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Abstract

In this paper, the Cohen—Grossberg neural network model with both time-varying and continuously distributed delays is considered.
Without assuming both global Lipschitz conditions on these activation functions and the differentiability on these time-varying
delays, applying the idea of vector Lyapunov function, M-matrix theory and inequality technique, several new sufficient conditions
are obtained to ensure the existence, uniqueness, and global exponential stability of equilibrium point for Cohen—Grossberg neural
network with both time-varying and continuously distributed delays. These results generalize and improve the earlier publications.
Two numerical examples are given to show the effectiveness of the obtained results. It is believed that these results are significant
and useful for the design and applications of the Cohen—Grossberg neural networks.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The Cohen—Grossberg neural network models, first proposed and studied by Cohen and Grossberg [8], have been
widely applied within various engineering and scientific fields such as neuro-biology, population biology, and computing
technology. In such applications, it is of prime importance to ensure that the designed neural networks be stable. This
neural network can be described by the following differential equations [8]:

dx; (1) "
T = —a;(xi (1)) | bi(x; (1)) — ; cijgj(xj(®) + i ()]
for i = 1,2,...,n. In hardware implementation, however, time delays occur due to finite switching speed of the

amplifiers and communication time [7]. On the other hand, it has also been shown that the process of moving images
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requires the introduction of delay in signal transmitted through the networks [20]. It is known that time delays may lead
to oscillation, divergence, or instability which may be harmful to a system [16,2]. Hence, for the Cohen—Grossberg
model (1), Ye et al. [27] also introduced delays by considering the following system of delayed differential equations:

dux; (1)
dt

K n
= —ai(i (1) | bixi(0) = Y Y g0t =) )

k=0 j=1

fori =1,2,...,n.Further studies were taken by Wang and Zou [25,26], Lu and Chen [15], Chen and Rong [5], Rong
[19], Liao et al. [13], Cao and Liang [3] about the following model:

dox: ([) n n
5 = a0 0) | biGi(0) = Y g (0) = Y dije (i = Ty) + i (3)
j=1 j=1
fori=1,2,...,n.In[26,5], several sufficient conditions were obtained to ensure model (3) to be asymptotically stable.

In [19,34], based on Lyapunov stability theory and linear matrix inequality (LMI), several sufficient conditions were
obtained to ensure model (3) to be robustly stable. In [13], several sufficient conditions were obtained to ensure model
(3) to be exponentially stable. A set of conditions ensuring global exponential stability of model (3) were derived in
[25] when cij = 0 and dij = 0, respectively. And, by property of Lyapunov diagonal stable matrix, absolutely global
stability was studied in [15] for model (3) when dij =0.

Usually, constant fixed time delays in models of delayed feedback systems serve as good approximation in simple
circuits having a small number of cells. In most situations, delays are time-varying. Therefore, the studies of neural
networks with time-varying delays are more important and actual than those with constant delays. Recently, Hwang et
al. [12], Cao and Liang [3], Arik and Orman [1] and Yuan and Cao [28] studied the Cohen—Grossberg neural networks
with time-varying delays of form

dx; () . -
5 = O) | b (0) = Y cyigj (i(0) = D dije (e = Ti(0) + i @)
j=1 j=1
fori =1, 2,...,n. Several sufficient conditions were obtained to ensure global exponential stability for model (4).

Meantime, Zhang et al. [31], Chen and Rong [6] have considered the following model:

do: ([) n n
—g = i O) | bini©) = Y cyigj () = Y dij £ 0t = 1)) + i ©)
j=1 j=1
fori =1,2,...,n. Several sufficient conditions were given to ensure global exponential stability for model (5).

Since a neural network usually has a spatial nature due to the presence of an amount of parallel pathways of a variety
of axon sizes and lengths, it is desired to model them by introducing continuously distributed delays over a certain
duration of time such that the distant past has less influence compared to the recent behavior of the state [10]. Recently,
it is noted that stability of Hopfield neural networks, cellular neural networks and bidirectional associative memory
neural networks with the continuously distributed delays are discussed in [10,18,17,32,22,14,33,29,23,30]. Today, both
time-varying delays and distributed delays have been widely accepted as important parameters associated with neural
networks models. The recurrent neural networks models with both time-varying delays and distributed delays have been
considered in [23,30]. To the best of our knowledge, few authors have considered Cohen—Grossberg neural network
model with both time-varying delays and distributed delays. In this paper, without assuming both global Lipschitz
conditions on these activation functions and the differentiability on these time-varying delays, as need in most other
paper, we shall study global exponential stability of Cohen—Grossberg neural network with both time-varying delays
and distributed delays.
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2. Model description and preliminaries

