Journal of Computational and Applied Mathematics 229 (2009) 264-273

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

A model in a coupled system of simple neural oscillators with delays”

Chunrui Zhang?, Yazhuo Zhang®, Baodong Zheng"*

2 Department of Mathematics, Northeast Forestry University, Harbin 150040, PR China
b Department of Mathematics, Harbin Institute of Technology, Harbin 150001, PR China

ARTICLE INFO ABSTRACT

Article history: We consider a coupled system of simple neural oscillators. Using the symmetric functional

Received 19 July 2008 differential equation theories of Wu [J. Wu, Symmetric functional differential equations
and neural networks with memory, Transactions of the American Mathematical Society 350

Keywords: (12)(1998) 4799-4838], we demonstrate the multiple Hopf bifurcations of the equilibrium

g;’;%eedtr‘;scmamr at the origin. The existence of multiple branches of bifurcating periodic solution is obtained.

Then some numerical simulations support our analysis results.

Delay differential equation © 2008 Elsevier B.V. All rights reserved.

Stability
Hopf bifurcation
Periodic solution

1. Introduction

Oscillation is a common feature of neural networks and has become an important aspect of neural information processing.
There is a large number of results about the existence of periodic solutions of neural network model [4,9,10,12]. These
theoretical results are helpful to understand the system’s dynamics and are important complements to experimental and
numerical investigations using analog circuits and digital computers.

Coupled networks of nonlinear dynamical systems have become a topic of considerable attention recently, mainly
because a wide variety of physical and biological systems can naturally be modeled by such coupled networks. Coupling
can lead an oscillators’ synchronization, chaos, symmetric bifurcation and so on [1,7,8]. For example, networks of coupled
dynamical systems have been used to model biological oscillators, Josephson junction arrays, genetic control and neural
networks [2].

In the research of nonlinear dynamical systems, symmetric systems have become important topics. In general, the
symmetry reflects a certain spatial invariant of the dynamical systems. Some bifurcations can have a smaller codimension
in a class of systems with specified symmetries. In others, on the contrary, bifurcations may not occur in the presence of
certain symmetries [3,11].

Time delays have been incorporated into symmetric models by many authors. There has been great interest in dynamical
characteristics especially bifurcations where assumptions of symmetry properties of a delayed neural network [4-6,9] are
given. For example, Wu [9] studied the local and global Hopf bifurcations of symmetric functional differential equations,
which is a creative work. Guo [4] and Huang discussed the Hopf bifurcating periodic orbits in a ring of neurons with
delays. Peng [6] discussed the D,-equivariant Hopf, pitchfork bifurcations in continuous and discrete dynamical systems
with delays [8]. However, in the case where coupled neural networks are not fully connected, they possess a structure that
is independent of the symmetry which should naturally be taken into account when analyzing the (typical) dynamics of
neural networks.
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A simple neural network composed of an excitatory and an inhibitory neurons oscillates easily by injecting a feedback
signal from the excitatory neuron, which we call a simple neural oscillator. When this simple oscillator is coupled in a ring,
new oscillatory models are generated uniquely by the effects of the connection. Hence sometimes, the models have many
symmetric properties. In-phase oscillation, anti-phase oscillation and phase-shift oscillation are typical models observed in
the system [7]. In this paper we consider a coupled system of simple neural oscillators described as:

dx; (t)
= —ux:(£) + bo (e (1) — a0 (e 41t — 7)) — a0 (X_1(t — 7)),
dy, (6) (1.1)
= (0 = bo (kD) + coBr (D), T=1.2..m,

where xog = X, i, a, b and c are positive coupling coefficients, T > 0 is a delay. The output function o is assumed as:
o (x) = tanh(x). Variables x, and y, are the state of inhibitory and excitatory neuron respectively. An excitatory neuron
is assumed to have positive outputs. On the other hand, an inhibitory neuron always outputs negative signals. A pair of
inhibitory neuron x, and exhibitory neuron y, (r = 1,2,...,n) become a simple oscillator. We are interested in the
consequences of the structure coupled neural network model (1.1) on local bifurcations.

