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Abstract

The nonlinear grey Bernoulli model, which is often called MGBM(1, 1), appeals considerable interest of research
due to its &ectiveness in time series forecasting. The success of tBMNG 1) model proves that the nonlinear
Bernoulli equation can befigcient to build grey prediction models. This paper is mairilpiag at building a more
general nonlinear grey prediction model based on the Bdrmmuation and the modelling procedures of the GMC(1,
n), which is called the nonlinear grey Bernoulli multivdeanodel, abbreviated as the NGBMC(1, n). The NGBMC(1,
n) can be converted to the NGBM(1, 1) and the GMC(1, n) witfedént power parameter, thus it can be regarded as
an extension of these models. Two cases studies of foregake domestic income and foreign currency earning have
been carried out to validate th&ectiveness of the NGBMC(1, n) model, comparing to the nawneldr multivariate
grey models, including the GMC(1, n), DGM(1, n) and RDGM(},,and the classical ARIMA model. The advantages
of the NGBMC(1, n) model in nonlinear time series forecagtimer the existing linear models have been shown in the
numerical results.

© 2018 Published by Elsevier Ltd.
Keywords: Bernoulli equation, Nonlinear grey model, NGBMC(1, n) mbdeurist industry, Emerging industry

1. Introduction

The grey system theory was proposed by Deng in 1982 [1], wikitlased on the idea of “Grey Box”
and aiming at solving uncertain problems with small sampl&e prediction models play an key role in the
grey system theory, which are often called the grey model$)(G

The basic GM(1, 1) model is the most important grey modelcWlis easy to use andfient in time
series prediction, and it also represents the main ideaeofmithodology of the grey models. Numerous
grey prediction models have been developed based on thiussiméthodology of the GM(1, 1) in recent
years. Such as the NGM model [2], FGM(1, 1) [3], TDPGM(1, 1)) [MIDGM [5], seasonal GM(1, 1) [6],
grey polynomial model [7], etc. However, Deng has pointetitbat the GM(1, 1) presents a formulation
with “partially differential and partially dierence”. The “dferential” means its whitening equation is a
differential equation and its response function used for fetéwis the analytic solution of its whitening
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equation; the “dference” means its basic equation is actuallyfiedénce equation derived from its whiten-
ing equation. Such inconsistency makes the GM(1, 1) inaosuin many cases, and many researchers have
proposed a lot of methods to improve the GM(1, 1) model [8-11]

The GM(1, n) model is a more general model than the GM(1, 1)ta&ing the linear combination of
the reliance sequences (or input series) as a constantM{&, @) essentially shares the same modelling
steps of the GM(1, 1) model. But such treatment has been gitoviee wrong by Tien in 2012 [12]. Tien
has presented that the analytic solution of the whiteningaggn of the GM(1, n) model has a convolution
integral, and then he applied the trapezoid formula to disoe the convolution integral, and the case studies
shown by Tien have indicated that this treatment is muckebétian the conventional GM(1, n) model.
This method has been developed in the later researchesgtiedogments of the DGMD(1, 1, 1) [13],
DGDMC(1, n) [14], IGDMC(1, n) [15] and FGMC(1, n) [16] all shema similar formulation, which presents
to have a convolution integral. With the successes of thesg models, the modelling procedures of the
GMC(1, n) can be regarded as a novel methodology of the greletadn our opinion. And it should be
mentioned that some novel methods to improve the GM(1, n)anodGMC(1, n) model based on the
recursive method[17, 18], revised background values [i®linear least squares method (NLS)[20], and
new accumulation schemes [21, 22] have also been presertediticient to improve the grey models, but
the solution of the improved models are essentially a dis@envolution. Based on the above descriptions,
we may regard the grey models with convolution integral asveehand &icient branch of the grey models.

