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Abstract

The present paper proposes a new approach to the classical problem of the
harmonic oscillations of a thin wing in a flow of non-viscous incompressible
fluid. The problem is reduced to a dual integral equation, permitting appli-
cation of numerical methods. The numerical experiments are performed by us-
ing some advanced fast non-stationary iterative methods, with the help of the
two-dimensional Fast Fourier Transform. There is given a brief survey on the
iterative methods, to evaluate the most efficient algorithms in application to the

considered problem of the flapping wing theory.
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1 Introduction

The aerohydrodynamics of birds’ flight and swimming of fishes and dolphins was a
subject of a very intensive investigation since the beginning of the 20th century, a

historical survey on the mathematical simulation is presented in [1]. Among recent



works, let us cite those on applications to the flight theory in bionics [2-6]. How-
ever, reproduction of outer characteristics of motion of biological individual cannot
give complete understanding of the motion work. This in fact requires an adequate
mathematical analysis. That is why some fundamental methods were developed based
on computer simulation. Since the basic property of the unsteady flow around bodies
is generation of vortex wakes, one of classical approaches is connected with the vortex
element method, well developed in various versions [7-10]. Some aerodynamic theories
for flexible airfoils and wings are discussed in [11-17]. In particular cases these theo-
ries give classical predictions known for rigid airfoils. At last, it should be noted that
there are several commercial programs which permit numerical study of the problem
under consideration. In the 3d case commercial programs require, as a rule, very huge
computer resources.

Within the model of incompressible and non-viscous fluid, in the case of wing
placed in a uniform stream and harmonically oscillating in time, the 3d problem can
be reduced to a dual integral equation which is an expansion of the classical integral
equation, known in the lifting surface theory, to the non-stationary problem [18]. Many
approximate analytical and numerical approaches have been proposed to solve this dual
integral equation. In particular, efficient asymptotic techniques can be applied to the
cases of large and small aspect ratio of the wing. However, the answer to the question
about appropriate algorithms, which can provide the desired precision in real time,
is still unclear. The mesh reduction method under consideration leads to the dual
integral equation in the 3d theory, hence this reduces significantly the size of the mesh.
Nevertheless a dense system of nodes distributed over the two-dimensional domain
generates a fully populated matrix of too huge dimension, to be practicable when
implemented on personal computers.

In [19] the authors apply a fast algorithm to a simpler dual integral equation. Physi-
cally, the used characteristic hyper-singular kernel arises in the 3d problem of harmonic
oscillations of the wing in the motionless fluid, under conditions of a linear theory of
small perturbations. This problem is therefore a particular case of the present study if
the velocity of the incoming stream is equal to zero. In this particular case the kernel
of the integral equation can be calculated explicitly, which in fact turns out a charac-
teristic hyper-singular kernel of two variables. Furthermore, the discretization process
with a two-dimensional rectangular grid leads to a matrix with double symmetry and

all real eigenvalues. The fast algorithm proposed in [19] is based on the idea of iterative



construction of the inverse matrix via a certain variation of the Newton’s method ap-
plied in the matrix form, namely the Newton-Hotelling-Schulze’s method. The authors
use an advanced numerical technique of the data compression and data partitioning,
to speed-up the matrix inversion process. For this purpose they apply such non-linear
approximations as wavelets, low-rank and tensor approaches. The obtained inverse ma-
trix can be multiplied by the right-hand side, to calculate the unknown vector. This
can also be used as a preconditioner in some non-stationary iterative algorithms.

In contrast to the simple integral equation with the characteristic kernel described in
the previous paragraph, the kernel arising in the problem at hand cannot be calculated
in explicit form. Therefore, this requires a special treatment, to provide its efficient
numerical calculation. So far as an appropriate numerical treatment of the kernel is
arranged, the fast numerical algorithm to find the solution can be constructed in the
way allied to [19]. In particular, in the present work the well-known approach
of the iterative solver with a two-dimensional circulant preconditioner is
used [20, 21], to provide efficient solution.

In section 2 we give a physical formulation of the problem and reduce the corre-
sponding boundary value problem to a basic dual integral equation. In section 3 we
present an analytical treatment for the kernel of the initial integral equation to the
form, suitable to apply an efficient numerical scheme. In section 4 we perform a dis-
cretization of the dual integral equation, reducing it to a System of Linear Algebraic
Equations (SLAE). Sections 5 and 6 cover some modern approaches to improve the
efficiency of the applied algorithms, namely, a FFT-based matrix-vector multiplication
and a preconditioning technique [22-25]. Finally, some numerical experiments and

conclusions are given in the last two sections.

2 Problem Formulation and the Basic Dual Integral
Equation

Let a thin wing of the size (—/, £) x (—c¢, ¢), rectangular in plan, be placed into a uniform
stream of non-viscous incompressible fluid, see Fig. 1. The velocity vector of the incom-
ing flow is constant and directed along axis xz: v = {ug,0,0}. We assume that the os-
cillations of the wing are harmonic in time, therefore, in the linear aerodynamic theory
all physical quantities in the perturbed motion have the following form: F (z,y,z,t) =

Re[F(z,y, z) exp(—iwt)]. Let function z = W(z,y,t) = Re[W(x,y) exp(—iwt)| define



the shape of the wing.
If the fluid is incompressible and the motion is potential (vortex-free) then the

continuity equation implies
divo =0, v=gradyp, = Ap=0. (1)

Once the potential ¢ is known, the aerodynamic pressure can be determined from the
Lagrange-Cauchy integral:
dp p 0 2)

where p is the mass density of the fluid.

In frames of the linear aerodynamic theory we assume that:

(i) the wing is an absolutely thin plate which is weakly curved and weakly inclined
with respect to direction of incidence, axis x.

