Journal of Computational and Applied Mathematics 290 (2015) 224-238

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Monotone iterates for solving nonlinear integro-parabolic @ CroseMark
equations of Volterra type

Igor Boglaev

Institute of Fundamental Sciences, Massey University, Private Bag 11-222, Palmerston North, New Zealand

ARTICLE INFO ABSTRACT
Article history: The paper deals with numerical solving of nonlinear integro-parabolic problems based on
Received 25 November 2014 the method of upper and lower solutions. A monotone iterative method is constructed.
Existence and uniqueness of a solution to the nonlinear difference scheme are established.
Keywords: An analysis of convergence rates of the monotone iterative method is given. Construction
Nonlinear integro-parabolic equations of of initial upper and lower solutions is discussed. Numerical experiments are presented.
Volterra type © 2015 Elsevier B.V. All rights reserved.

Nonlinear difference schemes
Monotone iterative method
Upper and lower solutions

1. Introduction

Integro-parabolic differential equations of Volterra type arise in the chemical, physical and engineering sciences (see [1]
for details). In this paper we give a numerical treatment for nonlinear integro-parabolic differential equations of Volterra
type. The parabolic problem under consideration is given in the form

t
ur — Lu +f(x,t,u)+/ gox, t,s,u(x,8))ds =0, (x,t) €wx(0,T], (1
0

u(x,t) = h(x,t), ((x,t) € dw x (0,T],
ux,0) =vx), xe€o,

where w is a connected bounded domain in R* (x = 1, 2, ...) with boundary dw. The linear differential operator L is given
by

.9 ou - ou
Lu = — | D(x, t) — Ve (X, ) —,
; 0y ( ( )8xa> +(; a )Bxa
where the coefficients of the differential operators are smooth and D is positive in w x [0, T]. It is also assumed that the
functions f, go, h and i are smooth in their respective domains.

In solving such nonlinear problems by the finite difference or finite element methods, the corresponding discrete problem
on each discrete time level is usually formulated as a nonlinear system of algebraic equations. A basic mathematical concern
of this problem is whether the nonlinear system possesses a solution. This nonlinear system requires some iterative method
for the computation of numerical solutions. This leads to the question of convergence of the sequence of iterations. The aim
of this paper is to investigate the above questions concerning the existence and uniqueness of a solution to the nonlinear
system, methods of iterations for the computation of the solution.
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Our iterative scheme is based on the method of upper and lower solutions and associated monotone iterates. By
using upper and lower solutions as two initial iterations, one can construct two monotone sequences which converge
monotonically from above and below, respectively, to a solution of the problem.

Monotone iterative schemes for solving nonlinear parabolic equations were used in [2-8]. In [9], a monotone iterative
method for solving nonlinear integro-parabolic equations of Fredholm type is presented. Here, the two important points
in investigating the monotone iterative method concerning a stopping criterion on each time level and estimates of
convergence rates, in the case of solving linear discrete systems on each time level inexactly, were not given. In this paper,
we investigate the monotone iterative method in the case when on each time level nonlinear difference schemes are solved
inexactly, and give an analysis of convergence rates of the monotone iterative method.

The structure of the paper as follows. In Section 2, we introduce a nonlinear difference scheme for the numerical solution
of (1). A monotone iterative method is presented in Section 3. Existence and uniqueness of the solution to the nonlinear
difference scheme are established. An analysis of convergence rates of the monotone iterative method is given. Convergence
of the nonlinear difference scheme to the nonlinear integro-parabolic problem (1) is established. Section 4 deals with
construction of initial upper and lower solutions. Section 5 presents results of numerical experiments.

2. The nonlinear difference scheme

On the domains @ and [0, T], we introduce meshes @" and @°, respectively. For solving (1), consider the nonlinear two-
level implicit difference scheme
LUP, t) +f P, ti, U) + &0, ti, U) — 5, U, ti1) = 0, (2)
(p, 1) € @ x (@ \ {0)),
with the boundary and initial conditions
U, t) = h(p, ), (p, &) € do" x (@ \ {0)),
Up,0)=v((p), pea

where do" is the boundary of @" and time steps Ty =ty — ty_1, k> 1,t = 0.
The difference operator £ is defined by

LUP, t) = L"UP, t) + 7, 'U(P, k),
LU, t) = d(p. t)UP.6) — Y a(p. t)UP'. &),
p'ea’(p)
where o’(p) = o(p) \ {p}, o(p) is a stencil of the scheme at an interior mesh point p € w". We make the following
assumptions on the coefficients of the difference operator .£":
dip,te) >0, a@’.t) =0, p eo'(p), (3)

dp.t) — Y a(p.t) =0, (p.t) €' x @ \ {0
p'ed’(p)
The integral g in (1) is approximated by the finite sum g based on the Riemann sum (the rectangular rule)

k

g, t,U) = Z 718 (D, tk, t, U(p, 1)).
=1

We also assume that the mesh @" is connected. It means that for two interior mesh points p and p, there exists a finite
set of interior mesh points {p1, p2, ..., ps} such that

prec’'®), ppeo’(p1),..., ps €0’ (ps—1), P e’ (ps). (4)
On each time level t;, k > 1, introduce the linear problem
(L+OW(P.t) =¥(p.t), peo (5)

cp.t) =0,  Wp,t)=h@,t), pedo".
We now formulate the maximum principle for the difference operator £ + ¢ and give an estimate to the solution to (5).