In this paper, we consider the following model

dx; (1) n n
o=~ @O [ hita(0) = Y ejig; (6 0) = Y digf(xj = 735(1)
j=1 j=1
n t
_ Z Qij/ K,'j(l‘ —s)vj(x;(s))ds + I; (6)
=1 0T
fori =1,2,...,n, where n corresponds to the number of units in a neural network; x; () corresponds to the state of

the ith unit at time #; g;(x; (1)), fj(x;(¢)) and v;(x;(¢)) denote the activation functions of the jth unit at time #; rij(t)
corresponds to the transmission delay along the axon of the jth unit from the ith unit and satisfies 0 < rij(t) < Tjj (Tij isa
constant); a; (x; (t)) represents an amplification function at time #; b; (x; (¢)) is an appropriately behaved function at time
t such that the solutions of model (6) remain bounded; C = (Cij)nx n D= (dij)nx nand O = (ql-j)nX , are connection
matrices, /; is the constant input from outside of the network; the delay kernel K ij: [0, 4+00) — [0, +00) is real valued
nonnegative continuous function and satisfies [30]

+o0
| PRy as = s,

where pl-j(/i) is continuous function in [0,0), 0 > 0, and pl-j(O) =1,i,j=1,2,...,n.

The initial conditions of model (6) are of the form x;(s) = ¢, (s), s <0, where ¢; is bounded and continuous on
(=00, 0].

Throughout this paper, we make the following assumptions:

(H1) Each function a; (u) is continuous and 0 < a; <a;(u) forallu e R,i =1,2,...,n.
(H2) b;(u) is monotone increasing, i.e., there exists a positive diagonal matrix B = diag(b1, b2, ..., b,) such that
bi(u) — b;(v) b,
u—v

forallu,v e R(u #v),i=1,2,...,n.
(H3) For functions g;, f; and v;, there exist three positive diagonal matrices G =diag(G1, Ga, ..., G,), F = diag(F1,
F>, ..., Fy) and V =diag(Vy, Va, ..., V,) such that

gi(ur) — gi(u2)
Uy — un

Situr) — fi(uz)

up —uz

vi(u1) — v (u2)
uip —up

G; = sup

uyFuy

, Fi= sup
uyFuy

,Vi= sup

uyFuy

forall uy #uy,i=1,2,...,n.

Remark 1. In[25-27,15,5,19,13,12,3,1], the amplification function was required to be bounded, positive and continu-
ous. However, the upper bound of amplification function in this paper is not required. In addition, assumption (H2) in this
paper is as same as that in [25,13,31], the condition of differentiability of behaved function in [27,26,15,5,19,12,3,1,6]
is not required.

Remark 2. Assumption (H3) in this paper is weaker than the locally and partially Lipschitz condition which is mostly
used in literature [25-27,15,5,19,13,12,3,1,31,6]. The activation functions such as sigmoid type and piecewise linear
type are also the special case of the function satisfying assumption (H3).

For convenience, we introduce some notations. For matrix A = (aij)nxn € R™" | A| denotes the absolute-value
matrix given by |A|=(lagjnxn; A*=(a;)nxn, Where a;i =aij as aii >0,and a; =0asai; < 0,a;=la;j (i # j); | All=

()vmax(ATA))l/ 2 where Jmax (ATA) represents the maximum eigenvalue of matrix AT A. For matrix A = (aij)mx S
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R™", || A|| denotes Euclid norm defined by || All = (3_/L; 3j_, afj)l/z. For A= (@jj)mxn and B = (bj)pxn € R™",
A>Bdenotesaij>bl-jforalli: 1,2,....,m,j=1,2,...,n.

Definition 1. The equilibrium point x* = (x|, x3, ..., x )T of model (6) is said to be globally exponentially stable, if
there exist constants ¢ > 0 and K > 0 such that

n 1/r
[Z lxi (1) — x;"@ <Kl —x*| e
i=1

for all r >0, where x(t) = (x1(¢), x2(1), ..., Xy (t))T is solution of (6) with initial value x;(s) = ¢,(s), s <0, i =
1,2,...,n. ¢(s): (=00, 0] — R" is a continuous function with ¢ (s) = (¢, (s), P5(s), ..., @, ()T, and || — x*||, =
Supfoo<s<0[2:‘1:1 lp;(s) — x;k|r]1/r, r=1.

Definition 2 (Zhang etal. [31]). Areal matrix A :(aij)nxn is said to be an M-matrix ifal-j <0G, j=1,2,...,mi # j)
and successive principle minors of A are positive.

