indeed, the range of a obtained in [32] is
(—1, 1] whereas in our result it is (—1,2]. Further, Part (ii) of Corollary 3.12 is new and it improves
Theorem 2.3 in [32]. Similarly, Corollary 3.11 extends and improves Theorem 2.4 in [32]. Moreover,
our method of proof is slightly different from that of [32]. Several other properties of the integral
transform defined by @ ,(a;z) * f(z) have been obtained in [42].

Now, we consider another integral transform studied by Ponnusamy in [40] and by Ponnusamy
and Renning in [41]. Define

(1 — e
/1(1‘): % forb#a,a>—l, b>—1,

t“log(1/t) forall b=a, a> — 1.

(3.6)

Since Gy(a,b;z) defined by

o (1+a)1+b) ,
Gf(a’b’z)_<;(n+a)(n+b) ) /@)

is symmetric in @ and b, we can without loss of generality, assume b>a in the cases where b # a.
That is we deal with the integral transform
D(b+1
(“+)(+)/ N = Y fi2)dt, b>a> — 1,
Vi(f)=Grla,b;z) =
(a+ 1)2/ “og(1/t) f(tz) dt, a>—1
0

and in this case, we have

Corollary 3.13. Let b> —1, a> —1, y€[0,1/2] and a,b,y are related by any one of the following
conditions:

(i) ae(—1,2], b>a with y=0,

(i) ae(—1,1], 0<b—a < 5/2 with y€(0,1/2],

(i) ae(—1,2], b=a with y=0,

(iv) ae(—1,1], b=a with y€(0,1/2].

Suppose that A(t) is defined by (3.6), and [ is given by
B / ;h()[l—l—y (L= 2y log(l+1) dr
- (I=-p+n A=y
Then for f € R(P), the function Gs(a,b;z) € S*(y).

Corollary 3.13 gives the precise information about the order of starlikeness of G(a, b;z) which is
discussed in Section 3 of [41] is only for certain special cases. The proof of Corollary 3.13 not only
simplifies the proofs in [41] but also can be easily seen that it extends the range of these parameters
for the case y € (0,1/2].
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Next we recall

Lemma 3.14. Let ;<1 and f,<1. Then the following inclusions hold:

(1) With 1 —6=2(1 — B1)(1 — B2), we have R(P1) * Ro(f2) C R(d), or equivalently
(1) 2(P1) * Po(2) C 2(9);

(i) 2(0)* Ro(1/2) C Z(0)NF* for 6=(1 —21og2)/(2 —21log2) ~ —0.629.
(iii) Z(B1) * R(By) C F* provided (1 — By)(1 — B2)<[4(1 —log2)]™' ~ 0.8145.

Part (i) of Lemma 3.14 is in [40], Part (ii) of Lemma 3.14 is a combination of Lemma C of [37]

and Corollary 1 in [26] (see also [41]) whereas Part (iii) is in [44, Theorem 2, p. 141].
Now, we state our next results on geometric criteria for analytic functions.

Theorem 3.15. Let a,b satisfy either a,b>0, or ac€C \ {0} with b=a. Suppose that 0#£c >
max{0,a +b— 1,[(a + 1)(b+ 1) —2]/2} and c satisfies the condition

6¢> +6¢(2—ab—a—b)+22—a—b)1 —a—b—2ab)+ab(a—1)b—1)>0. (3.7)

Let
B abl4(c+ 1) —(a+ 1) b+ 1)]
Bo=1— 1D <l. (3.8)
Define ¢(z) by the integral transform
q’)(z)—(l—/l)z—i-/l/OZF(a,b;c;t)dt, i_l—lﬁ' (3.9)

Then we have the following:

(1) For B < Py, the function ¢(z) is starlike and close to convex w.r.t z and —log(l — z).
(2) For fe€R(Pr), the function ¢(z)* f(z) is starlike in A and is in #Q2P, — 1) provided [, =
(3 —41log2)/(4(1 —log2)) =~ 0.186.

A counterpart of Theorem 3.15 for the confluent hypergeometric function is the following:

Theorem 3.16. Let a,c>0 and i <1. Suppose that

2a — 19 + V/4a® + 84a + 181 3(a—2)++/3(a+2)a+4)
= Oy = .
6

o = 5

10

(3.10)

Let

_a[4c—|—3—a]

Po=1 de(c + 1)

(3.11)
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and ¢ = max{o,0}. Then, under the above hypotheses, the conclusions (1) and (2) in Theorem

3.15 hold for the integral transform
Q”(Z):(l—/l)z—i—/l/ D(a,b;c;t)dt, }Lzllﬁ’
0 —

Po and ¢ as above.

