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1. Introduction

We are concerned with the numerical approximation of the solutions of convection-diffusion problems in which the
convection or transport dominates the diffusion. Convection-diffusion transport partial differential equations (PDEs) arise in
petroleum reservoir simulation, subsurface contaminant transport, and many other important applications. Standard finite
difference, finite element, finite volume methods or upwind schemes may respectively tend to generate numerical solutions
with severe nonphysical oscillation or excessive numerical diffusion. The modified method of characteristics (MMOC) was
first formulated for a convection-diffusion equation by Douglas and Russell in [1], and then extended in [2] to nonlinear
coupled systems in two and three spatial dimensions. In the MMOC scheme the time derivative and the convection term
are combined as a directional derivative along the characteristics, leading to a characteristic time-stepping procedure.
Consequently, the MMOC symmetrizes and stabilizes the governing PDEs, allowing for large time steps in a simulation
without loss of accuracy, and eliminates the excessive numerical dispersion and grid orientation effects presented in many
upwind methods. But the MMOC has one fundamental flaw, the failure to preserve as an algebraic identity a desired
conservation law associated with underlying physical problem. So Douglas et al. [3] formulated a variant of MMOC called
MMOCAA which does preserve the desired conservation law and the advantage of MMOC. But there is no formal analysis
of the MMOCAA in [3]. In [4] Douglas, Huang and Pereira gave an analysis for the MMOCAA. They obtained a suboptimal-
order error estimate in the L?-norm of O(h + At) for piecewise linear MMOCAA scheme for a convection-diffusion equation
with nondegenerate diffusion. Recently, [5] gave an analysis for the piecewise linear MMOC and MMOCAA schemes for
multidimensional advection-reaction equations uniformly and obtained an optimal-order error estimate in the L?>-norm for
these schemes under superconvergence estimate.
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However, these MMOC and MMOCAA schemes are based on the finite difference or finite element methods. As far as
we know, there is no such schemes that can be applied to the finite volume element method. In this paper, we discuss the
MMOC and MMOCAA schemes based on the finite volume element method which partly fills this gap.

The finite volume element (FVE) method, as a type of important numerical tool for solving differential equations, has a
long history, and the method has been widely used in several engineering fields, such as fluid mechanics, heat and mass
transfer and petroleum engineering. The theoretical framework and the basic tools for the analysis of the FVE method have
been developed in the past two decades (see, e.g. [6-13]).

In this paper, we combine the MMOC and MMOCAA with the FVE method to give two new schemes called MMOCFVE
and MMOCAAFVE, respectively. These two schemes maintain the advantages of both the MMOC and the FVE method. By
introducing a higher-order perturbation, we construct a new global mass conservation scheme—MMOCAAFVE. It is proved
to be optimal-order error estimates in the H'-norm for the MMOCFVE and MMOCAAFVE schemes under general condition.
The rest of this paper is given as follows. In Section 2, we construct the MMOCFVE and MMOCAAFVE schemes. Some useful
lemmas are introduced in Section 3, and optimal-order error estimates in the H'-norm are proved for the two schemes. In
Section 4, a numerical example is presented to confirm the estimates.

Throughout this paper, C denotes a generic positive constant which does not depend on the spatial and time discretization
parameters and may be different at its different occurrences.

2. Construction of the MMOCFVE and MMOCAAFVE schemes

We consider the following two dimensional problem

%
ot
u(x,0) = up(x), xe £2, (2)

+bx)-Vu—V-.(ax)Vu) =f(x,t), (x,t)e 2 x(0,T], (1)

where £ C R? is a convex polygonal domain, x = (X1, x2). b(x) = (b1(x), bo(x))T and a(x) satisfy
0<a, <a(kx) <a’, [b(x)| + [Vb(x)| < b*,

where, a,, a* and b* are all positive constants.
For convenience, we assume that problem (1) is §£2-periodic, that is, we assume that all functions in (1) are spatially
§2-periodic [3,4]. We also assume that the solution of (1) satisfies

2

0 0
e 120, T, Wi2(2), o e2(0.T; 1*(2)), (q=1.2).