However, the above grey models are all essentially lineataispand obviously they could be ffieient
to deal with nonlinear problems. Deng has pointed out in lioisk [23] that the nonlinear grey models
should be an important part of the grey system theory as tinéirnear phenomena widely exist in the
real world. For instances, the nonlinear flow has long beeat adint in the geology science and petroleum
engineering [24, 25] and the other energies [26, 27]. Sonpeitant indicators are often nonlinearly related
in the water chemistry [28]. The times series of the wind dgta are often presented to be nonlinear thus
only the nonlinear methods such as neural networks, supgotor machines can be used for accurate
prediction in these fields [29-31]. Even some times the neali phenomena can not be described with a
simple mathematical model, and expensive experimentstioave carried out [32, 33]. The grey Verhulst
model could be taken as the initial research of the nonligesy model, which can be seen in the book of
Liu, etal. [34]. Actually, Deng has discussed that the grey power mdalgeneral nonlinear univariate
grey model, but he has not discussed the details on the muglpllocedures. The whitening equation of
the grey power model is essentially a Bernoulli equationst@heretal. [35] renamed this model as the
nonlinear grey Bernoulli model NGBM(1, 1). The practice exdes presented by Chen have illustrated
the efectiveness of the NGBM(1, 1) model and its advantages oeetréiditional GM(1, 1) model. The
NBGM(1, 1) and its improved models have been applied in maigdiin recent years [36—-44]. However,
the Bernoulli equation has not been introduced to the naritite grey models.

As mentioned above, the multivariate grey models are monergé than the univariate models, the
research of nonlinear multivariate models may be more itaporto the grey system theory. At present,
there exist several multivariate nonlinear grey modelshsas the NGMC(1, n) by Wang [45] and the kernel
regularized nonlinear GMC(1, n) [46}tc. The novel methodologies developed from these models liswe a
been used to build other nonlinear models. For instance\@® (1, n) [47] shares a similar form with the
NGMC(1, n) model, and the kernel regularized formulatios baen used to build the KRNGM model[48].
It is interesting to notice that although these models hatferént formulations, the main ideas of building
such nonlinear models share a similar pattern: introducanéimear formulation at first, and then translate
it into a linear form. Then the existing methodologies oflthnig the linear multivariate grey models can
be used. And this pattern can also be found in some non-grelgisicsuch as the kernel-based nonlinear
extension of the Arps model in [49tc. This pattern will also be used in this paper.

The main purpose of this paper is to build a novel nonlinealtinauiate grey model based on the
Bernoulli equation, by translating the Bernoulli equatinto a linear model, we will use the methodology
of the GMC(1, n) model to derive its parameter estimationsoidtion. The novel model will be called the
nonlinear grey Bernoulli multivariate model with convabut integral, abbreviated as NGBMC(1, n) in the
rest of this paper.

The outline of this paper is organized as follows: A brief owew of the existing GMC(1, n) model is
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presented in Section 2; the modelling procedures of theIM@8MC(1, n) model are shown in Section 3;
two case studies of the tourist industry of China are cawigdn Section 4, including the comparison of the
effectiveness of the NGBMC(1, n) model and the existing lineay gnodels; discussions and conclusions
are drawn in Section 5.

2. Theexisting GMC(1, n) model

In this section we give a very brief overview of the GMC(1, mdel. Within the assumption that obser-
vations(X{, X§, ..., X{”) from a certain dynamic system with- 1 inputs(X3”, ... X{”) and an outpuk{”
are avallable at interval of time, Tien[50] suggests GM@(\Lmnodel to be the following linear fierential
equation

PP+ e
T+b1X1 (rp+1) :;bixi (M) +u, (1)
where
rp+t
XPrp +1) = Z XOM),t =1,2,...,r +rf )
k=rp+1
and t
X0 = 3 X0, t=1,2 .1 +rf 3)
k=1

are the 1-AGO series G{f)) and Xi(o)(i = 2,3,...,n), respectivelyy is the number of entries to build the
model,rp is a period of delay,f is the number of entries to be forecasted, bndb,, ..., b, andu are model
parameters to be estimated. The equation (1) is also céleedhiten equation of the GMC(1, n) model.
If the biasu is omitted and'p = 0, the GMC(1,n) model yields to the conventional GM(1,n) mipgvhen
n=1andrp = 0, the GMC(1,n) model (1) yields to the GM(1, 1) model[34].

