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a b s t r a c t

The estimation problem of the parameters in a symmetry model for categorical data
has been considered for many authors in the statistical literature (for example, Bowker
(1948) [1], Ireland et al. (1969) [2], Quade and Salama (1975) [3], Cressie and Read
(1988) [4], Menéndez et al. (2005) [5]) without using uncertain prior information. It is well
known that many new and interesting estimators, using uncertain prior information, have
been studied by a host of researchers in different statistical models, and many papers have
been published on this topic (see Saleh (2006) [9] and references therein). In this paper,
we consider the symmetry model of categorical data and we study, for the first time, some
new estimators when non-sample information about the symmetry of the probabilities is
considered. The decision to use a ‘‘restricted’’ estimator or an ‘‘unrestricted’’ estimator is
based on the outcome of a preliminary test, and then a shrinkage technique is used. It is
interesting to note thatwepresent a unified study in the sense thatwe consider not only the
maximum likelihood estimator and likelihood ratio test or chi-square test statistic but we
consider minimum phi-divergence estimators and phi-divergence test statistics. Families
of minimum phi-divergence estimators and phi-divergence test statistics are wide classes
of estimators and test statistics that contain as a particular case the maximum likelihood
estimator, likelihood ratio test and chi-square test statistic. In an asymptotic set-up, the
biases and the risk under the squared loss function for the proposed estimators are derived
and compared. A numerical example clarifies the content of the paper.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Let X and Y denote two ordinal response variables, X and Y having I levels. When we classify subjects on both
variables, there are I2 possible combinations of classifications. The responses (X, Y ) of a subject randomly chosen from
some population have a probability distribution. Let pij = P(X = i, Y = j), with pij > 0, i, j = 1, . . . , I . We display this
distribution in a rectangular table having I rows for the categories of X and I columns for the categories of Y . We denote
by p = (p11, . . . , pII)T the I2 − 1 unknown parameters in the model. In order to get the ‘‘unrestricted’’ estimator of p we
consider a random sample of size n, (X1, Y1), . . . , (Xn, Yn) from (X, Y ), and we denote by

Nij =

n−
l=1

I{i,j}(Xl, Yl) (1)

and nij a particular result of Nij, i.e., nij represents the observed frequency in the (i, j)th cell for (i, j) ∈ I × I with∑I
i=1
∑I

j=1 nij = n. We shall denote byp = (n11/n, . . . , nII/n)T the ‘‘unrestricted’’ estimator of p.
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Also assume that uncertain non-sample prior information on the value of p = (p11, . . . , pII)T is available, either from
previous studies or from practical experience of the researchers or experts. Let the non-sample prior information be
expressed in the form of the null hypothesis

H0 : pij = pji i, j ∈ I × I (2)

which could be true, but not necessarily. We denote bypR a ‘‘restricted’’ estimator of p = (p11, . . . , pII)T obtained under
assumption (2). Hypothesis (2) represents the symmetry model. To investigate if there are symmetric patterns in the data is
equivalent to studying if the cell probabilities on one side of themain diagonal are a mirror image of those on the other side.
Somewell-known ‘‘restricted’’ estimators (estimators under the hypothesis of symmetry), in a contingency table, have been
given in [1–5], amongst others. Later we shall give the expression of the some ‘‘restricted’’ estimators of p = (p11, . . . , pII)T .
These estimators are based exclusively on the sample data. They do not use any other prior knowledge in their definitions.
We can consider no-sample information in order to improve the quality of the estimators and we can expect a better
estimation. Prior information is available in the form given in (2). But it is not certain if (2) is true. To remove this uncertainty
of the prior information in the model, it is natural to perform a preliminary test on the validity of the uncertain prior
information.

Based on a ‘‘unrestricted’’ estimator and in a ‘‘restricted’’ estimator of p = (p11, . . . , pII)T , we can obtain some test
statistics for testing

H0 : pij = pji i, j ∈ I × I versus H1 : pij ≠ pji, for at least one (i, j) pair. (3)
The most common test statistics for testing (3) are based on ‘‘distances’’ between the ‘‘unrestricted’’ and one ‘‘restricted’’
estimator of p = (p11, . . . , pII)T ,

d (p,pR) . (4)
In this paper, the test statistics d (p,pR), under consideration, has asymptotically a chi-square distribution with m =

I(I − 1)/2 degrees of freedom. Some examples of ‘‘distances’’ of the type given in (4) are Pearson’s statistic, [1],

X2
=

−
i,j
i<j


nij − nji

2
nij + nji

(5)

which for large n has a chi-square distribution withm = I(I −1)/2 degrees of freedom, and the likelihood ratio test statistic
given by

G2
= 2

−
i,j
i<j

nij log
2nij

nji + nij
. (6)

Its asymptotic distribution coincideswith the asymptotic distribution of X2. Later wewill see another family of test statistics
of the type (4) for testing (3).

Now we can use the sample information and the non-sample information as well as the test statistic (4) to define an
estimator of p. Based onp,pR and d (p,pR), the preliminary test estimator,ppte, is given byppte

=pRI0,χ2
m,α

 (d (p,pR)) +pI
χ2
m,α ,∞

 (d (p,pR)) . (7)

By IA(x) we are denoting the indicator function taking the value 1 if x ∈ A and 0 if x ∉ A and m = I(I − 1)/2.
We can observe that ‘‘ppte’’ depends on the preselected level of significance of the test. To overcome this problem, we can

consider the shrinkage or James–Stein estimator,ps, of p, as follows:ps
=pR +


1 − (m − 2) d (p,pR)

−1 (p −pR) . (8)

The previous estimators (‘‘restricted’’, ‘‘unrestricted’’, ‘‘ppte’’, ‘‘ps’’) as well as other very interesting estimators, which we
shall study later, can be obtained from the family of estimatorsph

=pR + (1 − h (d (p,pR))) (p −pR) , (9)
for an appropriate real function h. For instance, if we consider h(x) = I

0,χ2
m,α

(x) we get (7), and for h(x) = (m − 2)x−1 we

get (8).
Many papers have been published studying estimators of the type given in (9), for different statistical models, following

the seminal work of Bancroft [6] and later Han and Bancroft [7]. They developed the preliminary test estimators that use
uncertain non-sample prior information (not in the form of prior distributions), in addition to the sample information.
Stein [8] introduced the Stein-rule (shrinkage) estimator for a multivariate normal population that dominates the usual
maximum likelihood estimators under the square error loss function. In order to have a clear idea about the importance of
this area as well as its application in different problems, see [9].

In this paper, we shall study the family of estimators (9) for appropriate estimatorspR and test statistics d (p,pR) that we
will describe in the following section. Section 3 is devoted to presenting some asymptotic distributional results. We do not
know the existence of any paper studying preliminary test estimators for the symmetry model in categorical data.
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2. Phi-divergence estimators

We consider the set

Θ =

θ : θ =

pij; 1 ≤ i ≤ I, 1 ≤ j ≤ I, (i, j) ≠ (I, I)


with pij > 0 and

I−
i=1

I−
j=1

(i,j)≠(I,I)

pij < 1

 (10)

and we denote p(θ) = (p11, . . . , pII)T = p, pII = 1 −
∑I

i=1
∑I

j=1
(i,j)≠(I,I)

pij.

We define

B =


(a11, . . . , a1I , a22, . . . , a2I , . . . , aI−1I−1, aI−1I)

T
∈ R

I(I+1)
2 −1

:

−
i≤j

aij < 1, 0 < aij, i, j = 1, . . . , I


.

Hypothesis (2) can be written as

H0 : θ = g(β), β = (p11, . . . , p1I , p22, . . . , p2I , . . . , pI−1I−1, pI−1I)
T

∈ B, (11)

where the function g is defined by g =

gij; i, j = 1, . . . , I, (i, j) ≠ (I, I)


with

gij(β) =


pij i ≤ j
pji i > j , i, j = 1, . . . , I − 1,

and
gIj(β) = pjI , j = 1, . . . , I − 1
giI(β) = piI , i = 1, . . . , I − 1.

Note that p (g(β)) =

gij(β); i, j = 1, . . . , I

T , where

gII (β) = 1 −

I−
i,j=1

(i,j)≠(I,I)

gij(β).

The maximum likelihood estimator (MLE) of β can be defined asβ = argmin
β∈B

D (p, p (g(β))) a.s.,

where D (p, p (g(β))) is the Kullback–Leibler divergence measure defined by

D (p, p (g(β))) =

I−
i=1

I−
j=1

pij log pij
gij(β)

.

