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1. Introduction

Consider the numerical solution of the linear system
Ax=b, (1.1)

where A € R™" is a known nonsingular matrix, b € R" is known and x € R" is unknown. O’leary and White have introduced
the parallel multisplitting iterative method for obtaining the solution to (1.1) in [ 1], where several basic convergence results
may be found. Neumann and Plemmons [2] developed some more refined convergence results for one of the cases considered
in [1]. It has already been observed in [1] that the introduction of a relaxed parameter may considerably improve the
multisplitting methods, but convergence results were not given for these modifications of multisplitting methods by the
authors. So, Frommer and Mayer studied two relaxed variants of multisplitting methods and established the convergence
of these methods under certain restrictions on a relaxed parameter and on the underlying multisplittings in [3]. The
multisplitting method was also further studied by many authors [4-7].

In this paper, we will establish two multisplitting methods with K + 1 relaxed parameters for solving large nonsingular
systems of Eq. (1.1), in which the coefficient matrix A is an M-matrix or an H-matrix, and we will study the convergence of
these methods under certain restrictions on the relaxed parameters and on the underlying multisplittings. In this manner we
obtain convergence results including and extending the convergence results which have been considered in the literature
before.

This paper is organized as follows. In Section 2, we present some notation, definitions and preliminary results which we
refer to later and establish two multisplitting methods with K + 1 relaxed parameters. In Section 3, we present convergence
results of the K + 1 parameter multisplitting methods on M-matrices and H-matrices. Some numerical examples are given
in Section 4. Finally, conclusions are drawn in Section 5.
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2. Notation and preliminaries

For avector x € R",x > 0 (x > 0) denotes that all components of x are nonnegative (positive). For two vectors x, y € R",
X > y(x > y) means thatx —y > 0(x —y > 0). For a vector x € R", |x| denotes the vector whose components are the
absolute values of the corresponding components of x. These definitions carry immediately over to matrices.

A matrix A = (a;) € R™" is called an M-matrix if a; < 0 fori # jand A~! > 0. The comparison matrix (A) = (o) ofa
matrix A = (aj) is defined by

lagl, i=j, ..
o = {_faUL £ i,j=1,...,n
A matrix A is called an H-matrix if (A) is an M-matrix. A splitting A = M — N of A is said to be regular if M~' > 0 and
N > 0; weak regular if M~ > 0and M~!N > 0; H-splitting if the matrix (M) — |N| is monotone; H-compatible splitting
if (A) = (M) — |N|; convergent if p(M~'N) < 1, where p(-) denotes the spectral radius of a square matrix -. It was shown
in [8] that if A is an H-matrix and A = M — N is an H-compatible splitting, then M is also an H-matrix. By diag(A) we denote
the n x n diagonal matrix coinciding in its diagonal with n x n matrix A.

Definition 2.1 (/1]). Let A be a nonsingular real n x n matrix, and suppose that for some K € N we are given matrices
My, Ny, Ex € R k = 1,...,K, satisfying (i) A = My — Ny, (ii) My is nonsingular, (iii) E, is a diagonal matrix with

nonnegative entries and Z;:zlf E, = I, where I is n x n identity matrix. Then a set {My, N, Ex}¥=X is called a multisplitting
of A. The corresponding multisplitting method to solve Ax = b is defined by the iteration

k=K k=K
X0 = 3 BMCING + 3 BM ', i=0,12,. @
k=1 k=1
Putting

k=K

k=K
T = ZEkM,;Wk, G= ZE,(M,:I,
k=1 k=1

T is called the iteration matrix.

In the following, we will give the relaxed nonstationary multisplitting method associated with this multisplitting and a
positive relaxed parameter w for solving a linear system Ax = b.

Algorithm 2.1 ([10]). Relaxed nonstationary multisplitting method

Given an initial vector x©
Fori =1, 2, ..., until convergence
Fork =1toK
YO — y(i=1)
Forj = 1tos(k, i)
Myy®) = Ny ®i=D 4 p
xD = o Z'Ei’f Eky(k,s(k,l)) +(1— w)x(z—l)_

Remark 2.1. Notice that Algorithm 2.1 with w = 1is called the nonstationary multisplitting method. Mas et al. [ 10] showed
the convergence of Algorithm 2.1 under the condition when A is an H-matrix. When {My, Ny, Ek}ﬁz’f is a multisplitting of A
and M, = By — C; is a splitting of M|, for each k, the relaxed nonstationary two-stage multisplitting method with a positive
relaxed parameter w for solving a linear system Ax = b is as follows.

