
Accepted Manuscript

Application of a novel nonlinear multivariate grey Bernoulli model to
predict the tourist income of China

Xin Ma, Zhibin Liu, Yong Wang

PII: S0377-0427(18)30470-9
DOI: https://doi.org/10.1016/j.cam.2018.07.044
Reference: CAM 11830

To appear in: Journal of Computational and Applied
Mathematics

Received date : 10 June 2017
Revised date : 21 July 2018

Please cite this article as: X. Ma, Z. Liu, Y. Wang, Application of a novel nonlinear multivariate
grey Bernoulli model to predict the tourist income of China, Journal of Computational and Applied
Mathematics (2018), https://doi.org/10.1016/j.cam.2018.07.044

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to
our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form.
Please note that during the production process errors may be discovered which could affect the
content, and all legal disclaimers that apply to the journal pertain.

https://doi.org/10.1016/j.cam.2018.07.044


J COMPUT APPL MATH 00 (2018) 1–13

COMPUT APPL MATHlogo

J
COMPUT

APPL
MATH

www.elsevier.com/locate/procedia

Application of a novel nonlinear multivariate grey Bernoulli
model to predict the tourist income of China

Xin Maa,c,∗, Zhibin Liub, Yong Wangb,c,∗∗

aSchool of Science, Southwest University of Science and Technology, Mianyang, China
bSchool of Science, Southwest Petroleum University, Chengdu, China

cState Key Laboratory of Oil and Gas Reservoir Geology and Exploitation, Southwest Petroleum University, Chengdu, China

Abstract

The nonlinear grey Bernoulli model, which is often called the NGBM(1, 1), appeals considerable interest of research
due to its effectiveness in time series forecasting. The success of the NGBM(1, 1) model proves that the nonlinear
Bernoulli equation can be efficient to build grey prediction models. This paper is mainly aiming at building a more
general nonlinear grey prediction model based on the Bernoulli equation and the modelling procedures of the GMC(1,
n), which is called the nonlinear grey Bernoulli multivariate model, abbreviated as the NGBMC(1, n). The NGBMC(1,
n) can be converted to the NGBM(1, 1) and the GMC(1, n) with different power parameter, thus it can be regarded as
an extension of these models. Two cases studies of forecasting the domestic income and foreign currency earning have
been carried out to validate the effectiveness of the NGBMC(1, n) model, comparing to the novel linear multivariate
grey models, including the GMC(1, n), DGM(1, n) and RDGM(1, n), and the classical ARIMA model. The advantages
of the NGBMC(1, n) model in nonlinear time series forecasting over the existing linear models have been shown in the
numerical results.

c© 2018 Published by Elsevier Ltd.
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1. Introduction

The grey system theory was proposed by Deng in 1982 [1], whichis based on the idea of “Grey Box”
and aiming at solving uncertain problems with small samples. The prediction models play an key role in the
grey system theory, which are often called the grey models (GM).

The basic GM(1, 1) model is the most important grey model, which is easy to use and efficient in time
series prediction, and it also represents the main idea of the methodology of the grey models. Numerous
grey prediction models have been developed based on the similar methodology of the GM(1, 1) in recent
years. Such as the NGM model [2], FGM(1, 1) [3], TDPGM(1, 1) [4], INDGM [5], seasonal GM(1, 1) [6],
grey polynomial model [7], etc. However, Deng has pointed out that the GM(1, 1) presents a formulation
with “partially differential and partially difference”. The “differential” means its whitening equation is a
differential equation and its response function used for forecasting is the analytic solution of its whitening
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equation; the “difference” means its basic equation is actually a difference equation derived from its whiten-
ing equation. Such inconsistency makes the GM(1, 1) inaccuracy in many cases, and many researchers have
proposed a lot of methods to improve the GM(1, 1) model [8–11].