We denote byθ = g(β) the MLE of θ = g(β) and by p(θ) =


p11(θ), . . . , pII(θ)T the MLE of p(θ). It is well known that

pij(θ) =
pij+pji

2 , i = 1, . . . , I, j = 1, . . . , I . Using the ideas developed in [10], we can consider the minimum φ2-divergence
estimator (Mφ2E) replacing the Kullback–Leibler divergence by a φ2-divergence measure in the following way:

βφ2
= argmin

β∈B
Dφ2 (p, p (g(β))) ; φ2 ∈ Φ∗, (12)

where

Dφ2 (p, p (g(β))) =

I−
i=1

I−
j=1

gij(β)φ2

 pij
gij(β)


,

Φ∗ is the class of all convex functions φ2(x), x > 0, such that at x = 1, φ2(1) = 0, φ′′

2 (1) > 0, and at x = 0, 0φ2 (0/0) = 0
and 0φ2 (p/0) = p limu→∞ φ2(u)/u. The φ2-divergence measures were introduced simultaneously in [11,12]. For more
details aboutφ-divergencemeasures, see [13] and the references therein. In the following,we shall assume that the functions
φ2 in the class Φ∗ are twice continuously differentiable at x > 0.

We denote byθφ2
= g(βφ2

) and by

p(θφ2
) =


p11(θφ2

), . . . , pII(θφ2
)
T

(13)
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the (Mφ2E) of the probability vector that characterizes the symmetry model. Based on p(θφ2
), it is possible to define a new

family of statistics for testing (3) that contains as a particular case the test statistics given in (5) and (6). This family of test
statistics is given by

Tφ1
n (θφ2

) ≡
2n

φ′′

1 (1)
Dφ1

p, p(θφ2
)


=
2n

φ′′

1 (1)

I−
i=1

I−
j=1

pij(θφ2
)φ1

 pij
pij(θφ2

)


. (14)

We can observe that the family (14) involves two functions φ1 and φ2 ∈ Φ∗. We use the function φ2 to obtain the (Mφ2E)
and φ1 to obtain the family of test statistics. The asymptotic distribution of Tφ1

n (θφ2
) is chi-squared with m = I(I − 1)/2

degrees of freedom (see Chapter 8 in [13]). Thus, for a given level of significance α ∈ (0, 1), the critical value of Tφ1
n (θφ2

)
may be approximated by χ2

m,α , the upper 100α% of the chi-square distribution with m degrees of freedom. If, in (13), we
consider φ2(x) = x log x− x+1, we get the Kullback–Leibler divergence, and therefore the correspondingMφ2E is the MLE.
If, in addition, we consider φ1(x) = x log x − x + 1 or φ1(x) = (x − 1)2 /2, we obtain the statistics given in (5) and (6),
respectively.

When the hypothesis of symmetry holds, p(θφ2
) has a smaller risk (with a quadratic loss) thanp. If the hypothesis

of symmetry does not hold, the risk of p(θφ2
) may go to +∞, as the sample size n increases. For this reason, when the

prior knowledge about the hypothesis of symmetry in (2) is rather uncertain, it may be desirable to use a preliminary test
estimator. We shall consider in this paper the family of preliminary phi-divergence test estimators

ph
φ1

(θφ2
) = p(θφ2

) +


1 − h


Tφ1
n (θφ2

)
 p − p(θφ2

)


. (15)

This family of test statistics is similar to the family (14) withpR ≡ p(θφ2
) and d (p,pR) ≡ Tφ1

n (θφ2
). We can observe the

following.

(i) For h(x) = I
0,χ2

m,α

(x), we get ph
φ1

(θφ2
) ≡ ppte

φ1
(θφ2

), the ‘‘preliminary phi-divergence test estimator ’’, with

ppte
φ1

(θφ2
) = p(θφ2

)I
0,χ2

m,α

(Tφ1
n (θφ2

)) +pI
χ2
m,α ,∞

(Tφ1
n (θφ2

)). (16)

Looking at ppte
φ1

(θφ2
), it is found that as Tφ1

n (θφ2
) → ∞, ppte

φ1
(θφ2

) →p, while as Tφ1
n (θφ2

) → 0, ppte
φ1

(θφ2
) → p(θφ2

).

(ii) For h(x) = 0, ph
φ1

(θφ2
) =p, the ‘‘unrestricted estimator ’’.

(iii) For h(x) = 1, ph
φ1

(θφ2
) = p(θφ2

), the ‘‘restricted phi-divergence estimator ’’.

(iv) For h(x) = 1 − a, ph
φ1

(θφ2
) = psre

φ1
(θφ2

), the ‘‘shrinkage phi-divergence estimator ’’, with

psre
φ1

(θφ2
) ≡ (1 − a) p(θφ2

) + ap.
(v) For h(x) = (1 − a) I

0,χ2
m,α

(x), a ∈ [0, 1] , ph
φ1

(θφ2
) = pspt

φ1
(θφ2

), the ‘‘shrinkage preliminary phi-divergence test

estimator ’’, with

pspt
φ1

(θφ2
) =pI

χ2
m,α ,∞

(Tφ1
n (θφ2

)) +


ap + (1 − a) p(θφ2

)

I

0,χ2
m,α

(Tφ1
n (θφ2

)).

(vi) For h(x) = (m − 2) x−1, ph
φ1

(θφ2
) = ps

φ1
(θφ2

), the ‘‘phi-divergence James–Stein estimator ’’, with

ps
φ1

(θφ2
) = p(θφ2

) +


1 − (m − 2)


Tφ1
n (θφ2

)−2
 p − p(θφ2

)


.

We can see that ppte
φ1

(θφ2
) depends on the level of significance of the test. To overcome this difficulty, we can consider

the James–Stein estimator. We can observe that ps
φ1

(θφ2
) → p as Tφ1

n (θφ2
) → ∞, but as Tφ1

n (θφ2
) → 0, ps

φ1
(θφ2

) gives

inadmissible values. To avoid the inadmissibility of ps
φ1

(θφ2
), we are going to define another James–Stein type estimator

in (vii).

(vii) For h(x) = 1 −

1 − (m − 2) x−1


I(m−2,∞)(x), (m > 2), ph

φ1
(θφ2

) ≡ ps+
φ1

(θφ2
), the ‘‘phi-divergence positive part of the

Stein-rule estimator ’’, with

ps+
φ1

(θφ2
) = p(θφ2

) +


1 − (m − 2)


Tφ1
n (θφ2

)
−1


I(m−2,∞)


Tφ1
n (θφ2

)
 p − p(θφ2

)


.

We can observe that as Tφ1
n (θφ2

) → ∞, ps+
φ1

(θφ2
) →p, while as Tφ1

n (θφ2
) → m − 2, ps+

φ1
(θφ2

) → p(θφ2
) and if, ps+

φ1
(θ)

then ps+
φ1

(θφ2
) → p(θφ2

).
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(viii) For h(x) = 1 −

1 − (m − 2) x−1


I

χ2
m,α ,∞

(x), (m > 2), ph
φ1

(θφ2
) ≡ ppte+

φ1
(θφ2

), the ‘‘modified preliminary phi-

divergence test estimator ’’, with

ppte+
φ1

(θφ2
) = p(θφ2

) +


1 − (m − 2) Tφ1

n (θφ2
)

I

χ2
m,α ,∞

 Tφ1
n (θφ2

)
 p − p(θφ2

)


.

Preliminary phi-divergence estiators have been studied in different statistical problems, see for instance [14] and [15]
and references therein.

3. Asymptotic bias and asymptotic quadratic risk

The Fisher informationmatrix of θ ∈ 2 (2was defined in (10)), in the symmetrymodel, is the

I2 − 1


×

I2 − 1


matrix

given by

I SF (θ) = 6θ − 6θB (θ)T

B (θ) 6θB (θ)T

−1
B (θ) 6θ,

where 6θ = diag(θ) − θθT and B (θ) =


∂hij(θ)
∂θij


I(I−1)

2 ×(I2−1)
. The functions hij are

hij (θ) = pij − pji, i < j, i = 1, . . . , I − 1, j = 1, . . . , I.

