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1. Introduction

Consider the unconstrained optimization problem
minf(x), x¢&€R", (1.1)

where f : R" — R is convex and twice continuously differentiable, whose gradient Vf (x) and Hessian V2f (x) are denoted
by g(x) and G(x), respectively. Throughout the paper, we suppose that the solution set X of (1.1) is nonempty, and in all
cases || - || stands for the 2-norm. It is clear that X is a closed convex set.

It is well-known that f (x) is convex if and only if G(x) is positive semidefinite for all x € R". Moreover, if f is convex, then
x € X if and only if x is a solution of the nonlinear equations

gx) = 0. (1.2)

There are many efficient methods [ 1-4] for solving the problem (1.1) or (1.2). The Newton method is one of the best known
methods. At each iteration, the Newton method computes the trial step

-1
d;:] = =Gy &k,

where g, = g(x¢) and G, = G(xi). An attractive feature of the Newton method is that it possesses quadratic convergence
rate if G(x*) is nonsingular at a solution x*, which implies that the solution is locally isolated.

However, the condition on the nonsingularity of the Hessian is too strong since many problems have singular
solutions [5-7], which may contain some inverse problems and ill-posed problems [8]. To obtain reasonable solutions for
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this kind of problems, different regularization techniques are often used. Recently, under the local error bound condition,
which is weaker than nonsingularity, Li et al. [6] proposed a regularized Newton method with quadratic convergence, where
the trial step is the solution of the linear equations

(G + ADd = —g with A, = Cllgll

for some positive constant C, where [ is the identity matrix. More details on the local error bound condition for nonlinear
equations can be found in [5,7,9-12].

In this paper we propose a modified regularized Newton method for (1.1), which is mainly motivated in [9], where
a modified Levenberg-Marquardt method was proposed for nonlinear equations with cubic convergence under the local
error bound condition.

The main scheme of the modified regularized Newton method is given as follows. At each iteration, it solves the linear
equations

(G + )\kl)d = —8k (13)
to obtain the Newton step dy, where Ay is a suitable regularized parameter, and then solves the linear equations
(G + Ael)d = —g(yr)  withy, = X + dy (14)

to obtain the approximate Newton step El,<.

The purpose of this paper is to investigate whether the proposed method has cubic convergence as the modified
Levenberg-Marquardt method [9] under the local error bound condition.

The paper is organized as follows. In Section 2, we present the complete modified regularized Newton method carefully.
In Section 3, we prove the global convergence of the proposed method. Quadratic convergence and cubic convergence of
the proposed method are obtained in Section 4.

2. The algorithm

Let dy and dy be given by (1.3) and (1.4), respectively. Since the matrix Gy + X4l is symmetric and positive definite, dy is
a descent direction of f (x) at x;, but d, + d,, may not be. Hence we use a trust region technique to globalize the proposed
method.

Let
Aredy = f(x) — f (e + di + d), (2.1)

which is called the actual reduction of f (x) at the k-th iteration.
Note that the Newton step d is the minimizer of the convex problem:

. 1 1
min g 1(d) = —d" Ged + g{d + = Alld|)*. (2.2)
der" 2 2
If we let
Akt = lldell = 1| = (Ge + M) gell,

then it can be verified [2, Theorem 6.1.2] that dj is also a solution of the trust region problem:

1
min —d"Gd +gid, st |d| < Ag.
deRM 2

By the famous result given by Powell in [13] (also see [2, Lemma 6.1.3]), we know that

1 . gkl
91(0) — @1 (di) > = gl min [ldyl, T2 1. (2.3)
2 Gkl

Similar to dy, ak is not only the minimizer of the problem:
: 1 T T 1 2
min gy (d) = —d Ged +g (i) d + —Aelld]l”, (24)
deRn 2 2
but also the solution of the following trust region problem:

1

min ~d'Gd +g(yi)'d, st [ld]| < Aa,

deR" 2

where

Az = ldill = || — G+ 2D 'g W) -
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Therefore we also have