In Section 2, some results on circle block matrix are given. Then in Section 3, by writing system (1.1) into its linearized
system, we show that the structure of system (1.1) can be represented by a dihedral group D,. There is a fully symmetric
solution that loses stability as a parameter varies, and this loss of stability is due to the crossing of imaginary eigenvalues
through the imaginary axis, and the Hopf bifurcation to periodic solutions appears. In Section 4, using a local symmetric Hopf
bifurcation theorem of Wu [9], we obtain some important results about the spontaneous bifurcations of multiple branches of
periodic solutions and their spatio-temporal patterns: mirror-reflecting waves, standing waves, and discrete waves which
describe the oscillatory mode of each neuron.

2. Some results on circle block matrix

Consider a circle block matrix:

Ao A1 Az e Anfl
) A1 Ao Ay - A
Cer(A(),A],...,An_l) = . . .
At At A o0 Ao
whereA;, (r =0,1,2,...,n—1),isak x k matrix.
In this section, we only consider the eigenvalues and eigenvectors of the matrix Circ(Ag, A1, . .., An_1).
Letu, = e¥i(r =1,2,...,n) be the roots of the equation x" = 1. Define a function of matrices:
fX) =Ao+xA1 + XAy + -+ X" Ay,
Then we have the following conclusion of Circ(Ag, A1, ..., An_1).
Lemma 2.1. (1) det(Aly, — Circ(Ag,A1,...,A_1)) = ]_[f=1 det(AMy — f(u;)). Therefore Ao is an eigenvalue of

Circ(Ao, A1, ..., Ay_1) ifand only if Ag is an eigenvalue of f (u,) for somer (r =1,2,...,n).
Q) If x(()r) is an eigenvector of f(u,) about the eigenvalue Af)r), then

()

Xo
urxg)
1,0
u X,
is an eigenvector of Circ(Ag, A1, ..., Ay_1) about the eigenvalue )Lg) r=1,2,...,n).
Ik Ik Ix
uyly upl s Unlg
Proof. (1)LetT = : : - | Then
uqillk u;illk ugillk
f (u1)
fup)

T~1Circ(Ag, A1, ..., Ap_1)T =

f(un)
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Hence
n
det(ilin — Circ(Ao, Ar, ..., An1) = | ] detGuli — f (),
r=1

the conclusion (1) is obtained.

(2) Let xg) be an eigenvector of f (u,) about eigenvalue kér) (r=1,2,...,n). Then we have
Ao Aq Ay o An X(()r) f(ur)xg)
A Ay AL - A U u,f (up)x
A A Auca e A SR N g
(r)
Xo(r)
UrX
_ ™ 0
= )‘O : ,
u'1xy

the conclusion (2) is obtained. O

3. Linear stability analysis

It is clear that (x;, ;) = (0,0) (i = 1, 2, ..., n) is an equilibrium point of Eq. (1.1). The linearization of Eq. (1.1) at the
origin leads to

&) = —uX; (t) + by, () — axp 41 (t — T) — ax 1 (t — T),
dy,(t) (3.1
ar = —uyr(t) — bx,(t) +cy,(t), r=1,2,...,n.

Since tanh(0) = 0. Regarding t as the parameter, we determine when the infinitesimal generator A(t) of the C°-semigroup
generated by the linear system (3.1) has a pair of pure imaginary eigenvalues. The associated characteristic equation of Eq.
(3.1) takes the form

det(A(r, 7)) = 0,
when
A(A, T) = My — Circ(Ag, Aty - .., A1),

e b _(—a 0\ {0 0
AO_(—b _I«L+C), A]—(O 0)8 N Az—(o 0),...,
0 0 —a 0\ _
An—Z = (O 0) ) An—] = < 0 0) e )LT'

Let C([—t, 0], R") denote the Banach space of continuous mapping from [—t, 0] into R" equipped with the norm
lell = sup_,<p<o | @(®) |forep € C([—7,0],R").Letoc € R,LA > 0,X : [0 — 7,0 +A] — Rt € [0,0 + A] be
defined by X;(#) = X (t + 0) for —t < 6 < 0. Define the mapping f : C([—7, 0], R**?) — R™? by

and

g0 +bo (¢ () — a0 (¢}, (=0)) — ao (g7, (~ ) (32)
—19?(0) = bo (9" (0)) + co (¢ (0) ’ '