The GM(1, n) model is a more general model than the GM(1, 1). Bytaking the linear combination of
the reliance sequences (or input series) as a constant, the GM(1, n) essentially shares the same modelling
steps of the GM(1, 1) model. But such treatment has been proved to be wrong by Tien in 2012 [12]. Tien
has presented that the analytic solution of the whitening equation of the GM(1, n) model has a convolution
integral, and then he applied the trapezoid formula to discretize the convolution integral, and the case studies
shown by Tien have indicated that this treatment is much better than the conventional GM(1, n) model.
This method has been developed in the later researches, the developments of the DGMD(1, 1, 1) [13],
DGDMC(1, n) [14], IGDMC(1, n) [15] and FGMC(1, n) [16] all share a similar formulation, which presents
to have a convolution integral. With the successes of these grey models, the modelling procedures of the
GMC(1, n) can be regarded as a novel methodology of the grey models in our opinion. And it should be
mentioned that some novel methods to improve the GM(1, n) model or GMC(1, n) model based on the
recursive method[17, 18], revised background values [19],nonlinear least squares method (NLS)[20], and
new accumulation schemes [21, 22] have also been presented to be efficient to improve the grey models, but
the solution of the improved models are essentially a discrete convolution. Based on the above descriptions,
we may regard the grey models with convolution integral as a novel and efficient branch of the grey models.

However, the above grey models are all essentially linear models, and obviously they could be inefficient
to deal with nonlinear problems. Deng has pointed out in thisbook [23] that the nonlinear grey models
should be an important part of the grey system theory as the nonlinear phenomena widely exist in the
real world. For instances, the nonlinear flow has long been a hot point in the geology science and petroleum
engineering [24, 25] and the other energies [26, 27]. Some important indicators are often nonlinearly related
in the water chemistry [28]. The times series of the wind speed data are often presented to be nonlinear thus
only the nonlinear methods such as neural networks, supportvector machines can be used for accurate
prediction in these fields [29–31]. Even some times the nonlinear phenomena can not be described with a
simple mathematical model, and expensive experiments haveto be carried out [32, 33]. The grey Verhulst
model could be taken as the initial research of the nonlineargrey model, which can be seen in the book of
Liu, et.al. [34]. Actually, Deng has discussed that the grey power modelis a general nonlinear univariate
grey model, but he has not discussed the details on the modelling procedures. The whitening equation of
the grey power model is essentially a Bernoulli equation, thus Chenet.al. [35] renamed this model as the
nonlinear grey Bernoulli model NGBM(1, 1). The practice examples presented by Chen have illustrated
the effectiveness of the NGBM(1, 1) model and its advantages over the traditional GM(1, 1) model. The
NBGM(1, 1) and its improved models have been applied in many fields in recent years [36–44]. However,
the Bernoulli equation has not been introduced to the multivariate grey models.

As mentioned above, the multivariate grey models are more general than the univariate models, the
research of nonlinear multivariate models may be more important to the grey system theory. At present,
there exist several multivariate nonlinear grey models, such as the NGMC(1, n) by Wang [45] and the kernel
regularized nonlinear GMC(1, n) [46],etc. The novel methodologies developed from these models have also
been used to build other nonlinear models. For instance, theNGM(1, n) [47] shares a similar form with the
NGMC(1, n) model, and the kernel regularized formulation has been used to build the KRNGM model[48].
It is interesting to notice that although these models have different formulations, the main ideas of building
such nonlinear models share a similar pattern: introduce a nonlinear formulation at first, and then translate
it into a linear form. Then the existing methodologies of building the linear multivariate grey models can
be used. And this pattern can also be found in some non-grey models, such as the kernel-based nonlinear
extension of the Arps model in [49],etc.. This pattern will also be used in this paper.

The main purpose of this paper is to build a novel nonlinear multivariate grey model based on the
Bernoulli equation, by translating the Bernoulli equationinto a linear model, we will use the methodology
of the GMC(1, n) model to derive its parameter estimation andsolution. The novel model will be called the
nonlinear grey Bernoulli multivariate model with convolution integral, abbreviated as NGBMC(1, n) in the
rest of this paper.

The outline of this paper is organized as follows: A brief overview of the existing GMC(1, n) model is
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presented in Section 2; the modelling procedures of the novel NGBMC(1, n) model are shown in Section 3;
two case studies of the tourist industry of China are carriedout in Section 4, including the comparison of the
effectiveness of the NGBMC(1, n) model and the existing linear grey models; discussions and conclusions
are drawn in Section 5.