- 1 sy 8@l
@,2(0) — @i 2(di) = I8 i) | ming [1dycll, — 1. (2.5)
2 (| Gell
Then we define prediction reduction as
Pred; = @i.1(0) — @i.1(dk) + 91.2(0) — P2 (de), (2.6)
which satisfies
1 . llgell 1 a8l
Predy > =gkl min lldkll, <— ¢ + = gk |l ming [[dill, , (2.7)
T2 IGdl |~ 2 Gkl
and it is always nonnegative.
Define the ratio
Ared,
Iy = . (28)
Pred;

which measures the agreement between the model functions and the objective function. Moreover this ratio plays an
important role in selecting new iterate x;; and updating the regularized parameter.
The following is the modified regularized Newton method.

Algorithm 2.1 (Modified Regularized Newton Algorithm).

Step 1. Given a starting point x; € R" and several scalars u1 > m > 0,0 < pp <p; <ps < l.Letk:= 1.
Step 2. If ||gk|| = O, then stop. Compute d; by solving the following linear equations

(G +MD)d = =g with A = puel|gell- (2.9)
Set

Yk = Xk + di. (2.10)
Solve

(Gk + AMDd = —g (k) (2.11)

to obtain Elk and set

Sk = dy + di. (2.12)
Ared
Step 3. Compute r, = Pred”:.Set
_ )%+ s, ifre > po,
Xet1 = {xk, otherwise. (2.13)
Step 4. Update piy41 as
4k, ifry < p1,

if re € [p1, p2l, (2.14)

Hier1 = 1 .
max{j,m] , ifre > po.

Set k := k + 1 and go to Step 2.

3. Global convergence
In this section, we study the global convergence of Algorithm 2.1. We first give the following assumption.

Assumption 1. g(x) and G(x) are both Lipschitz continuous, that is, there exists a constant L > 0 such that

lgx) —gWI <LlIx—yll, VYx,yeR" (3.1)

and

IGx) — Gyl < Lllx—yll, Vx,y €R" (3.2)
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It follows from (3.2) that

lgw) —g®) — G =0l < Lly — x>, Vx,y € R". (33)

Theorem 3.1. Let Assumption 1 hold. If f is bounded below, then Algorithm 2.1 terminates in finite iterations or satisfies

k—o00

Proof. TAhe proof is similar to that of [9]. We prove the theorem by contradiction. Suppose it is not true, then there exists an
integer k such that
lgell = =, Vk=k. (3.5)
Without loss of generality, we can suppose k=1.SetT = {k| x¢ # Xk+1}. Then
{1,2,...} =T U {k| xx, = X1}

Now we consider the following two cases.
Case (i). T is finite. Then there exists an integer k; such that

Xy = Xiey+1 = Xjgg42 = * -
By Step 3 of Algorithm 2.1, we deduce
Tk < Do, Vk=> k.
Therefore by Step 4 of Algorithm 2.1 and (3.5), we have
g — 00, Ag — OO. (3.6)

Since X1 = Xk, Vk > k1, we get from (2.9) and (3.6) that

ldill = Il — (G + MeD) " 'gll < Ay 'llgkll — 0. (3.7)
From (2.11), we obtain
ldll = I = G+ 2D~ 'g W)

< I1Gr + M) Mg i) — &k — Gedi) Il + 1(Gie + M) 7'giell + 1(Gie + Aed) ™' Gredil
Lo M dkll® + 2/ dill

Cilldill (38)

for some positive constant C;, where we use (3.3), (2.9) and || (Gx + A)~!Gi|| < 1 in the second inequality, and the last
inequality follows from (3.6) and (3.7).
It follows from (2.1) and (2.6) that

IA

IA

[Ared; — Predy] = |f(x) = f Gt + di + ) — (91.1(0) = g1 (d) + 012(0) — g2 (@)

IA

N 1A ~ ~
’f(Vk +d) —f) — Ed,kadk — g dx

1
+ ‘f(yk) —fx) — EdZdek — g di

o(lldklI*) + o(lldk[I?), (3.9)

where the last equality uses Taylor’s formula, (3.2), (3.7) and (3.8).
Moreover, from (2.7), (3.5), (3.1) and (3.7), we have