For more details see Chapter 8 in [13]. It is not difficult to establish that the Fisher information matrix, I SF (θ), can be written
as

I SF (θ) = MT
β IF (β)−1Mβ,

where IF (β) is the Fisher information matrix corresponding to β ∈ B.
We consider a contiguous sequence of alternative hypotheses that approaches the null hypothesis H0 : θ = p (g(β)), for

some unknown β ∈ B, at the rate O

n−1/2


. Consider the multinomial probability vector

pn,ij = pij (g(β)) + dijn−1/2, i = 1, . . . , I, j = 1, . . . , I,

where d = (d11, . . . , dII)T is a fixed I2 × 1 vector such that
∑I

i=1
∑I

j=1 dij = 0; recall that n is the total count parameter
of the multinomial distribution and β ∈ B. As n → ∞, the sequence of multinomial probabilities {pn}n∈N with pn =
pn,ij, i = 1, . . . , I, j = 1, . . . , I

T , converges to a multinomial probability in H0 at the rate of O

n−1/2


. Let

H1,n : pn = p (g(β)) + dn−1/2, β ∈ B (17)

be a sequence of contiguous alternative hypotheses, here contiguous to the null hypothesis H0 : θ = p (g(β)), for some
unknown β ∈ B. We can observe that p (g(β)) with β ∈ B is given by p (g(β)) =


pij,i, j = 1, . . . , I; pij = pji

T . We shall
denote

Θ0 = {θ ∈ Θ : θ = g(β) for some β ∈ B}.

In the next theorem, we get the asymptotic distribution of the statisticsp, p(θφ2
),p − p(θφ2

) and Tφ1
n (θφ2

) under the
contiguous alternative hypothesis given in (17). These asymptotic distributions will be important to get the asymptotic bias
and asymptotic quadratic bias, as well as the asymptotic distributional quadratic risk of the family of estimators defined
in (15).

In the next theorem, and in the rest of the paper, by Ia×a we denote the identitymatrix of order a and byDp(θ) the diagonal
matrix with elements p(θ).

Theorem 1. Under H1,n, given θ = g(β), β ∈ B, we have the following.
(a) The random vector Xn =

√
nD−1/2

p(θ) (p − p(θ)) converges in law to the I2-dimensional normal random vector, X , with mean

vector δ = D−1/2
p(θ) d and variance–covariance matrix J (θ) = I I2×I2 −

√
p (θ)

√
p (θ)

T .
(b) The random vector Yn =

√
nD−1/2

p(θ)

p − p(θφ2
)

converges in law to the I2-dimensional normal random variable, Y , with

mean vector J∗ (θ) δ, where J∗(θ) = II2×I2 − K (θ) and variance–covariance matrix B (θ) = J(θ) − K (θ), with K (θ) =

A (θ) 6θA (θ)T , 6θ = Dp(θ) −p (θ) p(θ)T and

A (θ) = D−1/2
p(θ) T ,

where T =

II2−1×I2−1, −1


and −1 =


−1 ,(I

2
−1), . . . ,−1

T
.

(c) The random vector Zn =
√
nD−1/2

p(θ)


p(θφ2

) − p (θ)

converges in law to the I2-dimensional normal random vector, Z , with

mean vector K (θ)δ and variance–covariance matrix K (θ).
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(d) The family of test statistics Tφ1
n (θφ2

) can be written as

Tφ1
n (θφ2

) = Y T
n Yn + op(1),

and its asymptotic distribution, under the contiguous hypothesis given in (17), is a noncentral chi-squared distribution with
m = I(I − 1)/2 degrees of freedom and non-centrality parameter

λ = δT J∗ (θ) δ =
1
2

I−
i,j
i<j

d2ij
pij

−

−
i,j
i<j

dijdji
pij

. (18)

Proof. We omit the proof because only requires some algebraic calculations. �

The next theorem is an extension of the Theorems 6 and 8 on page 32 in [9].

Theorem 2. Let Z =

Z1, . . . , Zp

T be a p-dimensional vector distributed as a normal with mean vector µZ and
variance–covariance matrix 6Z. We assume that 6Z is an idempotent matrix with rank l < p. Then, for a measurable function ϕ,
we have

(a) E

Zϕ

ZTZ


= µE


ϕ

χ2
p+2 (λ)


, where λ = E


ZTZ


.

(b) Let W be a positive semi-definite I2 × I2 matrix. Then,

E

ϕ

ZTZ


ZTWZ


= tr (6ZW ) E


ϕ

χ2
p+2 (λ)


+ µT

ZWµZE

ϕ

χ2
p+4 (λ)


.

By χ2
p+2 (λ), we are denoting a non-central chi-square random variable with non-centrality parameter λ and by tra(A) the

trace of the matrix A.

Proof. Matrix 6Z is idempotent with rank l < I2. Therefore there exists an orthogonal matrix C = (C1, C2) such that

C T6ZC =


Il×l 0
0 0(I2−l)×(I2−l)


(19)

and

CC T
= C T C = II2×I2 . (20)

Based on (19), we have

C T
1 6ZC1 = Il×l

and based on (20),
C T
1 C1 C T

1 C2

C T
2 C1 C T

2 C2


=


Il 0
0 0


.

We define the normal random vector X = (X1, . . . , Xp)
T with mean vector C T

1 µZ and variance–covariance matrix Il. We can
write

Z = C1X .

We have E [Z] = C1C T
1 µZ = 6ZµZ = µZ (the last equality follows because the matrix 6Z is idempotent and its eigenvalues

are 0 or 1), Var [Z] = C T
1 C1 = 6Z. The last equality follows because

C T
1 6ZC1 = Im ⇐⇒ C1C T

1 6ZC1 = C1 ⇐⇒ 6ZC1 = C1 ⇐⇒ 6ZC1C T
1 = C1C T

1 ⇐⇒ 6Z = C1C T
1 .

We can also observe that

ZT Z = X T C T
1 C1 X = X T X .

Therefore,

E

Zϕ

ZTZ


= E


C1Xϕ


X TX


= C1E


Xϕ


X TX


= C1C T

1 µZE

ϕ

χ2
p+2 (λ)


.

The last equality follows by Theorem 6 on page 32 in [9]. Now, we have

E

Zϕ

ZTZ


= µZE


ϕ

χ2
p+2 (λ)


,

because C1C T
1 = Il×l.
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Now we are going to establish part (b). We have

E

ϕ

ZTZ


ZTWZ


= E


ϕ(X TX)X TC T

1 WC1X


= tr

C T
1 WC1


E

ϕ

χ2
p+2 (λ)


+ δTµT

ZC1C T
1 WC1C T

1 µZδE

ϕ

χ2
p+4 (λ)


.

The last equality follows by Theorem 8 in [9]. Then, we have

E

ϕ

ZTZ


ZTWZ


= tr (B (θ)W ) E


h

χ2
p+2 (λ)


+ µT

ZWµZE

h

χ2
p+4 (λ)


. �

In Theorems 6 and 8 on page 32 in [9], a similar result was established, but in the particular case that 6Z = Ip×p.
The asymptotic bias of ph

φ1
(θφ2

), under H1,n, is given by

B(ph
φ1

(θφ2
)) = lim

n→∞
E
√

nD−1/2
p(θ)


ph

φ1
(θφ2

) − pn


,

where pn was defined in (17). In order to be able to do comparisons, we can consider the asymptotic quadratic bias of ph
φ1

(θφ2
)

defined by

AQB

ph

φ1
(θφ2

)


= B

ph

φ1
(θφ2

)
T

B

ph

φ1
(θφ2

)


.

In the next theorem we are going to get the expression of AQB

ph

φ1
(θφ2

)

for the family of phi-divergence test estimators

ph
φ1

(θφ2
).

Theorem 3. Under H1,n, the asymptotic quadratic bias of ph
φ1

(θφ2
), defined in (15), is given by

AQB

ph

φ1
(θφ2

)


= E

h

χ2
m+2(λ)

2
λ, (21)

where λ was defined in (18).

Proof. We know that

ph
φ1

(θφ2
) = p(θφ2

) +


1 − h


Tφ1
n (θφ2

)
 p − p(θφ2

)


and
√
n

ph

φ1
(θφ2

) − pn


=

√
nD−1/2

p(θ) (p − pn) −
√
nD−1/2

p(θ)

p − p(θφ2
)

h

Y T
n Yn + op(1)


.

Therefore,

B

ph

φ1
(θφ2

)


= lim
n−→∞

E
√

n

ph

φ1
(θφ2

) − pn


h

Y T
n Yn + op(1)


= lim

n−→∞
E

Ynh


Y T
n Yn + op(1)


= E


Yh

Y TY


.