Definition 3 (Zhang et al. [30]). A matrix A is said to belong to a class Py if A satisfies that all principal minors of A
are nonnegative.

Definition 4 (Cao and Wang [4]). A map H: R" — R"is a homeomorphism of R" onto itself, if H € C°, H is
one-to-one, H is onto and the inverse map H~! € CP.

Lemma 1 (Forti and Tesi [9]). If H(x) € C° satisfies the following conditions:

(1) H(x) is injective on R",
(i) [H )| — +ooas [x]| — +oo,

then H (x) is homeomorphism of R" onto itself.

Lemma 2 (Cao and Liang [3]). Leta>0,by >0 (k=1,2,...,m), then
m 1 m
bqu— r br ,

where g >0 (k=1,2, ..., m) are some constants, kaZI qgr=r—1l,andr>1.

3. Main results

Theorem 1. Under assumptions (H1), (H2) and (H3), model (6) has a unique equilibrium point, which is globally
exponentially stable if

W=B—|C|G—|D|IF —|Q|V (7
is an M-matrix. Where

B = diag(bls by, ..., bn)» C= (Cij)nxn» D = (dij)nxm 0= (ql’j)nxn'

Proof. We shall prove this theorem in two steps.



192 Q. Song, J. Cao / Journal of Computational and Applied Mathematics 197 (2006) 188—-203

Step 1: We will prove the existence and uniqueness of the equilibrium point.
Since the equilibrium point x* = (x{, x3, ..., xj[)T of model (6) satisfy the following equation

n n n
—ai(xf) | i) = D ejigj () = Y dij fi(x) = Y qijui 6 + 1 | =0 ®)
j=1 j=1 j=1
fori =1,2,...,n. From assumption (H1), we know that Eq. (8) is equivalent to the following equation:
n n n
=biGxf) + ) e ) + Y di i) + ) qyju ) — =0 ©)
j=1 j=1 j=1

fori=1,2,...,n. Let H(x) = (H(x), Ha(x), ..., Hy(x))T, where

Hi(x) = =bi(x) + ) cjigi )+ ) dig i)+ ) qjjvj(x)) — I;
j=1 j=1 j=1

fori =1,2,...,n.Inthe following, we shall prove that H (x) is a homeomorphism of R" onto itself.
First, we prove that H (x) is aninjective map on R”. Infact, if there exist x=(x1, x2, .. ., x,,)T and y=(y1, y2, .- -, y,,)T IS
R™ and x # y such that H(x) = H(y), then

— (i) = bi ) + Y, ¢ijgi(x)) — &j(y)) + Y dii(fi(x)) = f; ()

Jj=1 j=1
+ Y () — vj(y) =0
j=1

fori=1,2,...,n.
From assumption (H2), we know that there exists matrix f = diag{f,, ..., p,}(f; = bi) such that

bi(x;) — b (yi) = B (xi — yi)

fori=1,2,...,n.
From assumption (H3), we know that there exist three matrices K = diag{k, ..., k,} >0(—G<K<G), L =
diag{ly, ..., I} >0(—F<L<F)and U =diag{uy, ..., u,}>0(—V <U<V) such that

gix) —gii)=kixi —y), fitx))—fiyi)=Lixi—y), vi(x)—vi(y)=ui(x;i—y)
fori =1,2,...,n. Hence, we have
n n n
—Bi(xi —yi) + Y ek =y + D dijli(xj — ) + ) gy (xj — yj) =0
=1 =1 =1

fori =1,2,...,n. Furthermore, we get

n n n
—Bilxi = yil + Y legjllkjllx; — yil+ D 1dijllljlbx; — yil + D lggjllujllxj — y;1=0

j=1 j=1 j=1
fori =1,2,...,n. Thatis,
(B—ICIIK| = IDIIL] — [QIUN(x1 = yil, [x2 = y2l, -+, [xn — yal) T <0.

From W =B —|C|G — |D|F —|Q]|V is an M-matrix, we know that f — |C||K| —|D||L| — | Q||U]| is also an M-matrix,
hence

xi=y, i=1,2,...,n,

which is a contradiction. So H (x) is an injective on R".
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Second, we prove that ||H (x)|| — 400 as ||x|| = +o0.
Since W=B —|C|G —|D|F —|Q|V is an M-matrix, there exists a positive diagonal matrix P =diag(p1, p2,..., Pn)
such that PW 4+ WT P is a positive definite matrix. Let
H(x) = (H (x), Ho(x), ..., Hy ()T,
where
n n
Hi(x) = — (bi(x) = bi(0) + Y ¢jj(gi(xj) — gj(0) + Y dij(f;(x;) — £;(0))
j=1 j=1