Where Y = ((p(])v (p(Z)) € C([—T, O]a RnXZ), (p(l)a (p(Z) € C([—f, O]a Rn)
Rewriting Eq. (3.1) as

U(t) = LU(t) (3.3)

T

—10t” 0 + b () — apY (—1) — agV, (—0)
—16!? (0) = bp " (©) + g (©) '

The infinitesimal generator of the Co-semigroup generated by the linear system (3.3) is #4(t) with

AP =¢, ¢ eDom(A(T)), Dom(A(r)) ={¢ €C, ¢ e C,p(0) = L(1)¢}.

with Ly, = (
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In the following, we explore the symmetry in Egs. (1.1) and (3.1).
Let I' = D, be the dihedral group. I" acts on R"*2 by

(U)r = ((pw)r, (pV)r) = (Ury2, Vr12);
(kU); = ((ku)r, (kv);) = (Upg2—r, Vny2—r) (r mod n),
forany U = (u, v) € R™?,u, v € R".

Theorem 3.1. Both the system (1.1) and the linearized system (3.1) are D,-equivalent.

Proof.
Fop)], = <—u(p¢<”)r<0) + bo (p9?),(0) — ao (p V)11 (—7) — acr(,ogo(l))r_1(—r))T
' —u(p@®)(0) — bo (pp™);(0) + co (pp),(0)
T
_ (—mpﬁlﬁz (0) + bo (92, (0)) — ao (95 (—1)) — ao (qofl)l(—r)))
— 19y 75(0) — bo (9,15 (0)) + o (9 75(0))
= [P (@]
Feoyl — (1000 +bo g, 0) — a0 (ep ) (—1) — a0 (kg )y (1))
wir = —u(kp®)(0) — bo (k") (0) + co (k) (0)

T
_ (—W,S?zf(m + b0 (9125, (0) — a0 (@)1, (=0)) ~ ao (w,ﬁlﬁgr(—r»>
— 19y, (0) = bo (g1, (0) + co (g (0)

(<) (@]
Hence, f is D,-equivalent. That is, the system (1.1) and (3.1) are D,-equivalent. O
Using the Lemma 2.1, we can obtain the eigenvalues of A(t, 1):

n—1

det(A(r, 7)) = [ [ detal — f(uy)
r=0

n—1

= [ [ detir — Ao — u,Ay — ul'A, 1)
r=0
n—1 it 2rr
:l_[det A+ u+ 2ae™*" cos — —b
n
r=0 b A+ m—=cC

n—1
2nr 2rr 2r
= 1_[ [AZ + u — o)A + pu? + b* + 2acos T e 4 <2a cos Lu — 2acos Lc) e M — cu}
r=0 n n n
M 4+Cu—0r+pu?+b*+2ah +pn—c)e ™ —cu)

n—1

2nr
1_[ [kz + Q2u — o)A+ p? +b* + 2acos T e
n

r=0

2r 2r iz 2 .
+ {2acos —u — 2acos —c | e —cu| =0, nisodd;

n n
=1+ CQu—-0r+u>+b*=2ar+p—c)e ™ —cup) (3.4)

M+ Cu—or+ w2+ 4+u—c+2ar+e ™ —cp)
n—2
=z

2 2, 12 2mr .
A4+ Qu — o)A+ u® + b” +2acos — e
n
r=0

2r 2nr iz 2 .
+ [ 2acos —u — 2acos —c | e —cu| =0, niseven.
n n

Here, f(u;) = Ag + uAy +---+u"'A 1, r=1,2,...,n
We give a direct sum of C"*?:

C("? =EQE @ ®E
with E, = {(VT, VT, .- u™ VDT, vT e R?}andr =0,1,...,n— 1.
The condition for the Hopf bifurcation to occur in each invariant subspace E, is that the equation
27r 27r
M4+ @2u— A+ p? +b*+2acos —re ™ +2acos —(u —c)e M —cu =0 (3.5)
n n

has pure imaginary roots forr =0,1,...,n— 1.
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We make the following assumptions:
2r 2 2r
(Hy): u—c+2acos— >0, u"+b°+2acos —(u—c)—cu <0,
n n

2nr 2nr
4d? cos? 7L 4 2+ b —cw) —Cu—0)? <0, (u*+b*>—cp)? —4a® cos? ——(u —c)? <0
n n
forallr =0,1,...,n—1.