€ 1°°(0, T; WP ()),
u ( (£2)) ™ PYE

2.1. Preliminaries and notation

We will use the standard notation for Sobolev spaces W*P(£2) with 1 < p < oo consisting of functions that have
generalized derivatives of order s in the space [P(§2). The norm of W*P(2) is defined by

1
P
lulls p.o = llullsp = < Z |Dau|pdx> , 1<p=<oo

2 jo<s

with the standard modification for p = oo. In order to simplify the notation, we denote W*2(£2) by H*(£2) and omit the
index p = 2 and §2 whenever possible, i.e., [[u]ls2.0 = l[ulls2 = llulls.

For the polygonal domain £2, we consider a quasi-uniform regular triangulation T, consisting of closed triangle elements
K such that £2 = Ugcr, K. We will use #, to denote the set of all nodes or vertices of Ty,

Ny = {p: pisavertex ofelement K € T, and p € 2},

and &) = N, N 2.

Then we introduce a dual mesh T} based on Tj. There are various ways to introduce the dual mesh. Almost all approaches
can be described by the following general scheme: in each element K € T, consisting of vertices x;, x;, X, select a point Q
in K, and select a point x;; on each of the three edges x;x; of K. Then connect Q to the points x;; by straight lines r;. Then for
a vertex x;, we let V; be the polygon whose edges are r;; in which x; is a vertex of the element K. We call V; a control volume
centered at x;. Obviously we have Uy, Vi = £, and the dual mesh T, is then defined as the set of these control volumes
(see Fig. 1). We call the control volume mesh T;" quasi-uniform regular if there exists a positive constant C > 0, such that

C'h?* < meas(V;) < Ch?, VV; eT/,

where h is the maximum diameter of all elements K € Tj,.
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Fig. 1. Left: The dotted line shows the boundary of the corresponding control volume V; with x; a common vertex. Right: a triangle K partitioned into three
subregions.

There are various ways to introduce a regular dual mesh T’ depending on the choice of the point Q in an elementK € Tj
and the points x;; on its edges. In this paper, we use a popular configuration in which Q is chosen to be the barycenter
of an element K € Ty, and the points x;; are chosen to be the midpoints of the edges of K. This type of control volume
can be introduced for any triangulation T, and leads to relatively simple calculations for both two- and three-dimensional
problems. In addition, if T, is locally regular, then the corresponding dual mesh T is also locally regular. Let Sy be the
standard piecewise linear finite element space defined on the triangulation Ty,

Sp = {v € C(£2) : vk is linear for all K € Ty, £2-periodic},
and its dual volume element space S; on Ty,
S = {v € [*(2) : v|y is constant for all V € T}, 2-periodic}.

Then we obtain S, = span{¢;(x) : x; € Nho} and S; = span{¢](x) : x; € Nho}, where ¢;(x) is the standard nodal basis
functions associated with the node x;, and ¢;" (x) is the characteristic functions of the volume V;.
We define an interpolation operator as I, : C(§2) — Sy, such that

=Y v(x)$ix.

Xi €Ny

For any v, € Sy, we define another interpolation operator I : Sy — S, such that

rvn =) v(x)¢ ().
Xi€Np

By the interpolation theorem in Sobolev space, we have

lop — I vnllo < Chluply. (3)

2.2. The MMOCFVE scheme

In the modified method of characteristics, the time derivative and the convection term in (1) is written as a directional
derivative

au au
— +b(x) - Vu=+1+|bx)|2—,
ar+ *) + [b(x)| Py

along the characteristic direction T = t(x) associated with the operator u; + b - Vu given by

9 1 <3+b(x)~V>, Yx) =1+ b))%

9t v \at

Then, (1) can be put in the form

1//()()2—3 —V-@kx)Vu) =f(kx,t), ((x,t)e 2 x(0,T]. (4)

We define a partition of the time interval [0, T] by t" = nAt, n=0, 1, 2, ..., N,with At = T/N.In the standard MMOC[1],
the characteristic derivative is approximated by
ux, t" —u®, " ux, t") —u®, ")