Lemma 1. Let the coefficients of the difference operator £" satisfy (3) and the mesh @" be connected.
(i) If a mesh function W (p, ty) satisfies the conditions
(L+TOW (. t) =0(<0), pea
W(p, ) > 0(<0), peiat
then W(p, t) > 0 (< 0)in@".
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(ii) The following estimate to the solution to (5) holds true

| (p, to)
W(',t) —h < Mmax h(',t) dohs MAX ————— ¢, 6
l 10l {II i)l s — (6)
where
”W(s tk)”ah = max |W(ps tk)|’ ”h(a tk)”f)wh = max |h(p7 tk)"
peah pedwh

The proof of the lemma can be found in [10].

3. The monotone iterative method

. Two mesh functions ﬁ(p, ty) and ﬁ(p, ty) are called ordered upper and lower solutions of (2), if they satisfy the relation
U(p, t) = U(p, ), (p. ti) € @" x @', and

LUP. t) +f (. te. U) + 8. tr. U) — 7, 'U(p. tiey) = 0, (7)

cCU(p, tk) +f(p’ Lk, U) +g(pa Lk, U) - T[:]U(p7 tk*]) = Oa

(. tr) € 0" x @\ {0}),

U(ps tk) =< h(ps tk) =< U(pa tk)v JURS aa)hv

Up,0) < ¥(p) <U(P,0), pea
For a given pair of ordered upper and lower solutions 6 U and t, fixed, we define the sector

(Ute). Ut)) = {U(p. t) : Up. ti) < Up.t) < Up. ). p € @"}.

We assume that f and gy satisfy the constraints

0 o~
afj;(p, ti, U) < c(p. ti) on (U(te), U(t)), (8)

0 ~ ~
0< ——ag" 0. tetnU), 1<1<k on(U), U(t)),
u

where c¢(p, t;) is a nonnegative bounded function in @" x @°. The function g is said to be nondecreasing.

Remark 1. We say that g is a nonincreasing function if —dgp/du < 0. When the function gy is nonincreasing, a transfor-
mation given by u — M — u for some constant M > 0 leads to a similar system where the function gy is nondecreasing.

We now construct an iterative method for solving (2) in the following way. On each time level t;, k > 1, we calculate
U™ (p, t) as follows:

(L4002 (P, t) = —Rp, 6, U™, ped, (9)
R, 6, U"D) = LUV (0, 0) + F(p, i, U") + 20, 6, U"") — 5 U, i),
Z0m, ) =h@,6) — U@, 1),  ZP(P,6) =0, n>2, pedo
U@, ) =U""(p,t)+Z2"@. t), pea,
Up, ) =U"(p,6),  UP,0)=v((p), pea,
where R(p, ty, U™ V) is the residual of the difference scheme (2) on U™V, U(p, t;) is an approximation of the exact
solution on time level ty, n(ty) is a number of iterative steps on time level t;, and c(p, t;) is defined in (8).

3.1. Monotone convergence of the iterative method

We introduce the notation

F(p7 tk? U) = C(pv tk)U(pv tk) _f(p! tk7 U) - g(pv tk7 U)v (10)
and give a monotone property of F.

Lemma 2. Let U, V be two functions in (a(tk), ﬂ(tk)) such that U(p, t) > V(p, ty), and let (8) hold. Then

F(p, i, U) > F(p, &, V), pea’ (11)
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Proof. From (10), we have

F(pa tk7 U) - F(p7 tkv V) = C(pﬂ tk)[U(pa tk) - V(pv tk)] - [f(pv rkv U) _f(pv tkv V)] - [g(ps tk7 U) - g(pv tk! V)]'

By the mean-value theorem, we have

a
[f(p’ tkv U) _f(pv t’(? V)] = ;ﬁ(tk)(u(pv tk) - V(pv tk))s (]2)

k
0
£ 6. U) —g(p, ti, V) = Y :n—aglf U@, &) — V(. B,
=1

of of

ai(tk) = 7(pa Lk, E)s V(ps tk) = E(ps tk) = U(p’ tk)
u ou

9o

980
(tl) = 7(137 tk» tla Q)v V(pv tl) = Q(p» tl) =< U(p: tl)
au au
Thus, from here and the assumptions of the lemma, we conclude (11). O

In the following theorem we prove the monotone property of the iterative method (9).

Theorem 1. Let the coefficients of the difference operator £ from (2) satisfy (3) and the computational mesh @" be connected
(4). Assume that f(p, ty, U) and go(p, tk, t;, U) satisfy the inequalities from (8), where U and U are ordered upper and lower
solutions (7) of the nonlinear difference scheme (2). Then the sequences {UOS”)}, o = 1, —1, generated by (9) with, respectively,

U{O) = Uand U(f]) = ﬁ, are ordered upper @ = 1 and lower o« = —1 solutions to (2) and on each time level t,, k > 1, converge
monotonically

U V(0 < UM ) < UM ) < UM V(0 ), ped” (13)
wheren > 1.

Proof. Since Ul(o) =Uisan upper solution, then from (7) and (9) we conclude that

L+0z"(p,t) <0, peat, Z"(p,t)) <0, p € do”,

where t; = t1. From Lemma 1, it follows that
z;"(p.t)) <0, pea” (14)

Similarly, for a lower solution Uiof = U, we conclude that

z0(p,t) >0, ped (15)

We now prove that

U, t) <@ t), pea (6
By (9),

(£ + UL (p. 1) = c(p. tDUL (0. t1) = f(p. t1, UL) — g (p. t1. UP) + 77 'Ua(p. 0), p €@,

UP(p,ty) =h(p.ty), pedo, a=1—1.

From here, taking into account that U, (p, 0) = ¥ (p), & = 1, —1, in the notation W™ = U{") — U(_"l), n > 0, we have

L+ WD, t) =F@p, t;,U”) —F(p, t;,U?), peoh
WP, t;) =0, peda,

where F is defined in (10). Since U{O) (p, t1) > Uiol) (p, t1), by Lemma 2, we conclude that the right hand side in the difference
equation is nonnegative. The positivity property in Lemma 1 implies W (p, t;) > 0, and this leads to (16).