1 T 1
Pred;, > —tminq ||dill, = ¢ = =t||d 3.10
£z 3 {II Kkl L}_Z lldll (3.10)

for sufficiently large k.
Then the above two inequalities yield

|Ared, — Predy|
Predy

_ o(lldilI?) + o(lldylI)

lldill

e — 1] =

— 0, (3.11)
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which implies that r, — 1. Therefore from the parameter updating rule of Step 4 in Algorithm 2.1, there exists a positive

constant C, such that

ke < G,
which contradicts to (3.6).

Case (ii). T is infinite. Then we have from (2.7) and (3.5) that

00 > f(n) — liminff (%) > 3 () —f (%i41)

i=1

=) f) —f(xq1) = Y poPredy

keT keT

o NGl
T T

> —miny ||dkll, = ¢,

> kZpoz {n il L}
€T

which implies that
lim dy=0.
k—00,keT

The above equality together with the updating rule of Step 4 in Algorithm 2.1 means

Ak“» Q.
Similar to (3.8), it follows from (3.13) and (3.14) that
ldill < Gslldill, VkeT
for some constant C3. Then we have

Iskll = lidi + dil < (14 Co)lldill, VkeT.
This equality together with (3.12) yields

D lisell < oo,

keT

which implies that
X — X"
It follows from (2.9), (3.18), (3.14) and (3.8) that

dk—>0, ak—>0

L gl y 1 o
> Zm(zngkn min{lidell, 3o | + 3 lg 0wl mind 1.

gl
[IGll

)

Since (Gy + wrllgklldx = —gi from (2.9), we have from (3.5), (3.1) and (3.19) that

wiclldill = ligk + Gedill = llgicll — Gl ldkll = = — Lildill,

which means

T
Wk = — OQ.

=Y
By the same analysis as (3.11) we know that
e — 1,
which implies that there exists a constant C4 such that
ik < Cy,

which leads to a contradiction to (3.20).

Based on the above analysis, we know that (3.4) holds. This finishes the proof.

O

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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4. Local convergence

In this section, we suppose that {x;} converges to x* € X and lies in some neighbourhood of x*. We also give the following
assumptions for local convergence analysis.

Assumption 2. (i) ||g(x)| provides alocal error bound on some neighbourhood of x*, i.e., there exist two positive constants
¢y and b; such that

lg@)|l > cidist(x, X), Vx e N, b1) = {x| [Ix —x*|| < b1} (4.1)
(ii) The Hessian G(x) is Lipschitz continuous on N (x*, b;), that is, there exists a constant L such that
GG — G <Llly —x|l, Vx,y € N(x", b1). (4.2)

Itis clear that if G(x) is nonsingular at a solution, then ||g (x) || provides a local error bound on its neighbourhood. However,
the converse is not necessarily true [6,7], which shows that the local error bound condition is weaker than nonsingularity.
By Assumption 2, we have

lgy) —g@Il <Lly —xIl, Vx,y €N, by) (4.3)
and
lg®) —g®) — Gy — x| < Llly — x|, Vx,y € N&x*, by). (44)
In the later part of the paper, we denote x € X which satisfies

X — x|| = dist(x, X) = inf ||y — x]|.
yex

Since G(x*) is symmetric and positive semidefinite, there is an orthogonal matrix (U}, U;) such that
= 0\ (usT T
G(x*) = (U7, Uy) ( o 0) (U}T> =U;ziu;, (4.5)

where X7 is a positive diagonal matrix.
Moreover, we can suppose that G(x) has the following decomposition

0 U’ T T
Gx) = (Uy, Up) o ) \ut) = Ui 24U, + U, 25U, (4.6)

where Rank(X;) = Rank(X}) and X, converges to zero as x — x*. In the following, for clearness, we also neglect the
subscription k in the decomposition of G(x;), and still write G(x;) as same as (4.6).