= = ) (5)
Vx—X)?2+ A2 At

ou”
1//(X)T ~ P (x)
T
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where x = x — b(x)At. Denote uj = u(x, t"), ﬁ2_1 = u, t" ), f" = f(x, t"). Then, the continuous-in-space MMOC
procedure is given by

T?h — V@@V =", xe, (6)

with ug = up(x). Combining with FVE, we integrate (6) on each associate control volume V; and use Green’s formula, and
sum over all x; € .V, and obtain

> (/ uldx — At (aVu,';).nds) =Y (/ i dx + At f”dx), (7)
Xi€ENp Vi avi Vi Vi

Xi€Np

where n denotes the unit outward normal on dV;.
Now we rewrite (7) into a variational form. For any v, € Sy, we multiply the integral form by I; v, to obtain the MMOCFVE
scheme

un _ ﬂn—l
<hAth,1,TUh> + an(uy, Ijvw) = (", [ivp), (8)

with ug = u(x, 0), where ay (-, I}'-) is defined by, for any u, v, € Sp,

an(up, o) = — Y | (@Vuy) - nljvpds = — > op(x;) | (aVuy) - nds.
Xi€Np aV; Xi€Np aV;

2.3. The MMOCAAFVE scheme

We note that scheme (8), which combined the MMOC scheme with FVE, maintains the advantages of both MMOC and
FVE. However, when we apply it, the conservation law is not automatically satisfied. Indeed, (7) is the equation of the global
mass conservation, which the MMOCFVE solution u]l satisfies for the given initial condition uj} " at time ¢". On the other
hand, for each control volume V;, integrating (1) on V; x ("', t"), and using the divergence theorem, we have

t" th
Z (/ u(x, t”)dx—/ f Vb(x) - u(x, t)dxdt—/ f a(x)Vu(x, t) ~ndxdt>
Xi€Np Vi tn—1 Vi -1 av;

tn
= Z (/ u(x, r"—1)dx+/ /f(x, t)dxdt). 9)
Xi€Ny Vi =1 Jy;

Applying Euler quadrature at time t" to evaluate the space-time integrals in (9), we obtain the following equation of global
mass conservation in the integral form (up to the order of the truncation error)

Z (/ u(x, t")dx — At/ Vb(x) - u(x, t")dx — At/ a(x)Vu(x, t") - ndx)
Vi Vi aV;

Xi€Np

= Z (/ un(x, " Ndx + At f”dx). (10)
Vi Vi

Xi €Ny
Let
Q=) (/ e t”_1)dx+At/ Vb(x) - u(x, t”)dx), (11)
Xi€ENp Vi Vi
Q" = Z (/ up(x, t"”)dx). (12)
Xi€Np Vi
In (11), u(x, t") is unknown in the evaluation of Q"~!, it is approximated by an extrapolation Eup instead
Eul — w7t n> 2,
h up, n=1.
From the above analysis, we see that in order to maintain mass balance globally, there must be Q"~' = Q" . But in

general Q"' # Q" . So we adjust the convection part of the time step to obtain the conservation. Define two higher-
order perturbations X* and X~ of X,

Xt =x —bx)At + yb(x)(At)? = %+ yb(x)(At)?,
X~ =x—bx)At — yb(x)(At)? =% — yb(x)(At)?,
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where y > 0 is a fixed constant, normally chosen to be less than one. Then we let

Snel = s ne1 max{uy X, "), up (X, "N}, ifQM = QM
= t = . - _ e e e pa 13
= ) {mm{uh(x*, L ), Q< QM (1)
And set
o= Y ([ ara). (14
Xi€Np Vi
IFQ" 1= Q" ', letd ' = ul~"; otherwise, one needs to find "' such that
anl — enflénfl + (1 _ enfl)énfl
and set
=0 (-0 hup
Then we obtain the MMOCAAFVE scheme as follows
n ~An—1
Up — Uy * nopx __fn gk
T,Ih v | + an(uy, i) = (F", Ijvn),  VYup € Sp, (15)

with u) = u(x, 0).
From the above analysis we know that the MMOCAAFVE scheme (15) preserves mass conservation globally.