2. The existing GMC(1, n) model

In this section we give a very brief overview of the GMC(1, n) model. Within the assumption that obser-
vations

(
X(0)

1 ,X
(0)
2 , ...,X

(0)
n

)
from a certain dynamic system withn−1 inputs

(
X(0)

2 , ...,X
(0)
n

)
and an outputX(0)

1
are available at interval of time, Tien[50] suggests GMC(1,n) model to be the following linear differential
equation

dX(1)
1 (rp + t)

dt
+ b1X(1)

1 (rp + t) =
n∑

i=2

biX
(1)
i (t) + u, (1)

where

X(1)
1 (rp + t) =

rp+t∑

k=rp+1

X(0)
1 (k), t = 1, 2, ..., r + r f (2)

and

X(1)
i (t) =

t∑

k=1

X(0)
i (k), t = 1, 2, ..., r + r f (3)

are the 1-AGO series ofX(0)
1 andX(0)

i (i = 2, 3, ..., n), respectively;r is the number of entries to build the
model,rp is a period of delay,r f is the number of entries to be forecasted, andb1, b2, ..., bn andu are model
parameters to be estimated. The equation (1) is also called the whiten equation of the GMC(1, n) model.
If the biasu is omitted andrp = 0, the GMC(1,n) model yields to the conventional GM(1,n) model; when
n = 1 andrp = 0, the GMC(1,n) model (1) yields to the GM(1, 1) model[34].

The approximation of
dX(1)

1 (rp+t)
dt is taken as

dX(1)
1 (rp + t)

dt
≈ lim
∆t→1

X(1)
1 (rp + t) − X(1)

1 (rp + t − ∆t)

∆t
= X(1)

1 (rp + t) − X(1)
1 (rp + t − 1) = X(0)

1 (rp + t),

and the background values ofX(1)
1 (rp + t) andX(1)

i (rp + t) are defined as

Z(1)
1 (rp + t) =

1
2

[X(1)
1 (rp + t) + X(1)

1 (rp + t − 1)] (4)

and

Z(1)
i (t) =

1
2

[X(1)
i (t) + X(1)

i (t − 1)]. (5)

And then the differential equation (1) can be approximately rewritten as thefollowing difference equation

X(0)
1 (rp + t) + b1Z

(1)
1 (rp + t) =

n∑

i=2

biZ
(1)
i (t) + u. (6)

The least squares estimation of the parameters of GMC(1, n) by t from 1 tor is the least squares solution
of Eq.(6), which can be written as

[b1, b2, ..., bn, u]T = (BTB)−1BTYR, (7)

where

B =



−Z(1)
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2 (2) ... Z(1)
n (2) 1

−Z(1)
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2 (3) ... Z(1)
n (3) 1

...
...

...

−Z(1)
1 (rp + r) Z(1)

2 (r) ... Z(1)
n (r) 1


,YR =
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1 (2)

X(0)
1 (3)
...

X(0)
1 (r)


.
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The response function for̂X(1)
1 (rp + t) can be obtained by solving the whiten equation (1) as

X̂(1)
1 (rp + t) = X(0)

1 (rp + 1)e−b1(t−1) +

∫ t

1
e−b1(t−τ) f (τ)dt, (8)

where

f (t) =
n∑

i=2

biX
(1)
i (t) + u. (9)

In recent researches, the the convolution integral of the right hand of Eq.(8) is often discretized using
the Gaussian formula, and the 1-AGO series can also be evaluated by the following discrete function

X̂(1)
1 (rp + t) = X(0)

1 (rp + 1)e−b1(t−1) +

t∑

τ=2

{
e−b1(t−τ+ 1

2 ) · 1
2

[ f (τ) + f (τ − 1)]

}
. (10)

The predicted valuêX(0)
1 (rp + t), which is also called the restored value in the conventional grey system

theory, is given as
X̂(0)

1 (rp + t) = X̂(1)
1 (rp + t) − X̂(1)

1 (rp + t − 1). (11)

As presented above, once given the sample data, the system parameters in Eq.(1) can be obtained. And
then the output series can be predicted with the system parameters and input series using the discrete function
(10) and (11).

