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1. Introduction

The Laguerre spectral method has been used extensively for solving PDEs in unbounded domains. Usually, one only con-
siders certain problems with Dirichlet boundary conditions; see, e.g.,[ 1-16]. However, it is also interesting and important to
consider various problems with Neumann boundary conditions. In a standard variational formulation, this kind of boundary
condition is commonly imposed in a natural way. Unfortunately, this approach usually leads to a full stiffness matrix for
approximating the second derivatives.

Recently, Auteri et al. [17] proposed a Legendre spectral method for solving Neumann boundary value problems in
bounded domains. This method differs from the classical spectral method in that the Neumann boundary conditions are
enforced according to an essential treatment, namely, the homogeneous Neumann boundary conditions are satisfied exactly
for each basis. In particular, by taking the appropriate basis, such a treatment leads to sparse and better conditioned matrices.
Wang and Wang [ 18] also analyzed the numerical errors of this algorithm.

In this paper, we shall focus on the Neumann problems in unbounded domains, using the Laguerre spectral method
with the essential imposing of Neumann boundary conditions. For analyzing the numerical errors, we establish some basic
results on the Laguerre approximations for Neumann problems, motivated by [19-21]. As examples, we consider two model
problems. The related spectral schemes are proposed. The convergence is proved. In particular, by choosing appropriate base
functions with zero slope at the endpoint, a tridiagonal matrix is employed for solving a one-dimensional problem, instead
of the full stiffness matrix encountered in the classical Laguerre spectral method. We also present some numerical results
in order to demonstrate the efficiency of this approach.
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This paper is organized as follows. In Section 2, we establish some related results on Laguerre approximations. In
Section 3, we propose Laguerre spectral schemes with the essential imposing of Neumann boundary conditions in one and
two space dimensions, and prove their convergence. We present some numerical results in Section 4. The final section is for
some concluding remarks.

2. Laguerre approximations

In this section, we investigate Laguerre approximations, which form the mathematical foundation of the spectral method
with the essential imposing of Neumann boundary conditions in unbounded domains.

2.1. One-dimensional Laguerre approximations

Let A = (0, co) and y (x) be a certain weight function. For integer r > 0, we have
H;(A) = {u | uis measurable on A and |[u|l; 4,4 < 00},
equipped with the following inner product, semi-norm and norm:
ora= Y [ dluwatuexea
A

0<k<r
1

3 1
|ulrya = </ (8§u(X))2x(X)dX> ol = @k,
A

In particular, we have H)‘? (A) = Li (A), with the inner product (u, v), 4 and the norm |[u|, 4.Foranyrealr > 0, we define
the space H; (A) and its norm ||v||,, 4 by space interpolation as in [22]. We omit the subscript x in the notation whenever

xx) = 1.
Next let wy g(x) = x*e P o > —1,8 > 0.In particular, wg(X) = wo p(x) = e~P*_The scaled Laguerre polynomial of
degree I is defined by (cf. [11])

1

£ (x) = —efol(Ke ™).
I

For any integer N > 0, we denote by £y (A) the set of all polynomials of degree at most N, and

oH(lﬁ (A ={ulue Hfoﬂ (A)andu(0) =0},  oPn(A) ={¢ | § € Pn(A) and ¢(0) = 0}.

Throughout this paper, we denote by c a generic positive constant independent of N, 8 and any functions.
The orthogonal projection OP,\l,’ﬂ’A : (,H(L/j (A) = ¢Pn(A) is defined by

(axu - axOP[zl’/g,AU, ax(p)wﬁ.A = 07 V¢ € 0<(PN(A)~

Due to (i) of Lemma 2.2 in [11], forany u € OHL}“3 (A), we have

lullwp,a = Z110xullwg,a- (2.1)

2
B
Moreover, according to Theorem 2.3 of [11] withe = y = 0and § = B, ifu € Lz)ﬁ (A), oyu € Lﬁ)H ﬁ(A) and u(0) = 0, then
forinteger 1 <r <N +1,

_ 1-r
185 (P g 41 = Wllpa < BT BN Z [ tlluy_ypa. 5 =0, 1. (2.2)
To design a proper spectral method for solving Neumann problems, we use the scaled Laguerre functions as follows
(cf. [23]):
2P =e PP ), 1=0,1,2,....

