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a b s t r a c t

Efficient multiplications in finite fields of characteristics 5 and 7 are used for computing
the Eta pairing over divisor class groups of the hyperelliptic curves Lee et al. (2008) [1]. In
this paper, using the recentmethods for multiplication in finite fields, the explicit formulas
for multiplication in F55n and F77n are obtained with 10 multiplications in F5n for F55n and
15 multiplications in F7n for F77n improving the results in Cenk and Özbudak (2008) [4],
Cenk et al. (2009) [5], Lee et al. (2008) [1] and Montgomery (2005) [12]. The timing
results of implementations of the Karatsuba type formulas and the proposed formula for
multiplication in F55·89 are given.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Finite fieldmultiplication plays an important role in the implementation of elliptic curve cryptography and pairing based
cryptography. Recent efficientmultiplications inF55n andF77n are used for computing the Eta paring over divisor class groups
of the hyperelliptic curves y2 = xp − x + d where p is an odd prime [1] in which the Karatsuba type multiplications [2,3]
are used. Let µq(m) denote the minimum number of Fq multiplications in order to multiply two arbitrary elements of Fqm .
The Karatsuba type multiplications imply only µ5n(5) ≤ 15 and µ7n(7) ≤ 24. However, there are more efficient methods
for improving the bounds on µq(m). For example, recently it has been shown that one can obtain the explicit formula for
multiplication in F55n with µ5n(5) ≤ 11 in [4,5]. In this paper, by using the recent methods for multiplication in Fqm (see,
[6–10]) improved the values for the multiplications in F55n and F77n are obtained. The explicit formulas having µ5n(5) ≤ 10
and µ7n(7) ≤ 15, which also improve the corresponding result in [4,5] are given. In particular, these give more efficient Eta
pairing computations than the ones in [1]. We also give timing results of implementations of the Karatsuba type formulas
and the proposed formula for comparison.

The rest of the paper is organized as follows: We introduce complexity notions in the next section. The method we
used is presented in Section 3. In Section 4, we give the details of obtaining the explicit formulas for multiplication in F55n

and F77n . We compare the timing results of implementations of the Karatsuba type formula and the proposed formula for
multiplication in F55·89 in Section 5. We conclude this paper in Section 6.

2. Preliminaries

Bilinear complexity of multiplication in Fqn over Fq is the minimum number of Fq bilinear multiplications in order to
multiply two arbitrary elements of Fqn and it is denoted by µq(n). There is a related but different complexity notion. Let
Mq(n) denote the number of multiplications needed in Fq in order to multiply two arbitrary n-term polynomials in Fq[x]
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(cf. [8,11–13,3,14]). Here a polynomial is called an n-term polynomial in Fq[x] if it is of the form a0 + a1x+· · ·+ an−1xn−1
∈

Fq[x]. As reduction modulo, an irreducible polynomial in Fq[x] can be performed without multiplications in Fq; we have

µq(n) ≤ Mq(n). (2.1)

However, µq(n) andMq(n) are not necessarily equal in general. By using a polynomial basis {1, ξ , ξ 2, . . . , ξ n−1, . . . , ξ 2n−2
}

for Fq2n−1 over Fq, it is easy to show that Mq(n) ≤ µq(2n − 1). We will use another complexity notion in this paper. For a
positive integer ℓ, let Mq(ℓ) denote themultiplicative complexity of computing the coefficients of the product of two ℓ-term
polynomials modulo xℓ over Fq. In other words, Mq(ℓ) is the minimum number of multiplications needed in Fq in order to
obtain the first ℓ coefficients of the product of two arbitrary ℓ-term polynomials in Fq[x]. It is not difficult to obtain useful
upper bounds on Mq(ℓ) for certain values ℓ. For example, we have Mq(2) ≤ 3, Mq(3) ≤ 5, Mq(4) ≤ 8 and Mq(5) ≤ 11 for
any prime power q (cf. [8, Proposition 1], [15]).

Throughout the paper, the algebraic function fields are used. We refer the reader to [16] for details of algebraic function
fields.