3. Error estimates for the MMOCFVE and MMOCAAFVE schemes

Before we estimate the errors of the MMOCFVE and MMOCAAFVE schemes, we give some preliminaries and useful
lemmas.

3.1. Some preliminaries and lemmas

To describe convergence features, we give some useful lemmas. The first two lemmas have been proved in [9,13], where
Lemma 2 shows that || - [lo and || - || are equivalent. While Lemma 2 indicates that the bilinear form a(-, I}-) is continuous
and coercive on S,

Lemma 1. Define ||up |||(2) = (up, Ijuy). Further (uy, Ivy), Yup, vy, € Sy is symmetric and positive definite and the corresponding
discrete norm is equivalent to the L>-norm, i.e., that there exist two positive constants Cy, C* > 0, independent of h such that

Cillunll < llunllo < C*llunll,  Vup € Sh. (16)

Lemma 2. There exist two positive constants o, M > 0 such that, for all uy, vy, € Sy, the coercive property
ap(un, Iiup) > ollup)}

and the boundedness property
lan(un, Ifvn)| < Mllupll1]lvnlly

hold true.

The next lemma shows that a(-, I;-) is generally not symmetric and how far it is from being symmetric.

Lemma 3 ([14]). For any uy, v, € Sy, there is

lan (un, I vp) — ap(on, [iup)| < Chllugll1 loalls.

Lemma 4. Assume that u € L®(0, T; H'(£2)). Let u(x) = u(x, t"" '), X is defined by (5), and let "~ 1(x) = u(x*, t"~1), x* is
equal to X* or X~ as required in (13) in the evaluation of "~ (x). Then we have

1@ = @] < Cllut, D (AD.
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Proof. Let 6(x) = x* — X and represent "~ — 4"~ in the form
ﬁnfl _ anf'l — u(X*, tnfl) _ u()—(’ t_nf‘l)

x* a
= / —u(ot,t"ﬂ)doz
X oo

/] ou S n—1
= | —@+0®z " Ho(x)dz
0 0z

1
0
= (x* — &)/ 3—”(;'<+ 0(x)z, t""Ndz. (17)
0 zZ
Note that |x* — X| < C(At)?, thus we have

”ﬂn71 _ ﬁn—l ”2 — / |ﬁn71 _ ﬂnfl |2dX
2

1
:/ |(x*—>‘<)/ M et 000z, ™ V)dz P
Q2 0 0z

1
C(At)“//
2 J0

C(AD*Vu(, " H|1?
A lu-, e H |13, (18)

a 2
a—u(fc +0(0)z, (" Y)| dzdx
v4

IA

IA

A

from this we conclude that

15" =" < Cllu, "Dl (a0 O
Lemma 5. Assume that u € L>°(0, T; H'(2)). Let ti(x) = u(X, t"~'), X is defined by (5). Then we have

u"! — " < Cllu" " A (19)
Proof. Note that |[x — X| < CAt. So similar argument to that given to prove Lemma 4 leads to (19). O

Lemma 6 ([13,14]). Introduce an elliptic projection P : C(§£2) — S, so that

ah(u — Phll, I;:Uh) =0, Vvh € Sh. (20)
Then we have
llu — Ppull; < Chljull2, (21)
u ou u
— — Pp— < Chl| — . (22)
ot at ||, at ||,