As pointed out in [23], the set of f,(ﬂ) (x) forms a complete L?(A)-orthogonal system.
In the spectral method for solving Neumann problems, we have to consider numerical solutions and their derivatives on
the boundaries of domains. To do this, we introduce the spaces

F(A) =H'(A) N {u| there exists finite trace of d,u at x = 0},

OF(A) ={u|ue F(A),hu0) =0}, F(A)={ulue F(A),u) = du(0) =0},
Qup(A) = {e2Py [y e Pu(A)].  Qup(A) = (¢ | € Qus(A). B$(0) =0},
00@n,p(A) ={¢ | ¢ € QN p(A), 9(0) = &kp(0) = 0}.
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The set # (A) is meaningful (cf. [19-21]). For instance, if u € H'(A) and d,u is continuous near the point x = 0, then
u € F(A). Moreover, it is clear that H*(A) C F(A).
Next for any u € °% (A), we set

100 = u(x) — <%f3x + 1) u(0ye27%,

It can be verified readily that ii € g (A). In order to obtain precise error estimates, we introduce a mapping 0013,3,’/3’[‘ :
00F (A) — oo@N,/g(A). defined by

pl ~ o o—dpx * 1 1pge~
00Py g all(X) = €72 oPy_1.5.40 (€27°0(§) ) A& € 00@n p(A). (2.3)
0
Accordingly, we define another mapping Oﬁquﬁ_/‘ :0F (A) — %@y p(A) as follows:

- ~ - 1 _1
OBy . 4U() = 00Py 5 4T (X) + (Eﬂx + 1) u(0)e” 2,

Lemma 2.1. If u € °F (A), 0] (e%ﬁ"u) €2 _ (A)forinteger 2 <r <N + 1, then

Wr—2,8
1
3! (e 2 ﬂ"u)

Proof. We first estimate ||8X(001~’,3,’ﬂ’Aﬁ — )]l 4. By (2.1) and (2.3) we have

135 COPY 5 au —wlla < cB2BN)' "2 s=0,1. (2.4)

b
or—3 g, A

1 1 ~ - 1gy 0 1 ~ - -
e 2P%p, (e?ﬁXOOPI\],,ﬂ’Au - ezﬂxu) - 5/S(OOPIEJ’ﬁ.Au — )

18:(o0Py g 4Tl — D) |4 =
A

1 1 ~ 1
+ =B |lezP*poP) , 41l — 2P0
wp, A ZIB 007N.B.4

=2 [oPlsp e (e170) a0 (e104)

Further using (2.2) with s = 0, we obtain that for integer2 <r < N + 1,

IA

1 ~ ~ g,

wﬂ,A

IA

lgo =1 . 1g..
2 Hax (efﬁ"ooPﬁ,ﬁ’Au - ezﬁ"u)

wg, A wg, A ’

136(ooPY . all = D)lla < B BN)'7 o] (e3P . 25)
e or—3 8,4
We next estimate ||0013,3,’ﬂ$Aﬂ — ]| 4. For simplicity of statements, let
X 1gs~
60 = [Pl a0 (eH00)) .
0
Then by virtue of (2.3), (2.1) and (2.2) with s = 0, we get that for integer2 <r < N + 1,
- 1 2 1
Bl ii—iilla = H —efﬁxa‘ < 2 ||oe(¢ — ea H
llooPy g, 4 la ] opn = B (¢ ) o
2 lgy~ 1gyen
=3 HOPI\lI—l,B,Aax (ezﬂ"u) — Ox <e2ﬂ"u) -
< cp2BN)E o (e%f”‘a) . (2.6)
or—3 8.4

Since Oﬁ&,ﬁ,Au —u= oof’ﬂ,ﬁ./‘ﬁ — 11, we have from (2.5) and (2.6) that for integer 2 < r < N + 1,

ar (e%ﬂ"ﬂ)

s=0,1.

~ ~ ~ ~ _ _r
183 CPy g att = Wlla = 1195(00Py g 4T — D)4 < cBT2HBN)' 72

3" (e%ﬁ"u)

wr—z,ﬂy/l

= B2BN) 2

s
or—3 8.4

This ends the proof. O

Remark 2.1. It is pointed out that the main idea and techniques used in this proof come from [19-21].