We now prove that Ul(l)(p, t1) and U(_ll) (p, t1) are upper and lower solutions (7), respectively. Let n, (t;) be numbers of
iterative steps implemented on time level t;, k > 1 for the upper « = 1 and lower « = —1 sequences. Taking into account
that

g, UMy —g(-, Uy = qlgo (-, tk, UM) — go (-, b, USD)],
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where g(-, U) and go(-, t, U) stand for g(p, t,, U) and go(p, t, tx, U(p, tr)), respectively. From here, by the mean-value
theorem, we obtain

_ 080
g, UMy —g(-, UMDy = rkﬁ(tk)lén)(p, tr),

08o 0o )
—(ty) = —(p, ty, ty, s
au(k) Bu(p ko b Q)

where Q™ (p, t;) lies between U™ (p, t;) and U1 (p, t,). From here, (9), by the mean-value theorem for f (p, t;, U"), we
obtain

of dg
-0t Ei”)) zM @, ) + na—j(mzl(”(p, th), (17)

R, t1, U1(])) = — (C ~ o

where the partial derivatives are calculated at intermediate points E%” and Ql( D which lie in the sector (Ufl) (t1), Ul(o) (t1)).
From here, (14)-(16), it follows that the partial derivatives satisfy (8). From (8), (14) and (17), we conclude that
‘R(p9 t1, U](l)) = 03 D€ whv Ul(l)(pz t1) = h(ps t])s pe awh'
Thus, Ufl)(p, t1) is an upper solution. Similarly, we can prove that Uill) (p, ty) is a lower solution, that is,
M h (1 _ h
R, t,U27) <0, pew’, U{(p,t1) =h(p, t1), p € do".

By induction on n, we can prove that {U](")(p, t1)} is a monotonically decreasing sequence of upper solutions and

{UE"I) (p, t1)} is a monotonically increasing sequence of lower solutions, which satisfy (13) for t;.
From (13) with ty, it follows that

Up.t) U (o) <UM™(p.t) < Up.ty). pea (18)
From here and by the assumption of the theorem that ﬁ(p, t;) and ﬁ(p, t,) are, respectively, upper and lower solutions (7),
we conclude that U(p, t;) and U(p, t,) are upper and lower solutions with respect to Ul("’)(p, t;) and U(_nl‘l)(p, t1), thatis,
LUP.t2) +f(p. 2. 0) +g(p. &, U) — 5, U (p. 1) 2 0, pe ol (19)
LUP, &) +f(p. 2, 0) +gp. 2. 0) — 5, 'U V(. t) <0, peal
By (9) with t;, we have
(L + UL (p. 1) = c(p, UL (0, 1) — f (P, £2, UD) — g (0. £, UD) + 7, 'US (p. t1), p e ol
UM, ) =h(p.t), pedo a=1-1
From here, we conclude that WV (p, t,) = U]“)(p, t) — U(f]) (p, ty) satisfies the difference problem
L+ WP, 6) = Fp, 2, U) — F(p. £, U)) + 75 ' [UM™ (0, 1) = U V(0. 1)), p € o,
W@, ) =0, peio

Since Ul(o) (p, ) > Uiol)(p, t;) and taking into account (18), by Lemma 2, we conclude that the right hand side in the
difference equation is nonnegative. The positivity property in Lemma 1 implies W®(p, t,) > 0, and this leads to

Ul ) <U (p,t), pea

The proof that Ul(l) (p, t) and U(_]l) (p, tp) are, respectively, upper and lower solutions is similar to the proof of this result on
time level t;. By induction on n, we can prove that {Uf") (p, t2)} is a monotonically decreasing sequence of upper solutions
and {UE"l) (p, t2)} is a monotonically increasing sequence of lower solutions, which satisfy (13) for t,.

By induction on k, k > 1, we can prove that {Uf") (p, tr)} is a monotonically decreasing sequence of upper solutions and
{UE"l) (p, tx)} is a monotonically increasing sequence of lower solutions, which satisfy (13). Thus, we prove the theorem. O

3.2. Existence and uniqueness of a solution to difference scheme (2)

Applying Theorem 1, we investigate existence and uniqueness of a solution to the nonlinear difference scheme (2).
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Lemma 3. Let the coefficients of the difference operator £ from (2) satisfy (3) and the computational mesh @" be connected (4).
Assume that f(p, ty, U) and go(p, ty, t;, U) satisfy the inequalities from (8), where U and U are ordered upper and lower
solutions (7) of (2). Then a solution to the nonlinear difference scheme (2) exists.

Proof. From (13), it follows that lim U](") (p,t1) = Vi(p, t1), p € @" as n — oo exists, and

Vip.t) <U"(p.t). lim 2P (p.t)) =0, ped”, (20)
Similar to (17), we can prove that
of g
R, t1, U") = — (c e GAE Ei’”)) z"(p, tr) + na—lf(m;(")(p, t). (21)

From here and (20), we conclude that V;(p, t1) solves (2) at t;. By the assumption of the lemma that G(p, t;) is an upper
solution and from (20), it follows that U(p, t,) is an upper solution with respect to V(p, t1). Using a similar argument, we
can prove that the following limit

lim U (. 62) =Vi(p.t2). ped”,
exists and solves (2) at t,, where according to Theorem 1, {Ul(")(p, ty)} is a sequence of upper solutions with respect to

V] (p7 tl)'
By induction on k, k > 1, we can prove that

Vip.t) = lim U (p. &), pea” k=1,
n—oo
is a solution of the nonlinear difference scheme (2). Similarly, we can prove that the mesh function V_1(p, t;) defined by
Voi(p.t) = lim UM (p.0), ped’ k>1,
n—oo

is a solution of the nonlinear difference scheme (2). O

We now impose the two-sided constraints on f and gy (cf. (8)). We assume that f and g, satisfy the constraints
of ~ ~
g(ps tk) =< a(pv tk, U) =< C(ps tk)v on <U(tk)v U(tk)>v (22)

