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1. Introduction

The Cauchy problem of an elliptic equation arises from many physical and engineering problems such as nondestructive
testing techniques [ 1], geophysics [2], and cardiology [3].

It is well known that the Cauchy problem of an elliptic equation is ill-posed in the sense that arbitrarily “small” differences
in the data can induce arbitrarily “large” errors in the solution. Under an additional condition, a continuous dependence of
the solution on the Cauchy data can be obtained. This is called conditional stability [4]. Other results on conditional stability
for the elliptic equation can be found in [5,6].

Due to the severe ill-posedness of the problem, it is impossible to solve the Cauchy problem of the elliptic equation by
using classical numerical methods and it requires special techniques, e.g., regularization strategies. Theoretical concepts and
computational implementation related to the Cauchy problem of the elliptic equation have been discussed by many authors,
and a lot of methods have been provided. For computational aspects, the readers can consult D.N. Hao [7], H.J. Reinhardt
et al. [8],]. Cheng [5] and Y.C. Hong [9]. For theoretical aspects, the readers can refer to X.T. Xiong [10] and Zhi Qian [11].

The Helmholtz equation arises in many areas, especially in practical physical applications, such as acoustic, wave
propagation and scattering, vibration of the structure, electromagnetic scattering and so on. Several numerical methods
have been proposed to solve this problem, such as alternating iterative algorithm based on the boundary element method
(BEM) [12], the conjugate gradient method [13] and the method of fundamental solutions (MFS) [ 14,15,13,16-18]. Although
there exists a vast literature on the Cauchy problem for the Helmholtz equation, to the authors’ knowledge, there are much
fewer papers devoted to the error estimates. Although in [19], the authors gave a quasi-reversibility method for solving
a Cauchy problem of the Helmholtz equation in a rectangle domain where they considered a homogeneous Neumann
boundary condition, the results were less encouraging. The main aim of this paper is to present a simple and effective
regularization method, and investigate the error estimate between the regularization solution and the exact one.

This paper is organized as follows. In Section 2, the regularization method-modified boundary method is introduced; in
Sections 3 and 4, a stability estimate is proved under an a priori condition; in Section 5, some numerical results are reported.
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2. Regularization for a Cauchy problem of the Helmholtz equation

Consider two Cauchy problems for the Helmholtz equation:
Aux,y) + Kux,y) =0, 0<x<a,yeR,

u©,y) =9, yeR,
u(0,y) =0, yeR, (2.1)

and
Av(x,y) + K*v(x,y) =0, 0<x<ayeR,
v(0,y) =0, yEeR,
(0,y) =h(y), yeR, (2.2)

where k > 0 is the wave number (constant). We need to seek the solutions u(x, y) and v(x, y) from the given data ¢, h,
respectively. Physically, ¢, h can only be measured, there will be measurement errors, and we would actually have some
data functions ¢° (-), h*(-) € L*(R), for which

¢ — oIl + IIh® — h|| <8, (2.3)

where the constant § > 0 represents a bound on the measurement error, || - || denotes the [>-norm, and there exists a
constant E > 0, such that the following a priori bounds exist (e.g., says, the energy of the solution u(x, y) and v(x, y) at the
right boundary x = a are finite.)

lu(a, ) <E, and |jv(a, )| <E. (2.4)

Thus, the following problem can be solved because w(x, y) = u(x,y) + v(x,y).

Problem 1. Determine the solution w(x, y) for 0 < x < a from the input data ¢(-) = w(0, -), h(-) := w(0, -),when
w(x, y) satisfies

Aw,y) + Kwkx,y) =0, 0<x<a,yeR,
w(0,y) =¢y), YEeR,

wy(0,y) =h(y), yeR. (2.5)
Let

N 1 o0 .

f& = Nz / fy)e &dy (2.6)

be the Fourier transform of the function f(y) € L?(R). The solution of problem (2.1) can be formulated in the frequency
domain:

fi(x, &) = cosh(xy/&2 — k) (&). (2.7)