27t 27r
(Hy): 4a® cos®? — +2(u? + 0> —cp) — u —¢)? < 0; (u? + b* —cp)? —4a® cos> —(u —c)* > 0
n n

forgivenre{l,Z,...,n—l}\[[g]} (ifniseven)orr € {1,2,...,n— 1} (ifnis odd).

Lemma 3.1. (1) If the assumption (H,) is satisfied, then the zero solution of Eq. (1.1) is stable for all t > 0.
(2) If the assumption (H,) is satisfied, then the Eq. (3.5) has a pair of pure imaginary roots :tiwg) , Where a)(()r) is determined
by the following equation:

n_ V2
@ =

1
2
’

2nr
[4a2 cos? 7L 4 2+ bt —cn) — Qu—o)? + ﬁ]
n
2nr 2 2rr
p= [4a2 cos? —— +2(ut +b* —cp) — Qu — c)2:| —4 [(u2 +b? — cp)? — 4d® cos® = (u — c)z} ,
n n

T _

(r)y2 2,12
(wp ")+ (u”+b*—cp)(—c)
when T L [m — arccos £ =il s

wg 2acos 2”Tr[(w((]r))2+(u—c)2] w(()r) ’

s=0,1,2,....

Proof. (1) For t = 0, Eq. (3.5) becomes

) 2nr ) 5 2nr
A+ 2;L—C+2acosT A+pu“+b +2acosT(,u—c)—cM:O. (3.6)

From (H;), two roots of Eq. (3.6) have a negative real part.

(2) Let ia)ér) be aroot of Eq. (3.5), forr € {1,2,...,n— 1} \ {[5]} (ifniseven)orr € {1, 2, ...,n — 1} (if nis odd), then

n
2
M2 4 2, 2 2 0 ) M1 Q.
—(wg )"+ p°+b°—cu+2acos —J[w, sinwy 't + (L —c)cosw, 7] =0;
n
2rr

Qu — c)wl” + 2acos T[w((,r) cos 't — (u —¢)sinwl’ 7] = 0.

Hence,
2r 2rr

(@) — |:4a2 cos? —+ 2+ b —cp) — u — c)2:| (@2 + (u* + b* — ciu)? — 4a? cos (- )2 =0.

It is easy to see that the conclusions (1), (2) are true. O

Theorem 3.2. Let the assumption (H;) be satisfied, then the D,-equivariant Hopf bifurcations occur in system (1.1)whent = ts(”

forre{1,2,...,n—1}\{[%]}(ifniseven)orre{1,2,...,n—1}(ifnisodd)ands=0,1,2,....
Proof. By Eq. (3.5),
<dk>] (@A 421 — c)erT T 1

— = -+ :
dr 2acos ZL(A+p—0r A AR +p—o)
Hence,
dr) ! P
Re (7) = \(/r: > 0.
v/ —n 4da?cos? B [(wg”)? + (1 — c)?]

Further, if © :rs(r) for r € {1,2,...,n—1}\{[%]}(ifnisever1)orr ef{1,2,...,n—1}(ifnisodd)ands =0, 1, 2, ..,

the Eq. (3.4) has multiple roots :i:ia)g). And the system (3.1) is D,-equivariant. Therefore, the system (1.1) exhibits multiple
Hopf bifurcations. O
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4. Multiple Hopf bifurcations

Firstly, we consider the generalized eigenspace corresponding to pure imaginary eigenvalues of A(7).
Let the assumption (H,) hold and there exists some r € {1,2,...,n— 1} \ {[%]} (ifniseven)orr € {1,2,...,n— 1}

(if n is odd) such that Eq. (3.4) has multiple roots j:ia)(()r> when t = rs(r). From Section 2, we have:

Lemmad4.1. Forr € {1,2,...,n— 1} \ {[g]} (if niseven)orr € {1,2,...,n — 1} (if nis odd), the generalized eigenspace