3. The method

Let F/Fq be an algebraic function field with full constant field Fq. Let P1, . . . , PN be distinct places of arbitrary degrees.
Assume that Q is a place of degree n. Let OQ be the valuation ring of the place Q . Note that the residue field OQ /Q is
isomorphic to Fqn . Let D be a divisor such that suppD ∩ {Q , P1, P2, . . . , PN} = ∅. Let L(D) be the Riemann–Roch space of
D. Also assume that the evaluation map EvQ from L(D) to the residue field OQ /Q is onto. For 1 ≤ i ≤ N , let ti be a local
parameter at Pi. For f ∈ L(2D), let f = αi,0 + αi,1ti + αi,2t2i + · · · be the local expansion at Pi with respect to ti, where
αi,0, αi,1, . . . ∈ Fqdeg(Pi) . Let ui be a positive integer and consider the Fq-linear map

ϕi : L(2D) → (Fqdeg(Pi))
ui

f → (αi,0, αi,1, . . . , αi,ui−1).

Let ϕ be the Fq-linear map given by

ϕ : L(2D) → (Fqdeg(P1))
u1 × (Fqdeg(P2))

u2 × · · · × (Fqdeg(PN ))
uN

f → (ϕ1(f ), ϕ2(f ), . . . , ϕN(f )). (3.1)

Finally, we assume that the map ϕ is injective. Under those assumptions we have the following theorems. The proofs are
in [10].

Theorem 3.1. Under the notation and assumptions as above, we have

µq(n) ≤

N−
i=1

µq(deg(Pi))Mqdeg(Pi)(ui). (3.2)

Using Theorem 3.1, we obtain the explicit algorithms for multiplications in Fqn . The conditions of the following theorem
guarantee that the assumptions of Theorem 3.1 are satisfied.

Theorem 3.2. Let F/Fq be an algebraic function field with full constant field Fq. Let g be the genus of F . Let P1, P2, . . . , PN be
distinct places of arbitrary degrees of F . Let u1, u2, . . . , uN be arbitrary positive integers. Assume that

(1) there exists a non-special divisor of degree g − 1,
(2) there exists a place of degree n,
(3)

∑N
i=1 deg(Pi)ui > 2n + 2g − 2.

Then assumptions in Theorem 3.1 hold and we get (3.2).

4. Explicit formulas for multiplication in F55n and F77n

In this section, we will give the details of obtaining the explicit formulas for multiplication in F55n and F77n using the
method described in Section 3. For obtaining the explicit formula for multiplication in F77n , we need to use a degree one
place with u = 2. Since using a degree one place with u = 2 is one of the main ideas of the method given in Section 3. We
prefer to explain all the details of the calculations for obtaining a formula for multiplication in F77n with µ7n(7) ≤ 15. We
start with the following remark.
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Remark 4.1. We consider F77n as the extension field of F7n with extension degree 7. In other words, we can consider
F77n

∼= F7n [x]/⟨f (x)⟩ where F7n [x] is the ring of polynomials over F7n and f (x) ∈ F7n [x] is an irreducible polynomial.
The elements of F7n are called scalars. Note that for n > 1, one can find a formula for multiplying the elements of F77n with
13 multiplications in F7n using the interpolation method [14]. This formula contains scalars from F7n and depending on n,
i.e. when we change the value of n, we must construct a new formula. However, we find a multiplication formula for F77n

with 15 multiplications containing scalars from only F7 and it will be valid for all n satisfying gcd(n, 7) = 1 where gcd(a, b)
for integers a and b is the greatest common divisor of a and b. Moreover, note that the multiplicative cost of multiplication
in F7n for n > 1 is more expensive than the multiplicative cost of multiplication in F7.