3. The proposed NGBMC(1, n) model

Notably, the existing NGBMC(1, n) model is essentially a linear model, which limits its applicability. In
this section we will introduce a novel nonlinear grey model based on the modelling method of the GMC(1,
n).

3.1. Representation of the NGBMC(1, n) model and its linearization

With the same definitions of the 1-AGO and the given sample, the NGBMC(1, n) model is represented
as the following nonlinear differential equation

dX(1)
1 (rp + t)

dt
+ b1X(1)

1 (rp + t) =


n∑

i=2

biX
(1)
i (t) + u


(
X(1)

1 (rp + t)
)γ
, (12)

whereγ is a nonlinear parameter. Obviously, the NGBMC(1, n) yieldsto the GMC(1, n) model whenγ = 0.
Whenn = 1 andrp = 0, the NGBMC(1, n) model can be written as follows:

dX(1)
1 (t)

dt
+ b1X(1)

1 (t) = u
(
X(1)

1 (t)
)γ
. (13)

The Eq.(13) is the representation of the NGBM(1, 1) model introduced in the reference [35].
Actually, the NGBMC(1, n) model can be converted to a linear model whenγ , 0 andγ , 1. Firstly we

multiply the (12) by
(
X(1)

1 (rp + t)
)−γ

, then we have

(
X(1)

1 (rp + t)
)−γ dX(1)

1 (rp + t)

dt
+ b1

(
X(1)

1 (rp + t)
)1−γ
=

n∑

i=2

biX
(1)
i (t) + u. (14)

Set
y(rp + t)(1) =

(
X(1)

1 (rp + t)
)1−γ
, (15)
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and notice that
dy(1)(rp + t)

dt
= (1− γ)

(
X(1)

1 (rp + t)
)−γ dX(1)

1 (rp + t)

dt
,

which is also
dX(1)

1 (rp + t)

dt
=

1
1− γ

(
X(1)

1 (rp + t)
)γ dy(1)(rp + t)

dt
. (16)

By substituting (15) and (16) into (12), we have the linearized form of the NGBMC(1, n) model as
follows

dy(1)(rp + t)
dt

+ b1(1− γ)y(1)(rp + t) = (1− γ)
n∑

i=2

biX
(1)
i (t) + (1− γ)u. (17)

The above equation (17) is called the linearization of the NGBMC(1, n) model. It can be clearly seen
that the linearization (17) is mathematically equivalent to the GMC(1, n) model (1), thus we can easily
obtain the parameters estimation and the solution of the NGBMC(1, n) using the corresponding results of
the GMC(1, n).

3.2. Parameters estimation of the NGBMC(1, n) model

Obviously, an approximate linear discrete form of the NGBMC(1, n) model is needed to derive its param-
eters estimation. In the existing GMC(1, n) model such discrete form is obtained using the approximation of

the
dX(1)

1 (rp+t)
dt and the background values of theX(1)

i (rp + t), i = 2, ..., n. But in this paper we will use another
process based on integral. Considering the integral of the linearization (17) in the interval [t − 1, t], we have

∫ t

t−1
dy(1)(rp + τ) + b1(1− γ)

∫ t

t−1
y(1)(rp + τ)dτ = (1− γ)

n∑

i=2

bi

∫ t

t−1
X(1)

i (t)dτ + (1− γ)
∫ t

t−1
udτ. (18)

The integrals can be computed as follows with new notations

y(0)(rp + t) =
∫ t

t−1
dy(1)(rp + τ)

= y(1)(rp + t) − y(1)(rp + t − 1)

=
(
X(1)

1 (rp + t)
)1−γ −

(
X(1)

1 (rp + t − 1)
)1−γ
,

(19)

Zy(rp + t) =
∫ t

t−1
y(rp + τ)dτ

=
1
2

(
y(1)(rp + t) − y(1)(rp + t − 1)

)