Algorithm 2.2 ([11]). Relaxed nonstationary two-stage multisplitting method

Given an initial vector x©
Fori =1, 2, ..., until convergence
Fork =1toK
YO — y(i=1)
Forj = 1tos(k, i)
Y& = B (Cy®ID 4+ Nex ™D 4 b + (1 — w)y®i—D
xM = Z”:Z’f Eky(k,S(k,i))_

Remark 2.2. In Algorithm 2.2, the splittings A = M; — N are called outer splittings and the splittings M, = By — Cy are
called inner splittings. Bru et al. [11] showed the convergence of Algorithm 2.2 when A is a monotone matrix (i.e,, A~! > 0)
or A is an H-matrix. If w = 1 in Algorithm 2.2, then Algorithm 2.2 reduces to the nonstationary two-stage multisplitting
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method. Observe that the loop k of Algorithms 2.1 and 2.2 can be executed completely in parallel by different processors.
Also notice that the number of inner iterations s(k, i) in Algorithms 2.1 and 2.2 depends on the iteration i and the splitting
A = My — Ni.If s(k, i) = 1 for all k and i in Algorithm 2.1, Algorithm 2.1 is called the relaxed multisplitting method.

From Algorithms 2.1 and 2.2, the different splittings have the same parameter w. In this case, the parameter w is difficult
to choose. For solving this problem, we establish the multisplitting methods with K + 1 relaxed parameters as follows.

Algorithm 2.3. Nonstationary multisplitting method with K + 1 relaxed parameters

Given an initial vector x©

Fori =1, 2, ..., until convergence
Fork=1toK
y(kYO) = x(=D

Forj = 1tos(k, i)
YD = oM N R (1= )y D+ oMb
X0 = o YK gy sk 4 (1 — g)x=D),

Remark 2.3. Notice that Algorithm 2.3, whenw, = 1,k =1, ..., K, reduces to Algorithm 2.1.

Algorithm 2.4. Nonstationary two-stage multisplitting method with K + 1 relaxed parameters

Given an initial vector x©

Fori =1, 2, ..., until convergence
Fork=1toK
Y0 — y(i=1)

Forj = 1tos(k, i)
Y& = B (Cy*I + Nix™D 4 b) + (1 = )y ™I~
*0 = 0 Y=t Ey®s 60 4 (1 — )xD,

Remark 2.4. Notice that Algorithm 2.4, when w; = - -- = wg and w = 1, reduces to Algorithm 2.2.
Now we give some well-known results which will be used later.

Lemma 2.1 ([3]). Let A = D — B be an H-matrix with D = diag(A). Then

(1) A and D are nonsingular and p(|D|™'B) < 1;

@ 1A < @A

Lemma 2.2 ([9]). Let A, B € R™" such that |A| < B. Then p(A) < p(B).

Lemma 2.3 ([12]). Let A be a nonnegative matrix. Then

(1) If ax < Ax for some nonnegative vector x, x # 0, then o < p (A);
(2) If Ax < Bx for some positive vector x, then p (A) < B. Moreover, if Ais irreducible and if 0 # ax < Ax < Bx, @ # Ax and
Ax #£ Bx for some nonnegative vector x, then
a<p@)<p

and x is a positive vector.

Lemma 2.4 ([8]). Let A= M — N be a splitting of A.

(i) If the splitting is an H-splitting, then A and M are H-matrices and p(M~'N) < p((M)~!|N|) < 1.

(ii) If the splitting is an H-compatible splitting and A is an H-matrix, then it is an H-splitting and hence, a convergent splitting.
Lemma 2.5 ([12]). Let A > 0 be an irreducible n x n matrix. Then

(1) A has a positive real eigenvalue equal to its spectral radius;
(2) to p (A) there corresponds an eigenvector x > 0;
(3) p (A) is a simple eigenvalue of A.

A general algorithm for building ILU factorization can be derived by performing Gaussian elimination and dropping some
of the elements in predetermined off-diagonal positions. Let S,, denote the set of all pairs of indices of off-diagonal matrix
entries, i.e.
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Lemma 2.6 ([13]). Let A be an n x n H-matrix. Then, for every zero pattern set Q C S,, there exist a unit lower triangular matrix
L = (Iy), an upper triangular matrix U = (u;), and a matrix N = (ny), with lj = uy = 0if (i,j) & Q, suchthat A = LU — N.
Moreover, the factors L and U are also H-matrices.