0 ~ ~
0< —%(p, fo tU) < gt ), 1<1<k, on (U(t), Uty), (23)
u

where ﬁ Uisa pair of ordered upper and lower solutions to (2), c(p, tx), c(p, tx) and q(p, tk, t;) are, respectively, nonnegative
bounded, bounded and positive bounded functions in @" x @°. We also assume that time step T satisfies the inequality

2
1
- Il <|Vk|) LI (24)
20k 20k Pk
¢, = minc(p, ty), Y« = min(0, c), P = max{max[q(p, t, t)1}.
pea 1=I=k pegh

We mention here that if c(p, ty) > 0, then 7, < +/1/ k.

Lemma 4. Let the coefficients of the difference operator «£ from (2) satisfy (3), the mesh @" _be connected (4) and the mesh
w" satisfy (24). Assume that f(p, ty, U) and go(p, ty, t;, U) satisfy (22), (23), where U and U are ordered upper and lower
solutions (7) of (2). Then the nonlinear difference scheme (2) has a unique solution.

Proof. It suffices to show that
Vilp, t) = V_1(p, &), pea’, k>1,

where Vq(p, ty) and V_;(p, t;) are solutions to the difference scheme (2), which are defined in Lemma 3. From (13) and
Lemma 3, it follows that

U (p,t) < Vo i) < Vap, ) <UL (p.t), ped, k> 1. (25)
Letting W (p, ty) = V1(p, tx) — V_1(p, tx), from (2), we have

LW, t) + [f (. t1, V1) — f(p, t1, Vo)l + [g(p, t1, V1) —g(p, 1, V_1)] =0, pe€ o,
W(p,t)) =0, pedo".
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Using the mean-value theorem, we obtain

d 0
2+ DV wet) = 0 B yw. ). pe o
ou ou

W(p.t) =0, pe ot

where the partial derivatives are calculated at intermediate points which lie in (V_1(t1), Vi (t;)). From (25), it follows that
the partial derivatives satisfy (22), (23). From here, (22), (23) and (6) with c(p, ty) = 0, we obtain the estimate

710

1
— ——w(t),
T+ [y1]

w(ty) <
where p; is defined in (24), and we use the notation

w(te) = W, ) ligh- (26)
By the assumption on 77 in (24) and w(t;) > 0, we conclude that w(t;) = 0. From here, using the mean-value theorem, we
get

0 0
£+ DV we,6) = 622 ywe.b), ped
ou ou

W, t) =0, pedo
Similar to the proof that w(t;) = 0, we conclude that w(t;) = 0. Now by induction on k, k > 1, we can prove that
w(ty) = 0, k > 1. Thus, we prove the lemma. O

3.3. Convergence of the monotone iterative method to the solution of the nonlinear difference scheme

We now choose the stopping criterion of the iterative method (9) in the form
IRC, te, Uyl <8, @ =1, 1, (27)

where § is a prescribed accuracy, and set up U (p, t) = U®(p, t,), p € @', such that n, (t;) is minimal subject to (27).
We now assume that in (22)

c(p,t) > ¢, = const > 0, on (U(t), Ut)), k> 1. (28)

Remark 2. We mention that the assumption df /du > ¢, > 0in (28) can always be obtained via a change of variables.
Indeed, introduce the following function z(x, t) = e *tu(x, t), where A is a constant. Now, z(x, t) satisfies (1) with

F=iz+ef(xt,ez), B =e g t,s ez,s),
instead of f and gp, and we have

F_ 0 B e (L0

0z ou’ 0z ou )’

Thus, if A > maxy>1 |yk|, where yj is defined in (24), then from here and (22), we conclude that 87/82 satisfies (28). Since
0 < e =9 < 1,1 > 0, then 3gy/dz still satisfies (23).

We assume that time step T, satisfies the inequality
1 ¢
w<min( [—, =), k>1, (29)
Pk Pk
and prove the following convergence result for the iterative method (9), (27).

Theorem 2. Let the coefficients of the difference operator £ from (2) satisfy (3), the mesh @h be connected (4) and the mesh @'
satisfy (29). Assume that f (p, t, U) and go(p, ty, t;, U) satisfy (22), (23) and (28), where U and U are ordered upper and lower

solutions (7) of (2). Then for the sequences {Ué”)}, o = 1, —1, generated by (9), (27) with, respectively, Ul(o) = Uand U(_Ol) = ﬁ
the following estimate holds:

max [|Us (-, t) = UG, t)llgh < T8, a=1,-1, (30)
tyew®

where U*(p, ti) is the unique solution to (2). Furthermore, on each time level the sequences converge monotonically (13).
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Proof. The monotone convergence of the sequences {U(ft”) (p, ty)}, = 1, —1 follows from Theorem 1. The existence of the
solution to (2) has been proved in Lemma 3. By (28), we conclude that y, = 0, k > 1in(24), and, thus, from (29), 7, satisfies
(24) as well. The uniqueness of the solution to (2) follows now from Lemma 4.

The difference problem for U, (p, t;y) = U™ (p, t;), k > 1, can be represented in the form

1
°CUa(pa tk) +f(p7 tky UO() +g(ps tk7 UO() - ?Uﬂl(p7 tk—]) = =‘7Q(ps tk? U(gno())’
k

pew', U, ty) =hp,t), pecdo, a=1,-1.