In this section, we first prove the quadratic convergence of Algorithm 2.1, which implies that ||x, — x*|| is equivalent to
dist(xx, X). Then we in turn show the cubic convergence of the proposed method.

4.1. Quadratic convergence

In this subsection, we first study the properties of ||d||, ||a|| and ||sk]|.

Lemma 4.1. Let Assumption 2 hold. Then we have
ldill = OCll%k — k1),
ldell = O(lIXe — XD, (4.7)
lIsell = OClIXe — Xell)-
Proof. Since x, — x* € X, we have
Xk — xi|l = dist(xi, X) < [Ix, —x*|| — 0.
Moreover, the local error bound condition yields
Mie = pllgell = merdist(xe, X) = meq[|Xe — x|l (4.8)
From (2.9), we get
Ildill = 11(Gi + M) ™'l
Gk 4+ D) ™" (g — 8Xie) + G — X)) || + 11(Gie + M) ™' G — xi0) |
D IR = Xl - 1%k — il
O(lIxk — xl), (4.9)

IATA
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where we use the fact g(xy) = 0 in the first inequality and (4.4) in the second inequality, and the last equality follows
from (4.8).
Since y, = x, + dy, then y, — x*, which means y, € N(x*, by) for sufficiently large k. From (2.11), we obtain

ldell = 1G+ D) ') |
< Gk + M) 7M@) — & — Gedi) Il + 11(Gk + AD) ™" giell + 11 Gy + Ai) ™" Gkl
< Lag ldell® + 21 dill

O(lIxx — xl),

where we use (4.4), (2.9), (4.8) and (4.9).
Thus we deduce from the above estimations of ||d|| and ||d|| that

lIsell = lldic + dill = OCI% — x¢ll). O
The following lemma shows that {,} is bounded above.

Lemma 4.2. Let Assumption 2 hold. There exists a constant c, such that

Mk = Ca.

Proof. From (2.3), (4.1) and (4.3), we have

\

1 ) N8kl
0) — d - miny [|dill,
@r,1(0) — @x 1(di) = 2||gk|| {ll kll Gl

v

1 _ . C1, -
6 1X — x|l miny [Idgll, T”Xk — x|l

Y

G2 lIXe — il min{ lldill, 1% — Xl }, (4.10)

for some constant c,.

Then from (3.9), (2.7), (4.10) and Lemma 4.1, we get

Ared;, — Predy
Predy

2 012
_ o(lldilI*) + o(lidk|I*) o, (4.11)

(1% — Xiell min{{ldil, (X — xll}

e — 1] = ‘

which implies that rp, — 1. Hence we deduce from the updating rule of Step 4 in Algorithm 2.1 that there exists a constant
cy suchthat u, <c,. 0O

Then we deduce that there exist constants c3 and c4 such that
c3llXe — Xeell < Ak = pxllgell = pllgk — X < callXe — xell, (4.12)
which shows that || X, — xi|| is equivalent to Ay.
The following lemma means that {x;} converges to X quadratically.
Lemma 4.3. Let Assumption 2 hold. Then we have
dist(x11, X) = O(dist(x, X)?).

Proof. From the local error bound condition, (4.4), (2.11) and (4.2), we have
c1llRert — X ll < IF o) |
IF (i + di)
IF (i + di) — Fi) — Giodill + IF i) + GOl
Llidill® + IIF i) + Gkl + 1(G) — Gr)dil
Llidill® + Aelldill + Liidgll l1dil
O(Ixk — xelI), (4.13)

where the last equality follows from Lemma 4.1 and (4.12). O

INIA TN I
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The following theorem shows that {x,} converges to x* quadratically, which is stronger than that of Lemma 4.3.

Theorem 4.1. Let Assumption 2 hold. Then we have

2 2
Ises1ll = OClisell®),  xes1 — x*II = OCllxie — x*]1%).