We notice that if £2 > k?, for fixed 0 < x < a, cosh(x,/£2 — k?) is unbounded as £2 — oo. There we want to seek a
solution u(x, -) € L>(R), the exact data &)(é) must decay rapidly as || — oo. But in practice, we can only get the noisy data

<?>‘S (-) € [*(R). Hence for the noisy data (275 (-), we cannot obtain a meaningful solution.
Similarly, for problem (2.2), the solution can be found in the frequency domain:

sinh(x/&%2 — k?) «
——————h(é). 2.8
N é) (2.8)

Therefore the solution of (2.5) in the frequency domain is

sinh(x\/£%2 — k?) »

——=— "h(). (2.9)
[e2 k2

Obviously, Problem 1 is an ill-posed problem and requires special regularization method to be employed. We follow the
idea from Ames et al. [20] where they used a quasi-boundary method (or so-called modified boundary method) for solving
backward heat equation. Consider the following problems with noisy data:

b(x, &) =

W(x, &) = cosh(xy/£2 — k2)p(&) +

Aui(x, y) + kzui(x, y)=0, 0<x<ayeR,
ul(0,y) + ol (a,y) = ¢°¥), yeR,
W)x(0,y) =0, yeR, (2.10)
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and
Avg(x,y) +k2vi(x,y) =0, 0<x<ayeR,
v2(0,y) + avi(a,y) =0, yeR,
()x(0,y) =1’ (y), yE€ER, (2.11)

where o > 0 is a small parameter.
Therefore, for (2.5), we have

Awl(x,y) + KPwl(x,y) =0, 0<x<ayeR,
wy(0,y) +awl(a,y) =¢*(¥), yeER,
W)x(0,y) =1’ (y), yeR. (2.12)
We should first answer two questions:
e Do the problems (2.10) and (2.11) approximate the following problems:
A y) + P (x,y) =0, O0<x<ayeR,
w(©0,y) =¢°(®), yeR,
@)(0,y) =0, yeR, (2.13)
and
Ava(x,y) + k2v‘3(x,y) =0, 0<x<ayeR,
v’(0,y) =0, yeR,
@)x(0,y) =h°(¥), yeR, (2.14)
respectively? If the answer is yes, thus the problem (2.12) approximates the problem:
AW (x, ) + Kuwlx,y) =0, O0<x<ayeR,
w’(0,y) =¢°(), yER,
w"):(0,y) =R’ (y), yeR. (2.15)
o Are the problems (2.10) and (2.11) well-posed? If the answer is yes, problem (2.12) is well-posed.

In order to answer these two questions, we should pay attention to the assumption ¢’ (-), h*(-) € L?(R). By the technique
of Fourier transform, we can get the solutions of the problems (2.10) and (2.11) in the frequency domain:

~ cosh(x/£2 — k?) 5

w = é (2.16)

1+ acosh(ay/E2 —k2)

and

5 _ Sinh(/&% — k) — asinh((1 — OVEL —K2)  h(E) 2.17)

14 « cosh(ay/E% — k2) JEZ — 2

Hence the solution of problem (2.12) in frequency domain is

W — cosh(x/£2 — k2) b+ sinh(x{/£2 — k?) — a sinh((1 — x){/£2 — k?) ﬁ5(§)
“ + a cosh(a/£2 — k2) ? 1+ o cosh(a /&2 — k2) VE2 — K2

Now for the first question, from (2.16)-(2.18) we can easily see that when ¢ — 0, u} — u%, v} — v4 and wi — w?,
uniformly in x.

As to the second question, we only need to prove the stability of the problems. For problem (2.10), we have the conclusion:
if any two functions ¢! and ¢ satisfy [|¢>! — ¢*2|| < €, letu’, ; and u’, , be the corresponding solutions, respectively,

seta = O(e), then ||ug,] - uﬁleH — 0, as € — 0. In fact, by Parseval identity, we have
cosh(x\/£2 — k2) ((;5\1 _ &\2)
1+ a cosh(a /&2 — k?)

cosh(x\/£2 — k?)
1+ « cosh(a /&2 — k?)