(1)
The approximation ow is taken as

dXPD(rp + 1) i XO(rp + 1) - XD(rp +t - At)
——— = IIMm

dt At>1 At = Xil)(rp +1) - Xil)(rp +t-1)= Xio)(rp +1),

and the background values)éf)(rp + 1) andXi(l)(rp +t) are defined as

ZOrp+1) = %[xgl)(rp +1) + XO(rp +t-1)] (4)
and 1
z0 = S0 + XVt - 1) (5)

And then the dferential equation (1) can be approximately rewritten asdhewing difference equation

n
XO(rp + 1) + biZP(rp +1) = > bZV() +u. (6)
i=2

The least squares estimation of the parameters of GMC(J, tifrbm 1 tor is the least squares solution
of Eq.(6), which can be written as

[b, bz, .... by, U] = (BTB) BT Y, -
where
-ZP(rp +2) Z%l)(z) . 79 1 XO/2)
—le)(l'p+3) Zzl)(3) Zr(11)(3) 1 X§0)(3)

» IR=

—zgl)(}p+r) 2;15(r) . 28 1 x§°5(r)
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The response function fo?gl)(rp + t) can be obtained by solving the whiten equation (1) as

t
XB(rp + 1) = XO(rp + 1)e™D f eI f(7)dt, (8)
1
where .
f(t) = Z biX®(t) + u. )
i=2

In recent researches, the the convolution integral of tiet thand of Eq.(8) is often discretized using
the Gaussian formula, and the 1-AGO series can also be ¢wdlbw the following discrete function

t
XBrp + 1) = XO(rp + 1) 4 Z {e‘bl(t‘”%) . %[ f(r)+ f(r - 1)]} : (10)
=2

The predicted vaIu&io)(rp + 1), which is also called the restored value in the conventigrey system
theory, is given as A . )
XOp+1) = XPrp+1t) - XB(rp +t-1). (11)

As presented above, once given the sample data, the systameters in Eq.(1) can be obtained. And
then the output series can be predicted with the system gdeasrand input series using the discrete function
(10) and (11).

3. Theproposed NGBMC(1, n) model

Notably, the existing NGBMC(1, n) model is essentially aknmodel, which limits its applicability. In
this section we will introduce a novel nonlinear grey modeddd on the modelling method of the GMC(1,

n).

3.1. Representation of the NGBMC(1, n) model and its lirzzdidn

With the same definitions of the 1-AGO and the given sampkeN&BMC(1, n) model is represented
as the following nonlinear dierential equation

dXO(rp +1)

ot b XO(rp + 1) = (Zn: biX®t) + u) (XPrp +1), (12)

i=2

wherey is a nonlinear parameter. Obviously, the NGBMC(1, n) yietdthe GMC(1, n) model whep = 0.
Whenn = 1 andrp = 0, the NGBMC(1, n) model can be written as follows:

dxct)
dt
The Eq.(13) is the representation of the NGBM(1, 1) modebitticed in the reference [35].
Actually, the NGBMC(1, n) model can be converted to a lineadel wheny # 0 andy # 1. Firstly we
multiply the (12) by(X{P(rp + 1)) 7, then we have

+ by XP(1) = u(xP)’ (13)

o dXO(rp +1)

(xPrp +1) i

+ by (XP(rp + t))l_y = zn: biX®(t) + u. (14)
i=2

Set .
yrp + )@ = (XP(rp +1) (15)
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and notice that
dyD(rp +1)

o dXP(rp+1)
at ) =

=(1-7y) (Xgl)(rp +1) p ,

which is also W
dX”(rp +1t) 1 @ y dyB(rp +1)
@ =15 (xPrp+1) g

By substituting (15) and (16) into (12), we have the lineadiZzorm of the NGBMC(1, n) model as
follows

(16)

dyY(rp +1)

g PR 0= (-9 0 bXP0 + (1= (17)

The above equation (17) is called the linearization of theBM&(1, n) model. It can be clearly seen
that the linearization (17) is mathematically equivalentiie GMC(1, n) model (1), thus we can easily
obtain the parameters estimation and the solution of the MG@, n) using the corresponding results of
the GMC(1, n).