3.2. Error estimate for the MMOCFVE scheme
Now we consider the error estimate for the MMOCFVE scheme.

Theorem 1. Let u and uy, be the solutions of (1) and the MMOCFVE scheme (8), respectively. For At small enough, if ug = Ppup
with Py, defined by (20), we have the error estimate result

max |lu" —uplly < C(At+h). (23)
1<n<N
Proof. For convenience, we set

" =uy — Ppu", " =u" — Puu", up —u" =§&"— .
Then from (4), (8) and Lemma 6, we get the following error equation at t = t"

gn_énfl " - B ou" ut — g1 " 77”—7_7'17] " v s -
NI +ap(E", Ijvp) = IPE—T, WUn | + “ar ) Up € Sh. (24)
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n n—1
Letting 9,£" = & _Ai and choosing v, = 9;£", we get

n_ gn—1 ou" u — l_ln_l n_ -n—1
(%, I;&E“) + an(&", Iﬁkatgn) = (lffﬁ — T,I,Taf") + (%,Iﬁag“) . (25)

Rewrite (25) as

ou"  u — ! nt =yt
(GeE™ Z0E™ + an(&", [ E™) = ( a T,I{faté”) + (T,I,fatg”>

n—1 _ =n—1 gn—1 _ g#n—1
+ (% 1;;‘&5") + (% 1;:&5") . (26)

Now we estimate (26). First

1
an(§", [;OEMAL = 5 [an(E" +&" L IFE" — ") +apE" — £ LE - ")

v

1 n n—1 yxcen n—1
SaE A+ ETLLE —E7)

1 n pxen n—1 pxen—1 1 n rken n pxq &n
E[ah@: ,Ih":: ) —an(§ ,IhS )] - E[Gh(atf Jhé‘ ) —an(§ ,Ihaté" )] At. (27)

Combining with (27), multiplying (26) by At and summing over n from 1to I(1 < | < N) at both sides of (26), we have

Z(aﬂs" IrEMAL + = [ah@’,l,:‘s’) — an(&°, 1;£%)]

n=1
1 1
ou"  u"—u""
< Y—— ———— I )At—|— ( 1,;‘3@”) At
> (v - >
[ n—1 =n—1 n—1 n—1
"t =17 n £ ¢ xq gn
+ Z (T,I;fats ) At + Z (T,I,,a[s ) At
n=1 n=1
1 1 5
+3 D [an(@E™ 1;E™ — an(E", 30N ] At =) T (28)
n=1 i=1

By Lemmas 1 and 2 and noting that £° = 0, we obtain the error equation

I 5
1€ + Z & 1> At < C ZT,-. (29)
Then we estimate the right hand terms of (29). For T4, from the result in [2], we have
aun un n 12 azu 2
‘w— < CAt dxdthAt — , (30)
9t At 0T || 2(en_1,m,12(02y)
so there is
1 1 l
ou"  u"—u"" €
T <C _—— At—i—f IFo.£" |12 At
Tl < Zwar ~ SZnhtsn
n=1 n=1
1 2. 112 I
da°u €
< . (AD> + 2 > [l0E" P At
at [2(t"—1,t712(2)) 5 =1
I
€
H (A + 2 Y o IP A, (31)
POT:2(®) S

where ¢ denotes a small positive constant.
For T,, from (22), we get

ni2

at

1
€
At+ > a2 At
n=1
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I
cyom
n=1