(2.18)

s s R
lug 1 — Ugall = llug ; — ug 5l =

IA

€. (2.19)

su
EeR
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Case I If €2 — k* < 0, then cosh(x\/£€2 — k2) = cos(x/k? — £2), cosh(a,/€2 — k?) = cos(a/k? — £2), therefore

”uiJ - ui,z” <e.
CaseI1. If €2 — k* > 0, then by the inequality (3.1) in Lemma 3.1,

cosh(x,/£2 — k2) - ox/E2k2 (e _x
sup <sup———— < (—) .
geR | 14 o cosh(a/E2 — k?) | &er 1 4 %ea\/ézfl@

2
Hence if @« = O(¢), then

”ug,l - Ui,z | — 0, fore— 0.

Similarly, for problem (2.11), if any two data functions satisfy ||hi’-" — h*2|| < ¢, and « = O(¢), then [|v}, ; — v3 || — O,
as € — 0. In fact, in Section 4, (4.10), (4.13) and (4.14) imply the result.
Now we prove the main conclusions.

3. Error estimates
First we need two inequalities.

Lemma 3.1. Let 0 < x < q, then

e X
sup—— < @ 3.1
r]>lg 14 aed — ( )
sinh(nx
u & <x (3.2)
n>0 NeX
Proof. Letf(n) = 5“;‘;&2”), we have the first order derivative
X}'] . EZ)m—l
/ 2
= —= 3.3
)= =05 (33)

e2xn—1
2

Sincee" — 1 > rforr > 0, we get xn —
f) <limyo  f(n) =x. O

< 0. It is obvious that f(n) is a decreasing function. Therefore

For system (2.1), we can obtain the error estimate between the regularized solution ui and the exact one u.

Lemma 3.2. Suppose u be the solution of problem (2.1) with the exact data ¢ and u® be the regularization solution defined by
with the noisy data ¢°, let ¢° satisfies (2.3) and let the exact solution u at x = a satisfy (2.4). If we select o = (%), then for fixed
0 < x < a we get the error estimate

il (x, ) — u(x, )| < 28"~ (2E)a, for s — O. (3.4)

For system (2.2), similarly we have:

Lemma 3.3. Suppose v be the solution of problem (2.2) with the exact data h and v be the regularization solution with the noise
data k%, let h® satisfies (2.3) and let the exact solution v at x = a satisfy (2.4). If we select o« = (%), then for fixed 0 < x < awe
get the error estimate

102, y) —v(»)| < Qa+ 1)8'"aQ2E)a(1+o(1)), for s — 0. (3.5)

Theorem 3.4. Suppose that w = u+v is the solution with exact data [¢, h] and that w} = ud +v? is the solution with measured

data [¢s, hs). If (2.4) holds, and the measured functions satisfy (2.3) and if we choose a = (%), then for fixed 0 < x < a, we get
the error estimate

[wl (-, y) —wC,y| < 2a+3)8'"aQE)a(1+o(1)), for§ — 0. (3.6)
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Proof. According to the Parseval identity, we have | — wd| = |w — wi|, and [|[w — w’|| = ||(u + v) — @° + V¥)|| <
lu — u®|| + ||lv — v?|; then the theorem is straightforward by using triangle inequality and Lemma 3.2, Lemma 3.3.

From Theorem 3.4, we find that w’® is an approximation of exact solution w. The approximation error depends
continuously on the measurement error for fixed 0 < x < a. However, as x — aq, the accuracy of regularized solution
becomes progressively lower. This is a common thing in the theory of ill-posed problems, if we do not have additional
conditions on the smoothness of the solution.

Toretain the continuous dependence of the solution at x = a, instead of (2.3), we introduce a stronger a priori assumption,

lw, )lx=allp < E, (3.7)

where || - ||, denotes the norm of Sobolev space H’(R) andp > 0. O

Remark 3.5. We separately consider the case 0 < x < a and the case x = a in order to emphasize the following facts. For
the case 0 < x < q, the a priori bound ||w(x, -)|| is sufficient. However, for the case x = g, the stronger a priori bound for
lw(X, -)|x=allp where p > 0 must be imposed. By this assumption, if & = %(ln %)” with p > 0, we can get the error estimate

between w(a, -) and w? (a, -):

E —-p
lwl(a, ) —w(a, )| <0 (E (m g) ) , fors — 0. (3.8)
This is a logarithmic stability estimate. This often occurs in the boundary error estimate for ill-posed problems.