Lemma 2.7 ([13,14]). Let A be an n x nH -matrix. Let A = LU — N and (A) = TU — N be the ILU factorizations of A and (A)
corresponding to a zero pattern set Q C S, respectively. Then each of the following holds:

@I <Y, ®UT <0, (@©INI<N, (@) |IU)"N| < [LU)"'N.

3. Convergence behaviors of nonstationary multisplitting methods with K + 1 relaxed parameters

In this section, we present convergence results of Algorithms 2.3 and 2.4 when the coefficient matrices are M-matrices
or H-matrices. First, we consider Algorithm 2.3. Let

Ry, = oMy "N+ (1 — )l

then Algorithm 2.3 can be written as

X0 = Hy ¥V 4+ Pyoib, i=1,2,..., (3.1)
where
K
Howei =0 Y ERE) +(1—w)l, i=12,... (32)
k=1

and

K s(k,i)—1
P :a)ZwkEk< 3 wak> M i=1.2,. (3.3)
k=1 Jj=0

The H,,.,,i’s are called iteration matrices for Algorithm 2.3. Then, it is easy to show that P, ., i/A = I — H,, ., for each i.
Hence, the exact solution & of Ax = b satisfies

& =Hyw,i§ + Powy,ib, i=1,2,.... (3.4)

Theorem 3.1. Let A = D — B be an n x nH-matrix with D = diag(A) and ] = |D|™'|B|. Assume that the multisplitting
{M, N, Ek}ﬁz] is H-compatible and diag(|My|) < |D|. If

0<w<2/(1+p) and O <awy<2/(1+p), k=1,2,...,K,

where p = max{wps + |1 — willpe = p(J +cee’), k=1,...,K},e — 0t ande= (1,1,..., DT € R*, p = p(J), and
s(k, i) > 1 for all nonnegative integers k and 1 < i < K, then Algorithm 2.3 converges for all x© e R" to &, the solution of the
linear system Ax = b.

Proof. By Lemma 2.4, the matrices M) are H-matrices. Then using Lemma 2.1, some manipulation yields
IM{ !Nl < T— (M)IDIAd—]), k=1,2,...,K. (3.5)

Consider the vectore = (1,1,..., 1) € R" Since ] = |D|~'|B| is nonnegative, the matrix | + see' is irreducible for all
€ > 0, then from Lemma 2.5, there exists a positive vector x, corresponding to the spectral radius such that
(J + cee)x. = pexe, (36)

where p, = p(J + gee”). The continuity of the spectral radius and Lemma 2.2 ensures that there exists g such that p, < 1,
forall0 < e < go.By (M) < |D|,k=1,2,...,K, from(3.5)and (3.6) we obtain that

|oeM; "N+ (1 — o)l | X,

My "Nilxe + 11— wplx,

(X — (M) "' [DI(1 = pe)xe) + |1 — wxlxe

(@rpe + 11— wxl)xe

Pxe (3.7)

[Ro Xe

IA

IANIATA
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since0 < wy <2/(1+p),k=1,2,...,K,and ¢g —> 0, then p < 1. Hence, from (3.2) and (3.7), one obtains

K
Hoopilte = @ ) ERED + (1= o)l|x,
k=1
K )
< o) E|RE|x 41— olx
k=1
K )
< @) Ep 0% +11 - olx,
k=1
K
fow ZEkb Xe + |1 — wlx,
k=1
= (wp + |1 — o])xe
< Xg. (3.8)

Since 0 < w < 2/(1 + p), according to Lemmas 2.2 and 2.3, we have p(H, i) < p(|Hy w,il) < 1fori =1,2,....The
proof is complete. O

In what follows, we consider Algorithm 2.4. Let R;‘)k = a)kBk’1 Ck + (1 — wy)I, then Algorithm 2.4 can be written as

X0 =Hp, ¥V 4P, b i=1,2,.., (3.9)
where
K K s(k,i)—1
Hy i =@ Y ERSED + 0" iy ( > R;;kf> BI'Ne+(1—w)l, i=1,2,... (3.10)
k=1 k=1 j=0
and

K s(k,i)—1
P o :wZa)kEk( > R;;kf> B!, i=12,.... (3.11)
k=1

j=0

The Hj, ,, ;'s are called iteration matrices for Algorithm 2.4. Then, it is easy to show that P , A =1—H] , ;foreachi.