=
1
2

[(
X(1)

1 (rp + t)
)1−γ
+
(
X(1)

1 (rp + t − 1)
)1−γ]

,

(20)

and ∫ t

t−1
udτ = u. (21)

Substituting the (19)-(21) and (5) into (22), we can obtain the discrete form of the NGBMC(1, n) model
concisely as

y(0)(rp + t) + b1(1− γ)Zy(rp + t) = (1− γ)
n∑

i=2

biZ
(1)
i + (1− γ)u. (22)

Once the parameterγ is given, the parameters estimation of the NGBMC(1, n) modelcan be easily
obtained using a similar way of the GMC(1, n) model as follows

[b1, b2, ..., bn, u]T = (BTB)−1BTYR (23)



6 / J COMPUT APPL MATH 00 (2018) 1–13

where

B = (1− γ)



−Zy(rp + 2) Z(1)
2 (2) ... Z(1)

n (2) 1
−Zy(rp + 3) Z(1)

2 (3) ... Z(1)
n (3) 1

...
...

...

−Zy(rp + r) Z(1)
2 (r) ... Z(1)

n (r) 1


,YR =



y(0)(rp + 2)
y(0)(rp + 3)

...
y(0)(rp + r)


.

3.3. Computing the the 1-AGO seriesX̂(1)
1 and the restored valueŝX(0)

1

The solution of the whitening equation (12) can be indirectly obtained by solving its linearization (17).
As the linearization (17) is mathematically equivalent to the GMC(1, n) model (1), we can easily obtain its
solution by simply changing some notations as

ŷ(1)(rp + t) = y(0)(rp + 1)e−b1(1−γ)(t−1) + (1− γ)
∫ t

1
e−b1(1−γ)(t−τ) f (τ)dt, (24)

where f (t) is defined in (9). And similarly the discrete form can be written as

ŷ(1)(rp + t) = y(0)(rp + 1)e−b1(1−γ)(t−1) + (1− γ)
t∑

τ=2

{
e−b1(1−γ)(t−τ+ 1

2 ) · 1
2

[ f (τ) + f (τ − 1)]

}
. (25)

Then we can compute the 1-AGO seriesX̂(1)
1 using

X̂(1)
1 (rp + t) =

(
ŷ(1)(rp + t)

) 1
1−γ . (26)

And the restored valueŝX(0)
1 can also be computed using the 1-IAGO

X̂(0)
1 (rp + t) = X̂(1)

1 (rp + t) − X̂(1)
1 (rp + t − 1). (27)

3.4. Computational steps of the NGBMC(1, n) model

The computational steps of NGBMC(1, n) model can be summarized as follows
Step 1: Compute the 1-AGO series

(
X(1)

1 ,X
(1)
2 , ...,X

(1)
n

)
of the given data set

(
X(0)

1 ,X
(0)
2 , ...,X

(0)
n

)
;

Step 2: Construct the matricesB andY defined in (23) with a givenγ and the definitions in (5) and
(19)-(21) , and then compute the parameters [b1, b2, ..., bn, u] using the least squares estimation (23);

Step 3: Compute the series ˆy(1) using (25);
Step 4: compute the 1-AGO serieŝX(1)

1 using (26);
Step 5: Compute the restored valuesX̂(0)

1 using the 1-IAGO (28).

4. Applications

In this section, the NGBMC(1, n) model will be applied in forecasting the domestic income and the
foreign currency earnings of the tourist industry of China in order to assess its effectiveness in time series
prediction, comparing to the existing linear multivariategrey prediction models, including the GMC(1, n)
[50], RDGM(1, n) [18] and DGM(1, n)[51]. The ARIMA model [52]is used for the comparison as well.
The raw data are all collected from the official website of the National Bureau of Statistics of China1.