3.2. Parameters estimation of the NGBMC(1, n) model

Obviously, an approximate linear discrete form of the NGB@) model is needed to derive its param-
eters estimation. In the existing GMC(1, n) model such éigcform is obtained using the approximation of

(1)
thew and the background values of tb(é”(rp +1),i = 2,...,n. Butin this paper we will use another
process based on integral. Considering the integral ofrtleatization (17) in the intervat | 1, t], we have

t 1) t 1) n t (1) t
floM (rp+T)+b1(1—y)jt:1y( (I’p+‘1’)d‘r=(1—y);biftlxi (t)dr+(1—y)£ludr. (18)

t—

The integrals can be computed as follows with new notations

t
yO(rp +1) = f dy®(rp +7)
t-1
=yOrp+t)-yD(rp+t-1) (19)
= (XP(rp + t))H - (xPrp+t- 1))177,

t
Z(rp+1t) = y(rp + 7)dr

t-1
= %(y(l)(rp +1) —yP(rp+t-1)) (20)
= % [(Xil)(rp + t))l_y + (Xf)(rp +t- 1))1_7] ,
and .
f udr = u. (21)
t-1

Substituting the (19)-(21) and (5) into (22), we can obthmdiscrete form of the NGBMC(1, n) model
concisely as

YOrp+0 +bi(L-9Z(rp+1) = (1-7) ) bZ + (1 -y)u, (22)
i=2

Once the parameter is given, the parameters estimation of the NGBMC(1, n) madel be easily
obtained using a similar way of the GMC(1, n) model as follows

[by, by, ..., bp, u]" = (B"B) B Y& (23)



6 /J COMPUT APPL MATH 00 (2018) 1-13

where
-z,p+2) ZP@) .. ZPE) 1 yO(rp + 2)
~Z,(rp + 3) z?)(a) . Z0E) 1 yO(rp + 3)
B=(1-7) : : o :
—zy(rb +1) z§15(r) v ZOm 1 yO(rp +1)

3.3. Computing the the 1-AGO serDAé‘lsU and the restored valu@%io)

The solution of the whitening equation (12) can be indiseotitained by solving its linearization (17).
As the linearization (17) is mathematically equivalentte GMC(1, n) model (1), we can easily obtain its
solution by simply changing some notations as

t
U +) = yOrp + VeI 1 (1) [Ny (24)
1

wheref (t) is defined in (9). And similarly the discrete form can be teritas
t
Fp-+9 =yrp + DN 4 (1-3) Y fe b d iy (- 1)f. @9
=2

Then we can compute the 1-AGO serk¥ using

5 3 %
XP(rp +1) = ($0rp +1) ™ . (26)
And the restored value&” can also be computed using the 1-IAGO
XOrp +1t) = XPrp+ 1) - XP(rp +t - 2). (27)

3.4. Computational steps of the NGBMC(1, n) model

The computational steps of NGBMC(1, n) model can be summed@s follows

Step 1: Compute the 1-AGO seri¢X(”, X{., .. X{") of the given data s¢x{?, X{, ..., X{);

Step 2: Construct the matriceB andY defined in (23) with a givery and the definitions in (5) and
(19)-(21) , and then compute the parametbishy,, ..., by, U] using the least squares estimation (23);

Step 3: Compute the serieg? using (25);

Step 4: compute the 1-AGO seriéﬁl) using (26);

Step 5: Compute the restored valu#” using the 1-IAGO (28).