(ii) the added perturbations of velocity and pressure caused by the oscillations of
the plate are asymptotically small when compared, respectively, with the velocity and
the pressure in the incoming flow. If any perturbed quantity is marked by an accent

sign, then this hypothesis implies:

=tuo+0', (v'|fuo<l), p=po+p, (Pl/po<l), ©=wo+¢' (3)
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By substituting expressions (3) into Eq.(2) and keeping only linear terms for all
perturbed quantities, one obtains:
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Let the wing be defined by the equation z = W (z,y) which is in fact a complex
amplitude in the time-harmonic regime. Then the slip boundary condition over the

wing surface is

v, _ 4V = 0| —a—W—I—(u +v')aW—|—v'aW+v'aW (5)
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It follows from hypothesis (i) above that |0f/0z| < 1, |0f/0y| < 1. Then, in the

linear approximation, for the process harmonic in time, boundary condition (5) can be

rewritten in the following form:
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The last hypothesis of the linearized aerodynamic theory is applied as follows:

(iii) the slip boundary condition (6) may be satisfied on projection of domain S to
the horizontal plane zy, instead of the true curved surface.

Therefore, in the forthcoming discussions we imply that domain S is a plane rect-
angular domain S = (—¢,¢) x (—c,c), a certain subset of the plane zy.

Let us consider the full space, filled of the fluid, separately for z > 0 and z < 0,
where all physical quantities will be marked by + or —, respectively. The interface
plane z = 0 is a union of domain S, a certain vortex sheet which is carried away to
xr — +o0o by the flow, and the rest domain where all physical quantities should be
continuous when crossing plane z = 0.

It is clear from Eq. (4) that if function ¢’ is harmonic then function p’ is harmonic
too: Ap’ = 0. Application of the double Fourier transform with respect to variables x
and y reduces the Laplace equation for function p’ to the ordinary differential equation

regarding variable z:

z(aa:+6 ) 82P 2 2
"(z,y,2)e Ydadp, W—(a + B3P =0, (7)
whose solution is

P:I:(a767z) = A:‘:(avﬁ)eq:m7 T(a76) = (Oz2 + 62)1/2' (8)

Since boundary condition (6) should be valid for both sides of the wing, z = +0 and
z = —0, it follows from (6) that function 0p’/Jz is even with respect to variable z,
hence function ¢’ is odd with respect to z. Then one can conclude from Eq. (4) that

function p’ is odd with respect to z. This implies

Pi(a,8,2) = £A(a, B)e™™, =
! —z (ax+By)Frz (9)
p:t(l‘7 Y,z 47‘{'2 // u)F dadﬁ

Let us introduce the new unknown function ~(z,y), as follows:

Y(z,y), (z,y) €S,
0, (z,y) & S.

The trivial value of this function outside domain S, occupied by the wing, follows from

p'y(z,y,+0) = % 'y (2, y,+0) — p" (z,y,—0)] = { (10)

the continuity of aerodynamic pressure outside the wing.



It should be noted that physical meaning of the introduced function ~ directly
follows from relation (10): this is half the difference between the values of aerodynamic
pressure above and below the wing.

It is evident from (9) and (10) that

// A€, )6+ dedy = // (€, meetagdy. (1)

Now, by substituting Eq. (11) to Eq. (9), one finally obtains the expression for aerody-

namic pressure in terms of the introduced function ~:

Pz, 2) = —// Endfdn// GE DI Jags (12)

Keeping this relation in mind, in order to express the potential ¢ in terms of
function ~y, one should inverse relation (4) relatively function ¢. This can formally be
considered as a partial differential equation regarding function ¢. Under the condition
of no perturbation when moving to infinity upstream, its solution tending to zero as
xr — —oo can easily be resolved by a standard mathematical method, to give

L[ o
(,D;:(ZE,y,Z) . ezw(az O/ OPQI:(vavz)dC:
PuUg J_—

etle(€=O)+B(n—y)+tw(z— )/uo]zFrzd ;
// i(upar + w) adfy ’

(=—o0

(13)

where the Cauchy-type singularity at point o = —w/ug is taken as a principal-value

singular integral. The key point here is to calculate the limit as ( — — oo:
/OO €= dn e~ w(E—C0)/uo /OO eil(atw/uo)(€—C)]
( — o0 Z(Oz + (.U/Uo)
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Therefore, representation (13) takes the following form:

(Y, 2) =+ /SKj(é—x,n—y,Z)’V(E,n)dﬁdn, (15a)

472 puyg
where (1 = w/uy)
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Now, by satisfying the boundary condition (6), one can easily derive from (15) the

following basic dual integral equation of the problem at hand:

0
//K —x,n —y)v(&,n)dédn = iwW — ug a‘f (16a)

472 puyg

with

Z(af+6n) <
ke = | Sam s deds — we [ upas. (o

Once integral equation (16) is solved by this or that way, all physical characteristics
can easily be calculated as some integrals of the basic unknown function y(z,y). For

instance, the full aerodynamic force is connected with the dual integral

_ /11 /zy(x,y)dxdy, (17)

and the propulsive thrust, which is the suction force [1], is defined as a limiting value

of the single integral:
A

lim, | (e, y)|*dy. (18)

Therefore, the principal feature of any method applied to this problem is that this
should provide fast computations, to construct an efficient solution to the dual integral
equation (16). Under the condition that kernel (16b) is itself a dual integral, which
cannot be calculated in a closed form, one can easily estimate the number of arithmetic
operations required. If a certain grid has NV, nodes along the direction of propagation
and NV, nodes in the transversal direction then, taking into account the convolution
property of the kernel, one needs to apply O [(N, N,)?] arithmetic operations, only to
calculate all elements of a matrix under disretization. After that one needs to solve
the matrix equation, which with a direct treatment, say by the Gauss elimination
technique, requires O [(N, N,)?] operations. Even in the case N, ~ N, ~ 102, this
is of the order ~ 10'? which is too huge, at least for personal computers. The main
conclusion from this discussion is that any applied numerical algorithm, to be efficient,

should be fast. Just this point is the main goal of the present study.