In order to obtain a multiplicative formula for F77n which contains scalars only from F7, we will find a formula for
multiplication in F77 . If gcd(n, 7) = 1, then multiplication formula in F77 is valid for F77n . The reason can be explained
as follows: let f (x) ∈ F7[x] be the reduction polynomial of F77 , i.e. F77

∼= F7[x]/⟨f (x)⟩ and gcd(n, 7) = 1. Then f (x) is also
irreducible over F7n . Therefore, we can write F77n

∼= F7n [x]/⟨f (x)⟩. Note that a degree one place of an algebraic function
field over F7 is also a degree one place of the same algebraic function field over F7n . When we use the method given in
Section 3 for multiplication in F77 and F77n , using the same degree one places, we obtain the same formulas. Therefore, if
gcd(n, 7) = 1, the multiplication formula for F77 will be the same with the multiplication formula for F77n

The following remark is related to the condition gcd(n, 7) = 1 from the cryptographical point of view.

Remark 4.2. In pairing based cryptography, the extension degree n is generally selected as a prime number for security. For
example, in [1] n = 29 for F77n and n = 89 for F55n are selected. So, in general, the conditions gcd(n, 7) = 1 for F77n and
gcd(n, 5) = 1 for F55n are satisfied.

Now we will give the details of obtaining an explicit formula for multiplication in F77 with 15 multiplications in F7.
Consider the elliptic curve E/F7 : y2 = x3 + 3. This curve contains 13 degree one places. Let {P1, . . . , P13} be the set of
degree one places of E. Those places are

P1 = ∞, P2 = (x + 4, y + 3), P3 = (x + 4, y + 4), P4 = (x + 5, y + 2),
P5 = (x + 5, y + 5), P6 = (x + 1, y + 3), P7 = (x + 1, y + 4),
P8 = (x + 3, y + 2), P9 = (x + 3, y + 5), P10 = (x + 2, y + 3),
P11 = (x + 2, y + 4), P12 = (x + 6, y + 2), P13 = (x + 6, y + 5).

Note that throughout the paper we use the notation of Magma [17] for presenting the places and divisor of algebraic
function fields. When we use P1 with u = 2 and P2, . . . , P13 with u = 1, the map ϕ defined in Section 3 becomes injective.
In order to obtain an explicit formula, we need to find a local parameter of P1. A local parameter of P1 is t = xy/(x3 + 3). Let
us choose D = (x7 + 6x5 + 6x3 + 5x + 1, 6x6 + x5 + 3x3 + 6x2 + 4x + y + 2). Let {f1, . . . , f14} be a basis of L(2D) where
{f1, . . . , f7} is the basis of L(D). A basis of L(2D) containing a basis of L(D) is given in Appendix A.

Now consider the elements a =
∑7

i=1 aifi ∈ L(D) and b =
∑7

i=1 bifi ∈ L(D). Let c =
∑14

i=1 cifi be the product of a and
b given by

7−
i=1

aifi


·


7−

i=1

bifi


=

14−
i=1

cifi. (4.1)

Then we get the following system of linear equations

m1
m2 + m3
m4
m5
m6
m7
m8
m9
m10
m11
m12
m13
m14
m15


  

M

=



0 0 0 0 0 0 1 2 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
6 3 2 1 0 5 1 2 3 6 1 2 2 4
1 6 3 6 4 4 1 4 6 5 2 4 4 1
0 5 4 6 6 0 1 6 3 6 0 5 3 1
2 6 1 1 0 4 1 5 6 5 0 3 6 2
1 3 1 5 3 3 1 3 4 1 5 6 0 1
3 1 3 3 5 1 1 3 4 1 5 6 0 1
6 4 0 2 2 6 1 0 0 4 3 5 5 1
0 6 4 3 4 3 1 0 0 0 0 0 0 0
6 6 6 0 4 1 1 6 4 1 1 4 3 4
3 4 0 3 6 0 1 5 1 2 2 1 6 1
5 1 4 5 4 5 1 1 1 2 6 4 1 4
3 6 2 3 2 3 1 1 1 2 6 4 1 4


  

G



c1
c2
c3
c4
c5
c6
c7
c8
c9
c10
c11
c12
c13
c14


  

C

where multiplications mi for 1 ≤ i ≤ 15 are given in Appendix A. Since G is invertible, we have C = G−1
· M . Then

we can find a multiplication in F77 by using EvQ (f ) where EvQ (f ) is the evaluation map from L(D) to F77 and we choose
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Table 1
Timings (s) for multiplication in F589·5 .