4. Applications

In this section, the NGBMC(1, n) model will be applied in foasting the domestic income and the
foreign currency earnings of the tourist industry of Chinaider to assess itdtectiveness in time series
prediction, comparing to the existing linear multivarigtey prediction models, including the GMC(1, n)
[50], RDGM(1, n) [18] and DGM(Z, n)[51]. The ARIMA model [52% used for the comparison as well.
The raw data are all collected from thfficial website of the National Bureau of Statistics of China

The mean absolute percentage error (MAPE) is used to eealbataccuracy of the models, which is
defined as

nXOrp +t) - XOrp +

x 100% (28)
n& XOrp +1)

Lhttpy/www.stats.gov.gh
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The determination of the nonlinear paramegeis quite simple. In this section, we search thén
the interval 0.99,0.99] by step of 0.01. The optimad is determined when the MAPE for fitting of the
NGBMC(1, n) model achieves the minimum value. As for the paeterp (order for auto regression part)
andq (order for moving average part) are determined by the AIC Bl criteria, which is described at
https7/ww2.mathworks.cfinelpecorichoose-arma-lags.htmrhe raw data are directly used for modelling
as the samples used in the cases are very small, thus thegiarBnis set to be 0 in all the cases.

4.1. Case 1: Predicting the domestic income of the tourtstigtry of China

The latest data of the domestic income of the tourist ingustiChina from 2006 to 2015 are listed in
Table 1, including the domestic incom&{”, unit: 1@ CNY) and the number of trips<?, unit: 1¢%). The
first five pairs are used for building the models, including@®@MC(1, 2), DGM(1, 2), RDGM(1, 2), ARIMA
and the NGBMC(1, 2), and the last five pairs are used for @@stimthis case, the parameters for ARIMA
arep = 1 andg = 0 and the optimal nonlinear parameter of NGBMC(1, 2) is —0.45, respectively.

The detailed results of each model and the MAPE for fitting aredliction are shown in Table 2 and the
modelling values are also plotted in Fig.1. It can be seenttitaRDGM(1, 2) shows the best performance
in fitting, which is only 0.15%, the NGBMC(1, 2) performs werthan it, the ARIMA performs worse than
the other grey models except the GMC(1, 2) model, which perfoworst. But in terms of prediction,
the MAPE of NGBMC(1, 2) is minimum in these models, the othare extremely large. This indicates
the results of the other four models are not acceptable.alTh# Fig.1 presents a clearer picture that only
the NGBMC(1, 2) can accurately predict the future domestiome of the tourist industry of China. In
summary, the NGBMC(1, 2) performs best in this case study.

Table 1: Raw data of the domestic income (DlI) of the touridtistry of China from 2006 to 2015

DI

Year (16 CNY)  Trips(1¢)

2006 6229.7 13.94
2007 7770.6 16.1
2008 8749.3 17.12
2009 10183.7 19.02
2010 12579.77 21.03
2011 19305.39 26.41
2012 22706.22 29.57
2013 26276.12 32.62
2014 30311.86 36.11
2015 34195.05 40

Table 2: The details of the prediction results of the dormesitome of the tourist industry of China by GMC(1, 2), DGM@),
RDGM(1, 2) and NGBMC(1, 2)

DI

Year (1@ CNY) GMC(1, 2) Error(%) DGM(1, 2) Error(%) RDGM(1, 2) Errdr) ARIMA NGBMC(1, 2) Error(%)
2006 6229.7 6229.70 0 6229.7 0 6229.7 0 6229.7 0 6229.7 0
2007 7770.6 7072.07 -8.99 7750.71 -0.26 7779.63 0.12 7090.6 0.26 7710.37 -0.78
2008 8749.3 7267.85 -16.93 8755.84 0.07 8740.02 -0.11 B080. -11.07 8425.41 -3.70
2009 10183.7 6899.53 -32.25 10133.19 -0.50 10202.23 0.18 59.80 -13.99 10035.54 -1.45
2010 12579.77 4915.30 -60.93 12469.01 -0.88 12602.34 0.18 019370 -18.97 12237.59 -2.72
MAPE 29.77 0.43 0.15 11.07 2.16
2011 19305.39 -1881.40 -109.75 14941.12 -22.61 16226.46 5.951 12589.77 -34.79 15115.06 -21.71
2012 22706.22 -20387.05 -189.79 19471.70 -14.25 22548.69  0.69- 12599.76 -44.51 18778.94 -17.30
2013 26276.12 -65921.27 -350.88 29845.61 13.58 36397.18 5238 12609.76 -52.01 23369.01 -11.06
2014 30311.86 -175472.54 -678.89 56238.65 85.53 69023.50 27.71 12619.76 -58.37 29120.29 -3.93
2015 34195.05 -436664.50 -1376.98 127156.15 271.86 148494 334.26 12629.76 -63.07 36332.13 6.25
MAPE 541.26 81.56 103.43 50.55 12.05
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Fig. 1: The prediction results of the domestic income of theist industry of China. (a) GMC(1, 2); (b) DGM(1, 2); (c) RM(1,
2); (d) NGBMC(1, 2)