3 Analytical Treatment of the Kernel

Let us rewrite the basic integral equation (15) in the dimensionless form, by



introducing the new variables: 7 = z/c, § = y/{ (below tildes are omitted):

o [ [ w6 eyt =i~ O ey, a9

where v = wc/ug is the Strouhal number, A = ¢/c is the aspect ratio of the wing.
The kernel in Eq. (19) is

,ﬂ.e—wf

where
] ) 00 za§
I :/ VB2 + (\w)2e?dp, I Z/ Y ajl_ay / VB2 + (\a)2e?dp,  (21)

and the integral over variable « is treated as the singular Cauchy-type integral, regard-
ing the singularity at the simple pole as a — —v.

The first integral in the kernel (21) can be calculated explicitly, by using the value
of the tabulated integral [26]:

= [ VEEOwpeas =2 [T P cos(pn)as -
e 0
= —2 lim 9 /OO cos(fn)e Vv B gs — (22)

e—+0 O¢

0 e\ Av
/22 1 n2) —
2€hm0 - = ?72K1(/\y e2 +1n?) 2|77|K1(/\u|77|)7

where K is the Macdonald function [27].

The internal integral in I, over variable (3, can be calculated by analogy. This

permits representation of I, as a single integral over variable a:

1€, n) = /ZM(M [ A|a‘K1(A|an|)]da. (23)

a+v) Inl

The direct numerical calculation of integral (23) is complicated because of irregular
behavior of the integrand at the origin and at the infinity. A suitable transformation of
the integral is based on the explicit extraction of the integrand’s asymptotics for both

a — 0 and o — oo

2 [ 1 1 : 1
I = — S ol G (A -
=i [ =8 e (v =) +

1 1Y et i
+ (a ) E) NE + sign(a)e gKl()\|ow7|)] da=1I+13 + 1.

(24)
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The first integral can be reduced to the semi-infinite interval (0, c0), in the following

way:

20 [ 1 1 ’ 1
L= — — ) lale | KsAanl) = 5| da =
nl S \atv a Mo

2 00 1673 173 —ia —i€ 1
-2 c L 4 © aKi(Aaln]) — do =
il atv a v-a o« Aln] (25a)
a
B 42—1/ 00 OzCOS(Oéf) — il/SiH(Oéf) )\OéKl(AOé‘T]D _ i d
A a(v? —a?) 7] Uk
B 42—1/ 9] OzCOS(Oéf) — il/SiH(OéE) )\OéKl()\CL"T]D _ i d
A a(v? —a?) 7] U

where the Cauchy-type singular integral is, see |

o= () /) o

The integrals in (25b) both are absolutely convergent, since the integrand decreases
O(1/a?) with a — oo, and its behavior is O(a!n[ ln()\Oz\n\)) with a — 0, due to
the asymptotics of the Macdonald function for small « [27]. As a result, the quantity
I} becomes a regular function for all values |£,77| < oo. This means that with any
discretization this function may be considered as a usual continuous function.
The quantities IZ and I3 can be expressed in an explicit form, by using some
tabulated integrals [26]:

2 oo( pio€ eia&)da:l Oo{sin(af) B e’i”gsm[((l + v)¢] }da

2_>\—772 & a—i-V_ o 2 ) a P
4 2 sign(€) (26)
; 121 X
= 2 [msign(e) — meSsgn(e)] = 2 (1 - ve),
and
3 29 o . it 4 o0 .
Iy = Tl sign(a)e'™ K (Man|)da = Tl ), sin(a) Ky (Aan|)do =
B (27)

_i 7T£ _ 27T£
Il 220/ + )2 ARV/E + ()?

4 Numerical Implementation

The numerical algorithm to solve the basic dual integral equation (19) is based upon

a discretization, by introducing a two-dimensional discrete mesh. The discrete scheme

O



should take into account the analytical properties of Eq. (19). The present authors do
not know any published work with a thorough investigation of the functional properties
of the basic dual integral equation (19). However, some qualitative properties of its
kernel are evident. As follows from Eq.(22), by using the asymptotic behavior of
the Macdonald function for small argument: K;(¢) = O(1/¢), ( — +0, as well as
from Eqs. (26),(27), the kernel in Eq. (19) is hyper-singular along the wing-span, i.e.
over variable y: O[1/(n — y)?|, 7 — y. According to the general theory [29,30], if
the solution of the one-dimensional hyper-singular integral equation is bounded on the
interval [—1,1], then this solution is unique and automatically vanishes at the side
edges y = £1. Moreover, within the so-called Method of Discrete Vortices (MDV)
[10], it is proved that a simplest quadrature formula may be applied over variable 7,
to construct an appropriate discrete numerical scheme. For this purpose, one may
divide the whole interval [—1, 1] to N, equal small sub-intervals of length h, = 2/N,
and to choose a set of nodes taken, to be more specific, at the central points of each
sub-interval: n, =y = -1+ (K —1/2)h,, k=1,..,N,.