The proposed formula The Montgomery formula The Karatsuba method

0.01167 0.01514 0.01725

Q = (x7 + 6x+ 4, 3x6 + 4x4 + 5x3 + 2x2 + 2x+ y+ 1). Note that we represent F77 as the field F7(w) = F7[x]/(f (x)), where
w is the root of the irreducible polynomial f (x) = x7 + 6x + 4. Let {ξ1, ξ2, . . . , ξ7} be a basis of F77 over F7 such that

ξ1 = 4w6
+ 6w5

+ 4w4
+ 4w3

+ w2
+ 3w + 1,

ξ2 = 6w6
+ 4w5

+ 6w4
+ 4w3

+ 4w2
+ w + 4,

ξ3 = 6w5
+ 4w4

+ 6w3
+ 4w2

+ 4w + 1, ξ4 = 3w6
+ 6w4

+ 4w3
+ 6w2

+ 4w + 1,
ξ5 = 3w5

+ 6w3
+ 4w2

+ 6w + 4, ξ6 = 4w6
+ 3w4

+ 6w2
+ 4w + 2, ξ7 = 1,

where EvQ (fi) = ξi. The formula that we obtain is valid for the above basis. A well known basis of a finite field is the
polynomial basis. Since the polynomial basis is easy to use, we convert the formula obtained above to polynomial basis. The
explicit formula using the polynomial basis is given in Appendix C.

Now we will explain how to obtain an explicit formula for multiplication in F55n with 10 multiplications. We use the
elliptic curve y2 + xy + 2y − x3 + x = 0. It has 10 degree one places. We select the reduction polynomial as x5 − x4 + 1.
Note that this polynomial is irreducible over F5n for all positive integer n satisfying. When we apply the method given in
Section 3, we get a multiplication formula for F55n with 10 multiplications. The explicit formula in the polynomial basis is
given in Appendix B.

5. Timing results

The proposed formulas use less number of multiplications than the known methods. However, since the proposed
formulas are obtained using the interpolation method on algebraic function fields, the number of additions may increase.
Themain question is the effect of those additions in practice. Now, wewill give the timing results for multiplication in F589·5 .
Here we choose n = 89, because F589·5 is used in [1]. We compare the Karatsuba, Montgomery and proposed formulas. We
consider F589·5 as the extension field of F589 with extension degree 5. The elements of F589·5 are multiplied by using the
Karatsuba and Montgomery 5-term polynomial multiplication formulas together with (2.1) with 15 and 13 multiplications
in F589 respectively. On the other hand, the proposed formula uses only 10 multiplications in F589 . The implementation of
the formula in the platform of a single processor 1.7 Ghz Intel Celeron gives that the proposed formula is faster than both
the Karatsuba and Montgomery formulas. We use Magma [17] for the multiplication in F589 (Table 1).

Note that since the multiplication in F589 takes much more time than the addition in F589 , the proposed formula which
uses less multiplication than the Karatsuba and Montgomery formulas yields faster multiplication.

6. Conclusions

Using the recentmethods formultiplication inFqm , we obtain improved values for the explicit formulas formultiplication
inF55n andF77n .We get the explicit formulas givingµ5n(5) ≤ 10 andµ7n(7) ≤ 15. In particular, these givemore efficient Eta
pairing computations than the ones in [1]. We also give timing results of implementations of the Karatsuba type formulas
and the proposed formula for comparison. The implementation of themultiplication formula inF589·5 gives that the proposed
formula is faster than both the Karatsuba and Montgomery formulas.
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Appendix A

A basis {f1, f2, . . . , f14} used in Section 4 of L(2D) is given where {f1, f2, . . . , f7} is a basis of L(D) and f = x7 + 6x5 +