4.2. Case 2: Predicting the foreign currency earnings ofttheist industry of China

The latest data of the foreign currency earnings of the spindustry of China from 2006 to 2015 are
listed in Table 3, including the foreign currency earningéoe, unit: 1 USD) and the number of inbound
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trips (Xgo), unit: 1. The first five pairs are used for building the models, inalgdhe GMC(1, 2), DGM(1,

2), RDGM(1, 2), ARIMA and the NGBMC(1, 2), and the last five izaare used for testing. In this case,
the parameters of ARIMA arp = 1 andq = 0, which is the same to case 1, and the optimal nonlinear
parameter of NGBMC(1, 2) ig = —0.43, respectively.

The detailed results of each model and the MAPE for fitting anedliction are shown in Table 4 and the
modelling values are also plotted in Fig.2. It can be seetthigaperformances of these modelfeli more
largely in this case. It is quite clear to see that the GMCJ1RDGM(1, 2) and ARIMA all perform worse
than NGBMC(1, 2) model for fitting and prediction. The DGM®) performs best in fitting with the MAPE
0.05% and the NGBMC(1, 2) model performs best in predictou the MAPE of prediction for DGM(1,
2) is 28.36%, which is only 1.31% larger than NGBMC(1, 2). Mayit is not easy to say which is better
between the DGM(1, 2) and NGBMC(1, 2) in this case with suchlkdifference. But a very interesting
results can be found in Fig.2. It can be clearly seen thatdaheidgn currency earnings continuously grow
from 2011 to 2015, only the NGBMC(1, 2) model correctly caslsuch tendency, the trend reflected by
the other models are all wrong.

Table 3: Raw data of the foreign currency earnings (FCE) etdlrist industry of China from 2006 to 2015

FCE

Year (16 USD)  Trips(16)

2006 33949 1.249421
2007 41919 1.318733
2008 40843 1.300274
2009 39675 1.264759
2010 45814 1.337622
2011 48464 1.354235
2012 50028 1.324053
2013 51664 1.290778
2014 56913 1.284983
2015 113650 1.338204

Table 4: The details of the prediction results of the foreigmrency earnings (FCE) of the tourist industry of China ly@1, 2),
DGM(1, 2), RDGM(L, 2), ARIMA and NGBMC(1, 2)

FCE
Year (18 UsD) GMC(1, 2) Error(%) DGM(1, 2) Error(%) RDGM(1, 2) Errét) ARIMA Error(%) NGBM(1, n) Error(%)

2006 33949 33949 0 33949 0 33949 0 33949 0 33949 0
2007 41919 6.59E05 1.478-03 41915.06 -0.01 42059.62 0.34 40450.54 -3.50 42035.66 8 0.2
2008 40843 4.14E07 1.018-05 40859.20 0.04 40011.47 -2.04 40168.60 -1.65 38504.12 73-5.
2009 39675 2.68E09 6.76E-06 39645.39 -0.07 42456.51 7.01 40341.91 1.68 40064.67 0.98
2010 45814 1.74E11 3.80E-08 45850.35 0.08 37920.04 -17.23 40530.05 -11.53 44312.06 3.28-
MAPE 9.67E-07 0.05 6.65 4.59 257
2011 48464 1.13E13 2.33210 40141.58 -17.17 55819.41 15.18 39541.20 -18.41 51008.68 5.25
2012 50028 7.33E14 1.466-12 44397.93 -11.25 5469.37 -89.07 40551.60 -18.94 60736.43 21.40
2013 51664 4.75E16 9.208-13 37495.65 -27.42 141031.96 172.98 40388.85 -21.82 78@850. 43.72
2014 56913 3.08E18 5.426-15 44693.99 -21.47 -236494.61 -515.54 40415.07 -28.99 nas4 62.44
2015 113650 2.00R20 1.766-17 40340.75 -64.50 811208.54 613.78 40410.84 -64.44 118833 2.45
MAPE 3.63E-16 28.36 281.31 30.52 27.05