,o) w,wg, i

Theorem 3.2. Let A be ann x n H-matrix. Foreach 1 < k < K, let A = My — Ny and M, = B, — C be H-compatible splittings.
Then the nonstationary two-stage multisplitting method with K + 1 relaxed parameters using A = My — Ny as outer splittings
and My = By — Gy as inner splittings converges to the exact solution of the linear system Ax = b for any initial vector x© if
O<w<1land0 < wy < 1.

Proof. The proof is similar to the proof of Theorem 3.4in[11]. O

Theorem 3.3. Let A = D — B be an n x nH-matrix with D = diag(A). Let | = |D|~|B| and let Q, Q,, ..., Qg be zero pattern
sets which are subsets of S,. Foreach 1 < k < K, let A = L Uy — Ni be the ILU factorization of A corresponding to Q. Then,
the nonstationary multisplitting method with K + 1 relaxed parameters associated with the multisplittings {L,Uy, N, Ek}ff:1

converges to the exact solution of Ax = b for any initial vector xX° if 0 < w < 2/(1+ p) and 0 < wy, < 2/(1 + p), where
p = p()), p is defined by Theorem 3.1.

Proof. Since A= D — Band D = diag(A),

(A) = |D| — |B] = |DIU = ). (3.12)
Foreach1 < k < K, let (A) = Ikﬁ,< — Nk be the ILU factorization of (A) corresponding to Q. By some manipulation, it can
be shown that }D*“ < (Iijk)71 forallk=1,2,...,K.Itfollowsthatforallk=1,2,...,K

1< LU~ IDI. (3.13)

By Lemma 2.7, we have
| (LU ™ Ne + (1 — )l < o (LelUi) ™ Nie + 11 — a1 (3.14)
Lete = (1,1,..., 1" SinceJ] > 0,] + see” > 0 for any ¢ > 0 and from Lemma 2.5 there exists a vector x, > 0

corresponding to the spectral radius such that

(J + ceeNx, = pexe, (3.15)
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where p, = p(J + eee’). From Lemma 2.1, p < 1. By continuity of the spectral radius, there exists an &, such that p, < 1
forall 0 < & < &3. Now, we choose an ¢ such that 0 < & < &;. Then, from (3.13)-(3.15), we have
~ ]~
wy (Zkuk) Nixe + |1 — wxlx.
W PeXs + |1 — wilxe
= (wrps + |1 — wk|)x:

|wk(LkUk)71Nk +(1 - wk)1| Xe <
<

= PXe, (3.16)
since0 < wy < 2/(1+p)forallk=1,2,...,K,and &g —> 0, then p < 1. Hence, we obtain
K
_ (k.i)
Hooi] %e = @Y Ex (0eLeli) "' Ne + (1 — 0)l)™ " + (1 — o)I| x,
k=1
K "
~~ s(k,i
<o) E(o@Ud N + 11— all)™ " % + 1 = 0lx
k=1
K A
< @) Ep % + 11 - ol
k=1
K
< o) Eepxe + 11 - ol
k=1
= (wp + |1 — w|)xe. (3.17)

Since 0 < < 2/(1+ p), from Lemmas 2.2 and 2.3, we obtain p(H,, 4,.;)) < p(|Hy,u.il) < 1.So the proofis complete. O

Theorem 3.4 ([15]). Let A be an n x nH-matrix. Let Qq, Qy, ..., Qg be zero pattern sets which are subsets of S,. For each
1 <k <K,let A= My — Ny be an H-compatible splitting and M, = LU, — C; be the ILU factorization of M corresponding to
Qx. Then, the relaxed nonstationary two-stage multisplitting method with A = My — N as outer splittings and My, = L Uy — C;,
as inner splittings converges to the exact solution of Ax = b for any initial vector x° if 0 < w < 1.

Theorem 3.5. Let A be an n x n H-matrix. Let Q1, Qa, . . ., Qg be zero pattern sets which are subsets of S,. Foreach1 < k < K,
let A = My — Ny be an H-compatible splitting and M, = LU, — Cy be the ILU factorization of M corresponding to Q. Then,
the nonstationary two-stage multisplitting method with K + 1 relaxed parameters using A = M — Ny, as outer splittings and
M, = LU, — Ci as inner splittings converges to the exact solution of Ax = b for any initial vector x° if 0 < wy, < 1 and
0 < w < 2/(1+ p*), where p* = maxkzl,zw,,,({p(|H:)k,,-|)}, and H:)k’i’s are iteration matrices of the relaxed nonstationary
two-stage multisplitting method with A = M, — Ny, as outer splittings and M, = L Uy — Cj, as inner splittings for solving a linear
system whose coefficient matrix is A.