The mean absolute percentage error (MAPE) is used to evaluate the accuracy of the models, which is
defined as

MAPE=
1
n

n∑

t=1

∣∣∣∣∣∣∣
X̂(0)

1 (rp + t) − X(0)
1 (rp + t)

X(0)
1 (rp + t)

∣∣∣∣∣∣∣
× 100%. (28)

1http://www.stats.gov.cn/



/ J COMPUT APPL MATH 00 (2018) 1–13 7

The determination of the nonlinear parameterγ is quite simple. In this section, we search theγ in
the interval [−0.99, 0.99] by step of 0.01. The optimalγ is determined when the MAPE for fitting of the
NGBMC(1, n) model achieves the minimum value. As for the parameterp (order for auto regression part)
andq (order for moving average part) are determined by the AIC andBIC criteria, which is described at
https://ww2.mathworks.cn/help/econ/choose-arma-lags.html. The raw data are directly used for modelling
as the samples used in the cases are very small, thus the parameterD is set to be 0 in all the cases.

4.1. Case 1: Predicting the domestic income of the tourist industry of China

The latest data of the domestic income of the tourist industry of China from 2006 to 2015 are listed in
Table 1, including the domestic income (X(0)

1 , unit: 109 CNY) and the number of trips (X(0)
2 , unit: 108). The

first five pairs are used for building the models, including the GMC(1, 2), DGM(1, 2), RDGM(1, 2), ARIMA
and the NGBMC(1, 2), and the last five pairs are used for testing. In this case, the parameters for ARIMA
arep = 1 andq = 0 and the optimal nonlinear parameter of NGBMC(1, 2) isγ = −0.45, respectively.

The detailed results of each model and the MAPE for fitting andprediction are shown in Table 2 and the
modelling values are also plotted in Fig.1. It can be seen that the RDGM(1, 2) shows the best performance
in fitting, which is only 0.15%, the NGBMC(1, 2) performs worse than it, the ARIMA performs worse than
the other grey models except the GMC(1, 2) model, which performs worst. But in terms of prediction,
the MAPE of NGBMC(1, 2) is minimum in these models, the others’ are extremely large. This indicates
the results of the other four models are not acceptable at all. The Fig.1 presents a clearer picture that only
the NGBMC(1, 2) can accurately predict the future domestic income of the tourist industry of China. In
summary, the NGBMC(1, 2) performs best in this case study.

Table 1: Raw data of the domestic income (DI) of the tourist industry of China from 2006 to 2015

DI
Year (108 CNY) Trips(108)

2006 6229.7 13.94
2007 7770.6 16.1
2008 8749.3 17.12
2009 10183.7 19.02
2010 12579.77 21.03

2011 19305.39 26.41
2012 22706.22 29.57
2013 26276.12 32.62
2014 30311.86 36.11
2015 34195.05 40

Table 2: The details of the prediction results of the domestic income of the tourist industry of China by GMC(1, 2), DGM(1,2),
RDGM(1, 2) and NGBMC(1, 2)

DI

Year (108 CNY) GMC(1, 2) Error(%) DGM(1, 2) Error(%) RDGM(1, 2) Error(%) ARIMA NGBMC(1, 2) Error(%)

2006 6229.7 6229.70 0 6229.7 0 6229.7 0 6229.7 0 6229.7 0
2007 7770.6 7072.07 -8.99 7750.71 -0.26 7779.63 0.12 7790.60 0.26 7710.37 -0.78
2008 8749.3 7267.85 -16.93 8755.84 0.07 8740.02 -0.11 7780.60 -11.07 8425.41 -3.70
2009 10183.7 6899.53 -32.25 10133.19 -0.50 10202.23 0.18 8759.30 -13.99 10035.54 -1.45
2010 12579.77 4915.30 -60.93 12469.01 -0.88 12602.34 0.18 10193.70 -18.97 12237.59 -2.72

MAPE 29.77 0.43 0.15 11.07 2.16

2011 19305.39 -1881.40 -109.75 14941.12 -22.61 16226.46 -15.95 12589.77 -34.79 15115.06 -21.71
2012 22706.22 -20387.05 -189.79 19471.70 -14.25 22548.69 -0.69 12599.76 -44.51 18778.94 -17.30
2013 26276.12 -65921.27 -350.88 29845.61 13.58 36397.18 38.52 12609.76 -52.01 23369.01 -11.06
2014 30311.86 -175472.54 -678.89 56238.65 85.53 69023.50 127.71 12619.76 -58.37 29120.29 -3.93
2015 34195.05 -436664.50 -1376.98 127156.15 271.86 148494.64 334.26 12629.76 -63.07 36332.13 6.25