6x3 + 5x + 1.

f1 =
5x6 + x5y + 4x5 + 6x3 + 5x2 + 3x + 4

f
, f2 =

3x6 + 5x5 + x4y + x4 + 3x2 + 5x + 4
f

f3 =
3x6 + 3x5 + 2x4 + x3y + x3 + 4x2 + 3x + 6

f
, f4 =

x6 + 3x5 + 2x4 + 2x3 + x2y + 4x + 1
f
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f5 =
6x6 + x5 + 4x4 + 2x3 + 3x2 + xy + 6

f
, f6 =

x6 + 6x5 + 4x3 + x2 + 3x + y + 5
f

, f7 = 1,

f8 =
2x14 + x13 + 2x12 + x11y + 3x11 + x10 + 4x9y + 5x9 + 4x8y + 5x8 + 3x7y

f 2

+
3x7 + 3x6y + 2x6 + 4x5y + 4x5 + x4y + 2x4 + 4x3y + 6x2y + 5x2 + 5xy + 4x

f 2
,

f9 =
2x13 + x12 + 2x11 + x10y + 3x10 + x9 + 4x8y + 5x8 + 4x7y + 5x7

f 2

+
3x6y + 3x6 + 3x5y + 2x5 + 4x4y + 4x4 + x3y + 2x3 + 4x2y + 6xy + 5x + 5y + 4

f 2
,

f10 =
2x12 + x11 + 2x10 + x9y + 3x9 + x8 + 4x7y + 2x7 + 4x6y + 3x6 + 3x5y + 6x5

f 2

+
5x4y + x4 + 2x3y + x3 + 6x2y + x2 + 4xy + 4x + 6y + 2

f 2
,

f11 =
2x11 + x10 + 2x9 + x8y + 3x8 + 3x7 + 4x6y + x6 + 4x5y + x5 + 4x4y + 2x4

f 2

+
4x3y + 3x3 + x2y + 4x2 + 6xy + 3x + 4y + 6

f 2
,

f12 =
2x10 + x9 + 2x8 + x7y + 2x7 + 4x5y + 2x5 + 3x4 + x3y + x3 + x2y

f 2
+

5x2 + xy + 3x + 6y + 2
f 2

,

f13 =
2x9 + x8 + 4x7 + x6y + x6 + 5x5 + 5x4y + 5x4 + 6x3y + 5x34x2 + xy + y + 5

f 2
,

f14 =
2x8 + 6x7 + 5x6 + x5y + 3x5 + 6x4y + 2x4 + 6x3y + 3x3 + 2x2 + 2x + y + 5

f 2
.

The multiplications used in Section 4 are

m1 = a7b7, m2 = a1b7, m3 = a7b1,
m4 = (6a1 + 3a2 + 2a3 + a4 + 5a6 + a7)(6b1 + 3b2 + 2b3 + b4 + 5b6 + b7),
m5 = (a1 + 6a2 + 3a3 + 6a4 + 4a5 + 4a6 + a7)(b1 + 6b2 + 3b3 + 6b4 + 4b5 + 4b6 + b7),
m6 = (5a2 + 4a3 + 6a4 + 6a5 + a7)(5b2 + 4b3 + 6b4 + 6b5 + b7)
m7 = (2a1 + 6a2 + a3 + a4 + 4a6 + a7)(2b1 + 6b2 + b3 + b4 + 4b6 + b7),
m8 = (a1 + 3a2 + 1a3 + 5a4 + 3a5 + 3a6 + a7)(b1 + 3b2 + 1b3 + 5b4 + 3b5 + 3b6 + b7),
m9 = (3a1 + a2 + 3a3 + 3a4 + 5a5 + a6 + a7)(3b1 + b2 + 3b3 + 3b4 + 5b5 + b6 + b7),
m10 = (6a1 + 4a2 + 2a4 + 2a5 + 6a6 + a7)(6b1 + 4b2 + 2b4 + 2b5 + 6b6 + b7),
m11 = (6a2 + 4a3 + 3a4 + 4a5 + 3a6 + a7)(6b2 + 4b3 + 3b4 + 4b5 + 3b6 + b7),
m12 = (6a1 + 6a2 + 6a3 + 4a5 + 1a6 + a7)(6b1 + 6b2 + 6b3 + 4b5 + 1b6 + b7),
m13 = (3a1 + 4a2 + 3a4 + 6a5 + a7)(3b1 + 4b2 + 3b4 + 6b5 + b7),
m14 = (5a1 + a2 + 4a3 + 5a4 + 4a5 + 5a6 + a7)(5b1 + b2 + 4b3 + 5b4 + 4b5 + 5b6 + b7),
m15 = (3a1 + 6a2 + 2a3 + 3a4 + 2a5 + 3a6 + a7)(3b1 + 6b2 + 2b3 + 3b4 + 2b5 + 3b6 + b7).