Regarding the regular part of the kernel I, the simple integration along y-axis
can be performed in discrete form as the sum of the integrals over small sub-intervals
(yx — hy/2,yi + hy/2). Application of this idea, with y = y,,, (m =1, .., N,)), leads to

1 diy Ny pypthy /2 oo
[ mateman =225 [ [Tt matang-eyia fx
_ y 0

| ). 29
(& m)dn = @Ty Z hy (&5 Y) /OOO G, N\, ye—ym)g(a, v, E—x)da,
k=1
where the two new functions have been introduced, as follows:
Gla, Ay —y) = AaKi(Aalnp—yl) 1 N
n =yl .(n—y) 29)
o) = ERECI L)

The integration of the continues integrand in Eq. (28) over variable o on the semi-
infinite interval is attained numerically in a simple way. As mentioned above, the
integrand decreases as O(1/a?) at o — oco. Thus, the computation can efficiently be

performed by splitting this integral to the two ones:

[e'e) V—e B
/ Gl Ay gl v, x)da:( / +/ )G(a,A,yk—ymg(a, v,6—x)da, (30)
0 0 v+e

1N



where parameter B should be taken sufficiently large, and parameter ¢ — sufficiently
small, as follows from Eq. (25b).

It is proved in [10] that, in the discrete form, the integration of the hyper-singular
kernels may be performed just in the same way like for continuous functions. This

implies for y = y,,:

1 271[1 — e~ (E—2)] g _ Ny yethy/2 g
/_fgv(f,n)dn— s Jsign(¢ x>27(f,yk)/ — =

L A P vi—hy/2 (M= Ym)?
(31)
_ emivle-n)] )
_2r [1—e | sign(¢ — ) hy (€, Yk)
; 2 (g — ) — (2

while the discretization of the hyper-singular kernel I3 implies, with the use of a certain

tabulated integral:

1 27.{.(5_1,) Ny Yr+hy/2 1
3 — _—_ ‘4 R E
/1 ]27(57 n)dn B A k—1 7(57 yk)/ykhy/2 \/(5_1‘)2 + /\2(77_ym)2 ‘

X

(17— Ym)? (€ — o)y + hy/2 — Ym) -

V=22 + Xy — by /2 — ym)?
(€ —2)(yx — hy/2 — Ym) '

s = 2% ;7(5, Yk) [\/(f — )2+ N2(yp + hy /2 — ym)? (32)

The discretization of the remaining integral I; (4) in the kernel over variable 7 can
be treated as a usual hyper-singular integral, by analogy to I7 and I3. For this aim

let us extract explicitly its hyper-singular behavior. The rest is again a continuous

11



function and can be calculated by analogy to I3, as follows (y = y,,):

ﬂ.e—iu(f—:v) 1 ﬂ.e—iu(f—x) 1 A\
—7/ Iw(f,n)dnz—f/ {—2 Kl(Mln—yml)}

A -1 L =Yl
(€. — 27Te:/(€x) /_11 { [AyKl‘zAﬁZm—’ Yl) 2 _1ym)2] .\
+m}7(§,n)dn= w X (33)
e [ o =

Ny

X Z’y(fv yk) |:hy G(Vv )‘7 Yk — ym) +

k=1

hy ]
(ke — ym)? = (hy/2)? ]’

since function G is continuous.

It should be noted that expressions (32) and (33) in the aggregate correspond to
the standard discretization in the classical theory of lifting surface in a stationary flow
(v = 0), in frames of the MDV [10].

Now let us pass to the numerical treatment along the chord direction, i.e. along
axis z. The MDV prescribes [10] that the following mesh structure may be arranged, to
provide stable calculations, by introducing the two different grids — separately for the
internal variable ¢ and the external one x. With this treatment, the nodes of the former
are placed in the middle between respective nodes of the latter: §; = —1 4+ jh,, x, =
nthy/2, (n,j=1,..N,), hy =2/(N,+1). Here N, is the dimension of the grid along
the chord direction z. It is proved in [10] that such a grid guarantees the automatical
validity of the Kutta-Joukowski hypothesis of bounded aerodynamic pressure just on
the edge closest to a node of the external grid. Since in our case ;1 = —1+ 3h, /2, but
ry, = —1+ (N, +1/2)h, = 1—h, /2, hence the trailing edge = 1 is the closest one to
the node xy,. Therefore, the applied discretization grids provide the Kutta-Joukowski
condition on the true trailing edge x = 1. Within this method, the quadrature formula
for the Cauchy-type integral over variable £ is simply a summation over grid nodes
£=¢;, (j =1,..N,), then multiplying this sum by the grid step h,.

The performed discretization leads to the following representation of the left-hand

19



side in Eq. (19)—(21):

hac N Ny 2ivh &
503 2t | 22 [T6ta e~ gl & — a)dat
0

2w Apug =i

e‘i”(fj_:”")[l—sign(fj—xn)]+sign(§j—xn) (34)
(Yr = Ym)? — (hy/2)?
+\/(fj—xn)2+A2(yk+hy/2—ym)2 V(&= ma) 2 N gk — Py /2 — ym)?
(& — 2n) (U + hy/2 — Ym) (& — 2n) Wk — hy/2 — Ym)

Let us rewrite our problem in the following matrix form

+hye_i”(fj_$")G(u, A, Yk —Ym) +hy

Ay =u. (35)

It should be noted that, when arranging the dicretization, index j is related to the
internal variable along axis x, index n — to the external variable along the same axis,
index k is coupled with the internal variable along axis y, and index m — with the
external variable along the same axis. The structure of the matrix A is such that each
its block A™F corresponds to a chosen pair of nodes m, k on y-axis (m, k = 1, .., Ny),
and the elements of this block are values of the kernel taken for nodes n,j on x-
axis (n,j = 1,..,N;). The vector v = ~v(§;,yx) also has a block structure, where
each block % contains the values of the unknown function v at the nodes ¢; of the
corresponding yi-band. Mathematically, this is expressed in the following indexing
Y(&5, Uk) = Vit+(k-1)N,, Where j = 1,.., N, and k = 1, .., N,. The right-hand side vector
u = (ivW — OW/0x)(xn, Ym) is written similarly. The indices of this vector have the
form u(zy, Ym) = Unt(m-1)n, Withn =1,.., N, and m = 1,.., N,.