MAPE 541.26 81.56 103.43 50.55 12.05
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Fig. 1: The prediction results of the domestic income of the tourist industry of China. (a) GMC(1, 2); (b) DGM(1, 2); (c) RDGM(1,
2); (d) NGBMC(1, 2)

4.2. Case 2: Predicting the foreign currency earnings of thetourist industry of China

The latest data of the foreign currency earnings of the tourist industry of China from 2006 to 2015 are
listed in Table 3, including the foreign currency earnings (X(0)

1 , unit: 106 USD) and the number of inbound
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trips (X(0)
2 , unit: 108). The first five pairs are used for building the models, including the GMC(1, 2), DGM(1,

2), RDGM(1, 2), ARIMA and the NGBMC(1, 2), and the last five pairs are used for testing. In this case,
the parameters of ARIMA arep = 1 andq = 0, which is the same to case 1, and the optimal nonlinear
parameter of NGBMC(1, 2) isγ = −0.43, respectively.

The detailed results of each model and the MAPE for fitting andprediction are shown in Table 4 and the
modelling values are also plotted in Fig.2. It can be seen that the performances of these models differ more
largely in this case. It is quite clear to see that the GMC(1, 2), RDGM(1, 2) and ARIMA all perform worse
than NGBMC(1, 2) model for fitting and prediction. The DGM(1,2) performs best in fitting with the MAPE
0.05% and the NGBMC(1, 2) model performs best in prediction,but the MAPE of prediction for DGM(1,
2) is 28.36%, which is only 1.31% larger than NGBMC(1, 2). Maybe it is not easy to say which is better
between the DGM(1, 2) and NGBMC(1, 2) in this case with such small difference. But a very interesting
results can be found in Fig.2. It can be clearly seen that the foreign currency earnings continuously grow
from 2011 to 2015, only the NGBMC(1, 2) model correctly catches such tendency, the trend reflected by
the other models are all wrong.

Table 3: Raw data of the foreign currency earnings (FCE) of the tourist industry of China from 2006 to 2015

FCE
Year (106 USD) Trips(108)

2006 33949 1.249421
2007 41919 1.318733
2008 40843 1.300274
2009 39675 1.264759
2010 45814 1.337622

2011 48464 1.354235
2012 50028 1.324053
2013 51664 1.290778
2014 56913 1.284983
2015 113650 1.338204

Table 4: The details of the prediction results of the foreigncurrency earnings (FCE) of the tourist industry of China by GMC(1, 2),
DGM(1, 2), RDGM(1, 2), ARIMA and NGBMC(1, 2)

FCE

Year (108 USD) GMC(1, 2) Error(%) DGM(1, 2) Error(%) RDGM(1, 2) Error(%) ARIMA Error(%) NGBM(1, n) Error(%)

2006 33949 33949 0 33949 0 33949 0 33949 0 33949 0
2007 41919 6.59E+05 1.47E+03 41915.06 -0.01 42059.62 0.34 40450.54 -3.50 42035.66 0.28
2008 40843 4.14E+07 1.01E+05 40859.20 0.04 40011.47 -2.04 40168.60 -1.65 38504.12 -5.73
2009 39675 2.68E+09 6.76E+06 39645.39 -0.07 42456.51 7.01 40341.91 1.68 40064.67 0.98
2010 45814 1.74E+11 3.80E+08 45850.35 0.08 37920.04 -17.23 40530.05 -11.53 44312.06 -3.28