3232 Z.-q. Wang / Journal of Computational and Applied Mathematics 235 (2011) 3229-3237

In the numerical analysis of the one-dimensional Laguerre spectral method with the essential imposing of Neumann
boundary conditions, we need the following orthogonal projection. To this end, we define the bilinear form ay ; (u, v) as
follows:

a1 (U, v) = (dtt, )4 + AU, V)4, A >0, Vu,v e °F(A).
The orthogonal projection Oﬁﬁlﬁyk,/‘ :0F (A) — %@y g(A) is defined by

a1, CPy gy al — U, ) =0, Vo €@y p(A).
By the projection theorem, for any ¢ € O(le,ﬁ (A), we have

18Py g 5, att = W + APy g5 gt = ully < 13 — w5 + Ao — ull.
Take ¢ = Oﬁ;,_ﬂ_Au € °Qy (A). Then with the aid of (2.4), we verify:

Theorem 2.1. For any u € °F (A), 3] (e%ﬂ"u) € Li,,z,ﬁ(/‘)’ A > 0andinteger 2 <r <N+ 1,
2
ar (e%ﬁ"u)

19xCPY g5, att = W + APy 5, au — ulldy < (B> + 2B~ (BN)* (2.7)

a’r—z,ﬁ.A

2.2. Two-dimensional Laguerre approximations

We now turn to two-dimensional Laguerre approximations. Let A; = A, = Aand 2 = {(x,y) | X € A,y € Ay}
Define a);yﬂ(x) = Wy p(x) and wft’ﬁ(y) = wq,p(y). For a certain weight function x (x, y), we define the weighted spaces

Lf( (£2) and H )1( (§2) with their inner products and norms in the usual way. We omit the subscript x in the notation whenever

xxy) =1
Now let

CF(@2) ="F (A °F (M), "Qup(2) ="@Qn (A1) ® Q@ p(A).
The definition of the space °# (£2) means that for any u(x, y) € °# (£2), we have that
luC M lkica,) € °F (Az) withu(x, ) € °F (Ay),

where the integral in the norm is tlje Bochner integral.
We now introduce a mapping OPIE,,ﬂ.Q (07 (2) = °Qu p(£2) as follows:

0p1 0p1 0p1
PNyﬁYQuz PN,ﬁ’Al- PN.,S,Azu'

For estimating ||°I~’,\1,’B’Qu — u||1., we use the notation that for integer2 <r < N + 1,
r 24 54 r (e8| r(odpx )|
Ay o) =B +87) 9, (e2Pu dx + 9, (e2”u dy
B.2 Yy 2 A X 1 A
A1 —2,°712 Ay @r_p g 41

2
+p74 (/ 3 (e%ﬂyaxu) ar (e%ﬂ"ayu)‘ dy>
! A
Aq r—2.1

2
X dx+/
@1y pA2 Ay
HErp [ e ’
A1

dx.

2
wr—Z,ﬁ’Az

a2 (e%ﬂXa; (e%ﬂyu»

Lemma 2.2. For any u € °# (£2) and integer 2 <r < N + 1,

1°Py g U — ullf o < c(BNY*""A) o (), (2.8)
provided that A%’ o () is finite.

Proof. Since °P} 4 ou =Py, 1 - °P} 4 , u, we have that

1Py 5. ou — ull} o < Fi(u) + F2(w),

where
Fi(u) = 2/ (P o, — W1 + 2110y Oy 4,1 — W15 + 211°Py g 4, u — ull},
Fa(u) = 2[10CPy g 4, - "Py g att = °Pyy g 4 WIS + 200, CPy 4 4, - Py g att — PY 5 4 I
+20°Py 54y - “Pr gyt — Py gl
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Thanks to (2.4), we deduce that

2 2
Fiw) < c(B> + B7H(BN)™ / o (e3u)| ), dy+epTiBNT / o (Mou)|’, @y
Az wV72,ﬂ‘A1 Ay w,»,zyﬂn/h
Similarly
~ 2
R < cp e [ o (et u) dx
A4 . wf_p 542
_ _ _ 1 ~ 2
+e(B7+ BHBNYT / oy (2B pan)|, e
Aq 2,42

Further, by using (2.4) with s = 0, 1 and r = 2, we obtain that
2

2
Fy(u) < cB4(BN)> / o (e%ﬂyaxu) dx + (B2 + B~H(BN)* / o (e%ﬂyu) i dx
A or_5 5. A2 A w2 5 5. Ay
1 B 1 B
2
e+ p N [ o (ebrg (e dx
Aq w?—Z,ﬁ’AZ

A combination of previous statements leads to the desired result. O

In the numerical analysis of the two-dimensional Laguerre spectral method with the essential imposing of Neumann
boundary conditions, we need another orthogonal projection. To this end, we introduce the bilinear form ay ; (u, w) as
follows:

Az, (U, v) = (s, V)@ + (U, fv)g + AU, v)g, 1 =0, Vu,v € °F(2).
The orthogonal projection 013,},‘5’&9 :0F (2) — %Qu () is defined by