Remark 3.6. The modified method (2.12) can also be replaced by

Aw(‘i(x, y) + kzwg(x, y)=0, 0<x<ay€eR,
w(0,y) = ¢’ (¥), yeR,
W)x(0,y) + a(wl)(a,y) =R (y), yeR. (3.9)

Remark 3.7. The error estimates (3.6) and (3.8) are order optimal according to the general regularization theory [21,22].

4. Proofs of Lemmas 3.1-3.3

In this section, we denote n = /2 — k2.
Proof of Lemma 3.1. The proof is very easy by using the method in Carasso [23].

Proof of Lemma 3.2. Case I: for £2 > k? (ill-posed part), in this case, n > 0.
By Parseval identity and triangle inequality, we have

I (x, ) = ulx, )| = udx, ) — A&, )| < i (x, ) — A, [+ ud &, ) = da (x,])- (4.1)
For the second term on the right-hand side of above inequality, we have

cosh(xn) cosh(xn)

u? X,-) — Uy (X, )| = — T pE) - —— , 4.2
I (x, ) — thy (x, )| H Facosman”© 1+acosh(an)¢’@)H (4.2)
ie,
A . cosh(xn) e
8, (%, ) = (%, )| < sup ——— =6 < sup —— 3. (43)
»>0 1+ o cosh(an) n>0 1+ e
By Lemma 3.1, we get
(¢, ) = thy (x, | < = 5<(a)_%5 ') <ot (4.4)
wx, ) — g (x, )| Ssup——8 < | = =|— < a a, .
* ,,>Ig 1+ e 2 2E
For the first term on the right-hand side of (4.1), we have
cosh(xn) « cosh(xn) cosh(an) ~

[ty (x, ) — Ax, )| = H ¢(&) — cosh(xn)¢ (&) H =

¢>(E)”~ (4.5)

1 + o cosh(an) 1 + o cosh(an)
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Via (2.7), we have

N _ i(a, &)
() = cosh(@n)’
R N . cosh(xn) .
ltg (x, ) — ulx, )| = Hl—l—acosh(an)u(a’ é)H
cosh(xn) N
< asup ————|lu(a, ).

»=0 1+ o« cosh(an)

By the a priori assumption on |ju(a, -)|| < E, it yields

. . cosh(xn)
Uy (x, ) —u, || <aEsup ——. 4.6
i (x, ) —ux, )l <o ,,>131+acosh(an) (4.6)
Using Lemma 3.1, we have
A . e ay 1% S\TT e
||Ua(X, ) — U(X, )“ <oE f]g[g m < 2E (5) = 2E (i) < ' «a (2E)a (47)
Combining (4.4) and (4.7), we have
I, (x, ) = u(x, )| < 28" @ (2E)a.
Case II: for £2 < k?* (well-posed part), in this case, n < 0, and cosh(n) = cos(k? — £2).
We can easily get
llug, (x, ) — ux, )l < 8. (48)
Thus, we get Lemma 3.2. O
Proof of Lemma 3.3. Case I: for £2 > k? (ill-posed part), in this case, > 0.
By Parseval identity and triangle inequality, we have
03X, ) — v, ) = 103 (x, ) — D&, ) < [0, ) — v, I+ (05 & ) — T, )I; (4.9)
for the second term on the right-hand side of above inequality, we have
||vA5 %) — B (. )| = sinh(xn) — a sinh((a — x)n) h3(&) _ sinh(xn) — o« sinh((a — x)n) fl(f) (4.10)
@ @ 1+ « cosh(an) n 1+ « cosh(an) n |’ '
ie.,
- sinh(xn) — « sinh((a — x
I, ) — (x| < sup | SR — e sinhila — ) (4.11)
>0 n(1 + « cosh(an))
Then
A inh inh((a —
I, ) — ) < sup | ——mD 5 gy S‘“((“")”)’ , (412)
n>0 | n(1 4+ o cosh(an)) »>0 | n(1 4+ « cosh(an))
ie.,
~ inh X1) inh((a — (a=x)n
192.%, ) — ta (x, )| < sup SRD) ‘ |54 sup (@1 ‘  _|as. (4.13)
>0 ne | (14 Je) =0 e (1+ 5em)
By Lemma 3.1, we get
~ R o\ ~1 o\~
I ) =il < x(5) “s+as@—x(5)
< (2a—x)8""4(2E)s < 2a8'"a (2E)u. (4.14)
For the first term on the right-hand side of (4.9), we have
inh(xn) — « sinh((a — x)n) h h
I, ) — bix, o = | ) — o SID@ =W AE) _ o, ) HEN (415)
1 + o cosh(an) n n
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Ve (x, ) = 0(x, )l =

