Journal of Computational and Applied Mathematics 228 (2009) 219-225

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Quicksort algorithm: Application of a fixed point theorem in
intuitionistic fuzzy quasi-metric spaces at a domain of words

Reza Saadati*®*!, S. Mansour VaezpourP®, Yeol J. Cho ¢

2 Faculty of Sciences, University of Shomal, Amol, Iran

b Department of Mathematics and Computer Science, Amirkabir University of Technology, 424 Hafez Avenue, Tehran 15914, Iran
¢ Department of Mathematics Education, Gyeongsang National University, Chinju 660-701, Republic of Korea

4 RINS, Gyeongsang National University, Chinju 660-701, Republic of Korea

ARTICLE INFO ABSTRACT

Articl_e history: In this paper, we apply an intuitionistic fuzzy quasi-metric version of a fixed point theorem,
Received 24 March 2008 to obtain the existence of solution for a recurrence equation associated with the analysis
Received in revised form 1 August 2008 of Quicksort algorithms.

© 2008 Elsevier B.V. All rights reserved.
Dedicated to Prof. M.R. Mokhtarzadeh

MSC:
47H10
54E50

Keywords:

Domain of words

Quicksort algorithms
Intuitionistic fuzzy metric spaces
Completeness

Fixed point theorem

1. Introduction and preliminaries

In this section, using the idea of intuitionistic fuzzy metric spaces introduced in [1-3] we define the new notion of
intuitionistic fuzzy metric spaces with the help of the notion of continuous t-representable (see [4]).
Lemma 1.1 ([5]). Consider the set L* and operation <;« defined by:
L* = {(x1,%) : (x1,%) € [0, 11> and x; +x, < 1},
(X1, X2) <px (Y1, y2) <= x1 <y and x, > y,, for every (x1, x2), (y1,y2) € L*. Then (L*, <;+) is a complete lattice.
Definition 1.2 ([6]). An intuitionistic fuzzy set #, , in a universe U is an object 4, , = {(¢4(u), n4(u))|u € U}, where,

forallu € U, ¢4(u) € [0,1] and n4(u) € [0, 1] are called the membership degree and the non-membership degree,
respectively, of u in 4, ,, and furthermore they satisfy ¢, (u) + n,(u) < 1.
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We denote its units by 0;+ = (0, 1) and 1+ = (1, 0). Classically, a triangular norm * = T on [0, 1] is defined as an
increasing, commutative, associative mapping T : [0, 11> — [0, 1] satisfying T(1,x) = 1% x = x, forallx € [0, 1]. A
triangular conorm S = ¢ is defined as an increasing, commutative, associative mapping S : [0, 1> — [0, 1] satisfying
5(0,x) =00 x =x,forall x € [0, 1]. Using the lattice (L*, <;+) these definitions can be straightforwardly extended.

Definition 1.3 (/5]). A triangular norm (t-norm) on L* is a mapping 7 : (L*)?> — L*, satisfying the following conditions:
(Vx € L*)(T (x, 1;x) = x), (boundary condition)
V(x,y) € (L)*)(T (x,y) = T (y, X)), (commutativity)
~Vx,y,2) € UNT &, T, 2)) = T(T(x,Y),2)), (associativity)
V&, X, y,y) e MY (x<pxx andy <« ¥y = T(x,y) <i» T (¥, ¥)). (monotonicity)

If (L*, <;x, 7) is an Abelian topological monoid with unit 1+, then 7 is said to be a continuous t-norm.

Definition 1.4 (/5]). A continuous t-norm 7~ on L* is called continuous t-representable if and only if, there exist a continuous
t-norm * and a continuous t-conorm ¢ on [0, 1] such that, for all x = (x1, x),y = (y1,y2) € L*,

TX,Y) = (X1 %Y1,X0¥2).

Now, define a sequence 7" recursively by 7! = 7 and
7D, LDy = (7 D, L k™), x(HD)

forn > 2 and x® e [*,
For example, 7 (a, b) = (a;by, min(a, + b,, 1)) foralla = (a;, a;) and b = (by, by) in L* is a continuous t-representable.

Definition 1.5. A negator on L* is any decreasing mapping & : L* —> L* satisfying & (0;x) = 1+ and N (1;x) = 0.

If ¥(N(x)) = x, forall x € L* then  is called an involutive negator. A negator on [0, 1] is a decreasing mapping

N : [0,1] — [0, 1] satisfying N(0) = 1 and N(1) = 0. N; denotes the standard negator on [0, 1] defined as, for all
€ [0, 1], Ns(x) = 1 — x. We show (Ng(A), L) = Ns(X).