U, o consisting of eigenvectors of A(rs(r)) corresponding to j:iwg) is
0

4
U:Eia)(()r> = Zngj’ yj € R».’ =1,2,3,4.
j=1

where
£1() = cos(w 0)Re(V;} — sin(w)’O)Im{V,},
£2(0) = sin(w 0)Re(V;} + cos(w)’O)Im{V,},
£3(0) = cos(w0)Re{V,} + sin(w)’6)Im{V,},
£4(0) = sin(w 0)Re{V,} — cos(w)’6)Im{V,},
I
urlp

andV, = ,0 € [—1,0].

u '

In order to study the Hopf bifurcation of the origin, we consider the action of D, x S!, where S! is the temporal. D, x S!
acts by
(I',0)x(t) = I'x(t +6), (I',0) € D, x S".

According to the idea of Wu [9], we shall discuss the bifurcating periodic solution of Eq. (2.1). Fors € Ny, let T =

2

()"
@g
Denote P; the Banach space of all continuous T-periodic solutions X : R — R™2.Then D, x S! acts on Py by

(r,0)x(t) = rx(t +0), (r,0) €D, xS, x e Pr.

Denote by SPr the subspace of Pr consisting of all T-periodic solutions of Eq. (1.1) with t = rs(r). Then for each subgroup
¥ <D, x S, Fix(X, SPr) = {x € SPr; (r,0)x = xforall (r, §) € X} is a subspace.
Consider the several subgroups of D, x S':

21 ={k, 1,1, D}

Xy ={(k, -1, (1, 1},

3= {(p, e'T)),

Zi={(p, e T)).
Lemma 4.2. (1) Fix(X1, SPr) = {z1(e1 + &3) + 22(e2 + €4); 21,22 € R},
(2) Fix(X,, SPr) = {z1(e1 — €3) + 22(62 — €4); 21,22 € R},

(3) Fix(Xs, SPr) = {z163 + 2264, 21, 22 € R},
(4) Fix(X4, SPr) = {z161 + 22625 21,22 € R}.

Proof. (1) x € Fix(X, SPr) if and only if kx = x. Let
X(t) = X181 + X262 + X363 + X484
= x1[cos(w t)Re{V;} — sin(@) )Im{V;}] + x,[sin(w  t)Re{V;} + cos(@) t)Im{V;}]
+ x3[cos(@l )Re(V;} + sin(wOIm{V,}] + xa[sin(w)’ t)Re{V,} — cos(w) t)Im{V,}],
then
kX(t) = Kk[x161 4 X262 + X363 + X484]
= xi[cos(w)” t)Re{V,} + sin(w)’ H)Im{V,}] + x;[sin(w t)Re{V;} — cos(w’ t)Im{V;}]
+ x3[cos(@) t)Re{V;} — sin(w )Im{V;}] + xa[sin(w) t)Re{V;} + cos(w’ t)Im{V,}]

= X1€3 + X2&4 + X381 + X4&3.



270 C. Zhang et al. / Journal of Computational and Applied Mathematics 229 (2009) 264-273

Hence, kx(t) = x(t) if and only if x; = x3,x; = x4. Therefore, Fix(X'1, SPr) is spanded of ¢; 4+ &3 and &, + &4, the
conclusion (1) follows.

(2)x € Fix(X,, SPr) ifand only if kx = x (t + L) forall t € R.
Letx € FiX(Zz, SPT),

X X1€ X2€& X3€& X484
2 1 2 2e2 2 373 2 2

= —X1&1 — X282 — X3E3 — X4&4.

Hence, kx(t) = x (r + %) ifand only ifx; = —x3, x, = —x4, and Fix(X>, SPr) is spanded of £; — &3 and &, — &4, the conclusion
(2) follows.

(3)x € Fix(X3, SPy) if and only if px = x(t — T).