« sinh((a — x)n) + « sinh(xn) cosh(an) @
1+ « cosh(an) U]

5 (sinh((a + x)n) + sinh((a — x)n)) @
1+ « cosh(an) n

By the a priori assumption on ||v(a, -)|| < E, it yields

. . o sinh((a 4+ x)n) + sinh((a — x)n)
Vo, ) =00 < 5 Esup = ) (1 + « cosh(an)))

_ Esu sinh((a + x)n) sinh((a — x)n)
~ 2 ;>0 | (sinh(an)(1 4 « cosh(an))) sinh(an) '
Now we investigate the functions fi(n) = wi(z‘;’” and f,(n) = % Obviously, f,(n) < 1, but since
t(n) = 1’122# is a decreasing function for n > 0,
1— e—2(a+x)n X
fim = e L2 (14 %) <o, @16
1—e 2 a
Therefore, we have
1 (x, ) = Dx, )| < @E su ——ﬁ—7+“E<ZE(“Y’§+“5 §'74(2E) (14 o(1)) (417)
U (X, ) —0(x, )| <« —E< - —E = a a . .
¢ 77>13 1+ %ean 2 2 2
Combining (4.14) and (4.17), we get
I3, ) = v(x, )l < 8178 E)e (14 o(1)). (4.18)

Case II: for €2 < k? (well-posed part), in this case, n < 0, and cosh(n) = cos(k? — £2), sinh() = isin(k’ — £2). We can
easily get

llvg (. ) — v, )| < 8. (4.19)
Thus, the proof of Lemma 3.3 completed. O

5. A numerical example

In this section, a simple example is devised for verifying the validity of the proposed method.

To test the accuracy of the approximate solution, we use the root mean square error (RSE) and the relative root mean
square error (RRSE), which are defined for two vectors W and W* (where W and W* denote the exact and computed
solutions at the test points, respectively):

n

1
RSEW) = |~ (W — W) (5.1)
j=1
Y (W) — Wp)?
2
RRSE(W) = - (52)

[> w2
=

The forthcoming numerical example is devised in the following way: first we sample the Cauchy data pairs (¢ (y), h(y))
at the y-grid to get vectors @ and H, then we add random distribution perturbation and obtain ®&; and Hs,i.e.,

®s = @ + o rand(size(P)), Hs; = H + o, rand(size(H)), (5.3)
where

® = (¢, .-, p), (5.4)

H = (h(y1), ..., h(ya)', (5.5)