ou

at

ou”
at

IA

2 !
€
At + — BEM|P At
, 5 n§=1 l19:87

2
Ch?

1
€
+ - HE"?At. 32
o 2l (32)
L%°(0,T;H*(£2)) n=1

By Lemma 5 and (21), we obtain

| n—1 ~n—1
Ui —n * n
E —. ;0 At

n=1

n—1 —n—1

T3] = 15 0:&" [ At

|
=5
n=1

1 1 1
_ _ €
CO_ " laE AL < C Y " IRAL+ 2 3 19" P A
n=1 n=1 n=1

no=n
At

IA

IA

|
€
Pl o ripecay + 5 D 16" IPAL (33)
n=1

For T4, we have the similar estimate,

! %-n—] _ én—l ! %-n—l _ én—]
_ * n * n
ITal = Z (7& o ) At| < Z | IhaEm AL
n=1 n=1
! I e
< CQIETIAE AL < C Y T IETITAL + 2 ) 13" AL (34)
n=1 n=1 n=1
By Lemma 3 and the inverse estimate, we have
!
ITs| < C ) hIIE" 14118 1At
n=1
!
< CY IE N9 At
n=1
! e
< CYIEMRAL+ 2 ) lIaE" P AL (35)
n=1 n=1
Combining the error estimates of T;(1 < i < 5) with (29), we have
I 2..112 2
o°u au
12 2 2 2 201,112
165 + D _ oI ar < f! Ha N A L F ANl g g0,
n=1 L2(0,T;L=(£2)) L%°(0,T;H=(£2))
! ! !
+(an? ) ||$"—1||%Ar} +CY lIEMFAL+Ce Y g P At (36)
n=1 n=1 n=1
Choosing proper € and kicking the last term into the left hand side of (36), and applying the Gronwall lemma, we get
! 3%u |? au |?
IE'1T + D lagmIPAe < ¢ { Harz (AL + Ch* | — + (hAt)2||u||fw(0,T;Hz(m)} .67
n=1 12(0,T;L2(82)) 1°°(0,T;H2(2))

Then, we have

| 1/2
Ig" + (Z ||at5"||2Ar> < C(h+ Ab), (38)
n=1

together with (21) and the triangular inequality yields (23). O
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3.3. Error estimate for the MMOCAAFVE scheme

Theorem 2. Let u and uy, be the solutions of (1) and the MMOCAAFVE scheme (15), respectively. Assume that 6™~ are bounded
by n, h and At. For At small enough, if ug = Pnuq with Py, defined by (20), we have the error estimate result

max lu" —ufll; < C(At + h). (39)

1<n< -

Proof. From (4), (15) and Lemma 6, we get the following error equation at t = t"

n n—1 ou" u" — fln71 n _ an—1
(g Af I,th) +an(§", Iyvn) = (wg - T,I,juh> + (%,1,%,1) , Yoy € Sp. (40)
Letting 9,&™ = énftH and choosing v, = 9;£", we get
é—n é-n 1 u" u" — an—l nn _ ﬁn—l
AL J0E™ )+ an(E", 150:6™) = < Py T,Iﬁatant> + <T,I;3t$nAt> . (41)

Rewrite (41) as

u"  u" — !
(at%-nJ;:at%-n) +ah(§n,1ﬁar§n) = (Wﬁ — At,l,fa[g”)

ﬂ”_1 _ pn—1 n__ ,n—1
+(1 -0 (T“ 1;;‘&5") + (% 1;:‘@&")

nn71 _ 7-71171 3 ’7’ -1 _ ;]nfl
+ (At,lﬁat%_n +@1-0"" T,Iﬁatgn

gn—1 _ gn—1 sn—1 _ zn—1
(R e rasen (P ). @

At

Now we estimate (42). Combining with (27), multiplying (42) by At and summing over n from 1to[(1 <[ < N), we have

Z(afs" RO EM AL + [ah(s’,lz‘s’) — an(€°, 1;E")]

n=1
aum u — g1 ! B -1 _ gn-1
( ot Ihatg" >At+Z|:(1—9" 1) <T,Iﬁat§n>:| At

n=1

=2

n=1

14
—n—l
+ Z o Ih A ) At + Z < I,T&é”) At
n=1
[ . 1 - 1_ ﬁn— ! ‘;s__-n—1 _ é_-n—l o
+Z[(1 ) < o )]At+Z(T,1hats )At

n=1 n=1

!

I Fn—1 _ gFn—1 1
+ Z |:(1 "1 (éAté’ I,T3[:§">:| At + 3 Z [ah(até”, InE™) — an(&", I,ifats”)] At = ZQ. (43)
n=1 i

n=1

By Lemmas 1 and 2 and noting that £° = 0, we obtain the error equation

I 8
IE'NT+ ) 1" 1Pat <C ) Q. (44)
n=1 i=1
Then we estimate the right hand terms of (44). For Q1, Qs, Q4, Qs, Qg, we have the similar estimates as in Theorem 1. For
Q,, Qs, Q;, by Lemmas 4 and 6 and the boundedness of 6", we obtain