But Y is a normal random vector with mean vector J∗ (θ) δ and variance–covariance B(θ). It is not difficult to see that B(θ)
is an idempotent matrix. Applying part (a) in Theorem 2, we get

B

ph

φ1
(θφ2

)


= J∗ (θ) δE

h

χ2
m+2(λ)


and

AQB

ph

φ1
(θφ2

)


= E

h

χ2
m+2(λ)

2
δT J∗ (θ)T J∗ (θ) δ = λE


h

χ2
m+2(λ)

2
,

because

δT J∗ (θ)T J∗ (θ) δ = δT J∗ (θ) δ = λ. �

Based on this theorem, in the next theorem we are going to give some relations between the estimators considered
previously.

Theorem 4. Under H1,n, the asymptotic quadratic bias (AQB) of the estimators p, p(θφ2
), pspt

φ1
(θφ2

), ppte
φ1

(θφ2
), ps+

φ1
(θφ2

),

ppte+
φ1

(θφ2
), psre

φ1
and ps

φ1
(θφ2

) can be ordered as follows.

(a) ADB (p) ≤ ADB

psre

φ1
(θφ2

)


≤ ADB

p(θφ2

)

.
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(b) ADB (p) ≤ ADB

pspt

φ1
(θφ2

)


≤ ADB

ppte

φ1
(θφ2

)

.

(c) ADB

ppte+

φ1
(θφ2

)


≤ ADB

ppte

φ1
(θφ2

)

.

(d) ADB

ps+

φ1
(θφ2

)


≤ ADB

ps

φ1
(θφ2

)

iff

E

χ−2
m+2 (λ) I(0,m−2)


χ2
m+2 (λ)


≥

1
(m − 2)

Gm+2(m − 2; λ).

Ga(c; λ) represents the distribution function of a chi-square distribution with a degrees of freedom and non-centrality
parameter λ evaluated at the point c.

(e) ADB

ps

φ1
(θφ2

)


≤ ADB

ppte

φ1
(θφ2

)

iff

Gm+2

χ2
m,α; λ


≥ (m − 2) E


χ−2
m+2 (λ)


for all α and λ.

(f) ADB

ps+

φ1
(θφ2

)


≤ ADB

ppte

φ1
(θφ2

)

iff

Gm+2

χ2
m+1,α; λ


≥ (m − 1)E


1 −


1 − (m − 1) χ−2

m+1,α (λ)

I(m−1,∞)


χ2
m+1,α (λ)


for all α and λ.

Proof. Based on (21), we have

ADB (p) = 0, ADB

p(θφ2

)


= λ, ADB

psre

φ1
(θφ2

)


= (1 − a)2 λ,

and part (a) follows.
We have

ADB

pspt

φ1
(θφ2

)


= λ (1 − a)2 G2
m+2


χ2
m,α; λ


and ADB


ppte

φ1
(θφ2

)


= λG2
m+2


χ2
m,α; λ


,

and part (b) is clear.
From (21), we have

ADB

ppte+

φ1
(θφ2

)


= λE
[
1 −


1 − (m − 2)χ−2

m+2 (λ)

I

χ2
m,α ,∞

 χ2
m+2 (λ)

]2
= λE

[
1 − (1 − (m − 2)χ−2

m+2 (λ))


1 − I

0,χ2
m,α

 χ2
m+2 (λ)

]2
= λ


Gm+2


χ2
m,α; λ


+ (m − 2) E


χ−2
m+2 (λ)


− (m − 2) E

[
χ−2
m+2 (λ) I

0,χ2
m,α

 χ2
m+2 (λ)

]2

,

and we know that ADB

ppte

φ1
(θφ2

)


= λG2
m+2


χ2
m,α; λ


. Therefore,

ADB

ppte

φ1
(θφ2

)


≤ ADB

ppte+

φ1
(θφ2

)


,

because
Gm+2


χ2
m,α; λ


+ (m − 2) E


χ−2
m+2 (λ)


− (m − 2) E

[
χ−2
m+2 (λ) I

0,χ2
m,α

 χ2
m+2 (λ)

]
≥ Gm+2


χ2
m,α; λ


,

and part (c) follows.
By (21),

ADB

ps

φ1
(θφ2

)


= (m − 2)2 λE

χ−2
m+2 (λ)

2
and

ADB

ps+

φ1
(θφ2

)


= λ

Gm+2 (m − 2; λ) + (m − 2) E


χ−2
m+2 (λ)


− (m − 2) E


χ−2
m+2 (λ) I(0,m−2)


χ2
m+2 (λ)

2
.

The difference l = ADB

ps

φ1
(θφ2

)


− ADB

ps+

φ1
(θφ2

)

can be written as

l = λ (m − 2)2

E

χ−2
m+2 (λ) I(0,m−2)


χ2
m+2 (λ)


−

1
(m − 2)

Gm+2 (m − 2; λ)


×


2E

χ−2
m+2 (λ)


+

1
(m − 2)

Gm+2 (m − 2; λ) − E

χ−2
m+2 (λ) I(0,m−2)


χ2
m+2 (λ)


,
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and it is clear that

2E

χ−2
m+2 (λ)


+

1
(m − 2)

Gm+2 (m − 2; λ) − E

χ−2
m+2 (λ) I(0,m−2)


χ2
m+2 (λ)


≥ 0

and l ≥ 0 iff E

χ−2
m+2 (λ) I(0,m−2)


χ2
m+2 (λ)


≥

1
(m−2)Gm+2(m − 2; λ), and part (d) follows.

Parts (e) and (f) follow in a similar way. �

LetW be a positive semi-definite I2 × I2 matrix. The weighted square loss function associated to ph
φ1

(θφ2
) is defined by

L

ph

φ1
(θφ2

), pn


=


ph

φ1
(θφ2

) − pn

T
W

ph

φ1
(θφ2

) − pn


,

and the asymptotic distributional quadratic risk (ADQR), ADQR

ph

φ1
(θφ2

);W

, of ph

φ1
(θφ2

), under H1,n, by

lim
n→∞

E
[
√
n

D−1/2

p(θ)


ph

φ1
(θφ2

) − pn

T
W

√
n

D−1/2

p(θ)


ph

φ1
(θφ2

) − pn

]
.

The following theorem presents the ADQR for the phi-divergence test estimators ph
φ1

(θφ2
) defined in (15).

Theorem 5. Under H1,n, the asymptotic distributional quadratic risk (ADQR) of ph
φ1

(θφ2
) defined in (15) is given by

ADQR

ph

φ1
(θφ2

);W


= tr (WJ (θ)) − tr (WB (θ))

2E

h

χ2
m+2(λ)


− E


h2 χ2

m+2(λ)


+ δT J∗ (θ)WJ∗ (θ) δ

2E

h

χ2
m+2(λ)


− 2E


h

χ2
m+4(λ)


+ E


h

χ2
m+4(λ)

2
.

Proof. By the definition of the ADQR, and taking into account the expression of ph
φ1

(θφ2
), we have

ADQR

ph

φ1
(θφ2

);W


= lim
n→∞

E
[
√
n

D−1/2

p(θ)


ph

φ1
(θφ2

) − pn

T
W

√
n

D−1/2

p(θ)


ph

φ1
(θφ2

) − pn

]
= lim

n→∞
E
[
√
n

D−1/2

p(θ) (p − pn)
T

W
√
n

D−1/2

p(θ) (p − pn)
]

− 2 lim
n→∞

E
[
√
n

D−1/2

p(θ) h

Tφ1
n (θφ2

)
 p − p(θφ2

)
T

W
√
n

D−1/2

p(θ) (p − pn)
]

+ lim
n→∞

E
[
h

Tφ1
n (θφ2

)
2 √

n

D−1/2

p(θ)

p − p(θφ2
)
T

W
√
n

D−1/2

p(θ)

p − p(θφ2
)
]

.

It is well known that if A is a symmetric nonnegative definite matrix and Y anM-dimensional random vector with mean
vector µ and variance–covariance matrix 6,

E

(Y − a)T A (Y − a)


= tr (A6) + (µ − a)T A (µ − a) .

Applying this result, we get

lim
n→∞

E
[
√
n

D−1/2

p(θ) (p − pn)
T

W
√
n

D−1/2

p(θ) (p − pn)
]

= tr(WJ (θ)),

because
√
n (p − pn)

L
→

n→∞
N

0, 6p(θ)


and

√
nD−1/2

p(θ) (p − pn)
L

→
n→∞

N

0,D−1/2

p(θ) 6p(θ)D
−1/2
p(θ)


,

with D−1/2
p(θ) 6

p(θ)
D−1/2

p(θ) = J (θ).
On the other hand,

lim
n→∞

E
[
√
n

D−1/2

p(θ) h(Tφ1
n (θφ2

))2
p − p(θφ2

)
T

W
√
n

D−1/2

p(θ)

p − p(θφ2
)
]

= E

h(Y TY )2YWY


,
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and part (b) in Theorem 2 gives

E

h(Y TY )2Y TWY


= tr (B (θ)W ) E


h

χ2
m+2 (λ)

2
+ δT J∗ (θ)WJ∗ (θ) δE


h

χ2
m+4 (λ)

2
.