Definition 1.6. The t-norm 7 is HadZic type if for given ¢ € (0, 1) there is § € (0, 1), such that
TT(N:(8),s ooy Ns(8)) >1x Ns(e), meN.

A typical example of such t-norms is

A(a, b) = (min(ay, by), max(az, by)) ,
in which a = (a4, a;) and b = (b4, by) are two elements of L*. The pair (X, d) is said to be a quasi metric space, if X is an
arbitrary (non-empty) set, and d is a mapping from X into [0, 4-00), satisfying the following conditions for everyx, y, z € X:

(i) d(x,y) =d(y,x) = 0ifand only ifx = y;
(il) d(x,y) < d(x,2) +d(z,y).

Definition 1.7. Let M, N are fuzzy sets from X2 x [0, +00) to [0, 1] such that M(x, y, t) + N(x, y, t) < 1forallx,y € X and
t > 0.The 3-tuple (X, My n, T7) is said to be an intuitionistic fuzzy quasi-metric space if X is an arbitrary (non-empty) set,
is a continuous t-representable and My y is a mapping X? x [0, +00) — L* (an intuitionistic fuzzy set, see Definition 1.2)
satisfying the following conditions for every x,y,z € X and t, s > 0O:

(@) Myn(x,y,0) = 0px;

(b) Myn®, Y, t) = Myn©,x,t) = 15+ ifand only if x = y;
(€) Mun&x, Y, t+5) > T(Myn(X, 2, t), Myun(z,Y,9));
(d) Mmn(x,Y, ) : [0, 00) —> L* is left continuous.

In this case, My y is called an intuitionistic fuzzy quasi-metric. Here,
MunE, Y, t) = (MK, y,t), N, y,1)).

Note that an intuitionistic fuzzy quasi-metric space (X, My n, 7) satisfying for all x, y € X and ¢t > 0 the symmetry axiom
My N, Y, t) = MyN(©, X, t) is an intuitionistic fuzzy metric space [4].
If the intuitionistic fuzzy quasi-metric space (X, My y, 7) satisfies the condition:

lim My n(x,y,t) = lim My n (Y, X, t) = 1,
t—00 t—o0

then (X, My n, 7) is called Menger intuitionistic fuzzy quasi-metric space. If (X, My, 77) is an intuitionistic fuzzy quasi-
metric space then (X, =M,;,}N, J7) is an intuitionistic fuzzy quasi-metric space, where M,\_/,}N(x,y, t) = Mun@,x,t).
Moreover, if we denote by :M}'V,,N the fuzzy setin X2 x [0, +00) given by

My &Y, D) =T (Myn X, Y, 0), My 'y (%, , D),
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then (X, M;V,N 77) is an intuitionistic fuzzy metric space. Let (X, My n, 7°) be an intuitionistic fuzzy quasi-metric space. For
t > 0, define the open ball B(x, r, t) with center x € X and radius 0 < r < 1, as
Bx,r,t) ={y € X : Mun(x,y,t) >1=(Ns(r), 1) = Ns(r)}.

A subset A C X is called open if for each x € A, there existt > 0and 0 < r < 1such thatB(x, r, t) C A for example ¥ and X
are two open sets.

Proposition 1.8. Let Uy, ..., U, be n open sets in an intuitionistic fuzzy quasi-metric space (X, My n, 7). Then, ﬂ?:l U; is open
in (X, MM_N, T)

Proof. Let x € ﬂ?;l U, thenx € U;foreveryi = 1,2,...,n. Since U/s (i = 1,2,...,n) are open then there are
1 € (0,1) and t; > 0, such that B(x, r;, t;) € U;. Putr = min{r;} and t = min{t;} in whichi = 1,2, ..., n. Then, we
have B(x,r,t) C B(x, r;, t;) € U;foreveryi=1,2,...,n Hence B(x,r,t) C ﬂ;;l U. O

Proposition 1.9. Let {U,}n.en be a sequence of open sets in an intuitionistic fuzzy quasi-metric space (X, My n, 7). Then
Uren Un is open in (X, My n, 7).

Proof. The proof is the same as classical case see [7]. O

Let 7, y denote the family of all open subsets of X. Propositions 1.8 and 1.9 imply that t,,, , is a topology. T, , is
called the topology induced by intuitionistic fuzzy quasi-metric.