Proof. From Lemma 4.3, it is clear for sufficiently large k that

1% — Xl < MXkr1 — Xeew1 + Xerr — Xell < MRer — X )+ lsell < 218kl (4.14)
This inequality together with Lemmas 4.1 and 4.3 yields

lIses11l = OCliskll*), (4.15)
which implies that

2
%1 = x* | = OCllxe — x"[I%). O

4.2. Cubic convergence

To obtain faster convergence of the proposed method, we need to estimate ||a,<|| more accurately. The following lemma
shows that ||si|| is equivalent to ||x, — x*|| if x, converges to x* superlinearly, where s, = X1 — X.

Lemma 4.4 ([2, Theorem 1.5.2]). If the sequence {x;} converges superlinearly to x*, then
Xkp1 — Xl
k—oco ||Xp — X*||
Therefore we have from Lemma 4.4, Theorem 4.1 and Lemma 4.1 that there exist two positive constants cs5 and cg such
that
e — x*I| < csliskll < csllxe — Xkl < collxe — x* ||, (4.16)

which means that ||x;, — x*|| is equivalent to ||x; — X]|.
By the theory of matrix perturbation [14] and (4.2), we have

121 = Z71 + 1220l < 1Ge — GOl < Lllxe — x|
This inequality together with (4.16) yields
127 — 270 < Llixe —xell, 112200 < Lllxe — xell- (4.17)

Lemma 4.5. Let Assumption 2 hold. Then we have

gl = 0% — xell?),
102072 || = O(lIRk — XilI*). (4.18)
Proof. From (2.9), (4.12) and Lemma 4.1, we have

gk + Gedill = Aelldill = O(lI% — xil|?). (4.19)
Similarly, we know

lg W) + Gidiell = Aelldill = Ok — xilI?). (4.20)
Then we get from (4.4), (4.19) and Lemma 4.1 that

lell = llg @k + di) — gk — Gidkll + llgk + Grdkll

= O(II%x — xel1*). (421)

From the local error bound condition and (4.21), we have

15k = yill < ;' @Il = Ol — Xell). (4.22)
Set (~;k =U; X2, U]T and ak = —f;k*g(yk), then ak is the least square solution of

min || (i) + Gid|l.



W. Zhou, X. Chen / Journal of Computational and Applied Mathematics 239 (2013) 179-188 187

Therefore we have

10U gl = llg i) + Gedill < llg @) + GG — v

lg i) + G Gk — v ll + I1GW) — G T — yie) + I1(Gx — G T — i) |l

Lilyx — yilI> 4 Lildell 17k — yell + 11220 176 — yell
O(lIxe — x«l1?),

IATA

where we use the fact g(y,) = 0, (4.4) and (4.2) in the third inequality, and the last equality follows from (4.22), (4.17) and
Lemma4.1. O

Lemma 4.6. Let Assumption 2 hold. Then we have

ldill = O(lIXk — x]1%)- (4.23)

Proof. From (2.11), we have
de = — (G + M) g )
= —Ui(Z1 + 1)U g1 — Uz(Z2 + D)~ U3 8 0).- (4.24)
Since x, — x*, then ¥y — X7 and hence El_l is uniformly bounded, that is, there exists a constant ¢; such that
1271 < ¢ (4.25)
Then from (4.24), (4.25), (4.12) and Lemma 4.5, we obtain
ldell < 127 10U G0l + A U U3 g G

crllgi) | + A HIULUS g (i) |l
O(lIxc — x|1*). O

IA

Now from the local error bound condition again, we get

A

C1ll®er1 — Xl < gDl = gk + il

g + di) — i) — GO + G + W)

Llidill® + (G — Gdill + IGedy + g W)

Llidill? + Lildill dill + Axlldel

O(lIxk — xeII*), (4.26)

where we use (4.4), (4.2) and (2.11) in the fourth inequality, and the last equality follows from Lemmas 4.6 and 4.1 and
(4.12).
From Lemma 4.1, (4.14) and (4.26), we have

lIse11l = OCllsel®),

which implies that {x,} converges to x* cubically. We summarize this main result as follows.

INIAIA

Theorem 4.2. Let Assumption 2 hold. Then the sequence {x,} generated by Algorithm 2.1 converges cubically, that is, ||Xx+1 —
X = o(llxi — x*|1?).
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