Now, we get

l = lim
n→∞

E
[
√
n

D−1/2

p(θ) h(Tφ1
n (θφ2

))
p − p(θφ2

)
T

W
√
n

D−1/2

p(θ) (p − pn)
]

.

We denote X∗
n = D−1/2

p(θ)
√
n(p − pn), and we are going to get the joint distribution of the random vector X∗

n and Yn =

√
nD−1/2

p(θ)

p − p(θφ2
)

.

It is well known (see Chapter 6 in [13]) that the minimum phi-divergence estimator,βφ2 , verifies

βφ2
= β + IF (β)−1A (β)T D−1/2

p(g(β)) (p − p (g(β))) + o (‖p − p (g(β))‖) , (22)

where

A (β) = D−1/2
p(g(β))

∂p (g(β))

∂β
= D−1/2

p(g(β))

∂p (g(β))

∂g (β)


∂g (β)

∂β

T

.

On the other hand,

g
βφ2


= g (β) +


∂ (g(β))

∂β

T βφ2
− β


+ o

βφ2
− β

 .

But g
βφ2


=θφ2

, g (β) = θ, and the expression of
βφ2

− β

can be obtained from (22). Therefore,

θφ2
= θ +


∂ (g(β))

∂β

T

I SF (β)−1 ∂ (g(β))

∂β
A (θ)T D−1/2

p(θ) (p − p (θ)) + o (‖p − p (θ)‖) + o
βφ2

− β


= θ +


∂g(β)

∂β

T

IF (β)−1 ∂g(β)

∂β


∂pg(β)

∂g (β)

T

D−1
p(θ) (p − p (θ)) + o (‖p − p (θ)‖) + o

βφ2
− β


= θ + IF (θ)−1A (θ)T D−1/2

p(θ) (p − p (θ)) + o (‖p − p (θ)‖) + o
βφ2

− β

 .

Then,

p(θφ2
) − p (θ) = T

θφ2
− θ


+ o

θφ2
− θ


= TMT

βIF (β)−1MβA (θ)T D−1/2
p(θ) (p − p (θ)) + o (‖p − p (θ)‖) + o

βφ2
− β

 .

Defining

L(θ) = TMT
βIF (β)−1MβA (θ)T D−1/2

p(θ) ,

we have
√
n

p(θφ2

) − p (θ)


=
√
nL(θ) (p − pn) + L(θ)d + op(1).

Now, we get
√
n (p − p (θ)) =

√
nII2 (p − pn) + d + op(1)

and
√
n

p(θφ2

) − p (θ)


=
√
nL(θ) (p − pn) + L(θ)d + op(1).

Then, the random vector
√
nD−1/2

p(θ)

p − p(θφ2
)


is asymptotically normal, with mean vector

µ = D−1/2
p(θ)


II2×I2 − L(θ)


d,
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and variance–covariance matrix

C (θ) ≡ D−1/2
p(θ)


6θ − 6θL(θ)T − L (θ) 6θ + L(θ)6θL(θ)T


D−1/2

p(θ) .

It is not difficult to establish that µ = J∗ (θ) δ, C (θ) = B (θ) and B (θ) is an idempotent matrix with rank(B (θ)) = m.
If we denote Sn = D−1/2

p(θ)
√
n (p − pn), we can write

Sn
Yn


=


D−1/2

p(θ)

D−1/2
p(θ)


II2×I2 − L(θ)

 √
n (p − pn) +


0

D−1/2
p(θ)


II2×I2 − L(θ)


d


+


op(1)
op(1)


and 

Sn
Yn


L

→
n→∞

N


0

J∗ (θ) δ


,


J(θ) B(θ)
B(θ) B(θ)


.

Let S be the random vector verifying

Sn
L

→
n→∞

S.

We have

E [S/Y = y] = y − J∗ (θ0) δ. (23)

Based on this result, we get

l = E

Y TWSh


Y TY


= E


h

Y TY


Y TWE [S/Y ]


.

Now, by (23), we can write

l = E

h

Y TY


Y TWY


− E


h

Y TY


Y TWJ∗ (θ) δ


.

Applying Theorem 2, we get

l = tr (B (θ)W ) E

h

χ2
m+2 (λ)


+ δT J∗ (θ)WJ∗ (θ) δE


h

χ2
m+4 (λ)


− δT J∗ (θ)WJ∗ (θ) δE


h

χ2
m+2 (λ)


.

Now the result follows, because

ADQR

ph

φ1
(θφ2

);W


= tr(WJ (θ)) + tr (B (θ)W ) E

h

χ2
m+2 (λ)

2
+ δT J∗ (θ)WJ∗ (θ) δE


h

χ2
m+4 (λ)

2
− 2 tr (B (θ)W ) E


h

χ2
m+2 (λ)


− 2δT J∗ (θ)WJ∗ (θ) δE


h

χ2
m+4 (λ)


+ 2δT J∗ (θ)WJ∗ (θ) δE


h

χ2
m+2 (λ)


. �

In the following theorem, we present, under the null hypothesis of symmetry, some relations between the estimatorsp, p(θφ2
), psre(θφ2

), ppte
φ1

(θφ2
), ps+

φ1
(θφ2

), ppte+
φ1

(θφ2
), pspt

φ1
(θφ2

) and ps
φ1

(θφ2
).

Theorem 6. Under the null hypothesis of symmetry and weighted square loss function

L

ph

φ1
(θφ2

), pn


=


ph

φ1
(θφ2

) − pn

T
W

ph

φ1
(θφ2

) − pn


with positive semi-definite matrixW , the asymptotic distributional quadratic risk of the estimatorsp, p(θφ2

), psre(θφ2
), pspt

φ1
(θφ2

),

ppte
φ1

(θφ2
), ps+

φ1
(θφ2

), ppte+
φ1

(θφ2
) and ps

φ1
(θφ2

) can be ordered as follows:

(a) ADQR

p(θφ2

);W


≤ ADQR

ppte

φ1
(θφ2

);W


≤ ADQR

pspt

φ1
(θφ2

);W


≤ ADQR (p;W ).
(b) If m > 2,

ADQR

p(θφ2

);W


≤ ADQR

pS+

φ1
(θφ2

);W


≤ ADQR

ps

φ1
(θφ2

);W


≤ ADQR (p;W )

and

ADQR

p(θφ2

);W


≤ ADQR

ppte+

φ1
(θφ2

);W


≤ ADQR

ppte

φ1
(θφ2

);W


≤ ADQR (p;W ) .

(c) ADQR

p(θφ2

);W


< ADQR
βsre

φ2
;W


< ADQR (p;W ).
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(d) If Gm+2(χ
2
m,α; 0) ≥ (m − 2) /2,

R

p(θφ2

);W


≤ ADQR

ppte

φ1
(θφ2

);W


≤ ADQR

ps

φ1
(θφ2

);W


≤ ADQR(p;W ).

Proof. Under the hypothesis of symmetry λ = 0, and, by Theorem 5, we have

ADQR

ph

φ1
(θφ2

);W


= tr (WK (θ)) + tr (WB (θ)) E


1 − h

χ2
m+2 (0)

2
.

Therefore the ADQR is an increasing function of

E


1 − h

χ2
m+2(0)

2
. (24)

In the following table, we present the expressions of E[(1 − h(χ2
m+2(0)))

2
] for the different estimatorsp, p(θφ2

), psre(θφ2
),

pspt
φ1

, (θφ2
), ppte

φ1
(θφ2

), ps+
φ1

(θφ2
), ppte+

φ1
(θφ2

) and ps
φ1

(θφ2
).

Estimator E
[

1 − h

χ2
m+2(0)

2 ]
p 1

p(θφ2
) 0

psre(θφ2
) a2

ppte
φ1

(θφ2
) 1 − Gm+2(χ

2
m,α; 0)

pspt
φ1

(θφ2
) 1 − a (2 − a)Gm+2(χ

2
m,α; 0)

ps
φ1

(θφ2
)


∞

0 (1 − (m − 2)x−1)2dGm+2(x; 0) = 1 −
m−2
m

ps+
φ1

(θφ2
)


∞

m−2(1 − (m − 2)x−1)2dGm+2(x; 0)

ppte+
φ1

(θφ2
)


∞

χ2
r,α

(1 − (m − 2)x−1)2dGm+2(x; 0)

Expressions of E


1 − h

χ2
m+2(0)

2.
Based on this table, it is immediate that

ADQR

p(θφ2

);W


≤ ADQR

ppte

φ1
(θφ2

);W


≤ ADQR

pspt

φ1
;W


≤ ADQR (p;W ) .