5Py g, QU — U, ) =0, Vo € Qup(82).
By the projection theorem,

18Py g5 0t — W% + 13y Py 55 0u — W5 + APy 4, qu — ull
< 13 — W% + 113y — W% + Allp —ull%, Vo € "Qup(£2).
Take ¢ = Oﬁ,l,‘ﬂygu € °Qu 4 (£2). Then with the aid of (2.8), we obtain:

Theorem 2.2. Forany u € °#(£2) and integers2 <r < N + 1,

18Py g0t — WIE + 13y CPY 5, U — WIE + APy 5, ou — ullfy < c(BN)* A o (), (2.9)
provided that A , (u) is finite.
3. The Laguerre spectral method

In this section, we consider the Laguerre spectral method with the essential imposing of Neumann boundary conditions
in one and two space dimensions.

3.1. The one-dimensional problem

We first consider an ordinary differential equation

—UX) +AUX) =f(x), x€ A,
3,U(0) = lim U(x) = lim 3,U(x) =0, (3.1)

where A > 0. A weak formulation of (3.1) is to seek a solution U € %% (A) such that

a1, (U, v) = (f,v)a, Yve’F(A). (32)
The Laguerre spectral scheme for (3.2) aims to find uy € °Qy, p(A) such that
apaun, @) = (. P)a. Vo € °Qn p(A). (3.3)

We next deal with the convergence of scheme (3.3). Let Uy = 0IB,},JM,AU. We derive from (3.2) that

ai Uy, ) = (F, P, Yo € °Qn 5(A). (3.4)
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Setting ﬁN = uy — Uy, and subtracting (3.4) from (3.3), we obtain that
ai Uy, ¢) =0, Vo €@y (A).

Taking ¢ = GN, we assert that aM(GN, GN) = 0. Finally, we use (2.7) to obtain that for any U € °F(A), ay (e%‘SXU) €
12 (A), x> 0andinteger2 <r <N + 1,

wr—2,8
2
18U = wn)I3 + 21U —unly < c(B7 + 28BN 3 (eFU)| (35)
Wr—2,8,
3.2. The two-dimensional problem
We next consider the elliptic equation
—AUX, ) + AU, y) = f(x, y), (*x,y) € 2,
U (x,y) =0, (x,y)on a$2 (3.6)
Uk,y) — 0, U, y) — 0, yU(x,y) - 0, xory— oo,
where A > 0. A weak formulation of (3.6) is to seek a solution U € °# (£2) such that
a2, (U, v) = (fv)g, Yve'F(R). (3.7)
The Laguerre spectral scheme for (3.7) aims to find uy € OQN,;;(Q) such that
azs(un, ¢) = (f. P)a. Vo € "Qu (). (3.8)
We next deal with the convergence of scheme (3.8). Let Uy = Oﬁlf,,ﬂ,)\,QU. We derive from (3.7) that
a2, (Un, @) = (F, $os Y € “Qup(£2). (3.9)

Setting f]N = uy — Uy and subtracting (3.9) from (3.8), we obtain that
0, (Un. ¢) =0, Vo € °Qu 5(2).

Taking ¢ = GN, we assert that a“(ﬂN, 5N) = 0. Finally, we use (2.9) to obtain that for any U € °# (£2), > > 0 and integer
2<r<N+1,

02U — un) 15 + 18, (U —up) 15 + AU — uylfy < c(BN)* A} o (U), (3.10)
provided that Alrg’_@ (U) is finite.

4. Numerical results

In this section, we describe the numerical implementations and present some numerical results.

4.1. The one-dimensional problem
We first consider spectral scheme (3.3). We take the basis functions

- 2141 -
B) B B)
X)=L77(x) — ——L %), 0<I<N-1.
771 () [() 2l 3 [+1() =t =

Since d,.£;” (0) = —pB (I+ 1), we have that 3,7’ (0) =0, 0 < I <N — 1.
In actual computation, we expand the numerical solution as

N—-1
uy () =Y ami).
k=0

Let

fr=Fm)a, 0<I'<N-1,
and define the vectors

v T s T
X =(ag,a1,...,an-1)", F = fi,....fn-1) -

Taking ¢ = ny(x),0 <!’ < N — 1in(3.3), we find that (3.3) is equivalent to the following system:

— —
A+AB)X = F, (4.1)
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Fig. 1. The discrete [?(A)-errors of scheme (3.3) with A = 1.5, 8 = 1, 2, 3 and various values of N.

where the matrices are given by
A= (ar), B=(by), 0<I,I<N-1,
with the entries

an = / () (0dx, by = / neomdx, 0<Ll<N—1.
A A

Due to (18) and (21) of [14], we obtain that for0 < I', | < N — 1,

BRI+ 1) o1 241 11

42U +3)° - ’ BRI +3)’ - ’

p@rr+8r+1 | 1 QI +1)? ’—l
ar=13"20r+32 " bu=9pg " per+3? "

21+ 1 2l+1

M7 I =141, _;’ I =141,

421+ 3) BRI+ 3)

0, otherwise, 0, otherwise.