Appendix B

We give an explicit formula for multiplication in F55n where gcd(5, n) = 1. Let the reduction polynomial be f (x) =

x5 + 4x4 + 1 ∈ F5[x]. Note that this polynomial is also irreducible in F5n for gcd(n, 5) = 1. Then we can construct
F55n

∼= F5n [x]/f (x). Letα =
∑4

i=0 aix
i, β =

∑4
i=0 bix

i, and γ =
∑4

i=0 cix
i with (

∑4
i=0 aix

i)·(
∑4

i=0 bix
i) mod (x5+4x4+1) =∑4

i=0 cix
i, with ai, bi, ci ∈ F5n . Then, we have

c0 = 4m1 + m2 + 4m3 + 2m4 + 4m5 + 2m6 + 2m7 + 3m8 + 4m9,

c1 = 4m1 + m10 + 2m2 + 4m3 + 3m6 + m7 + 4m8 + m9,

c2 = 2m1 + m10 + 3m2 + 3m3 + 3m4 + 2m6 + m7,

c3 = 4m1 + m2 + 2m3 + 4m4 + 4m5 + m7 + 4m9,
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c4 = 2m10 + m2 + 3m3 + 2m4 + 2m5 + 2m6 + m8 + 2m9,

m1 = (a1 + 2a2 + 4a4 + a0)(b1 + 2b2 + 4b4 + b0),
m2 = (2a2 + 4a3 + a0)(2b2 + 4b3 + b0),
m3 = (a2 + a3 + 3a4 + a0 + 4a1)(b2 + b3 + 3b4 + b0 + 4b1),
m4 = (a2 + 2a3 + 2a4 + 4a1 + a0)(b2 + 2b3 + 2b4 + 4b1 + b0),
m5 = (4a2 + 4a3 + a4 + a1 + a0)(4b2 + 4b3 + b4 + b1 + b0),
m6 = (a2 + 4a3 + 4a4 + 4a1 + a0)(b2 + 4b3 + 4b4 + 4b1 + b0),
m7 = (4a2 + 4a3 + 4a4 + a0)(4b2 + 4b3 + 4b4 + b0),
m8 = (a0 + 4a1 + 3a2 + 3a3 + 2a4)(b0 + 4b1 + 3b2 + 3b3 + 2b4),
m9 = (a2 + 3a3 + 3a4 + 2a1 + a0)(b2 + 3b3 + 3b4 + 2b1 + b0),
m10 = (4a2 + 2a3 + a1 + a0)(4b2 + 2b3 + b1 + b0).

Appendix C

We give an explicit formula for multiplication in F77n where gcd(7, n) = 1. Let the reduction polynomial be f (x) =

x7 + 6x + 4 ∈ F7[x]. Note that this polynomial is also irreducible in F7n for gcd(n, 7) = 1. Then we can construct F77n
∼=

F7n [x]/f (x). Letα =
∑6

i=0 aix
i, β =

∑6
i=0 x

i, andγ =
∑6

i=0 cix
i with (

∑6
i=0 aix

i)·(
∑6

i=0 bix
i) mod (x7+6x+4) =

∑6
i=0 cix

i,
with ai, bi, ci ∈ F7n .