We considerm > 2. If X is a Gamma random variable with parameters p and a, we have

E

X−1

=
a

p − 1
and E


X−2

=
a2

(p − 1) (p − 2)
;

therefore,∫
∞

0
(1 − (m − 2)x−1)2dGm+2(x; 0) = 1 + (m − 2)2

1/4m+2
2 − 1

 m+2
2 − 2

 − 2 (m − 2)
1/2

m+2
2 − 1

= 1 −
m − 2
m

.

Expression (24) for ps
φ1

(θφ2
) is∫

∞

0
(1 − (m − 2)x−1)2dGm+2(x; 0) = 1 −

m − 2
m

and forp it is 1. Therefore, we have

ADQR

p(θφ2

);W


≤ ADQR

ps+

φ1
(θφ2

);W


≤ ADQR

ps

φ1
(θφ2

);W


≤ ADQR (p;W ) .

The inequality between ADQR

ps+

φ1
(θφ2

);W

and ADQR


ps

φ1
(θφ2

);W

follows because∫

∞

m−2
(1 − (m − 2)x−1)2dGm+2(x; 0) ≤

∫
∞

0
(1 − (m − 2)x−1)2dGm+2(x; 0).
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We have∫
∞

χ2
m,α

(1 − (m − 2)x−1)2dGm+2(x; 0) = 1 − Gm+2(χ
2
m,α; 0) +

m − 2
m


−

1 − Gm(χ2

m,α; 0)


−

Gm−2(χ

2
m,α; 0) − Gm(χ2

m,α; 0)


and

ADQR

ppte+

φ1
(θφ2

);W


− ADQR

ppte

φ1
(θφ2

);W


=
m − 2
m


−

1 − Gm(χ2

m,α; 0)

−

Gm−2(χ

2
m,α; 0) − Gm(χ2

m,α; 0)


.

Therefore, ADQR

ppte+

φ1
(θφ2

);W


≤ ADQR

ppte

φ1
(θφ2

);W

because Gm−2(χ

2
m,α; 0) > Gm(χ2

m,α; 0).
Now, it is clear that

ADQR

p(θφ2

);W


≤ ADQR

ppte+

φ1
(θφ2

);W


≤ ADQR

ppte

φ1
(θφ2

);W


≤ ADQR (p;W ) .

It is also immediate to see that ADQR

p(θφ2

);W


< ADQR

pspt

φ1
;W


< ADQR (p;W ).

Finally to see (d), we have

1 − Gm+2(χ
2
m,α; 0) = ADQR


ppte

φ1
(θφ2

);W


≤ ADQR

ps

φ1
(θφ2

);W


=

∫
∞

0
(1 − (m − 2)x−1)2dGm+2(x; 0) = 1 −

m − 2
m

;

the inequality is true iff Gm+2(χ
2
m,α; 0) ≥

m−2
m . �

In the following theorem the following result (Courant Theorem) will be important. Let λ1, . . . , λn be the characteristic
roots of an n × nmatrix A. Then,

Chmin(A) ≤
xTAx
xTx

≤ Chmax(A),

with Chmin(A) = min {λ1, . . . , λn} and Chmax(A) = max {λ1, . . . , λn}.

Theorem 7. Under the contiguous alternative hypothesis, given in (17), and the weighted square loss function

L

ph

φ1
(θφ2

), pn


=


ph

φ1
(θφ2

) − pn

T
W

ph

φ1
(θφ2

) − pn


with positive semi-definite matrixW , we have the following results in relation to the ADQR.

(a) ADQR

psre(θφ2

);W


≤ ADQR (p;W ) iff

λ ≤
tr (WB (θ))


1 − a2


(1 − a)2 Chmax(W )

.

(b) ADQR

p(θφ2

);W


≤ ADQR (p;W ) iff

λ ≤
tr (WB (θ))

Chmax(W )
.

(c) ADQR

ppte

φ1
(θφ2

);W


≤ ADQR (p;W ) iff

λ ≤
tr (WB (θ))Gm+2


χ2
m;α; λ


2Gm+2


χ2
m;α; λ


− Gm+4


χ2
m;α; λ


Chmax(W )

.

If λ → ∞ or α → 1 we have ADQR

ppte

φ1
(θφ2

);W


→ ADQR (p;W ).

(d) ADQR

pspt

φ1
(θφ2

);W


≤ ADQR (p;W ) iff

λ ≤


1 − a2


tr (WB (θ))Gm+2


χ2
m;α; λ


a2 − 1


Gm+4


χ2
m;α; λ


+ 2 (1 − a)Gm+2


χ2
m;α; λ


Chmax(W )

.
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(e) ADQR

p(θφ2

);W


≤ ADQR

ppte

φ1
(θφ2

);W

iff

λ ≤
tr (WB (θ))


1 − Gm+2


χ2
m;α; λ


1 − 2Gm+2


χ2
m;α; λ


+ Gm+4


χ2
m;α; λ


Chmax(W )

.

(f) ADQR

ppte

φ1
(θφ2

);W


≤ ADQR

pspt

φ1
(θφ2

);W

iff

λ ≤
(1 − a)Gm+2


χ2
m;α; λ


2Gm+2


χ2
m;α; λ


− (1 − a)Gm+4


χ2
m;α; λ


Chmax(W )

.

(g) Let m > 2, and assume that

tr (WB (θ)) Chmax(W )−1
≥

m + 2
2

; (25)

then, for all λ,

ADQR

ps+

φ1
(θφ2

);W


≤ ADQR

ps

φ1
(θφ2

);W


≤ ADQR (p;W ) .

If, in addition,

δT J∗ (θ)WJ∗ (θ) δ > tr (WB (θ)) ,

we have

ADQR

p(θφ2

);W


≥ ADQR

ps

φ1
(θφ2

);W


.

(h) Let 0 < a < 1. We have

ADQR

psre(θφ2

);W


≤ ADQR

p(θφ2

);W


.

Proof. By Theorem 5, we have

ADQR (p;W ) = tr (WJ (θ))

and

ADQR

psre(θφ2

);W


= tr (WJ (θ)) − tr (WB (θ))

1 − a2


+ (1 − a)2 δT J∗ (θ)WJ∗ (θ) δ.

Therefore, ADQR

psre(θφ2

);W


≤ ADQR (p;W ) iff

(1 − a)2 δT J∗ (θ)WJ∗ (θ) δ ≤ tr (WB (θ))

1 − a2


.

This is equivalent to

δT J∗ (θ)WJ∗ (θ) δ

δT J∗ (θ) J∗ (θ) δ
≤

tr (WB (θ))

1 − a2


δT J∗ (θ) J∗ (θ) δ (1 − a)2

.

But δT J∗ (θ) J∗ (θ) δ = δT J∗ (θ) δ = λ; then

δT J∗ (θ)WJ∗ (θ) δ

λ
≤

tr (WB (θ))

1 − a2


λ (1 − a)2

.

Applying the Courant Theorem,

Chmin(W ) ≤
δT J∗ (θ)WJ∗ (θ) δ

δT J∗ (θ) J∗ (θ) δ
≤ Chmax(W ).

Therefore ADQR

psre(θφ2

);W


≤ ADQR (p;W ) iff

λ ≤
tr (WB (θ))


1 − a2


(1 − a)2 Chmax(W )
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and ADQR

psre(θφ2

);W


≥ ADQR (p;W ) iff λ ≥
tr(WB(θ))(1−a2)
(1−a)2Chmax(W )

. Result (a) follows. Result (b) follows because p(θφ2
) can

be obtained from psre(θφ2
) with a = 0. We know that

ADQR

ppte

φ1
(θφ2

);W


= tr (WJ (θ)) − tr (WB (θ))Gm+2

χ2
m;α; λ


+ δT J∗ (θ)WJ∗ (θ) δ


2Gm+2


χ2
m;α; λ


− Gm+4


χ2
m;α; λ


.

If λ → ∞, then Gm+2

χ2
m;α; λ


→ 0 and Gm+4


χ2
m;α; λ


→ 0. Therefore, ADQR


ppte

φ1
(θφ2

);W


→ ADQR (p;W ). Similarly,

if α → 1, then ADQR

ppte

φ1
(θφ2

);W


→ ADQR (p;W ).