In other words, the matrix element aZf’f is located at the intersection of the row
number n + (m — 1) N, and the column number j + (k — 1)N,. Let us note, that upper
indices in the matrix designate the number of a block and the lower ones — the position
of the element in this block. Herewith, inside each block one moves along z-axis, while
the change of the block itself changes location on the grid along variable y.

Since the dimension of the unknown vector v in Eq. (35) is N, - N, (this means N,
blocks with N, elements in each of them), the total number of elements in matrix A is
(N, - N,)?* and obviously, the matrix is fully populated.

However, substituting quantities &, x,y in their discrete form to Eq. (16), one can

see that the kernel depends only on the difference of indices, namely:
Yk — Ym = (K —m)hy, &—xn,=(J—n)hy —hy/2 (36)

19



As a result, the number of distinct elements of the matrix A is significantly reduced,
because in each block there are only 2V, — 1 essentially different elements a,, ; = a;_p.
Moreover, the blocks of the matrix are also repeated A™F = A¥=™_ The properties of

such matrices and their advantages are discussed in the next section.

5 Matrix-Vector Multiplication

It is well-known in which way one can reduce the cost of the matrix-vector multiplica-
tion in the case when the matrix is sparse. Also, there are some approaches for dense
matrices if they have some special structure, in particular for Vandermonde, Cauchy,
Toeplitz and Hankel matrices. The matrix of the system (35) also possesses a certain
specific structure. Namely, it is Block-Toeplitz with Toeplitz Blocks (BTTB), or two-
level Toeplitz matrix. This means that each block A™F of our matrix is represented
by a Toeplitz matrix.

A matrix is called Toeplitz if its elements depend only on the difference of the
indices [25], in other words, if a,, ; = a,_; Thus, the full information about the matrix
coefficients can be collected in the first row and first column of the matrix and it
is sufficient to define only one vector of length 2N, — 1 in the memory storage for
the matrix of dimension N, - N, [31-34]. In the BTTB case the Toeplitz structure
spreads out into blocks of the matrix. In our case there is also a symmetry in a block

distribution, hence A™* = Alm=* or in the matrix representation

AY At AN2 AN
Al A0 Al ANy72
A= : AL A0 : . (37)
ANny . . Al
ANv=1 o AN=2 Al AV

where each block A™* is represented by the non-symmetric Toeplitz matrix

m,k m,k m,k m,k
ay a_q .. ai(NI72) af(szl)
CLm,k: CLm,k: am k am,k
1 0 -1 —(Nz—2)
k . k k . .
AT = : a”™”  ag - : : (38)
m,k . m,k
aN,—2 : a_y
m,k m,k m,k m,k
an,—1 AaN,—2 ay g
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It is clear, that, by knowing the structure of the matrix A, we need to collect only the
first row and the first column of it to storage all matrix just in one vector of length
2NN, —1. This is a big advantage for the matrix with dense structure and it provides
a good basis, to construct a fast matrix-vector multiplication algorithm [32-34].

In the case of one-level Toeplitz matrices this algorithm is based on the convolution
theorem and the application of the Fast Fourier Transform (FFT) [22, 24, 25]. This
theorem can be expressed in the matrix form: C'’A\ = w, where A is an arbitrary known
vector of length N, vector w is the resulting unknown right-hand side, matrix C' is a

periodic Toeplitz matrix with elements

Co CN,—1 _ Co C1
G Co CNy—1 C2
C = C1 Co - . (39)
CNI,Q . . Cszl
CNy,—1 CN,—2 c. C1 Co

which is often called a circulant matrix. The singular value decomposition of such a
matrix is well known and can be represented as C' = F~IAF, where the Fourier matrix
F is a special type of the Vandermonde matrix with the elements F,, = e>™"m/N,
and matrix A is a diagonal matrix with singular values of C' on its diagonal, which
can be obtained by multiplying the Fourier matrix by the first row of C. Thus, the
multiplication of the matrix C' by a vector can be done by applying the FFT method
three times with the computational cost 3- N log,(NV), since each FFT can be performed
with N log,(N) operations.

In order to apply this algorithm to a Toeplitz matrix, one can extend the Toeplitz

matrix to a matrix of a larger size but with circulant property [23]

(2 5) ()= (&)

Such extension can be done for any one-level Toeplitz matrix S. However, in the
two-level case this approach should be applied on each level [20]. Application of this
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technique on the block level can be expressed as the following matrix A=

A° Al co AN ANeL g AN A? Al
Al A0 Al ANy=2 | ANy-1 0 ANy—1 A2
A A° 5 AN
ANy -2 Al A2 ANy -1
ANy=1 ANy=2 A A° A A? . AN
o An . & & | A A& .. awe amen | W
ANy—1 0 ANy—1 A2 Al A0 Al ANy—2
ANy=1 g 5 : Al A°
A2 ANy—1 | ANy—2 Al
Al A? co AN g ANy AN Al A°

where each block A™~#l is an extension of A™*l to a circulant matrix, like in (26).
Here, to be more specific, we assume that N, = N, = 2M. Similarly to the BTTB,
the matrix of the type (41) is called Block-Circulant with Circulant Blocks (BCCB)
or two-level circulant matrix [20]. It is easily seen that in our case its dimension is
(4N, N,)?. Like the one-level circulant matrix, the singular value decomposition of the
BCCB can be performed by the application of the two-dimensional FFT algorithm.
The matrix-vector multiplication and the solution of the SLAE with the matrix (41)
cost together O(6 - 4N, N, log,(4N,N,)) arithmetic operations.