From here, (2), by the mean-value theorem, for W, (p, t;) = U, (p, tx) —U*(p, t),® = 1, —1, we get the difference problems

of 1 9go
L+ — | Wu(p, i) = R, ty, Uy) + —Wo(p, ti—1) — te—— (L) We (P, &), (31)
ou T ou

pea, Wy, t) =0, pedo, a=1,—1,

where the partial derivatives are calculated at intermediate points, which lie between U*(p, t;) and Uy (p, tr). Thus, the
partial derivatives satisfy (22), (23) and (28). From here, (22), (23), (28), using (6) and taking into account that according to
Theorem 1 the stopping criterion (27) can always be satisfied, in the notation (26), we obtain

1 _
e () < T (8 + 1 "wa(temr) + Tokwa (), a =1, —1.

Tk + =k
From here and (29), it follows that

We (t) < 0Tk + we(tk—1), a=1,-1
Taking into account that w, (ty) = 0, « = 1, —1, by induction on k, we conclude that
k
we(t) <8 u<Ts, k=1 a=1-1.
I=1

Thus, we prove the theorem. O

3.4. Convergence of the nonlinear difference scheme (2) to the solution of problem (1)

In [11], the analysis of convergence of a nonlinear difference scheme to one dimensional nonlinear integro-parabolic
problem is based on the energy method, and in [12], the analysis for a linear integro-parabolic problem is based on the
discrete version of Gronwall’s inequality. In our analysis, we employ the approach, based on Gronwall’s inequality, so error
estimations are given in the maximum norms.

We now state Gronwall’s inequality from [12] in the following form.

Lemma 5. Let {wy} be a sequence on nonnegative real numbers satisfying

k
wi < ag + E bw;, k=>1,
=1

where {a} is a nondecreasing sequence of nonnegative numbers, and b; > 0. Then
k
wy < a exp E b, k=>1.
=1

To simplify our analysis, we assume that 7y = t, k > 1, and with the aid of this lemma, prove the following theorem.

Theorem 3. Let all the conditions in Theorem 2 be satisfied. Then the error in the nonlinear difference scheme (2) satisfies the
inequality
e(ty) = C(NE, & =max&(to), (32)
E(p, ) =U(p, te) —ulp, &),  e(ty) = IEC, t)llgn,  §() = I1EC, ) lloh,

where U(p, t;) and u(p, ty) are unique solutions to, respectively (2) and (1), and Z (p, ty) is the local truncation error of u(x, t)
on the nonlinear difference scheme (2).
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Proof. Under the assumptions of Theorem 2 on f and gy, the nonlinear integro-parabolic problem (1) has a unique solution

(see Theorem 6.1 on p. 73 in [ 1], for details). From (2), by the mean-value theorem, we get the difference problem for the
error E(p, ty)

of 1 . dgo - h
L+~ )Ep, tr) = —E@, tr_1) — E T—(tEP,t) — E(@, &), peEw’,
ou T —~ du

E(p,t) =0, pedo, E(p,0)=0, pea",

where the partial derivatives are calculated at intermediate points, which lie between U (p, t;) and u(p, t). From here, (23),
(24) and (28), by using (6), we get

k
(r-leako + ) Tpet) + sam) :
=1

From here and (29), in the notation maxy>1 px = p, it follows that

e(ty) <

=k

k
e(t) < e(ti) + 120 Y _e(t) + T&.
=1

From here and taking into account that e(ty) = 0, by induction on k, we prove the following inequality:
e(ty) < kt€é +12p (i(k — 1+ 1)e(t1)> .
I=1
By Lemma 5 with ay = kt&, k> land b; = t?p(k — [+ 1), 1 <1 < k, we get
() < (kr&) exp (rzp ijl) :
I=1

From here and taking into account that Zf‘zl I < k?/2, kt < T, we prove (32) with C(T) = T exp(pT?/2). O

3.5. Convergence analysis of the monotone iterative method

We now establish convergence properties of the iterative method (9) on each time level t, k > 1.
We assume that time step 7, satisfies the inequality

&\ 1 @
o <,lz—) +— -, G=maxc(p,t), k>1, (33)
20k Pk 20k pea’

where py is defined in (24), and introduce the notation

28 (t) = 128 ¢ ) llgn- (34)

Lemma 6. Let the coefficients of the difference operator £ in (2) satisfy (3), the mesh @" be connected with (4) and the mesh @*
satisfy (33). Assume that f (p, ty, U) and go(p, ti, t;, U) satisfy (22), (23) and (28), where U and U be ordered upper and lower

solutions (7) of (2). Then for the sequences {Ué,”) }, @ = 1, —1, generated by (9) with Ufo) = Uand U(f]) = ﬁ, the following
estimate holds:

2y <t 20 W), n=n@tTo) <1, a=1,-1. (35)

Proof. Using (6), from (9), we have

2"t < wlRC, b, U D) | hy =1, —1. (36)

Similar to (17), we can prove that

of g
o (P b E,E’”)) Z8" (. t) + rka—lf(mz;”) (P, ). (37)
From here, (22), (23) and (28), we conclude that

IR, b, US DY [[n < @k + wor) 2V (), a=1,—1.

R, ti, UPY) = — (c -
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From here, (36), by using (6), we have
2" (6) < e @+ o) 20V (1),
and prove the lemma. O

Theorem 4. Let the coefficients of the difference operator .£ in (2) satisfy (3), the mesh @" be connected with (4) and the mesh
w" satisfy (29) and (33). Assume that f (p, t, U) and go(p, ty, t;, U) satisfy (22), (23) and (28), where U and U be ordered upper

and lower solutions (7) of (2). Then for the sequences {U(g")}, o = 1, —1 generated by (9) with U](O) = U and Uiol) = ﬁ the
following estimate holds:

max [[Uy (-, t) — U™ (-, ) [l < Cra®@=1, (38)
trew®
r=maxr, <1, ni(t) = min ny(t;), a=1,-1,

1<s<k 1<s<k

where U*(p, t) is the unique solution to (2), ry, is defined in (35), constant C is independent of ty, and the number of iterative
steps on each time level n, (t,) > 2. Furthermore, on each time level the sequences converge monotonically (13).