A sequence {x,} in an intuitionistic fuzzy metric space (X, My n, ) is called a Cauchy sequence if for each ¢ > 0 and
t > 0, there exists ng € N, such that

My, Xns Xm, £) > Ns(€),
and for each n,m > ny. The sequence {x,} is said to be convergent to x € X in the intuitionistic fuzzy metric space

(X, Muy.N, T) and denoted by x, M x if My (X, x,t) —> 1;» whenever n — oo for every t > 0. An intuitionistic
fuzzy metric space is said to be complete if and only if, every Cauchy sequence is convergent (see [4,1]).

A sequence {x,} in an intuitionistic fuzzy metric space (X, Mpy n, 7) is called a G-Cauchy sequence if limy_, oo Mp1 N (X,
Xnyp, 1) = 1+ foreach t > 0 and p € N. An intuitionistic fuzzy metric space is said to be G-complete if and only if, every
G-Cauchy sequence is convergent.

Definition 1.10. A sequence {x,} in an intuitionistic fuzzy quasi-metric space (X, My n, 7) is G-Cauchy if it is G-Cauchy in
the intuitionistic fuzzy metric space (X, M}, v, 7).

Definition 1.11. An intuitionistic fuzzy quasi-metric space (X, My n, 7) is called G-bicomplete if the intuitionistic fuzzy
metric space (X, M}V, ~» T) is G-complete. In this case, we say that My y is a G-bicomplete intuitionistic fuzzy quasi-metric
onX.

Lemma 1.12. Let (X, My n, T) be an intuitionistic fuzzy quasi-metric space. Then, My n(x, ¥, t) is nondecreasing with respect
tot, forallx,yinX.

Proof. The proof is the same as intuitionistic fuzzy metric space (see [4]). O

Example 1.13. Let (X, d) be a quasi-metric space. Let M and N be fuzzy sets on X2 x (0, co) defined as follows:

t d(x,y) )
t+dix,y) t+dx,y) /)’

My &, Y, 1) = (M, y, ), N(x,y, 1) = (
Then, (X, M,‘{,LN, A) is an intuitionistic fuzzy quasi-metric space.

2. The Banach fixed point theorem in intuitionistic fuzzy quasi-metric space

A IB-contraction on an intuitionistic fuzzy quasi-metric space (X, My n, 7) is a self mapping f on X, such that there is a
constant k € (0, 1) satisfying

Mig N, F W), KO =10 My (X, 1), (2.1)
forallx,y e Xandt > 0.
The following theorem is an extension of Alaca et al.’s theorem [8].

Theorem 2.1. Let (X, My n, T) be a G-bicomplete Menger intuitionistic fuzzy quasi-metric space. Then every IB-contraction on
X has a unique fixed point.
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Proof. Letx € X and x, = T"x (n € N). By (2.1) and induction we get

i i t
Mgy Kns X1, £) 21 My g (x, X1, k—ﬂ)

forallnand t > 0. Thus for any positive integer p we have

i - 1
‘M;VI,N (Xn, Xn4p» t) = T (Muyn&n, Xn4p>» t), MM’N(XTH Xn+p, t))

[ t t
>p 7| 70! (eMM,N (Xn, Xn41, E)) oo MuN <Xn+pflv’"1+ﬁ7 5) ’
—p—1 -1 t -1 t
J =/"t)\/],N Xns Xn41, — s ey MM,N Xn4p—1> Xn4p> —

p p
It _rvpfl t t
Zp T |7 Mun (XX — ) ), My | XX, —— ),
L pk pkn
t t
TP M, [ %ox, — ) ) Myt (% X0, —
( N ( ! pk”>> M pen

taking n — oo in the above inequality, then we have

nhengo eMIlV,,N(Xn, Xn4ps t) = 1,
i.e,, {x,} is a G-Cauchy sequence, hence convergent. Call the limit y. Then we have

My (T, . 0) = T (Mun(Ty, ¥, 0), My'N(Ty,y. 1))

- " ¢
> T T (MM,N (Ty, Txy, 5)) , T (MM,N (Xn+1,y, 2)) ;
lrad -1 t -1 t
J MM,N Ty, TXn, 5 N T ‘MM,N Xn+17y7 5
Irad -r~ t T t
> T _J My | Y, Xn, oK ST | My | X041, Y, 5) )
[ 41 t 7 m1 t
J MM,N Y, Xn, ﬂ , J MM,N Xn+1,Y, 5 s

taking n — oo in the above inequality, then we get Ty = y, a fixed point. To show uniqueness, assume Tz = z for some
z € X.Then