Now ADQR

ppte

φ1
(θφ2

);W


≤ ADQR (p;W ) iff

tr (WB (θ))Gm+2

χ2
m;α; λ


λ

≥
δT J∗ (θ)WJ∗ (θ) δ

λ


2Gm+2


χ2
m;α; λ


− Gm+4


χ2
m;α; λ


,

and this is equivalent to

λ ≤
tr (WB (θ))Gm+2


χ2
m;α; λ


Chmax(W )


2Gm+2


χ2
m;α; λ


− Gm+4


χ2
m;α; λ

 .

Now we are going to establish (d). We have

ADQR

pspt

φ1
(θφ2

);W


= tr (WJ (θ)) +

a2 − 1


tr (WB (θ))Gm+2


χ2
m;α; λ


+ δT J∗ (θ)WJ∗ (θ) δ


a2 − 1


Gm+4


χ2
m;α; λ


+ 2 (1 − a)Gm+2


χ2
m;α; λ


.

Therefore, ADQR

pspt

φ1
(θφ2

);W


≤ ADQR (p;W ) iff
a2 − 1


tr (WB (θ))Gm+2


χ2
m;α; λ


+ δT J∗ (θ)WJ∗ (θ) δ


a2 − 1


Gm+4


χ2
m;α; λ


+ 2 (1 − a)Gm+2


χ2
m;α; λ


≤ 0,

or, equivalently,

δT J∗ (θ)WJ∗ (θ) δ


a2 − 1

Gm+4


χ2
m;α; λ


+ 2 (1 − a)Gm+2


χ2
m;α; λ


≤

1 − a2


tr (WB (θ))Gm+2


χ2
m;α; λ


.

Finally, we have ADQR

pspt

φ1
(θφ2

);W


≤ ADQR (p;W ) iff

λ ≤


1 − a2


tr (WB (θ))Gm+2


χ2
m;α; λ


a2 − 1


Gm+4


χ2
m;α; λ


+ 2 (1 − a)Gm+2


χ2
m;α; λ


Chmax(W )

.

No we are going to see (e). We know that

ADQR

p(θφ2

);W


= tr (WJ (θ)) − tr (WB (θ)) + δT J∗ (θ)WJ∗ (θ) δ

and

ADQR

ppte

φ1
(θφ2

);W


= tr (WJ (θ)) − tr (WB (θ))Gm+2

χ2
m;α; λ


+ δT J∗ (θ)WJ∗ (θ) δ


2Gm+2


χ2
m;α; λ


− Gm+4


χ2
m;α; λ


.

Therefore, ADQR

p(θφ2

);W


≤ ADQR

ppte

φ1
(θφ2

);W

iff

δT J∗ (θ)WJ∗ (θ) δ

λ
≤

tr (WB (θ))

1 − Gm+2


χ2
m;α; λ


1 − 2Gm+2


χ2
m;α; λ


+ Gm+4


χ2
m;α; λ

 ;

but

δT J∗ (θ)WJ∗ (θ) δ

λ
≤ Chmax(W ),

and the result follows.
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Part (f). We have

ADQR

pspt

φ1
(θφ2

);W


= tr (WJ (θ)) +

a2 − 1


tr (WB (θ))Gm+2


χ2
m;α; λ


+ δT J∗ (θ)WJ∗ (θ) δ


a2 − 1


Gm+4


χ2
m;α; λ


+ 2 (1 − a)Gm+2


χ2
m;α; λ


and

ADQR

ppte

φ1
(θφ2

);W


= tr (WJ (θ)) − tr (WB (θ))Gm+2

χ2
m;α; λ


+ δT J∗ (θ)WJ∗ (θ) δ


2Gm+2


χ2
m;α; λ


− Gm+4


χ2
m;α; λ


.

Therefore, ADQR

p(θpte

);W


≤ ADQR

pspt

φ1
(θφ2

);W

iff

δT J∗ (θ)WJ∗ (θ) δ

−a2Gm+4


χ2
m;α; λ


+ 2aGm+2


χ2
m;α; λ


≤ a2 tr (WB (θ))Gm+2


χ2
m;α; λ


.

Taking into account that 0 < a < 1 andGm+4

χ2
m;α; λ


≤ Gm+2


χ2
m;α; λ


, wehave−a2Gm+4


χ2
m;α; λ


+2aGm+2


χ2
m;α; λ


≥

0. Then

δT J∗ (θ)WJ∗ (θ) δ

λ
≤

a2 tr (WB (θ))Gm+2

χ2
m;α; λ


λ

−a2Gm+4


χ2
m;α; λ


+ 2aGm+2


χ2
m;α; λ

 ,

and based on this inequality, and the Courant Theorem, we have

λ ≤
a2 tr (WB (θ))Gm+2


χ2
m;α; λ


−a2Gm+4


χ2
m;α; λ


+ 2aGm+2


χ2
m;α; λ


Chmax(W )

.

From Theorem 5, and denoting t = ADQR

ps+

φ1
(θφ2

);W


− ADQR

ps

φ1
(θφ2

);W

, we have

t = −tr (6YM) E


1 − (m − 2) χ−2
m+2 (λ)

2
I(0,m−2)(χ

2
m+2(λ))


− δT J∗ (θ)WJ∗ (θ) δE


1 − (m − 2) χ−2

m+4 (λ)
2

I(0,m−2)(χ
2
m+4(λ))


− 2δT J∗ (θ)WJ∗ (θ) δE


(m − 2) χ−2

m+2 (λ) − 1

I(0,m−2)(χ

2
m+2(λ))


.

Therefore, ADQR

ps+

φ1
(θφ2

);W


≤ ADQR

ps

φ1
(θφ2

);W

because

E

1 − (m − 2) χ−2

m+2 (λ)

I(0,m−2)


χ2
m+2 (λ)


=

∫ m−2

0


1 − (m − 2) x−1 dGm+2(x; λ) < 0.

By Courant’s Theorem it is a simple exercise to establish that δT J∗ (θ)WJ∗ (θ) δ ≤ λChmax (W ).
By Theorem 5, we get

ADQR

ps

φ1
(θφ2

);W


− R

p(θφ2

);W


= − (m − 2) tr(M6Y)


(m − 2) E


χ−4
m+2 (λ)


+


1 −

δT J∗ (θ)WJ∗ (θ) δ (m + 2)
2λtr(M6Y)


2λE


χ−4
m+4 (λ)


≤ 0.

The last inequality follows by (25).
Part (h) is immediate. �

4. A numerical application

In order to clarify the different preliminary phi-divergence test estimators, ph
φ1

(θφ2
), introduced and studied in this paper

for the symmetry model, in this section we are going to consider a numerical example.
We shall consider the data in Table 1.
These data were collected by Glass [16] in a study of social mobility in Great Britain. They are a cross-classification of a

sample of British males according to each subject’s status category and his father’s status category. A question of interest
might be whether or not changes in class between fathers and sons occur in both directions with the same probability,
i.e., to determine whether observations in cells situated symmetrically about the main diagonal have the same probability
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Table 1
Cross-classification of a sample of British males to each subject’s status category and his father’s status category.

Subject’s status
Upper Midle Lower

Father’s status
Upper 588 395 159
Midle 349 714 447
Lower 114 320 411

of occurrence, i.e., if pij = pji (i ≠ j). Under such a hypothesis, the frequencies in the ijth and jith cells are expected to be
equal, and the maximum likelihood estimator is

p
θij


=

1
2


nij + nji


i ≠ j

nij i = j,
i = 1, 2, 3.

When the hypothesis of symmetry holds, p
θ =


p
θ11


, . . . , p

θ33


has a smaller risk with a quadratic loss than

the unrestricted estimatorsp =
 nii

n , . . . ,
n33
n


, where nij is the number of elements in the cell (1, 1) and n is the number

of elements in the sample (n = n11 + · · · + n33). If the hypothesis of symmetry does not hold, the risk of p
θ may be

very big. For this reason, the prior knowledge about the hypothesis of symmetry

pij = pji


is rather uncertain, and it may

be desirable to use a preliminary test estimator. We are going to obtain the different estimators considered in this paper, for
the data in Table 1.

If we observe the expression of the preliminary test estimators in (9), we can see that we need previously to get p(θφ2
)

(the minimum φ2-divergence estimator for the probability vector p = (p11, . . . , p33)) as well as Tφ1
n (θφ2

) (the family of test
statistics for testing pij = pji, i, j = 1, 2, 3).