Proof. From (31)and (37), for k > 1, p € ", we conclude that

?)
(L + f)Wa(P.t) = —(C — fu)Za(p. ti) + %(-, ter Q1) Za (. 1)
8g0 1
- 37('7 tk7 QZ)WOt(pv tk) + *Ww(lx tk—])s (39)
u Tk

Wo(p. t) = U (P, ) —U* (0. 1), Za(p.ti) = ZJ*W(p, 1), a=1,-1,
where dgq (-, tx, Q)/0du stands for gy (p, ty, ty, Q)/0u and f, = df /du. Taking into account that W, (p, tp) = 0, = 1, —1,
from (22), (23) and (28), by using (6), in the notation of (26) and (34), we have

1 _
We(t1) < ——— [(€1 + T1p1) Ze(t1) + T1p1Wa (t)], @ =1,—1, (40)
Tt

where ¢, px and ¢, are defined in (24) and (33), respectively. From here, (29) and (35), we obtain the estimate

we(t) < 71 (C1 + Tlpl)r?a(tl)ilzél)(tl)y a=1, -1 (41)
From (9) by (6),

zZ0(t) < Tl LU Cot) +FC 1, UL + 865 11, UL = 777 U G o) | -

Since U? (p, t1), Uy(p, to)) @« = 1, —1, are independent of 7y, then for sufficiently small 7, z"(t;), « = 1, —1, are
independent of ty, that is,

2Vt <A, a=1,-1,

where constant A; is independent of 7. Thus, from here and (41), we conclude that

We(t)) < B, @ =1, -1, (42)
where constant By is independent of t;.
Similar to (40), from (39) with k = 2, we get

1
Wa () < ——— [(€2 + 1202) 2o (2) + T2 2w (£2) + T3 'wa (t1)] -
L t6

From here, (29) and (35), we get the estimate

we(2) < T (€ + 12p2) 15" P20 (0) + wa(ty), @ =1,-1. (43)
From (9) by (6), we obtain

zZ0(6) < Bl LU (o 6) +FC 6, UL 4+ 8(5 65, UL — 75 U (6) | -

Since U” (p, t), Uy (p, t1), @ = 1, —1, are independent of t,, then for sufficiently small 7, zV(;), @ = 1,1, are
independent of 15, that is,

V() <Ay a=1,-1,
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where constant A, is independent of 7,. Thus, from here, (42) and (43), we conclude that
Wy (tz) < B T]T?am)i] + thzr;“(m*], a=1,-—1,

where constant B, is independent of 5.
By induction on k, we can prove

k
wy = ZBster”““S)_l, a=1,-1, k> 1,
s=1

where constants B are independent of ;. Denoting

B = max By,
k>1

and taking into account that Zf;l 7, < T, we prove the estimate in the theorem with C = BT. O
Remark 3. The implicit two-level difference scheme (2) is of first order with respect to time steps. As follows from (35), if
Cx = O(1)and p, = @(1) k > 1,thenr, = O(ty).To guarantee the consistency of the global errors in the implicit difference

scheme and in the monotone iterative method (9), we can choose n, () = 2, = 1, —1, in (38). Thus, instead of using the
stopping criterion (27), we can implement only two iterative steps on each time level k > 1.

4. Construction of initial upper and lower solutions

. One of main ingredients in the implementation of the monotone iterative method (9) is the construction of initial upper
U and lower U solutions. Here, we give some conditions on functions f and gy, for the existence of upper and lower solutions,
which are used as the initial iterations in the monotone iterative method (9).

4.1. Bounded functions

Let functions f, go, h and ¢ from (1) satisfy the following conditions:
fx,t,00 <0,  g(x 550 <0, hxt)>0,  ¥(x >0, (44)
fx,t,u) > —di,  gox, t,s,u) > —d, u>0,

where d;, i = 1, 2, are positive constants.
From here and (7), it follows that the function

-~ , k=0, _
U(p,rk>={g”(”) (2% pea (45)

is a lower solution of (2).
Introduce the linear problem

L0, t)UD, t) = 7 U, ter) +dy + doty, pe o, k> 1, (46)
Up.t) =h(p.t), pedo, k=1, Up.0)=yp), pea

Lemma 7. Let conditions in (44) be satisfied. Then UandU from, respectively, (45) and (46) are ordered lower and upper solutions
to (2), such that

0<U@p.t) <Up.t)., pea’ k>0. (47)

Proof. From (44) and (46), by the maximum principle in Lemma 1, we conclude (47) for k = 1
Up.t) =0, ped

By induction on k, we prove (47) for k > 1. We now show that U is an upper solution (7) to (2). From (7), (9), (44) and (46),
we have

RP, ti, U) = L@, t)U®, t) + D, t, U) + £, te, U) — 7,7 U (P, ti_1)
= [di +f (@, te, U)] + [daty + 8, &, U)] > 0, p € o

Since/ﬁ satisfies the boundary-initial conditions, we prove that Uisan upper solution to (2). From here and (47), we conclude
that U and U from, respectively, (45) and (46), are ordered lower and upper solutions to (2). O
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4.2. Constant upper and lower solutions

Let functions f, gy, h and ¥ from (1) satisfy the following conditions:

k
f(.t.0)+ Y g, i, 6,0) <0, 1<I<k h>0, y >0. (48)
=1

It is clear that the function from (45) is a lower solution of (2). We assume that there exists a positive constant M, such that

k
f@ 6 M)+ Tgo(p. e 1, M) =0, 1<I<k h<M, ¢y <M, (49)
=1

and introduce the function

v(p), k=0,
M,

ko1 k=1, pea (50)

Up, ty) = {

Lemma 8. Let conditions (48) and (49) be satisfied. Then UandU from, respectively, (45) and (50), are ordered lower and upper
solutions to (2) and satisfy (47).