4.3. Short discussions on the results

According to the results shown above, it can be seen that@M@, 2) and RDGM(1, 2) are generally
better than the GMC(1, 2) model. This is coincident to thailtssof the previous works [18, 51], which
have proved that the RDGM(1, n) and DGM(1, n) are generallyena@curate than GMC(1, n) model. It
is also very interesting to see that the best fitting accuaaeyachieved by RDGM(1, 2) and DGM(1, 2) in
case 1 and case 2, respectively, but they all perform worgeeiiction than NGBMC(1, 2) in all the cases.
This indicates the nonlinearity of NGBMC(1, 2) is moteetive than the existing linear grey models.

It should be noticed that the ARIMA performs the worst in &lkétcases. It is well known that the
ARIMA is designed for stationary time series, and it usualgeds large amount of sample data. But the
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Fig. 2: The prediction results of the foreign currency eagsiof the tourist industry of China. (a) GMC(1, 2); (b) DGM@); (c)
RDGM(1, 2); (d) ARIMA; (e) NGBMC(1, 2)

data size of the case studies is very small, which leads tzimacy of the ARIMA. On the other hand, the
ARIMA is also essentially a linear model as it shares thedirfermulation, which is another reason why
the ARIMA underperforms the NGBMC(1, 2) in the cases presgabove.
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5. Conclusions

In this paper we have proposed a novel nonlinear grey modieittyducing the Bernoulli equation and
using the modelling methodology of the GMC(1, n) model. h ba seen that the NGBMC(1, n) model can
be regarded as an extension of the NGBM(1, 1) model, but $mioshare the same modelling procedures
of the NGBM(1, 1). Instead, we take the idea of the existinglim@ar models and the whitening equation
of the NGBMC(1, n) has been firstly translated to a linear éqnaand such linear form is mathematically
equivalent to the GMC(1, n) model. It can be seen that thisaijmen makes it much easier to build the
NGBMC(1, n) model, as its linearization shares so many sirtiés with the GMC(1, n) model, even some
results of GMC(1, n) can be directly used. The results of @#eecstudies indicate that the NGBMC(1,
n) outperforms the existing multivariate linear modelsg &3 accuracy are generally much more higher
than the linear models in these cases. In summary, the NGBM( (model is an easy-to-use arfti@ent
nonlinear grey model.

However, there still exist some issues which have not bekeddn this paper. For example, the error
variance and prediction interval with-1a confidence (e.g. 95%). It should be noticed that such vadidat
criteria are very commonly used for the statistical modeilg, rarely used for the grey models (e.g. no
discussions on the error variance and prediction inteasabe found in the references cited in this paper [2—
10, 12-23, 34-48, 50, 51, 53-59]). Thus, in our opinion, thark works can be oriented on the theoretical
analysis on these issues. On the other hand, the NGBMC(buhj elso be regarded as a representation of
the modelling methodology for the nonlinear grey modelshimiwhich more nonlinear models can be built
with high accuracy. And in our next works, we will introdudeetstate-of-the-art intelligent optimization
methods such as the PSO [60], multi-objective evolutiomgtymizers [61] to develop the new framework
of the intelligent nonlinear grey models.
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A novel nonlinear Bernoulli grey model NGBMC(1, n) is proposed.

The NGBMC(1, n) model is more general than the existing NGBM(1, 1) and
GMC(1, n)

The NGBMC(1, n) model is quite easy-to-use and more efficient than the existing
linear models

The NGBMC(1, n) is successfully applied in tourist industry of China

A new methodology of nonlinear grey models is provided
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