Next we denote by Ey the discrete L (A)-error. Let A = 1.5 in (4.1) and take the test function
Ux) = (1+x+x*)e*cosx.

In Fig. 1, we plot the numerical errors log;, Ey versus N with various values of 8. It is seen that the errors decay exponentially
as N increases. It seems that scheme (3.3) with suitable bigger parameter 8 provides more accurate numerical results. How
to choose the best parameter f is an open problem. Roughly speaking, a reasonable choice of parameter 8 depends mainly
on two factors. The first is how fast the solution varies near the point x = 0. The second is how rapidly the solution decays
as x — o¢. In our example, the solution changes rapidly near the point x = 0, and decays rapidly as x — o0, so it is better
to take bigger .

As pointed out in this paper, the Neumann condition in our method (LM) is enforced according to an essential treatment.
In particular, a tridiagonal matrix is employed; see, e.g., (4.1). But in a standard variational formulation, this kind of boundary
condition is commonly imposed in a natural way. Moreover, the classical approach (CLM) employs the scaled Laguerre
functions il(ﬁ ) (x) as the orthogonal basis functions. This approach leads to a full stiffness matrix for approximating the
second derivative with respect to x. In Table 1, we compare the condition numbers of the corresponding coefficient matrices
of Problem (3.1) for two different methods with A = 1.5 and various parameters 8. We find that the condition numbers of
our method are much smaller than that of the classical method.

4.2. The two-dimensional problem

We next consider spectral scheme (3.8). We expand the numerical solution as

N—1N-1

un (6 Y) =D umOm).

k=0 =0



3236 Z.-q. Wang / Journal of Computational and Applied Mathematics 235 (2011) 3229-3237

Table 1
The condition numbers.
N B=1 B=2 B=3
LM CLM LM CLM LM CLM
15 3.997 1.040e2 2.806 4.143e2 5.362 9.282e2
25 4.189 2.747e2 2.882 1.090e3 5.570 2.460e3
35 4.269 5.260e2 2915 2.100e3 5.673 4.721e3
45 4.313 8.583e2 2.934 3.420e3 5.729 7.712e3
4
LUD
=3
ke
N
Fig. 2. The discrete [?(A)-errors of scheme (3.8) with A = 1, 8 = 1, 2, 4 and various values of N.
Let

fer =, nenr)e, 0<K,I <N-1,

and define the vectors
¥ T
X = (Uo,0, U1,0, -+ - » UN—=1,0, U0, 1> UL 15+« o s UN— 1,15+ - s UO N1, UL N1, - -+ UNZIN=1) 5

%
F = (fO,va],O, e va*],O,fO,lvfl,l, e va*],l, e va,Nfl,fl,Nfls e afN*],Nfl)T~
Taking ¢ = n (X)ny(y) in(3.8)for 0 < k', I' < N — 1, we find that (3.8) is equivalent to the following system:

— —
(AQB+BQA+AB®B)X = F, (4.2)

where the matrices A and B are the same as before.
We still denote by Ey the discrete L?(£2)-error. Let A = 1in (4.2) and take the test function

U(x,y) = (14 cosx + cosy) exp(—/ 1+ x2 + y2).

In Fig. 2, we plot the numerical errors log,, Ey versus N with various values of 8. It is again seen that the errors decay
exponentially as N increases. It seems that scheme (3.8) with suitable bigger parameter 8 provides more accurate numerical
results.

5. Concluding remarks

In this paper, we proposed a new Laguerre spectral method for solving Neumann boundary value problems and estab-
lished some basic results on Laguerre approximations, which formed the mathematical foundation of a Laguerre spectral
method with the essential imposing of Neumann boundary conditions. We also analyzed the numerical errors of the pro-
posed spectral schemes. In particular, by choosing appropriate basis functions with zero slope at the endpoint, a tridiagonal
matrix is employed, instead of the full stiffness matrix encountered in the classical variational formulation. The numerical
results demonstrated the spectral accuracy and coincided well with the theoretical analysis.
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