Proof. The proof of the lemma repeats the proof of Lemma 7 with the following modification:
R(p, ti, U) = L, t)UP, t) + f (P, ti U) + 8P, i U) — 7 'U (P, 1)
> f(p. . M) + g(p. s, M) >0, peo. O

5. Numerical experiments

In this section, we give applications of the monotone iterative method (9) for numerical solutions of two test problems.
For the first test problem, the true continuous solution is explicitly known and is used to compare to a numerical solution,
obtained by the monotone iterative method. In the case of the second test problem, the exact solution is unknown, and a
numerical solution, obtained by the monotone iterative method, is compared to a corresponding reference solution.

We choose the stopping criterion in the form (27) with § = 107>. In all numerical experiments, the monotone property
of upper and lower solutions is observed at every mesh point of the computational domain.

Example 1. We consider the test problem with an internal source q(x, t) inw = {0 < x; < 1, 0 < X, < 1}. This is given
by

t
ur — 8(uX1X1 + quXz) + au2 - / U(X, S)dS = q(xv t), (Xv t) €w X (05 T]7
0
u(x,t) =0, x,t)€dw x(0,T], ux, 0 =0, x€w,
2
qx, t) = (b + em?(bt) + a(bt)*r (x) — b%) ¥ (x),

Y (x) = sin(rxq) sin(wx,),

where a, b and ¢ are positive constants. It is easy to verify that the function

u(x, t) = (bt)y (x) (51)
is the exact solution of the test problem. We assume that f = au? — g and gy = —u, where
0
fu=2au>0, u=>0, —§:1>0.
au
To satisfy (48), we choose the parameters ¢ and T, such that q(x, t) < 0, that is,

T < 2em?.
To guarantee (49), we assume that M satisfies the inequality
aM? — MT > q*, q" = b+ en?bT + ab*T? > me%xq(x, t).
X,
From here, we choose

T T\ ¢
M>M" M'=—+ — ] +=.
- 2a (2a> 2
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Table 1
Numerical results for Example 1 with T = h?,
N 4 8 16 32 64
a=1,b=1e=1,M=1
Error 4751e—2 1.149e—-2 2.813e—3 6.932e—4 1.733e—4
Order 2.048 2.030 2.021 2.000
# of iterations 4 4 3 3 3
a=10,b=1e=1,M=5
Error 2.104e—-2 4.951e—2 1.222e—3 3.053e—4 7.665e—5
Order 2.087 2.018 2.001 1.994
# of iterations 8 6 4 3 3
Table 2
Numerical results for Example 1 with t = h.
N 32 64 128 256 512
a=1,b=1k=1,M=1
Error 1.903e—3 8.069e—4 3.625e—4 1.704e—4 8.265e—5
Order 1.238 1.154 1.089 1.043
# of iterations 4 4 4 3 3
a=10,b=1,k=1,M =5
Error 8.593e—4 3.573e—4 1.603e—4 7.643e—5 3.683e—5
Order 1.266 1.156 1.069 1.053
# of iterations 7 6 5 4 4

By Lemma 8, we conclude that UandU from, respectively, (45) and (50) are ordered lower and upper solutions and satisfy
(47). Thus,

9 -~
0< a—f(p, ty, U) < 2aM on (U(ty), U(ty)).
u

From here, we choose ¢ = 2aM™* in the monotone iterative method (9).

We discretize the differential problem by the finite difference approximation on a uniform space mesh with the step size
hi =h, =h(N = 1/h).

In Table 1, for the two sets of parametersa = 1,b=1,e = 1,M = landa = 10,b = 1, = 1, M = 5, we present the
numerical error

error(h) = |U-1(, T) —u(, Dllgn, T=1,
where u(x, t) is the exact solution (51), the order of the numerical error

( error(h) )
order(h) =log, | ——=— ),
error(h/2)

and numbers of monotone iterations on each time level for different mesh sizes h and T = h?. The data in the table show
that the numerical solution has the second-order accuracy in the space variables, and numbers of iterations decrease as N
increases.

In Table 2, for the same two sets of parameters as in Table 1, we present the numerical error, the order of the numerical
error and numbers of monotone iterations on each time level for different mesh sizes h and © = h. The data in the table show
that the numerical solution has the first-order accuracy in the time variable. Numbers of iterations decrease as N increases,
and for the second data set, numbers of iterations are approximately twice as many as for = h? and the same values of N
(cf., Table 1).

Example 2. We consider a reaction-diffusion model with an unknown exact solutioninw = {0 < x; < 1, 0 < x, < 1}:

U — &(Uyyx, + Uyyy,) + QU2 /t U9 10, (x.t) € wx (0.T]
— € - T as=0, , w » 1y
t X1X1 XX o 1 + gu(X’ S)

u(x,t) =0, (x,t) € dw x (0,T], ux,0) =vx), xeco,

¥ (x) = sin(;rxq) sin(wx;),

where g, b, ¢ and ¢ are positive constants.
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Table 3
Numerical results for Example 2 with T = h?, the case of constant lower and upper solutions.
N 4 8 16 32 64
a=10,b=1e=1¢=1,M*"=1
Lower solutions
Error 1.706e—3 4.372e—4 1.109e—4 2.686e—5 4.832e—6
Order 1.964 1.979 2.046 2474
# of iterations 4 3 3 3 2
Upper solutions
Error 1.790e—3 4.372e—4 1.101e—4 2.656e—5 5.048e—6
Order 2.034 1.990 2.052 2.396
# of iterations 7 5 4 4 3
a=1b=10,e=1,¢ =1,M* =2.702
Lower solutions
Error 2.403e—2 6.077e—3 1.514e—3 3.561e—4 7.201e—5
Order 1.983 2.005 2.088 2.300
# of iterations 7 5 4 3 3
Upper solutions
Error 2.405e—2 6.086e—3 1.523e—3 3.619e—4 7.693e—6
Order 1.983 1.999 2.073 2234
# of iterations 8 6 4 4 3