MAPE 9.67E+07 0.05 6.65 4.59 2.57

2011 48464 1.13E+13 2.33E+10 40141.58 -17.17 55819.41 15.18 39541.20 -18.41 51008.68 5.25
2012 50028 7.33E+14 1.46E+12 44397.93 -11.25 5469.37 -89.07 40551.60 -18.94 60736.43 21.40
2013 51664 4.75E+16 9.20E+13 37495.65 -27.42 141031.96 172.98 40388.85 -21.82 74250.66 43.72
2014 56913 3.08E+18 5.42E+15 44693.99 -21.47 -236494.61 -515.54 40415.07 -28.99 92447.49 62.44
2015 113650 2.00E+20 1.76E+17 40340.75 -64.50 811208.54 613.78 40410.84 -64.44 116433.76 2.45

MAPE 3.63E+16 28.36 281.31 30.52 27.05

4.3. Short discussions on the results
According to the results shown above, it can be seen that the DGM(1, 2) and RDGM(1, 2) are generally

better than the GMC(1, 2) model. This is coincident to the results of the previous works [18, 51], which
have proved that the RDGM(1, n) and DGM(1, n) are generally more accurate than GMC(1, n) model. It
is also very interesting to see that the best fitting accuracyare achieved by RDGM(1, 2) and DGM(1, 2) in
case 1 and case 2, respectively, but they all perform worse inprediction than NGBMC(1, 2) in all the cases.
This indicates the nonlinearity of NGBMC(1, 2) is more effective than the existing linear grey models.

It should be noticed that the ARIMA performs the worst in all the cases. It is well known that the
ARIMA is designed for stationary time series, and it usuallyneeds large amount of sample data. But the
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Fig. 2: The prediction results of the foreign currency earnings of the tourist industry of China. (a) GMC(1, 2); (b) DGM(1, 2); (c)
RDGM(1, 2); (d) ARIMA; (e) NGBMC(1, 2)

data size of the case studies is very small, which leads to inaccuracy of the ARIMA. On the other hand, the
ARIMA is also essentially a linear model as it shares the linear formulation, which is another reason why
the ARIMA underperforms the NGBMC(1, 2) in the cases presented above.



/ J COMPUT APPL MATH 00 (2018) 1–13 11

5. Conclusions

In this paper we have proposed a novel nonlinear grey model byintroducing the Bernoulli equation and
using the modelling methodology of the GMC(1, n) model. It can be seen that the NGBMC(1, n) model can
be regarded as an extension of the NGBM(1, 1) model, but it doesn’t share the same modelling procedures
of the NGBM(1, 1). Instead, we take the idea of the existing nonlinear models and the whitening equation
of the NGBMC(1, n) has been firstly translated to a linear equation, and such linear form is mathematically
equivalent to the GMC(1, n) model. It can be seen that this operation makes it much easier to build the
NGBMC(1, n) model, as its linearization shares so many similarities with the GMC(1, n) model, even some
results of GMC(1, n) can be directly used. The results of the case studies indicate that the NGBMC(1,
n) outperforms the existing multivariate linear models, and its accuracy are generally much more higher
than the linear models in these cases. In summary, the NGBMC(1, n) model is an easy-to-use and efficient
nonlinear grey model.

However, there still exist some issues which have not been solved in this paper. For example, the error
variance and prediction interval with 1− α confidence (e.g. 95%). It should be noticed that such validation
criteria are very commonly used for the statistical models,but rarely used for the grey models (e.g. no
discussions on the error variance and prediction interval can be found in the references cited in this paper [2–
10, 12–23, 34–48, 50, 51, 53–59]). Thus, in our opinion, the future works can be oriented on the theoretical
analysis on these issues. On the other hand, the NGBMC(1, n) could also be regarded as a representation of
the modelling methodology for the nonlinear grey models, within which more nonlinear models can be built
with high accuracy. And in our next works, we will introduce the state-of-the-art intelligent optimization
methods such as the PSO [60], multi-objective evolutionaryoptimizers [61] to develop the new framework
of the intelligent nonlinear grey models.
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 A novel nonlinear Bernoulli grey model NGBMC(1, n) is proposed.
 The NGBMC(1, n) model  is  more general  than the existing NGBM(1, 1) and

GMC(1, n)
 The NGBMC(1, n) model is quite easy-to-use and more efficient than the existing

linear models
 The NGBMC(1, n) is successfully applied in tourist industry of China
 A new methodology of nonlinear grey models is provided
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