+ ) qjjwjx)) = v;(0))

j=1

fori =1,2,...,n. Calculating

n
x"PH(x)= ) xip;Hi(x)
i=1

= Z —pixi(bi(x;) — b;i (0)) + Z cijpixi(gj(x;) — g;(0))
i=1

j=1

+ Y dipixi(fi () = [ O) + D qijpixi (vj(x;) — v;(0))

Jj=1 j=1
n B n n n
= —pixifixi + Z Cl'jp,'x,'kj)cj + Z dijp,'xl'ljxj' + Z qijPiXiutjX;
i=1 L j=1 j=1 j=1
n B n n
<Y | —pibix? + ) lejjlpiGilxil - Ixjl+ Y djjlpi Fjlxil - 1x,
i=1 | j=1 j=1
n
+ > lgilpiVilxil - 1x,]
j=1
= — (x1l. [l DPW(x1 ], [xal, - DT
1 T T
= = 5(nl xal o b DEW+ WEPY (il [l )
1 n
< = min(PW+WTP) Y

i=1

1, T 2
- Eﬂmin(PWJr WoP)|x]”.
Using Schwartz inequality, we get

Il - WY - 1 )= L din (PW + WT P |Ix |
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When || x| # 0, we have ||ﬁ(x)|| > %lmin(PW—i— WTP)Y(Ix|I/IIPI), therefore ||ﬁ(x)|| — +o00 as ||x|| = 400, hence
1H(x)|| = +ooas |x|| — +o0.

From Lemma 1, we know that H (x) is a homeomorphism of R”, thus, model (6) has a unique equilibrium point.

Step 2: We prove that the unique equilibrium point x* = (x{, x5, ..., x; )T of model (6) is globally exponentially
stable.

Since W = B — |C|G — |D|F — |Q|V is an M-matrix, there exists & = (&1, &, ..., &,)T > 0 such that

n n n
=Gibi + ) el Gy + D Nl Fjé+ ) 1yl Vid; <0
j=1 j=1 j=1

fori =1,2,...,n. Constructing the function
0 n n n
ri0)=¢ (-zyi + ;> + D 1eflGigs + D Myl Fie™ + 3 1yl Vi, pij0)
l . . .
j=1 j=1 j=1

fori=1,2,...,n,where t=maxj <; j<n {r,-j}. Obviously, I';(0) <0, I';(0) — +ooas  — +oo. From the assumption
of the delay kernels, we know that I"; (f) are continuous, so there exist ¢ > 0 such that

n n n
&
Fie)=¢ (—b,» + ;) + ) lelGic; + D ldijlFicie™ + Y 1g;ilVié;pije) <0 (10)
! j=1 j=1 j=1

fori =1,2,...,n.Let
Vi) =x;(t) —x7, @i (yi(t)) =a; (i (t) + x7), Zi(yi(l))zbi(yi(t)vai*)—bi(xi*),

80y =80 +x) = g Fjoi) = fi0j0) +x5) = £,
T (3 (0) = v (3 () +x7) = v (x)),

then model (6) can be rewritten as

dy; - ~ n - n -
yd,(t) = —a;i(yi(0) | bi(yi (@) — Z ¢ijgi (v (1) — Z dij F3 (3t = 15(0)))
J=1 j=1
n t
-2 qij/_ Kjj(t — s)vj(y;(s)) ds (11

j=1
fori=1,2,...,n.Let

w; (1) = e |y; ()]
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fori=1,2,...,n.Calculating the upper right derivative D+ w; (¢) of w; (¢) along the solutions of (11), from assumption
(H1), (H2) and (H3), we get

n

DFwi(r) = e sgn(yi(0) { =@ (i (1) | b i) = Y ¢igi (v 1) = Y dij (vt = 735(0)))

j=1 j=1

—Zq,] f Kjj(t — )T (i () ds | t+ee [y (1)

j=1

=esgn(yi (1) | =G (i (D) | Bivi(t) = Y ejjkjyi ) = D dijl (¢ — (1))

j=1 j=1

Sy [ Ky ds | el

j=1

<ea@ (i (1) § =Bilyi O+ Y lejllkjlly O]+ Y 1djillLl1y; (¢ = 35()]

j=1 j=1

+Z|q,,|/ Kij(t — )l 1y ()1 ds |+ e 3 1)

j=1

<@ (i (0) | —bi |y,<r)|+Z|c,,|F|y,<r)|+2|d,,|c |y (¢ = ()]
j=1

n t
+ 3 lagh [ Ky = syl o)l ds |+ el 0)
j=1 o

i

<G (i (1)) (ai - bl-) i@+ Y 1eilGily; Ol + Y 1diIFjly; @ = 50
j=1 j=1

n t
+) |qij|/ Kjj(t = 5)Vjly;(s)] ds
j=1 o

1

n n
~ & eT:+(1)
= @ (yi(1) (f - bi> wi(t) + Y el Gjw;(6) + Y Idjil Fje U w;(t — 7j(0))
“ j=1 j=1
n t
+ > lg;lv; /ooe“’—”K,-j(r — s)w;(s)ds
j=1 -