4. Proofs of geometric properties of hypergeometric function

Proof of Theorem 3.15. Note that the function ¢(z) defined by (3.9) can be rewritten as

B (c—1)
d(z)=(1 —/l)z—i-/l—(a_ Do -1

[e.9]
J— n
=z+ E a,z"”,
n=2

where a; =1 and
(a,n—1)b,n—1)
a, = 5
(1 =p)e,n—1)(1,n—1)
A simple computation gives

2a; — 4a; + 3a; = 1_2ﬁ[ﬂo - Bl

which is positive. For n > 2, we have

[Fla—1,b—1;c—1;z) — 1]

B < Po.

Aa, =na, — (n+ 1)a, 1

~(a,n—1)b,n—1)
=0 Benn (et ma=b)F2et2—(at D+ 1]

and
ay

A_an:na,,onJrla,, +(n+2)a,n = M
( Yan1 + ( )an+2 Crmern—DntD)

(n),
where
Mm)=[(c+2—a—b)n*(c+1—a—b)+n(c—1+a+b—2ab)]
—(a —1)(b — 1)(2¢ — ab)].

From the proof of Lemma 3.3 in [39], it follows easily that the hypotheses of Lemmas 3.3 and 3.5
are satisfied. Thus, the function ¢ is starlike and close to convex w.r.t z and —log(1 — z).
(2) Let f € 2(p1). Define g(z)=((1 — 1)z + 1zF(a,b;c;z)) * f(z). Then, we have

g'(@)=((1 = 1)+ IF(a,b;c;2)) * f'(2) = ¢/ (z) * f'(2).
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By (1), we find that ¢ € Z(0). Therefore, by Lemma 3.14(iii) with f, =0, it follows that the
convolution ¢(z)* f(z) is starlike in 4. Using Lemma 3.14(i) with f, =0 and the fact that ' € Z(f,),
we immediately get that the function g(z) belongs to #(5), with §=1—-2(1 — ;). O

Proof of Theorem 3.16. The proof of this theorem follows along the same lines as that of the proof
of Theorem 3.15 and [39, Lemma 3.5]. So we omit the details. [J

Proof of Theorem 3.8. Without loss of generality, we can omit the normalization constant C >0 and
consider

1
A(t):/ A(s)ds/s,
with
() =121 — )T p(1 — 1), (4.1)

where ¢(1 —¢) is described as in the hypothesis. In order to apply Lemma 3.10 with y €[0,1/2], it
suffices to show that

A1)

)=
g( ) (1 + t)(l _ [)1+2y
is decreasing on (0,1). Taking the logarithmic derivative of g(¢) and using the fact that
At
Awy=-"0,
t
we have
g _ M) 20+ +7)0)
g(t) tA(t) 1—¢ '

Thus, using the last expression for A(¢) we find that ¢'(¢) < 0 for 1€ (0,1) is equivalent to the
inequality
(1 =)t 1A>t)

Y(t)=2A(1) — NNy

<0 forrte(0,1). (4.2)

Clearly y/(1)=0 and, we note that if y(¢) is increasing on (0,1) then g(¢) is decreasing on (0,1) and
the proof will be complete. In view of this observation, it suffices to prove that y(¢) is increasing
on (0,1). To prove this, we compute /() explicitly and after a simple calculation we find that

1 — 2! 2y 1 147y

ft:({zt@_++}_yt}
v P+ (1 4y ) 1—t ¢t y+(1+y) )

and therefore, 1//(¢) > 0 on (0,1) is equivalent to the condition that

A1) t(1—=t)(1+7y)
t(1—1) Y+ (1 +9)

[—2yt Fl—1+ } > (1) (4.3)
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Using the definition of A in (4.1), we find that
K()y=2 A =) (1 = ){(b = )1 = 1) = (¢ —a = b)t} — t(1 = )¢'(1 — 1)]

and therefore, a simple calculation proves that (4.3) is equivalent to

t(1—)(1+7y)
7+ (L4

¢'(1—1)
(1 —1)

It remains to show that this inequality holds for all # € (0, 1). First we note that the right-hand side
of the last inequality is nonpositive for all # € (0, 1). If we assume that y =0, then the left-hand side
becomes (1 — t)(3 — b) + t(c — a — b) which is nonnegative for ¢ € (0,1) whenever b€ (0,3] and
c=za+b. If y€(0,1/2], then, for the validity of the last inequality, the necessary conditions are
0<b <2 and ¢ =a+ b+ 2y. Thus, we complete the proof. [

(1-8)2—-b)+tlc—a—b—-2y)+ = —t(l—t)———

Proof of Corollary 3.12. Choose

p—1 _ _ _ p—1
H(1 — )_<Iog(1/t)> _( log(1 — (1 t))>

t 1—1¢

and
(1+a)?
I'(p)

The desired conclusion follows from Theorem 3.8. [

Mt)= (1 — )P Lp(1 —1).