c0 = 3m1 + 4m2 + 4m3 + 2m4 + m5 + 2m6 + 5m7 + 6m8 + 2m9 + 3m10 + 3m11,

c1 = 3m1 + 6m2 + m5 + 2m6 + 5m12 + 5m8 + 4m9 + 3m13 + 3m10 + 3m11 + 6m14,

c2 = 5m1 + 2m2 + 2m3 + 5m5 + m6 + 5m12 + 3m7 + 4m9 + m15 + 6m13 + m10 + m11 + m14,

c3 = 3m2 + 6m3 + 3m5 + 3m6 + m12 + 3m7 + m8 + 6m9 + 3m13 + 6m10 + 6m11 + 6m14,

c4 = m1 + 5m3 + 4m4 + 3m5 + m6 + 5m12 + 4m7 + 5m9 + 4m15 + 5m13 + 2m10 + 2m11 + 5m14,

c5 = 5m1 + 2m2 + 3m3 + m4 + 2m5 + 3m6 + 5m12 + 3m7 + 2m8 + 2m9 + 6m13 + m14,

c6 = 5m1 + 3m2 + 2m3 + 4m4 + 3m5 + 3m6 + 5m7 + 4m8 + 4m9 + 2m15 + 5m13 + 2m10 + 2m11 + 2m14,

m1 = (6a1 + 5a2 + a0 + 5a3 + 4a4 + 5a5)(6b1 + 5b2 + b0 + 5b3 + 4b4 + 5b5),
m2 = (4a1 + 3a2 + a0 + a3 + 6a4 + 5a6)(4b1 + 3b2 + b0 + b3 + 6b4 + 5b6),
m3 = (4a2 + a0 + 3a3 + 3a4 + a5)(4b2 + b0 + 3b3 + 3b4 + b5),
m4 = (a1 + 4a2 + a0 + 2a3 + 4a4 + 6a5 + a6)(b1 + 4b2 + b0 + 2b3 + 4b4 + 6b5 + b6),
m5 = (5a1 + 4a2 + a0 + 4a3 + 3a4 + 2a5 + a6)(5b1 + 4b2 + b0 + 4b3 + 3b4 + 2b5 + b6),
m6 = (3a1 + 3a2 + a0 + 2a4 + 2a5 + 3a6)(3b1 + 3b2 + b0 + 2b4 + 2b5 + 3b6),
m7 = (a1 + 3a2 + a0 + a3 + 2a4 + 6a5 + 2a6)(b1 + 3b2 + b0 + b3 + 2b4 + 6b5 + 2b6),
m8 = (4a1 + a2 + a0 + 6a3 + 2a5 + 3a6)(4b1 + b2 + b0 + 6b3 + 2b5 + 3b6),
m9 = (4a1 + a2 + a0 + 6a3 + a4 + 5a5 + 2a6)(4b1 + b2 + b0 + 6b3 + b4 + 5b5 + 2b6),
m10 = (2a3 + 3a4 + 3a5 + 3a6)(b0 + 5b1 + 6b2 + 6b3 + 4b4 + 6b5),
m11 = (a0 + 5a1 + 6a2 + 6a3 + 4a4 + 6a5)(2b3 + 3b4 + 3b5 + 3b6),
m12 = (a2 + a0 + a3 + 5a4 + 3a5 + a6)(b2 + b0 + b3 + 5b4 + 3b5 + b6),
m13 = (5a1 + 4a2 + a0 + 3a4 + 5a5 + a6)(5b1 + 4b2 + b0 + 3b4 + 5b5 + b6),
m14 = (a0 + 5a1 + 6a2 + 6a3 + 4a4 + 6a5)(b0 + 5b1 + 6b2 + 6b3 + 4b4 + 6b5),
m15 = (6a1 + 3a2 + a0 + 5a3 + 4a4 + 2a5 + 3a6)(6b1 + 3b2 + b0 + 5b3 + 4b4 + 2b5 + 3b6).
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