However, to perform fast matrix-vector multiplication algorithm we also need to
extend our vector for an appropriate form [20]. For a vector z of dimension N, N, this

extension can also be done in the two-level way:

2N, elements

——
T _
el=12z 0220 ... 210 2 01]00...00 ]|, (42)
\ - ~~ o\ ~~ g
2Nz Ny elements 2NNy elements

where the superscript 7" denotes the transpose operation and the superscript above the
initial vector z means its block. After the multiplication is performed, some additional
work should be done to collect proper information from the vector of dimension 4N, N,
in a vector of dimension /N, N,. Firstly, we ”"cut the tail” and keep only the first part
of the obtained array, for j < 2N, N,, by taking only first N, blocks (n < N,). In the
same way we collect only first part of each block by restricting index 7 < N,. In other
words, after the multiplication Ae = s, we take only s7 =57, j=1,2,...,N;, n=
1,2,...,N,.
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It is easy to estimate that the application of the described ideas inside the BiCG
algorithm reduces the total computational cost to Ny - 48N, N, log, (4N, N,).

6 Preconditioning Technique

As shown in the next section, the application of the BiCG algorithm efficiently solves
the linear system (35), but the number of iterations significantly depends on the size
of the numerical grid. This behavior is connected with the condition number of the
matrix A and with the distribution of its eigenvalues. To improve these parameters,
one may apply the preconditioning technique [22, 23]. It means, that instead of solving

the initial SLAE, one can more efficiently solve the modified system
P 'Ay =P, (43)

where P is a preconditioner matrix, which reduces the condition number of the matrix
P7!'A and aggregates its eigenvalues around 1. With this treatment, the number of
iterations of the BiCG method can be significantly reduced. The preconditioned BiCG

method [35,36] can be rewritten in the following form:

Q; = (fi—l,Pfsz‘—l)/(ZA’z‘,AZi),
Vi = Yi—1 T Gz,
ry =11 — Az,
=1 — AT E, (44)
Bi = (i, P7'r3) [ (i1, P risa),
zip1 = P+ Biz
Zip = (PT)7' 4 Bids.

It is assumed that the inverse to the preconditioner matrix can be easily constructed,
this means that the system Pw; = r; can be solved efficiently. In the case of one-
level Toeplitz matrices the construction of the preconditioner matrix is done by using
the circulant preconditioner [37-42], because, as discussed in the previous section, the
solution to the SLAE with such a matrix can be constructed by applying the rapid
FFT scheme. The same idea can be applied in the two-level case, where BCCB should
be taken as the preconditioner matrix.

The generalization of the T. Chan optimal circulant preconditioner in the two-level

case can be easily constructed from the elements of the initial matrix [20,21]. Its first
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row vector is as follows:

1,1

a171, 2:921
. i . Ny—(j—2),1
(Ny =G =D+ G = Vet
. N B
= . v 45
e T A 1 )
1>1,7=1
Ny
\ 'y /(NoN,) i>1,5>1

where

el = (Ny = (= D)Wo = (i = V)i + G = DOV = (i = D)y 5
HNy = (G = D)= Dy gy + G~ Dl = Day 50,

and, as before, the superscripts refer to the block number and subscripts — to the

elements inside this block. It is easy to calculate, that total number of operations for

such an algorithm is Ny - N(6logy(N) + 481og,(4N)).

A more advanced fast method to solve SLAEs with the two-level Toeplitz matrix
can be found in [3]. The method is based on the construction of the inverse matrix via
iterative Newton-Hotelling-Schulze’s method with the use of the wavelet transforms
and the low-rank tensor approximations. However, from the physical point of view,
the authors in the discussed paper do not take into account the Kutta-Joukowski
hypothesis. The kernel of the integral equation is a characteristic hyper-singular kernel.
As a result, in the case of the rectangular grid [3], the matrix 7" of the SLAE is of
doubly-symmetrical form and all its eigenvalues are real, this allows the authors to
solve it by using the simple CG algorithm. For example, there are required only 39
iterations of the CG method without preconditioning to achieve the accuracy 107! on
the rectangular grid N = N, - N, = 1024, and only 15 iterations with the usage of the
optimal T. Chan preconditioner (45)-(46).

It can easily be seen that the eigenvalues of our matrix A from the system (35)
are complex-valued, but the multiplication of the matrix A by the T.Chan two-level
circulant preconditioner aggregate the most part of the eigenvalues of the resulting
matrix around the real value 1. This fact decreases essentially the number of iterations
in the BiPCG method.

Another efficient version from the family of CG methods is the Conjugate Gradient

Squared method (CGS), which preconditioned version can be written out as follows
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[35]:
ay, = (F,r1)/ (7, AC12,),
In = Tn—1+ (7, 7n1)Gn—1,
Gn = Gn — 0 AC™ 12,
Yo = Yn-1+ C™ (gn + qn), (47)
Tn = Tn-1— 0 ACT (gn + dn),
Bn = (F,mn) /(7 rn—1),
Zn41 = Gn + Buldn + Bnzn)
One can derive from this algorithm a CGS method without preconditioning by
simply putting matrix C' to be the unit matrix. Also, this method does not involve the

transpose of the initial matrix, which can be a good advantage in some cases.