2
4+

Hn—1 ~n—1 |2

no—-n
At

énfl _ énfl 2
At

~sn—1 _ l_ln71

1
1Qal +1Qs] +1Q71 < €Y ’”
n=1

3e !
At + = E| At
< . ;n &
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Table 1
The H'-norm error when e = 1.
h H'-norm error Error reduction
1/8 0.003815 /
1/16 0.002002 1.90
1/32 0.001191 1.68
I 3¢
n—1p2 n—1p2 n—1p2 3 nn2
< O (" + "+ E"H) (A0 + - D o P A
n=1 n=1
2 2 2 2 2
E C (”u”LOO(OTHl(Q))(At) + ”u”LOC(O,T;HZ(Q))h > (At)
I 3¢ !
+c(an? Z IE" I | Aar+ Z &I AL. (45)
n=1 n=1
So we have
I 2,112 2
0°u u
IENT+ I 1* At < ¢ H2 (A + | =
=1 AT 20 11202)) 9t |l1oo(0,m;12(02))
2 2 211112
+ ||u||LOO(O,T;H1(Q))(At) + (hAt) ”u”LOO(O,T;Hz(Q))
I ! I
+(A0? Y ™! mt} +CY IEMIRAL+Ce Y o IPAL (46)
n=1 n=1 n=1

Choosing proper € and kicking the last term into the left hand side of (44), and applying the Gronwall lemma, we get

1
IENT+ 191> At

n=1
9%u
<cl|=—
- 12

Then, we have

2 2

ou

At)? + Ch?
(A + :

12(0,T:1%(52))

+ ”u”foow"r;Hl(Q))(At)z + (hAt)zllu”fOC(o’T;HZ(Q))} . (47)
L% (0,T;H2(£2))

! 1/2
1€ + (Z ||at5"||2Ar> < C(h+ Ab), (48)
n=1
together with (21) and the triangular inequality yields (39). O

4. Numerical example

In this section, we consider the following parabolic problem

ou
ot

where 2 = [0, 1]2. Let the time step At = h and the space step h = 1/N for some given integer N. Denote by U the
numerical approximations to u(x, t) and letn = 8, 16, 32. We use the MMOCAAFVE scheme in this section to solve problem
(49) and obtain the discrete solution U.

First, we let € = 1, and the following function is used as the exact solution of (49)

+Vu—-V-(eVu®x) =fx,t), xe£2,t>0, (49)

ulx, t) = exp(—t)x1x2(1 — x1)(1 — x3). (50)

When t = 0.25, this solution is shown in Fig. 2.

When t = 0.25,n = 16, the computational results of U and the results of the error [u — U] are as in Figs. 3 and 4.
Numerical results of the H'-norm error when t = 0.25 are as follows.

Next, lete = 0.01, ¢ = 0.001, ¢ = 0.0001 and ¢ = 0.00001. Similarly, choose a certain f (x, t) so that the exact solutions
of (49) is (50). We use the same notations and parameters as the case € = 1. The numerical results are shown in Tables 2
and 3.

From Tables 1-5, we can see that the method in this section is useful and effective even when ¢ is very small.
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0 o

Fig. 2. The exact solution of (49).

0 o

Fig. 3. The approximation U.

0.05+ .
0.044.
0.034.

0.024.

Fig. 4. The error |u — U|.
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Table 2
The H'-norm error when € = 0.01.
h H'-norm error Error reduction
1/8 0.004030 /
1/16 0.002217 1.82
1/32 0.001372 1.62
Table 3
The H'-norm error when € = 0.001.
h H'-norm error Error reduction
1/8 0.004163 /
1/16 0.002341 1.78
1/32 0.001470 159
Table 4
The H'-norm error when € = 0.0001.
h H'-norm error Error reduction
1/8 0.004314 /
1/16 0.002475 1.74
1/32 0.001572 1.57
Table 5
The H'-norm error when € = 0.00001.
h H'-norm error Error reduction
1/8 0.004475 /
1/16 0.002603 1.72
1/32 0.001680 1.55
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