8 = RSE(®s — @) + RSE(Hs — H), (5.6)
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a 1 b 1 -
0.8 r i = -
= g approximated
@ -~ 05
o L i g exact
= 06 , g — N
e approximated )
= exact S
§ 04 =
T 5
£ kS
g 02 E
g 8
Z 0 § -0.5
° 2
o £
© — ke
= -02 5
x = |
ES z B
-0.4 2
_06 . . . . . . . _15 . . . . . .
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 -2 -1.5 -1 -0.5 0 0.5 15
y y
Fig. 1. x = 0.1,k = 1, = 0.0006, 0; = 1074, o, = 1073 (1a): recovery of real part with RSE = 0.0148, RRSE = 0.0465; (1b): recovery of imaginary
part with RSE = 0.0360, RRSE = 0.0935.
a 1 b
0.8 1 = 08
= &
] -~ 06
o [ . d
= 061 imated s approximate
3 approximate: S o4 exact
= exact g
c L £
s 04 = o2 i
5 o2t £ o ]
g
2 ol g 02 i
° _ 2
S 5 -04 i
= -02f g
x e~y 4
5 ;i -0.6
04t ERN |
_06 . . . . . . . 4 . . .
-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 -1.5 -1 -0.5 0 05 1 15 2
y y

Fig.2. x=0.1,k = 1,0 = 0.06,05; = 1072, 0, = 10~ (2a): recovery of real part with RSE = 0.0342, RRSE = 0.1076; (2b): recovery of imaginary part
with RSE = 0.0596, RRSE = 0.1544.

o4 indicates the error level of @, and o, denotes the error level of H. Considering that the flux error is usually much larger,
we take o, 10 times as large as 0. The symbol rand(size(-)) is a random number between [—1, 1].

We consider the following Cauchy problem:

Au(x,y) + Ku(x,y) = 0,
u0,y) =e, yeR,

0<x<1,y€eR,

u,(0, y) = kiekV,

y ER, (5.7)
The exact solution u(x, ) is given by u(x, y) = eX®*) wherei = /—1.

We solve the discretized version of the Cauchy problem by using Matlab in IEEE double precision with unit round-off
1.1 x 10718, Since the solution is periodic, so in computation we take —2 < y < 2 and fix x. The regularized solution was
computed by the Fast Fourier Transform (FFT) and inverse Fast Fourier Transform technique according to formula (2.18).
The regularization parameter « is chosen by Theorem 3.4 where we take E = 1.

Figs. 1-3 show that inverse solutions are extremely sensitive to measurement errors, measurement locations. A small
noise in the measurements (¢, h) tends to produce large oscillations, which becomes even more significant as the sensors
are placed farther away from the surface at x = 0. The large oscillation appears in Figs. 1-4 at the ends of the test interval
[—2, 2] is due to Gibbs phenomenon. Fig. 4 shows that for larger wave number k, the regularization method also works well.
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a 2 ‘ b -
q 1
b=
_ g
g 1 =20
— ©
5 £
c approximated | g i
= pproxi E approximated
£ exact T -2f exact §
© <] | |
£ ] | |
3 E -3 *‘ ]
8 2
Q
4 il
2 = 40
2 2 I
5 5 -5 | | i
—_ c
> < \ |
x > L 4
= 2 -6 \ /)
; |
7+ \/ 1
-3 . . . . . . . _8 . . . . . . .
-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 -1.5 -1 -0.5 0 0.5 1 15 2
y y

Fig.3. x=0.6,k = 1, = 0.0006, 5; = 1074, 0, = 1073 (3a): the recovery of real part with RSE = 0.3378, RRSE = 0.9968; (3b): recovery of imaginary
part with RSE = 0.7333, RRSE = 2.0048.

a o p

approximated

w(x,y) and its approximation (Real Part)
w(x,y) and its approximation (Imaginary Part)

Fig.4. x = 0.1,k = 3, = 0.0006, 5; = 1074, 0, = 1073 (4a): recovery of real part with RSE = 0.0348, RRSE = 0.1000; (4b): recovery of imaginary
part with RSE = 0.0244, RRSE = 0.0680.

6. Concluding remarks

In this paper, we consider the non-characteristic Cauchy problem for the Helmholtz equation. Some Holder-type stability
estimates are proved. This is an improvement for the results obtained in [19]. As for the case of finite domain, the
regularization solution can be solved by the boundary element method [15]. The modified method can be easily generalized
to the three-dimensional case [24] where we have used the cut-off method and the Tikhonov method.
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