Proof. From (3.10), we have
s(k,i)—1

K K
0 Y ER, w0 ) ok ( > RLJ) LU~ G+ (1= )l
k=1 k=1 =0

s(k,i)—1

[H

w,wk,i‘

K K
o ZE"RZkS(k") + ZwkEk ( Z Rzkj) (LkUk)_l Ce| + 11— ol
=1 =1 =0
= a)|H:)kJ.| + |1 — o, (3.18)

where Hy, = Y, ERn) + S onki (5% ReJ) (LU ™! G From Theorem 3.4, we have p(H}, ) < 11f

(/3
0 < w < 1forallk = 1,2,...,K. According to Lemma 2.5 there exists a nonnegative vector x corresponding to the

,

spectral radius such that |H*k_i|x =p <|H;*)k‘i|) x. Hence, we obtain

*
| w,wk, i

wlH® |x+ |1 —w|x

i
(wp(IHg, i) + 11— o)x. (3.19)

Since 0 < w < 2/(1+ p(IH;, ;D)) forallk = 1,2, ..., K, from Lemmas 2.2 and 2.3, we have p(H;; ,, ) < p(IH; , ;) < 1.
So the proof is complete. O

|x

Corollary 3.6. Suppose that the matrix A satisfies one of the following conditions.
(i) Ais an M-matrix.
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(ii) Afis strictly or irreducibly diagonally dominant.
(iii) (A) is symmetric and positive definite.
Then A is an H-matrix and therefore Theorems 3.1-3.4 hold.

Proof. From [3] and Theorems 3.1-3.3 and 3.5, it is easy to obtain them. O

Remark 3.1. If w, = 1forallk = 1,2, ..., K in Theorem 3.1, it reduces to Theorem 3.1in [10]; If w1 = wy, = --- = wg
and w = 1in Theorem 3.2, it reduces to theorem 3.4 in [11]; If wy = 1forallk = 1, 2, ..., K in Theorem 3.3, it reduces to
Theorem 3.1in[15]; f vy = w; = - - - = wix and w = 1in Theorem 3.5, it reduces to Theorem 3.6 in [15]. Hence, our results

include and extend some previous results.

4. Numerical experiments

In this section, we consider an application of Algorithm 2.3 with s(k, i) = s(k) to preconditioned Krylov subspace method.
From (3.2) and (3.3), we have H,, o, ,i = Hy.y, and Py, o, i = Py, foralli =1, 2, ..., where

K
How =Y ERY +(1-w), i=1.2,... (4.1)

and

s(k)—1
Popo, = wakEk(Z ka>1v1k1, i=1,2,.... (42)

If Algorithm 2.3 with s(k, i) = s(k) converges to the exact solution of Ax = b for any initial vector xo, then p(H,, ,) < 1.1t
follows that the matrix P, ., such thatP,, ,, A =1 — H,, 4, is nonsingular. Hence, Pw,wk’1 can be used as a preconditioner of
Krylov subspace methods.

For simplicity of exposition, suppose that K = 3 and the zero pattern set Qy is the zero pattern set of A, k = 1, 2, 3. Then,
the H-matrix A = L U, — Ny is an ILU factorization of A corresponding to the zero pattern set Q, C S,, and we construct
a multisplitting {L Uy, Ni, Ex}, k = 1,2, 3. Clearly, A = L Uy — Ni is an H-compatible splitting for each k. L;’s are lower
triangular matrices and U;’s are upper triangular matrices. Let By = LU and C, = C for k = 1, 2, 3. The symbol MPre means
that P, ., in(4.2) is used as a preconditioner.

In the following, some numerical experiments will be given. The goals of these experiments are to examine the
effectiveness of the preconditioners generated by the multisplitting methods with K+1 relaxed parameters when combined
with BiCGSTAB Krylov subspace method [5].