Proof of Corollary 3.13. Clearly, from the proof of Theorem 3.8, it suffices to verify inequality
(4.3) for the A(t) defined by (3.6).
Let A(¢) be defined by (3.6). If b>a> — 1, then inequality (4.3) is equivalent to

_ 4b—a _ _ ( t)(l + 'V) _ pyb—a _
(1—1¢ )[(1 t) 2yt+—+(1 o ] (a—=bt""")1—1¢), te(0,1) (4.4)
and if a =5, inequality (4.3) is equivalent to
=0+ _ _
log(1/1) [(1 _t)_z/t+H—UW] = (—1+alog(l/t))(1 —1t), te(0,1). 4.5)

Thus, our aim is to verify these two inequalities for the four cases mentioned in Corollary 3.13. The
cases where y =0 are easy and the cases where y €(0,1/2) need some work.
Case (i): Let ae(—1,2], b>a and y=0. For y=0, (4.3) is equivalent to

P72 -b)—(2—-a) <0
which is clearly true. Indeed, for b > 2 and a < 2, the above inequality is trivial. If <2, we have
P2 -b)<2-b)<2—a

so the required inequality follows.



R. Balasubramanian et al. | Journal of Computational and Applied Mathematics 139 (2002) 299-322 319

Case (ii): Assume a€(—1,1], b>a and y € (0,1/2]. Then, inequality (4.3) is equivalent to
(b—a)t*%(1 —1t) - (1 —0)(1+7y)

= —t)a—1)+ 2yt — , te(0,1). 4.6
e 2 00— )2 = S e (4:6)
For y€(0,1/2], it is clear that
(I+7y)
R(y):=——"  >R(1)2)=
@) Y+ (1479t (1/2) 14 3¢

and therefore, (4.6) holds for each y € (0, 1/2] provided that it holds for y=1/2. Thus, we see that
the inequality (4.6) for y=1/2 is equivalent to
(b—a)l—1) 3t(l — 1) 2(3t—1)
—— > -0)b-1 t— — —_
1 — e ( X )+ 1+ 3¢ 3t+1

and hence, it suffices to verify this inequality for all € (0,1). Allowing ¢+ — 0, we observe that
a < 1 is a necessary condition for the truth of (4.6) for all £ € (0,1). Now, for the sake of simplicity,
we make the substitution » —a=d and t=1 — x so that (4.7) becomes

dx 2(2 — 3x)

—(1—t)b—a+a—1)+ (4.7)

— > -1 4.8
=1 —nyd =@ ta- et = (4.8)
and, since a < 1, it suffices to verify (4.7) for a=1, that is,
dx 2(2 — 3x)
——>d ———~ forxe(0,1). 49
—(Q_nyi = T g5, forxe@D (4.9)

If the right-hand side of (4.9) is nonpositive, then it is clearly true. When the right-hand side of
(4.9) is positive, we can rewrite this inequality as

1—(6fx—x)d > dx + % for x € (0, 1).
After a simple computation, the last inequality is seen to be equivalent to
3x2d
(1 —x)d L +x(1 —d) < m
or, by the power series representation,
o0
D ax">0 (4.10)
n=2

with

4 \2 n!
Note that
d(5 —2d
azzi( 5 )>

L _3d <3>”‘2_ (d—1)d)d+1)---(d+n—2)

0 ford <5/2
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and by induction (or directly) it can be easily seen that d < 5/2 is a sufficient condition for a, to
be nonnegative for all n > 2. Thus, inequality (4.10) holds and we complete the proof of this case.
Case (iii): Let ae(—1,2], b=a, and y=0. Then, inequality (4.5) simplifies to an equivalent
inequality (2 — a)log(1/¢t)> — 1 which is trivially true for all 1€ (0,1) as a€(—1,2].
Case (iv): Let ae (—1,1], a=b and y €(0,1/2]. In this case, inequality (4.5) can be rewritten as

1—¢ (1 —1)(1+7)
fog(11) >(a—1)(1—t)+2vt——y+(l+y)t )

and, therefore, by the same reasoning as in Case (i), it suffices to verify (4.11) only for y=1/2.
Putting y=1/2 in (4.11), we obtain

t€(0,1) (4.11)

- 261 — 31)
og(/ny = @~ D=0 =—7=

Its behaviour near ¢t =0 shows that a < 1 is necessary condition. Further, we note that (4.12) holds
if this inequality is true for a=1 since by assumption a € (—1,1]. Now, we need to prove (4.12)
for a=1. However, for a=1, (4.12) is clear for ¢ €(0,1/3] and therefore, it suffices to check the
inequality

, te(0,1). (4.12)

-t _ 21130
log(1/t) = 1+ 3t

for t€(1/3,1).

As in the proof of Case (i), it can be easily verified that this inequality holds for all z € (0,1). The
proof is complete. I

5. Conclusion

We conclude the paper with a remark and an open problem. In the recent past, several articles
appeared proving that certain special functions (mainly related to gamma and polygamma functions)
are not only positive, decreasing, and convex, but even completely monotonic. Hence, it is natural
to raise the following

Problem 5.1. Does any of the investigated functions and also its various generalizations have also
these properties?
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