. . . t . t
Ip 20 My Ny, 2, 8) = My N (Ty, Tz, ) > My (y,z, E) Zpxe e 2 My (y,z, E) — 1y
asn —> oo. Since
My nB.2.t) = T (M. 2, 8), My ¢, 2, 0) = 1px,

we have My Ny, 2z, t) = :M,Q}N(y, z,t) = 1x.Hencez=y. 0O
3. G-bicompleteness in non-Archimedian intuitionistic fuzzy quasi metric space

Definition 3.1. If in the definition of intuitionistic fuzzy quasi-metric space (X, My n, 7) the triangle inequality, (c) of
Definition 1.7, is replaced by:

MunNE, Y, t) = T (Myn(x, 2, 1), Myn(Z, Y, 1)),

forallx,y,z € X and t > 0, then it is called a non-Archimedian intuitionistic fuzzy quasi-metric space.

Example 3.2. Let (X, d) be a quasi-metric space. It is immediate to show that (X, d) is a non-Archimedian quasi-metric
space if and only if, (X, M,‘f,, n» ) is a non-Archimedian intuitionistic fuzzy quasi-metric space.

Theorem 3.3. Each G-Cauchy sequence in a non-Archimedian intuitionistic fuzzy quasi-metric space (X, My n, ), where T is
HadZic type, is a Cauchy sequence.
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Proof. Since 7 is HadZi¢ type, for given ¢ € (0, 1) thereis § € (0, 1), such that
T™(Ns:(8), ..., Ns(8)) >1+ Ns(e), meN.

Let {x,} be a G-Cauchy sequence in the non-Archimedian intuitionistic fuzzy quasi-metric space (X, My n, 7). Fixe € (0, 1)
and t > 0 and consider ng, such that My, y (X, Xp41, £) >+ Ns(e) foralln > ng.
Then, for all n > ng and j > 0 we have

My Gy Xnigs ©) 210 T (Mg y Gy Xns1, £,y My y Bnj1, Xnigs D)
> THM), ..., Ne(8))
> MNs(€).

This shows that {x,} is a Cauchy sequence in (X, My n, 7). O

Theorem 3.4. Each bicomplete non-Archimedian intuitionistic fuzzy quasi-metric space (X, My n, ), where T is HadZic type,
is G-complete.

Proof. Let {x,} be a G-Cauchy sequence in the non-Archimedian intuitionistic fuzzy quasi-metric space. By Theorem 3.3,
{xn} is a Cauchy sequence in (X, My n, 7). Then, there exists x € X such that lim,_, o ,M,’V,YN(x, Xn, t) = 1« forallt > 0.

Hence, (X, QM}'V,,N, 7)) is G-complete, i.e., (X, My n, T) is G-bicomplete. O

4. Quicksort algorithm

Let n be the size of input. For a given algorithm, A(n) is defined as the average (expected value) of number of times the
algorithm does the basic operation for an input size of n.

Now, we look at a sorting algorithm, called Quicksort, that was developed by Hoare (1962) (for more details see [9,10]).
In Quicksort, the sort is accomplished by dividing the array into partitions, and then sorting each partition recursively.

Average-Case Time Complexity

Bascic operation: the comparison of S[i] with pivotitem in partition.

Input size: n, the number of items in the array S.

We will assume that we have no reason to believe that the numbers in the array are in any particular order, and therefore
that the value of pivotpoint returned by partition is equally likely to be any of the numbers from 1 through n. If there
was reason to believe a different distribution, this analysis would not be applicable. The average obtained is, therefore, the
average sorting time when every possible ordering is sorted the same number of times. In this case, the average-case time
complexity is given by the following recurrence:

_Probal_)ilit_y
pivotpoint is p
n
1
Am=>" - [Ap—D+An-pl+n—1. (4.1)
n ———
p=1 Average time to Times to
sort subarrays when partition
pivotponit is p
Therefore
n n
Y AP -1 +An-pl=2) Ap-1). (4.2)
p=1 p=1

Plugging Equality (4.2) into Equality (4.1) yields

A(n) = %ZA(p—l)+n—].
p=1

Multiplying by n we have
n
nA(n) =2 A(p—1)+nmn-1). (4.3)
p=1

Applying Equality (4.3) ton — 1 gives

n—1

(n—DAMn—1) =22A(p—1)+(n—1)(n—2). (4.4)

p=1
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Subtracting Equality (4.4) from Equality (4.3) yields
nAn) —(n—1HAn—-—1)=2An—1)+2(n—1),

which simplifies to

2
A) =0, A®) =

—1 1
=) gy, ns2
n

n
5. Applications to the domain of words

Actually, we will establish our results in the more general framework of intuitionistic fuzzy quasi-metric spaces because,
in this context, the measurement of the distance from a word x to other word y automatically, indicates if x is a prefix of y
or not.