<@ (i) (Z ~b; ) wi (1) + Z el G jw; () + egfz il Fjw; (¢ = 735(0))

Jj=1 j=I1

n t
+y |qij|Vj/ e TIK it — s)wj(s)ds (12)
j=1 -

fori=1,2,...,n
Defining the curve y = {z(l) = (&1, &, ..., E,D)|l > 0} and the set Q(z) = {u|0<u<z,z € y}. It is obvious that
Q(z()) D Q(z(I")), when [ >[’.



196 Q. Song, J. Cao / Journal of Computational and Applied Mathematics 197 (2006) 188—-203

Letlp= (14 9)|l¢ — x*|,-/min1 <; <» {&;} (9 is a positive constant), then
wi (s) = ey (DI ()] = @i (5) — x[1< P — x|l <&ilp,  —00 <5<0.
In the following, we will prove that
w;(t) < ¢ilo
fortr>0,i =1,2,...,n. If (13) is not true, then there exist some i and #; such that
wi(t) = &lo,  DYwi(r) =0 and  w; (1)< lo
for —co<t<t, j=1,2,...,n. However, from (10) and (12) we get
n n
DY wi (1) <a; (yi(1)) <ai — bi) Eilo + Z leijl G & lo + € Z |djj| Fi&;lo

' j=1 j=1

n 0
+ Z |qij|Vj/ eﬁ(tl—s)[(ij(tl — s)fjlo ds
j=1 -
€ - n
=a; (yi(1)) <Z — bi) &+ Z |Cij|Gjéj + et Z |dl-j|Fj§j
j=1 j=1

n
+ ) laijlVipij )¢, tlo <0,
j=1

this is a contradiction, so
w; () < &;lo
fort>0,i=1,2,...,n. Thatis
i (1) — x| < Eiloe™
forr>0,i=1,2,...,n. Hence
n L/r
{Z i (1) — x,-*|’} <Kl —x*[ e
i=1

for all £ >0, where

_a+9L, D

K - Z
ming <; <, (&}

> 1.

It means that the equilibrium point of model (6) is globally exponentially stable. The proof is completed. [l

(13)

Remark 3. InTheorem 1 in this paper, the condition ensuring global exponential stability for model (6) is independent

of amplification function and delays, which implies the strong self-regulation is dominant in the networks.

Corollary 1. Under assumptions (H1), (H2) and (H3), model (6) has a unique equilibrium point, which is globally ex-
ponentially stable if there exist constants vy >0 (k=1,2, ..., K1), >0(k=1,2,..., K2), 0 >0(k=1,2, ..., K3),
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7, >0G=1,2,...,n), ’fij’ é:-‘j, nij» n;fj, Pijs p;‘j, ojjs o’;j, %js oc;.‘j, ﬁijs /3;3‘]- €R(,j=1,2,...,n)such that

n /K B e g ym
Z (Z Vk'cijlrél-]/Vij y | -]lG jl + Z Pl]/llk l]
j=1 \k=1
* Kz *
Vi rp*. U" racsjoy . TBiloky s roct. ”ﬁ'l‘
+ ldjil JF T Y onlgyl 0 v + il 1, ) < by, (14)
L k=1 1

Wherer:zlleﬂk“‘122121/%"'1:25;1“%4‘13Klfij“‘é;fj:l,Kl?lij‘f"?}}:l’KZPij‘*‘P}}:l’KZUij‘f‘U;}:L
Ksojj + o, = 1, K3 + fjy = 1

Proof. We consider the following linear system

d—f:(—B—i—lClG—i—lDlF—i—lQlV)z. (15)