7 Numerical Experiments

We have performed many tests by using the discussed methods applied to Eq. (19).
First, we test three different iterative methods such as CGNE, BiCG and CGS. As
shown in the numerical examples, in the case when the number of nodes N, = N, = 2,
i.e. the overall size of the matrix is N = 2!2, the CGNE and CGS methods diverge,
while the BiCG solves the problem in 165 iterations with the accuracy 107°. When
the T. Chan BCCB preconditioner is used, only 42 steps are needed to attain the same
accuracy.

For the first method, namely the CGNE;, it is clear that the condition number of
the matrix AT A is too large and certainly, this is the main reason of the divergency of
the method. Regarding the CGS method, it is well known that, being faster than the
BiCG, it is not so stable as the latter. Specifically, for the numerical experiment under
consideration, the CGS method without preconditioner can only give the accuracy
1077 for N, = Ny, = 26, For this reason we recommend to use the BiCG method in the
problem under discussion.

In the table 1 the speed of the different modifications of the BiCG approach is
reflected in comparison with the Gauss elimination method. The ”fast BiCG” refers
to the BiCG with the fast matrix-vector multiplication for the BTTB matrix and
the "fast BiPCG” - to the preconditioned method with both the fast matrix-vector
multiplication and the T. Chan two-level circulant preconditioner. In our calculations,

similarly to [1], we take the following parameters: ¢ = 0.1m, £ = 0.5m, ug = 10m/s,
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p=1.225kg/m>.

Once the values of the dimensional quantities ¢ and ug are chosen, the value of
the dimensionless Strouhal number v = wc/ug is defined only by the circular frequency
w = 27 f, where f is a cyclic frequency measured in Hertz. Since under natural physical
conditions the cyclic frequency f is unlikely greater than 15 H z, then with the accepted
physical parameters the Strouhal number v is certainly less than 1. That is why all
examples below with the demonstrated numerical results are presented for 0 < v < 1.

For each of these methods it is indicated the overall number of arithmetic operations,
needed to evaluate the corresponding algorithm. It is notable, that one iteration of the
fast BiPCG is more expensive than one iteration of the fast BiCG, since the former
involves 6N log,(/N) additional operations, needed to construct the fast solution of the
convolution system. However, due to the application of the preconditioning technique,
the total number of iterations in the fast BiPCG is much smaller than in the fast
BiCG. As a result, the overall cost of the fast BiPCG is at least twice cheaper than its
non-preconditioned version.

For the last two algorithms the number of iterations needed to attain the desired
accuracy is also presented. It is clear that the classical BiCG algorithm needs the same
amount of iterations as the fast BiCG, for this reason the corresponding row is omitted
in the table 1.

From the computational point of view, not only the total number of operations
is critical. Another important parameter is the memory allocated to collect the data
involved in the algorithm. In our case the more expensive data in this sense is the
matrix storage. It is clear that for both the Gauss elimination technique and the
classical BiCG method (first two rows in the table1) one needs to collect the matrix
with N2 non-zero elements. However, for the "fast” versions of BiCG, presented in
the last two rows of the table 1, only the allocation of vectors with the maximum
size 4N log,(4N) is needed. In particular, this explains why both the Gauss and the
classical BiCG cannot solve the system larger than with N? = (16384 x 16384) elements
in the used PC.

The comparison of the two "fast” algorithms shows that in practice, the difference
between these two methods is insignificant. However, for extremely high number of
nodes N = 4% only the fast BiPCG can solve the problem.

Table 1. Dependence of the execution time upon total number of nodes N (s = sec),
with an Intel Core i7-3770 four-cores CPU and 4 GB of DDR3 SDRAM

N



Method number of nodes N = N, - N, = qAM
M=4 M=5 M=6 M=7 M=8 M=9
256 1024 4096 16384 65536 262144
Gauss 0.013 s | 1.615s | 158.1 s - - -
N3 1.7-107 | 1.1-10° | 6.9-10% | 4.4-10'2 | 2.8-10" | 1.8-10%6
BiCG 0.014 s | 1.125 s | 32.63 s - - -
Ny -2- N? 6.3-105 | 1.4-10% | 3.1-10° | 7.8-10% | 2.1-10'2 -
fast BiCG 0.024 s [ 0.189s| 0.828s | 3.69s | 35.08 s -
Ny - 48N logy(4N) | 5.9-10% | 3.8-107 | 2.6-10% | 1.8-10° | 1.4-10'0 -
Ny 48 65 93 145 242 -
fast BiPCG 0.015s [ 0.115s| 0.516 s | 1.67s | 11.43s | 59.78 s
Ni; - 54N log,(4N) | 2.9-10° | 1.8-107 | 1.1-10% | 6.5-10% | 3.9-10° | 2.2-10%
N; 21 27 35 46 62 77

Finally, Figs.2-6 show the calculated solution vector || in some cross-sections of
the wing, in the case W (z,y) = 1. It is notable that the qualitative behavior of the
solution in our problem is absolutely different from the calculations presented in [3],
where the resultant vector is symmetric. It is easily seen that with higher number
of nodes it is possible to calculate large values of the unknown vector near the edge
x = —1 more accurately. It should also be noted that the magnitude of the solution
grows with the increasing parameter v.

Analogous solution in the case, when wing’s surface is a periodic function along the

span, is demonstrated in Fig. 7.

8 Conclusions

1. The integral equation of the oscillating wing is adopted for application of various
fast numerical schemes. The kernel of the basic dual integral equation possesses
a hyper-singular behavior along the wing span, variable y, and a Cauchy-type
singular behavior along the chord, variable x. In the case v = 0 the equation
corresponds to the classical theory of wing in the stationary stream (the lifting

surface theory) [18].