All the numerical experiments were performed with MATLAB 6.5. The machine we have used is a PC-Pentium(R)4, CPU
3.06 GHz, 512 M of RAM. In all of our runs we used a zero initial guess. Unless otherwise stated, BiCGSTAB is used with left
preconditioning. The stopping criterion is ||r® |, /[|r©@ |, < 107, where r® is the residual vector after the kth iteration.

The test matrix A used in this paper is obtained by five-point dlscretlzatlon of the following elliptic second-order PDE:

— (augy + buyy) + cuy +duy, +fu =g (4.3)

with a(x,y) > 0,b(x,y) > 0, c(x,y), d(x,y), and f(x, y) defined on the unit square region 2 = (0, 1) x (0, 1), and with
Dirichlet boundary condition u(x, y) = 0 on the boundary of £2. Only the discretized matrix A is of importance, so the right-
hand side b is created from Ae, where e = (1, ..., 1)T € R". Therefore, the right-hand side function g(x, y) in (4.3) is not
relevant.

Example 4.1. This example considers Eq. (4.3) witha(x,y) = b(x,y) = 1,c(x,y) = —10(x+y),d(x,y) = —10(x — y), and
f(x,y) = 0. We have used a uniform mesh of Ax = Ay = 1/(m + 1), which leads to a matrix of order n = m x m, where
Ax and Ay refer to the mesh sizes in the x- and y-direction, respectively. We use two uniform meshes of Ax = Ay = 31
and Ax = Ay = 61, which lead to two matrices of order n = 30 x 30 and n = 60 x 60. The corresponding matrices are
called PDE1 and PDE2 which are given in Table 4.1.

Example 4.2. Similarly, this example considers Eq. (4.3) with a(x,y) = b(x,y) = 1,c(x,y) = 10e¥,d(x,y) = 10e™ and
f(x,y) = 0. The corresponding matrices are called PDE3 and PDE4 respectively, which are given in Table 4.2.

5. Conclusion

In this paper, we established the convergence results of K + 1 relaxed multisplitting methods using ILU factorizations,
and we provided performance results of BICGSTAB with the preconditioners P! w,» Which are derived from Algorithm 2.3.

Numerical experiments showed that Algorithm 2.3 with Krylov subspace methods such as BiCGSTAB works very well
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Table 4.1

Comparisons of the iteration number for different parameters w, wy, w,, ws in (4.2). The symbol “NPre” means that no preconditioner is used, the symbol
“ILU(0)” means that the incomplete LU(0) factorization preconditioner is used.

(w, w1, @3, W3) PDE1 PDE2
(0.5,0.8,0.5, 1.0) 14.5 27.5
(1.0, 1.1,0.8,0.8) 125 26
(1.0, 1.0, 1.0, 1.0) 12 22
(1.0,1.1, 1.0, 1.1) 11 205
(1.5,1.1, 1.2, 1.5) 10 19
(1.5,1.4,14,15) 9 20.5
(1.5, 1.5, 1.5, 1.5) 9 17
(1.6, 1.5, 1.5, 1.6) 9.5 17.5
ILU(0) 17.5 36
NPre 69 123
Table 4.2

Comparisons of the iteration number for different parameters w, w1, w,, w3 in (4.2). The symbol “NPre” means that no preconditioner is used, the symbol
“ILU(0)” means that the incomplete LU(0) factorization preconditioner is used.

(0, w1, 0y, w3) PDE3 PDE4
(0.5,0.8,0.5, 1.0) 12.5 26
(1.0, 1.1,0.8,0.8) 12 225
(1.0, 1.0, 1.0, 1.0) 115 19
(1.0, 1.1, 1.0, 1.1) 11 19
(15,1.1,12, 1.5) 9 18
(15, 1.4, 1.4, 1.5) 8 17
(15,15,15, 1.5) 8 155
(16,15, 15, 1.6) 115 17
ILU(0) 17 305
NPre 49.5 102.5
0 ;
—*— MPre
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Fig. 1. Therelative residuals obtained with BICGSTAB using (4.2) as a preconditioner and ILU(0) for matrix PDE1, the parameters w = w; = w; = w3 = 1.5.

(i.e., BICGSTAB with the preconditioner P 1 . performs very well as compared with Algorithm 2.3), which is faster than

BiCGSTAB with the preconditioner ILU(0). For test problems used in this paper, BiCGSTAB with the preconditioner P, }D
performs best if the range of all parameters w and wy is near 1.5, i.e., the optimal parameters are approximately 1.5 (see
Figs. 1and 2).
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