Constructing a Lyapunov function

1 n
V(z) = ;2; yilzil"
1=

Calculating the right derivative DTV of V along the solutions of (15), we get

DTV =Yyl ™ {sen ) | —bizi(0) + Y (el G + il Fy + laggjlVidz, (1)

j=1
n n
<Y —bilz O + Y (el G+ 1dijl Fj + lggjl Vlzi (O ™z ()] ¢ - (16)
= p
From Lemma 2, we get
/} ../7k é* 11l..
leijl G jlzi () zj ()] = H(| il 7" j’ D™ x lejil TG Y1z, 0))
k=1
K . *
1 TR TTAL: r&E T
<;<Z welegil TG Y O + el TG, Vgl ). (17
k=1
Similarly, we have
1 rpilt O oy %
\djj| Fjlzi (01 Nz (0] < = (Z pldigl " o) +1dggl T E; iz o1 ), (18)

K3

— 1 rogs /o) ﬁl'/ k roct. r/};f'
l9;1Vjlzi (O] 1|zj(r>|<;<z olgl TV o + gl vy Vizor ). (19)
k=1
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By applying (17)—(19) to (16), according to the inequalities in (14), we get

1 n K e M) i
D+V(Z)<;ZV,~ —rb,-—i—Z(Z velegl VG N S | | JlG "]
i=1 =1 \k=1 !

K> 0—..//11{ F rpk. ro*.
+ 2 mld T
k=1 !

K3 * B%.
rocssjoy . TB; i/ oy ros. B
+ 2 ordayl IV gl IV ) or
k=1

<0, t>0. (20)

From (15) and the Lyapunov stability theorem [21], we know that the zero solution of (15) is globally asymptotically
stable, furthermore, the real parts of all eigenvalues of matrix B — |C|G — |D|F — |Q]|V are positive. Hence, B —
|C|G — |D|F —|Q]V is an M-matrix. From Theorem 1, we know that model (6) has a unique equilibrium point, which
is globally exponentially stable. The proof is completed. [J

Remark 4. It is difficult to check the condition of Corollary 1 in this paper, the condition of Theorem 1 in this paper
is easy to test in practice.

When Q =0, model (6) becomes model (5); when D =0, model (6) becomes the following Cohen—Grossberg neural
networks model with distributed delays:

d)C‘(I) n n 1
o = ) | b)) = Y cyigj (i) = D gy /_ _Kyj = sy ds + 1 21)
j=1 j=1
fori =1,2,...,n. For model (5) and (21), we have the following results.

Corollary 2. Under assumptions (H1), (H2) and (H3), model (5) has a unique equilibrium point, which is globally
exponentially stable if

W =B —|C|G — |D|F (22)
is an M-matrix, where

B = diag(bl s bo, . by), C= (Cij)nxm D= (dij)nxrr

Corollary 3. Under assumptions (H1), (H2) and (H3), model (5) has a unique equilibrium point, which is globally
exponentially stable if there exist constants vy >0 (k=1,2, ..., K1), >0(k=1,2,...,K2),7; >00=1,2,...,n),
Eij» Eijp Mijs M Pijp P> 04 0y € R G, j=1,2, ... m) such that

n K . * K> *
5 11/ A . QT- rn.. .. r0'~-/,uk a . rp’f. ro..
D (20 wley 06T i 6 4 3 (T T ) <,
=1 \k=1 Vi k=1 ’ Vi

(23)

wherer:Zf:'I v+ 1 :Zfil,uk—i- I; Klél'j—i-f;j: 1, Klnij—i-r];sz 1, szl'j—l-p;fj: 1, Kzal'j—i-a;'fj: 1.

Remark 5. The activation functions of Corollary 3 in this paper is weaker than that of Theorem 3 in [3]. The condition
ensuring global exponential stability of model in [3] can be derived from Corollary 3 in this paper. So, the result in [3]
is a special case of Corollary 3 in this paper.
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Corollary 4. Under assumptions (H1), (H2) and (H3), model (21) has a unique equilibrium point, which is globally
exponentially stable if

W=B—-|C|G—|0|V 24)
is an M -matrix, where

B =diag(by, b2, ..., by), C:(Cij)nxnv Q:(C]ij)nxw

Corollary 5. Under assumptions (H1), (H2) and (H3), model (21) has a unique equilibrium point, which is globally
exponentially stable if there exist constants vy > 0(k=1,2, ..., K1), 0 >0(k=1,2,...,K>2),y;>00G=1,2,...,n),
Ctij’ g*;k]’ njj» 17?]" % a?j’ ﬁij’ [3;; eR(,j=1,2,...,n) such that

n K ¢ %
ESHAL ”71"/" : o /wk rfiifox s ros. B
Z(Z velel VG ! |c ! ]lG i —l—Zwqu,]l v ’ +y_{|‘1ji| Jtv, 1) <,
=1 \k=1 P j

(25)

wherer:Zle1 Ve + 1 =Zf:21wk+ I; Klil-j—i—f;sz 1, Kml-j—i—n;?].: 1, Kgocl-j—i—oc;sz 1, Kzﬁl-j—l-ﬁ;fj: 1.