The case of constant upper and lower solutions. Condition (48) holds true without any restrictions on the parameters
of the test problem. To guarantee (49), we assume that M satisfies the inequality M > M*, where

. — = - — 1 1\> BT
M* = max[y,M], ¥ =[¢v®gp M=——+,/|—] +—.
2¢ 2¢ ag
We now have
8go b
0<fi=2au<2aM, ——=——->0,0<u<M.
du (14 cu)?

By Lemma 8, we conclude that UandU from, respectively, (45) and (50) are ordered lower and upper solutions and satisfy
(47). Thus,

0< %(p, te, U) < 2aM on (ﬁ(tk), G(fk))-

From here, we choose ¢ = 2aM* in the monotone iterative method (9).
In Table 3, for the two sets of parametersa = 10,b = 1,6 = 1, ¢ = 1,M* = landa = 1,b = 10,e = 1,¢ = 1,
M* = 2.702, we present the numerical error

error(h) = Uy -, T) = UG, Dllgn, T=1,a=1,-1,

where Ugff(p, ty), « = 1, —1, are reference solutions with N = 128, the order of the numerical error and numbers of
monotone iterations on each time level for different mesh sizes h and t = h?. The data in the table indicate that the
numerical solution has the second-order accuracy in the space variables, and numbers of iterations decrease as N increases.
We mention here, that numerical experiments show that if in the reference solution N increases, then the order of the
numerical error tends to the second one.

In Table 4, for the same two sets of parameters as in Table 3, we present the numerical error, the order of the numerical
error and numbers of monotone iterations on each time level for different mesh sizes of h and t = h, where U(fff(p, te),
o = 1, —1 are reference solutions with N = 1024. The data in the table show that the numerical solution has the first-order
accuracy in the time variable, and numbers of iterations decrease as N increases. Similar to Example 1, for the second data
set, numbers of iterations are approximately twice as many as for T = h? and the same values of N (cf., Table 3). _

The case of bounded functions. On each time level t;, k > 1, we now calculate an initial upper solution U (p, t;) by
solving the linear problem (46). All the conditions in (44) hold ifd; = 0,d, = b/¢.By Lemma 7, U and U from, respectively,
(45) and (46) are lower and upper solutions. From here, we choose c(p, t;) = 2aU (p, t;) in the monotone iterative method
(9).

In Table 5, for the same two sets of parameters as in Tables 3 and 4, we present the numerical error
error(h) = |U (-, T) = Ui (, Dllgn, T =1,
where U{Ef(p, t;) are reference solutions with N = 128 for = h? and with N = 1024 for ¢ = h, the order of the numerical

error and numbers of monotone iterations on each time level for different mesh sizes h. The data in the table show that
the numerical solution has the second-order and the first-order accuracy in the time variable, and numbers of iterations
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Table 4
Numerical results for Example 2 with T = h, the case of constant lower and upper solutions.
N 32 64 128 256 512
a=10,b=1e=1¢=1,M"=1
Lower solutions
Error 5.581e—4 2.786e—4 1.338e—4 5.840e—5 1.966e—5
Order 1.002 1.058 1.196 1.570
# of iterations 4 3 3 3 3
Upper solutions
Error 5.579e—4 2.788e—4 1.340e—4 5.793e—5 1.962e—5
Order 1.001 1.057 1.210 1.562
# of iterations 6 5 5 4 4
a=1b=10,e =1,¢ =1, M* =2.702
Lower solutions
Error 5.183e—3 2.564e—3 1.210e—-3 5.282e—4 1.749e—4
Order 1.015 1.083 1.196 1.594
# of iterations 6 5 4 4 4
Upper solutions
Error 5.187e—3 2.567e—3 1.218e—3 5.337e—4 1.780e—4
Order 1.015 1.076 1.190 1.584
# of iterations 7 6 5 4 4
Table 5
Numerical results for Example 2 with T = h? and T = h, the case of bounded functions.
N 4 8 16 32 64
t=ha=10b=1e=1¢=1
Error 1.791e—3 4.383e—4 1.107e—4 2.656e—5 5.323e—6
Order 2.031 1.985 2.059 2.319
# of iterations 4 3 2 2 2
t=h’a=1b=10,e=1¢=1
Error 2.404e—2 6.083e—3 1.519e—3 3.619e—4 7.245e—5
Order 1.983 2.002 2.070 2.321
# of iterations 5 3 2 2 2
N 32 64 128 256 512
‘[=h,a=10,b=1,8=1'§=1
Error 5.585e—4 2.799e—4 1.344e—4 5.852e—5 1.969e—5
Order 0.997 1.058 1.120 1.572
# of iterations 3 3 2 2 2
t=ha=1b=10,e =1,¢=1
Error 5.184e—3 2.564e—3 1.215e—3 5.276e—4 1.759e—4
Order 1.016 1.077 1.203 1.585
# of iterations 4 3 3 2 2

decrease as N increases. As follows from Tables 3-5, for both data sets, numbers of iterations for the monotone method,
based on calculation of initial upper solutions by solving linear problems (46), are approximately twice as less as for the
monotone method, based on constant initial upper solutions (50).
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