Let X be a nonempty alphabet. Let X*° be the set of all finite and infinite sequence (“words”) over X', where we adopt
the convention that the empty sequence ¢ is an element of X*°.

Denote by C, the prefix order on ¥*°, i.e,, x C y < x is a prefix of y. For each x € X*° denote by [ (x) the length of x.
Then, I(x) € [1, co] whenever x # ¢ and I[(¢) = 0. For each x, y € X*° let x My be the common prefix of x and y.

Thus, the function dc defined on ¥ x X°° by

de(x,y) =0, ifxCy,
de(x,y) =27 otherwise,

is a quasi-metric on X¥*°. We adopt the convention that 27> = 0 (for more details see [11]).
Let Mﬁf,lv (x,y, t) be defined as:
dc1
MME,N
M,?/,E,,},(x,y, t) = 1+ ifxisa prefixof y,and t > O;
MIEL (X, y, £) = N (271 W)Y if x is not a prefix of y, and t € (0, 1];

M.N
My, ¥, t) = 1p« if xis not a prefix of y,and t > 1.

(x,y,0) = 0+, forallx,y € X*°;

dc1

dc1 . . S . .
Theorem 5.1. (X°°, EMM%N, A) is a bicomplete non-Archimedian intuitionistic fuzzy quasi-metric space.

Proof. See [11]. O

Let M,‘{,,E,N (x,y, t) be defined as:

Op+, ift =0, forallx,y € ¥*°,
de t 2—’(Xﬂ)’)
My, Y, t) = <t T T 2—l(xl‘|y)> ift > 0, if x is not a prefix of y,
1+ ift > 0, ifxis a prefix of y.

Theorem 5.2. (X, M,?,,%N, A) is a bicomplete non-Archimedian intuitionistic fuzzy quasi-metric space.
Next, we apply Theorem 2.1 to the complexity analysis of Quicksort algorithms. The following recurrence equation (see
[9-12])
2(n—1 n+1
A =0, Am=20"D " n g aso,
n n

is obtained in the average case analysis of Quicksort algorithms.
Consider as an alphabet X the set of nonnegative real numbers, i.e., ¥ = [0, 00). We associate with A the functional
D X — X givenby (®(x)); = A(1) and

@), = 20D ntl

Xn—1

foralln > 2 (ifx € X*° has length n < oo, we write X := X1X,...x,, and if x is an infinite word, we write x := x1x;...).
Now, we show that @ is an IB-contractive mapping on the bicomplete non-Archimedean intuitionistic fuzzy quasi-metric

space (X'°, M;’,,EN, A) with contraction constant 1/2.

By construction, we have I(®(x)) = I(x) + 1forall x,y € X (in particular, [(®(x)) = oo whenever [(x) = o0).
Furthermore, it is clear that x C y if and only if, @ (x) © @ (y) and consequently, ®(xMy) & & (x) N @ (y) forallx,y € X*°.
Hence (@ (xMy)) < l(@(x) @ (y)) forallx,y € X°.
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From the preceding observations, we deduce that if x is a prefix of y, then

Mll\i/lEN((p(X)? (p(y)a t/2) = Mlt\i/IE,N(x’ y, t) = 1,_*’

and if x is not a prefix of y, then

dc t/2 2-I@We )
Myn(PX), D), t/2) = ((t/Z) T2 1@wnem) (¢/2) + 2_1(q>(x)n¢>(y))>

. t/2 2 —l(@(xy))
=\ (t/2) + 271@aw)* (£/2) + 2 1(@Gw)

t/2 2—(Gry)+1)
- <(t/2) 4 2—(Gry)+1)” (t/2) + 2—(l(xny>+1)>

¢ 9—(lGry)
- <t + 2w ¢ 1 z—uomy)))

d
= MM%N(X,Y, t),
forall t > 0. Similarly, we have

M (@), D), 1/2) =1 Moy (v, %, 0),

Therefore @ is a IB-contraction on (X', M,?A%N, A) with contraction constant 1/2. By Theorem 2.1, @ has a unique fixed
point z = z1z,..., which is the unique solution to the recurrence equation 4, i.e., z; = 0 and

2(n—1 n+1
_ (n ),

n Zn—1,

foralln > 2.
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