Remark 6. In [24], Wan and Sun have discussed the global asymptotic stability of model (21) when cij = 0 and the
activation functions were required to be monotone and smooth, but the exponential stability was not discussed.

4. Comparisons and examples

Model (6) in this paper is a quite general Cohen—Grossberg neural network model. For example, when g;; =0 (i, j =
1,2, ..., n),model (6) includes the models from (1) to (5), which have been studied in [8,25-27,15,5,19,13,12,3,1,28,31].
In [8,25-27,15,5,19,13,12,3], the boundedness of the activation functions was required; in [1], the differentiability of
the activation functions was required; in [1], the differentiability of the time-varying delays was also required. When
a;(x;(t)) =1and qjj = 0, model (6) becomes the following model:

dx; ® _
dr

—bi (x; (1)) + Z cijgj (xj () + Z djjgj (x;(t = jj()) — (26)

Jj=1 Jj=1

fori=1, 2, ..., n,whichis investigated by Huang and Cao [11]. In [11], b; (x; (¢)) was required to satisty b; (0) =0, and
the time-varying delays was required to satisfy rl-j(t) =1;(t) and dt;(t)/dt <0.Furthermore, when b; (x; (t)) =b; x; () (b;
is a positive constant), model (26) becomes the recurrent neural network model with time-varying delays, which includes
Hopfield neural network model and cellular neural network model. When a; (x; (¢)) =1, b; (x; (t)) =b; x; (t) (b; is positive

constant) and v; = f; = g; (i = 1,2, ..., n), model (6) becomes the following model:
dox;: ([) n n
5= b0+ ) () + 3 dijej(xt — 7))
j=1 j=1
n t
+> qij/ Kjj(t = 5)gj(s)ds — I; @7)
j=r T

fori =1,2,...,n, which is investigated in [29,23,30]. In [23,30], the monotonicity of the activation functions was

required; in [29], the activation function was required to be the special function g(0) = %(|0 +1]—=|0—1]),and b; =1.
It is worth noting that we neither assume the boundedness and the differentiability of the activation functions, nor
assume the differentiability of the time-varying delays, as needed in most other papers. In addition, the following
examples show that the results obtained in this paper have a less restriction than those in the earlier results.
To compare with the earlier results, the results in [12,3,30] are restated as follows:
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Theorem 2 (Hwang et al. [12]). Under assumptions (H1), (H2), (H3) and the boundedness of the activation func-
tions, the equilibrium point of model (4) is globally exponentially stable if

G(ICll2 + IIDll2)n <1, (28)

where G = max) <; <, {Gi}, n = —2<i<n Bl o)) — (1na (CTC)Y2 and | Dlla = Ganax (DT D)) V2.

miny < <n {9 5;)°

Theorem 3 (Cao and Liang [3]). Under assumptions (H1), (H2), (H3) and the boundedness of the activation functions,
the equilibrium point of model (4) is globally exponentially stable if there exist constants y, >0 (k=1,2,..., K1),
w>0k(=1,2,...,K), pijs p;‘j, qjj» qlf“j,fij, i;fj, Mijs 17;5. € R such that

o1 > 0o >0, 29)

wherer:Zf:'ka—l— 1 :Zfil,uk—i— 1; Klél-j—i—é:fj-: 1, K111l-j+r];.‘j= I, szij—i—p;j: 1, qul'j—l—q;."j: 1, and

. AL réiilne il 1 & il i
o= min Srpi=5 Y Y wley 06T <7 Y Y a6,
= j=1 k=1 j=1 k=1

n P rr]’f.
rcs.
= el gl I
- E :O‘J|C]z| G,
j=1

<isn £

1 rps. TG

= 2 aild JiG, I

) 1m'a§ 1ocj|a7ﬂ| G, .
j:

Theorem 4 (Zhang et al. [30]). Ifevery activation function are partially Lipschitz continuous and monotone increasing
function, then the model (27) has a unique equilibrium point which is absolute exponential stable if

—(CT+IDI+1Q) € P. (30)

Example 1. Consider the following model:

d
nw _ —(1+0.2 cos x1(1))[6x1 (1) — g1(x1(1)) + g2(x2(1)) — g1 (x1(t — (1)) + 2],

t
d
x;,(t) = —(1 4 0.2 sin x2())[4.5x2(2) + g2(x2(1)) — g1(x1(t — (1)) (31)

—g2(x2(t — (1)) — 3],
where g1 (u) = go(u) = %(Iu + 1| — |u — 1)), ©(t) = 3| cos t| + 1.