Let

X(t) = X181 + X282 + X383 + X464,

T 2rm 2rm
X (t — —) = X [cos (wér)t — —) Re{V,} — sin (a)((,r)t - —) lm{Vr}:|
n n n

2rm 2rm
+x; [sin (wé”t — T) Re{V;} + cos (wf{)t - T) Im{Vr}]

2rm 2rm
+ X3 [cos (wg)t — —) Re{V,} + sin (a)g)t - ) lm{Vr}]
n
. I8 2rm ) 2rm
+X4|sin|wy't — - Re{V,} —cos| wy 't — - Im{V;}

2rmw L 2rm L 2rm 2rm
= | X1C0S—— —XxpsIn —— J &1 + [ Xy siIn — + X, C0s — | &
n n n n

2rm . 2rm . 2rm 2rm
=+ X3 COS — — X4 SIn —— 83-‘r X3SIH7+X4C057 &4.
n n n n

then

2rm . 2rm
pPE1 = €1COS —— — & SIN ——.
n n

L 2rm 2rm
pPEy = €1SIN —— + & COS —,
n n

2rm . 2rm
PE3 = £3C0S —— —+ €4 SIN ——,
n n

. 2rm 2rm
pPE4 = —E3SIN —— + £4COS ——.
n n
Hence,
px(t) = p(x161 + X262 + X363 + X484)

2rm L 2rm L 2rm 2rm
=Xx1|&1CO0S— —¢&ysin—— ) +x, | €1 SIn —— + &5 COS —
n n n n
2rm . 2rm . 2rm 2rm
+X3| &3C0S —— 4+ &4SIN —— | + X4 | —€3SIN —— 4 £4 COS ——
n n n n
2rmw L 2rm L 2rm 2rmw
= (X1 C0S—— +XxpsIn — ) &1+ | —Xx1SIn —— 4+ X, COS —— ) &
n n n n
( 2rm . 2rn> ( . 2rm 2rm )
+ [ x3c0s — — x4sin — ) €3 + | X3 SiIn —— + x4 COS —— | &4.
n n n n
So, px(t) = x(t — %) if and only if x; = x, = 0, and Fix(Xs, SPr) is spanded of &3, 4.

(4) x € Fix(Xy, SPr) if and only if px(t) = x(t + %).

Similar to the discussing of (3), we have: px(t) = x(t + %) if and only if x3 = x4 = 0, and Fix(Xy, SPr) is spanded of
£1,&. O



C. Zhang et al. / Journal of Computational and Applied Mathematics 229 (2009) 264-273

3 T T

251

1.5F

y(1), y(2), y(3)

- — x(1)-y(1)
e e N0 xene |
Ty |EE x(3)-y(3)
A
‘*,‘\

05}
0 -
05}
1 ) .
-4 -3 -2

Fig. 1. Phase trajectories of system (1.1) with parametersn =3, u =2.5,a =0.5,b=2.5,c =1,7 =0.1.
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Using the Theorem 4.1 of Wu [9] and Lemma 4.2, we have:

271

Theorem 4.1. Assume that (H;) holds. Fix an integer s such that rs(r) > 0. Then near rs(r) there exist three branches of small-

amplitude periodic solutions of Eq. (1.1) with period near
(1) discrete waves:

< rT)
xilt——) =x_1(t);
n

(2) mirror-reflecting solution:

xi(t) = xpi(t);

2

(r)
wg

and satisfying
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Fig. 3. Trajectories y(t), y(t) and y3(t) of system (1.1) with parametersn = 3, u = 2.5,a =0.5,b=2.5,c =2, 7 = 1.
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Fig. 4. Trajectories x;(t), xo(t) and x3(t) of system (1.1) with parametersn = 3, u = 2.5,a =0.5,b=2.5,c =35t = 1.

(3) standing waves:
T

xilt——) =x,_i(0).
n

5. Computer simulation

To illustrate the analytical results found, let us consider the following particular case of Eq. (1.1):

Letn =3, u =2.5,a=0.5b=2.5, c = 1.Fig. 1 shows the equilibrium of Eq. (1.1) is stable when t = 0.1.

Letn=3,u =2.5,a=0.5,b=2.5, c = 2.Figs. 2 and 3 show the synchronous periodic orbit occur when t = 1.

Letn =3, u = 2.5,a = 0.5,b = 2.5, c = 3.5. Figs. 4 and 5 show the periodic solutions separated into three locked-
phased curves when 7 = 1.
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Fig. 5. Trajectories y;(t), y,(t) and y3(t) of system (1.1) with parametersn = 3, u = 2.5,a =0.5,b=2.5,c =35t = 1.
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