2. In the discrete form the basic equation is reduced to a SLAE with a specific Block-

Toeplitz matrix structure. Various non-stationary iterative methods are tested
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to solve the problem at hand. The Bi-Conjugate Gradient Method demonstrates
higher efficiency than other improved versions of the CG method. It is established
that among other tested methods, the BiPCG method with the help of the two-
dimensional FFT can solve the problem for extremely high number of nodes with

an appropriate time and computer memory.

. For the correct treatment of the basic dual integral equation the Kutta-Joukowski
hypothesis should be applied, this means that the solution is bounded at the
trailing edge x = 1 and unbounded at the leading edge * = —1. The qualitative
properties of the solution are absolutely different from those in the problem for
wing’s vibration in the motionless fluid [19]. The solution of the latter is symmet-
ric along both wing-span and chord directions. In contrast to this, the solution of
the problem at hand is symmetric along the wing-span direction and, due to the

Kutta-Joukowski condition, is strongly asymmetric along the chord direction.

. The constructed exact numerical method allows us to estimate the precision of
the approximate asymptotic solution valid in the case of large aspect ratio A > 1
[1]. Table2 demonstrates the comparison between the present direct numerical
values of the aerodynamic force acting over the surface of the wing, namely the
quantity (17). It is clearly seen from Table 2 that the numerical results approach
the asymptotic one with increasing A, for all values of the Strouhal number on
the interval v € (0,1), W(z,y) = 1. Thus, for A = 10 the maximum relative

error of the asymptotic solution is around 17%, and for A = 20 is around 9%.

. Let us briefly specify what is new in the present work and what is

already available in the literature.

e The basic dual integral equation is well known in the two cases: (i)
the stationary flow (ug # 0, w = 0) [10,18], and (ii) the oscillations of the
plate placed in a fluid at rest (uy = 0) harmonic in time (w # 0) [19]. The
considered case of the harmonic oscillations of the plate in a uniform
flow (ug # 0, w # 0) is less known, and a standard derivation requires
a huge amount of mathematical transformations, like in [18]. Here we

give a short development by using the double Fourier transform.

e In those two cases above, (i) and (ii), the kernel of the basic inte-

gral equation can be written explicitly in terms of some elementary
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functions. In the problem at hand the kernel (20)-(21) is expressed
in terms of the dual Fourier transform, which cannot be calculated
explicitly. The representation for the kernel in the form (24)—(27) is
absolutely new, and the key point there is the extraction of its regular
part (25a) as a certain integral, which can be implemented numerically
in a simple way, plus two singular kernels of some explicit elementary
form. This idea is allied to some classical ideas in the theory of asymp-
totic expansions (see, for example [30], with further helpful references),
which is to retain the singularities of the integrand in (23), for small
and large arguments, in a regular part of the kernel, and to extract all

singularities of the kernel explicitly.

e Once the disretization of the dual integral equation is performed, the
arising matrix is of a Toeplitz-Blocks structure. Since in the case of
the dual equation the total size of the grid grows as the second power
of the linear grid dimension, then the computer expenses grow as the
sixth power of the linear dimension, if one applies any direct numerical
implementation like Gauss elimination technique or something similar.
Hence, in practice, this equation cannot be numerically resolved with
a required precision. The natural idea is then to take into account
the specific geometric structure of the matrix under the disretization.
The numerical treatment applied in the present paper is based on
the preconditioned bi-conjugate gradient method with the two-level
T.Chan circulant preconditioner, which is absolutely new when being

applied to the problem on plate’s harmonic oscillation in the flow.

e Generally, the application of the numerical techniques applied, namely,
the BiPCG with a circulant preconditioner, is of course not new. How-
ever, the present authors could not find in literature a detailed compar-
ison of various algorithms applied to the matrix of the specific structure
arisen. The detailed analysis of application of various iterative meth-
ods from the CG-family of algorithms allows us to identify a certain
method, which is the best for the considered types of problems, in the
sense of both the running time and the random-access memory. This
is in fact a combination of the BiPCG method and the fast matrix-

vector multiplication on each iteration step performed by the two-level
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convolution with the FFT algorithm.
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Table 2. The amplitude of the aerodynamic force |P|- 1073 versus parameters v and
A: comparison between the numerical values for different A

and the “asymptotic” value for A — oo [1]: W(z,y) =1

v 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
A=5 0467 |0.891 | 1.294 | 1.718 | 2.169 | 2.652 | 3.216 | 3.827 | 4.503 | 5.279

=10 | 0.552 | 1.013 | 1.438 | 1.861 | 2.327 | 2.835 | 3.419 | 4.052 | 4.751 | 5.538
A=2010.601|1.077 | 1.504 | 1.935 | 2.401 | 2.919 | 3.498 | 4.143 | 4.857 | 5.643
asymp. | 0.647 | 1.128 | 1.537 | 1.927 | 2.333 | 2.776 | 3.273 | 3.833 | 4.463 | 5.168
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Legends to Figures

1. Flapping elastic wing in the homogeneous flow of a non-viscous incompressible fluid.

2. Solution || versus variable x on the central chord of the wing (y = 0), for various
number of nodes N: v =04, W(x,y) = 1.

3. Solution |y| versus variable y on the central wing-span line (x = 0), for various
number of nodes N: v =04, W(z,y) = 1.

4. Solution |vy| versus variable x on the central chord of the wing (y = 0), for various
Strouhal number v: N = 49 = 262144, W(z,y) = 1.

5. A scaled-up fragment from Fig. 4.

6. Solution |y| versus variable y on the central wing-span line (x = 0), for various
Strouhal number v: N = 49 = 262144, W (z,y) = 1.

7. Solution |y| versus variable y on the central wing-span line (x = 0), for various

number of nodes N: v = 0.4, W(x,y) = cos(my).
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