Model (31) satisfies all assumptions (H1), (H2) and (H3) in this paper with

1 -1 1 0
bi=6, by=45, G =Gr,=1, C_<O _1), D_(l 1),

t=4, L=2, DL=-3,

6 0 1 0
B_(O 4.5>’ G_(O 1)'

It is easy computing that

then

4 -1
W=B—|C|G—|D|G= (_1 2.5>
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is an M-matrix. From Corollary 2, we know that model (31) has a unique equilibrium point which is globally exponen-
tially stable. o
Since o, =0, =0.8, %1 =02=1.2, §; =6, f,=4.5, wecan get G=max| <; <2 {G;}=1,n=max; <; <2 {%;}/min| <, <2

(% B:}=3, ICll2=Cmax (CTCN' =1/ B + v/5)/2, | Dll2=(nax (DT D)) > =/ (3 + ¥/5)/21n (28), hence G (|| C [l +
[|D|l2)n > 1. Thus, Theorem 2 is not hold, which means that Theorem 2 is not applicable to ascertain the stability of
model (31).

On the other hand, if we take r =4 and K1 = K> =11n(29), then y; = u; =3, éij—i—f;‘j: 1, nl-j—f—n:fj: 1, pij+p;‘j: 1,
qij + qlf"j =1,i, j =1,2. Itis easy computing that

2 Kj 2

. B e M]lj/yk 3 K> D/ rqu/ﬂk 2 B rﬁ’fi r’l}:i
o= min ratis 3 3 leyl 0G5 S a6 S e ] <12
U j=1k=1 j=1k=1 j=1
2 * rgx.
_ pe. i
— Nd=l TG T =24
02 121?22 ' %jldjil )G, ,

j=1

01 < d2. So Theorem 3 is not hold, which means that Theorem 3 is not applicable to ascertain the stability of model
(31).
Since g1 and g» are not differentiable, the results in [6] cannot apply to ascertain the stability of model (31).

Example 2. Consider the following model:

d
x(;t(t) =—Tx1(t) + g1(x1 (1)) + g2(x2(t)) — 2g1 (x1(r — (1))
+2/ioo K@ — S)gl(s) ds + fioo K@t — S)gz(s) ds + 1, )
d
x;t(t) = —9x2(t) + g2(x2(t)) — g1(x1(t — (1)) + 2g2(x2(t — 7(2)))

=3[ Kot —s)gi(s)ds + 1 Kn(t — 5)ga(s)ds — 3,
where g1 (1) = go(u) = £ (lu+ 1| — [u — 1)), K;j(0)= GO e 3 yml,m =0, 1,2, .. 50, j=1,2;1(t) =2| sint].

It is easily computing that pij(ﬁ) = fooo eﬁeKl-j(Q) do =1/ =3p)y™ i j=1,2,m=0,1,2,..., pij(ﬁ) is
continuous function in [0, %). Model (32) satisfies assumptions (H1), (H2) and (H3) in this paper with

70

B‘(o 9)’
10
G_F_V_(O 1),

(o 1) p=(32) e=(5 1)

in (7). It is easily computing that

2 =2
B—ICIG—IDIF—IQIV—(_4 5)

is an M-matrix. From Theorem 1, we know that model (32) has a unique equilibrium point which is globally exponentially
stable.
On the other hand, since

11 2 0 2 1
=0 1) w=(i2) e=(51)
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in (30),
—(Ct+ DI+ 10]) = (:Z :i) ¢ P,

Theorem 4 is not hold, which means that Theorem 4 is not applicable to ascertain the stability of model (32).

5. Conclusions

In this paper, the Cohen—Grossberg neural network with both time-varying and distributed delays has been studied.
This neural network is quite general, and can be used to describe some well-known neural networks, including Hopfield
neural networks and cellular neural networks. Without assuming both global Lipschitz conditions on these activation
functions and the differentiability on these time-varying delays, by constructing proper vector Lyapunov functions,
using M-matrix theory, several new sufficient conditions have been obtained to ensure the existence, uniqueness, and
global exponential stability of equilibrium for Cohen—Grossberg neural network with both time-varying and distributed
delays. The sufficient conditions obtained are independent of amplification function and delays, which implies the strong
self-regulation is dominant in the networks. It is worth noting that in this paper neither the activation functions are
assumed to be bounded and differentiable, nor time-varying delays are assumed to be differentiable. Several previous
results are improved and generalized, and two examples are given to show the effectiveness of obtained results.
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