In order to obtain p(θφ2
) as well as Tφ1

n (θφ2
), we shall consider

φ2(x) = φ1(x) = φλ(x) =
1

λ (λ + 1)


xλ+1

− x − λ (x − 1)


(26)

for λ ≠ 0 and λ ≠ −1 and

φ0(x) = lim
λ−→0

φλ(x) = x log x − x + 1

φ−1(x) = lim
λ−→−1

φλ(x) = − log x + x + 1.

In the following, we denote by p(θ(λ2)
) the family of minimum divergence estimators associated to φ2(x), given in (26), and

by T (λ1)
n (θ(λ2)

) the family of test statistics associated to φ2(x) and φ1(x), given in (26), and defined in (8).
The expression of p(θ(λ2)

), see for instance page 371 in [13], is given by

pij(θ(λ2)
) =

pλ2+1
ij +pλ2+1

ji
2

 1
λ2+1

3∑
i=1

3∑
j=1

pλ2+1
ij +pλ2+1

ji
2

 1
λ2+1

, i, j = 1, . . . , 3 : λ ≠ 0, λ ≠ −1, (27)

and the expression of T (λ1)
n (θ(λ2)

) by

T (λ1)
n (θ(λ2)

) =
1

λ1 (1 + λ1)

 3−
i=1

3−
j=1

pλ1+1
ij

pij(θ(λ2)
)
λ1

− 1

 , λ ≠ 0, λ ≠ −1. (28)

Important and well-known estimators obtained from (27) are the following.
For λ2 = 0, we obtain the maximum likelihood estimator for symmetry introduced by Bowker [1], whose expression is

pij(θ(0)
) =

pij +pji
2

, i, j = 1, . . . , 3.

For λ = −1, we obtain, as a limit case,

pij(θ(−1)
) =

pijpji 1
2

3∑
i=1

3∑
j=1

pijpji 1
2

, i, j = 1, . . . , 3
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Table 2
Minimum φ2-divergence estimators for different values of λ2 ( − 1, −1/2, 0, 1/2, 1, 2/3).

Cell λ2 = −1 λ2 = −1/2 λ2 = 0 λ2 = 1/2 λ2 = 1 λ2 = 2/3

11 0.16924 0.16852 0.16814 0.16765 0.16740 0.16765
12 0.10687 0.10651 0.10638 0.10624 0.10611 0.10620
13 0.03875 0.03885 0.03903 0.39211 0.03938 0.03926
23 0.10886 0.10915 0.10967 0.11017 0.11067 0.11034
22 0.20551 0.20464 0.20418 0.20372 0.20327 0.20357
33 0.11830 0.11779 0.11753 0.11727 0.11701 0.11718

Table 3

Values of T (λ1)
n (θ(λ2)

) for different values of λ1 and λ2 .

λ2 = −1/2 λ2 = 0 λ2 = 1/2 λ2 = 1 λ2 = 2/3

λ1 = −1 17.14 17.41 22.193 24.588 23.144
λ1 = −1/2 32.77 31.899 31.722 31.669 31.699
λ1 = 0 31.84 31.627 31.541 31.53 31.532
λ1 = 2/3 32.77 31.379 31.722 31.669 31.699
λ1 = 1 31.66 31.452 31.297 31.129 31.235

i.e., the minimum discrimination estimator for symmetry introduced and studied in [2].
For λ = 1,

pij(θ(1)
) =

p2ij+p2ji
2

1/2

3∑
i=1

3∑
j=1

p2ij+p2ji
2

1/2 ,

and we get the minimum chi-squared estimator for symmetry introduced in [3].
Other interesting estimators for symmetry are as follows. For λ2 = −2, the minimum modified chi-squared estimator;

for λ = −1/2, theminimum Freeman–Tukey estimator; and finally, for λ2 = 2/3, theminimumCressie and Read estimator.
In Table 2, we present the expression of pij(θ(λ2)

) for different values of λ2 (λ2 = −1, −1/2, 0, 1/2, 1, 2/3).
In relation with (27), we get for λ1 = λ2 = 0 the likelihood ratio test,

T (0)
n (θ(0)

) = G2
= 2

−
i,j
i<j

nij log
2nij

nji + nij
.

For λ2 = 0 and λ1 = 1, we get the classical chi-square test statistic given in [1]

T (1)
n (θ(0)

) = X2
=

−
i,j
i<j


nij − nji

2
nij + nji

.

Finally, for λ1 = λ2 = 1, we get the test statistics given in [3] and for λ2 = 0 we get the family of test statistics introduced
and studied in [17].

Table 3 presents the values of different test statistics for different values of λ1 and λ2.
Based on the results given in Table 3, we must reject the hypothesis of symmetry in our data, and therefore it will be not

good to consider the restricted estimators p(θ(λ1)
). If we observe the expression of the preliminary test estimator given in

(9), we can observe that ppte
(λ1)

(θ(λ2)
) coincides with the unrestricted estimatorp =

 n11
n , . . . ,

n33
n


, i.e.,

ppte
(λ1)

(θ(λ2)
) = (0.16814, 0.11295, 0.04568, 0.0980, 0.20418, 0.12782, 0.03259, 0.09150, 0.11753).

In order to get the expression of the shrinkage preliminary phi-divergence estimator, psre(θ(λ2)
), we need to fix a value of

a ∈ (0, 1). We consider a = 0.4. Then,

psre(θ(λ2)
) = 0.6p(θ(λ2)

) + 0.4p.
In Table 4, we present the expression of psre(θ(λ2)

) for different values of λ2.
In Table 5, we present the expressions of the James–Stein phi-divergence estimator, ps

(λ1)
(θ(λ2)

). In order to get

ps
(λ1)

(θ(λ2)
), we need T (λ1)

n (θ(λ2)
). We have used the values of T (λ1)

n (θ(λ2)
) for λ1 = 1 and λ2 = −1/2. In our situation,
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Table 4
Srinkage preliminary phi-divergence estimators for different values of λ2 (−1, −1/2, 0, 1/2, 1, 2/3).

Cell λ2 = −1 λ2 = −1/2 λ2 = 0 λ2 = 1/2 λ2 = 1 λ2 = 2/3

11 0.16858 0.16829 0.16814 0.16794 0.16784 0.16794
12 0.11052 0.11037 0.11032 0.11027 0.11021 0.11025
13 0.04427 0.04282 0.04289 0.18412 0.04303 0.04298
21 0.10263 0.10248 0.10243 0.10238 0.10232 0.10236
22 0.20466 0.20432 0.20413 0.20395 0.20377 0.20389
23 0.12024 0.12035 0.12056 0.12076 0.12096 0.12083
31 0.03505 0.03509 0.03517 0.17640 0.03531 0.03526
32 0.09844 0.09856 0.09877 0.09897 0.11047 0.09904
33 0.11784 0.11763 0.11753 0.11743 0.11732 0.11739

Table 5
James–Stein preliminary phi-divergence estimators for different values of λ2 (−1, −1/2, 0, 1/2, 1, 2/3).

Cell λ2 = 1 λ2 = −1/2 λ2 = 0 λ2 = 1/2 λ2 = 1 λ2 = 2/3

11 0.1686 0.16858 0.16857 0.16855 0.16854 0.16855
12 0.1104 0.11039 0.11039 0.11038 0.11038 0.11038
13 0.04409 0.04409 0.04410 0.06227 0.04411 0.04411
21 0.10276 0.10275 0.10275 0.10274 0.10274 0.10274
22 0.20469 0.20466 0.20464 0.20463 0.20462 0.20463
23 0.12018 0.11989 0.11991 0.11992 0.11994 0.11993
31 0.03517 0.03517 0.03518 0.04633 0.03.51 0.03743
32 0.09877 0.09878 0.09880 0.09881 0.09883 0.09882
33 0.11785 0.11784 0.11783 0.11782 0.11781 0.11782

T (1)
n (θ(−1/2)

) = 31.66.

ps
(λ1)

(θ(λ2)
) = p(θ(λ2)

) +


1 − T (1)

n (θ(−1/2)
)
 p − p(θ(λ2)

)


using λ1 and λ2, i.e., T
(1)
n (θ(−1/2)

).
In our case,m = 3. Therefore,

I(m−2,∞)


T (1)
n (θ(−1/2)

)


= 1

and ps+
(λ1)

(θ(λ2)
) coincides with ps

(λ1)
(θ(λ2)

). We also have

I(m−2,∞)(x) = I
χ2
3 ,∞

(x),
and therefore ppte+

(λ1)
(θ(λ2)

) = ps+
(λ1)

(θ(λ2)
).
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