Journal of Computational and Applied Mathematics 228 (2009) 174-181

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Periodic solutions for a kind of Liénard equation with a
deviating argument”

Jianying Shao?, Lijuan Wang?, Yuehua YuP, Jinglei ZhouP*

2 College of Mathematics and Information Engineering, Jiaxing University, Jiaxing, Zhejiang 314001, PR China
b Department of Mathematics, Hunan University of Arts and Science, Changde, Hunan 415000, PR China
¢ College of Mathematics and Econometrics, Hunan University, Changsha, Hunan, 410082, PR China

ARTICLE INFO ABSTRACT

Article history: In this paper, the Liénard equation with a deviating argument

Received 21 November 2007 . , L

Received in revised form 30 May 2008 X'(t) + f1(t, x(0))x (8) + L (x() X (£))” + g(¢t, x(t — ©(t))) = p(t)

is studied. By applying the coincidence degree theory, we obtain some new results on the
existence and uniqueness of T-periodic solutions to this equation. Our results improve and
extend some existing ones in the literature.

Keywords:

Liénard equation
Deviating argument
Periodic solution
Existence
Uniqueness
Coincidence degree

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Consider the Liénard equation with a deviating argument of the form

X'(6) 4+ fi (6, X(O)X (£) + Hx(0) K (0))* + g (t, x(t — (1)) = p(D), (1.1)

where f,, 7,p : R — Rand fi,g : R x R — R are continuous functions, t and p are T-periodic, f; and g are T-periodic in
their first argument, and T > 0.

As a model comes form physics, mechanics and engineering (for example, see [1-4]), Eq. (1.1) has been the object of
intensive analysis by numerous authors. In particular, there have been extensive results on the existence and uniqueness of
periodic solutions to Eq. (1.1) with f,(x) = 0 (see [5-12]).

However, for the existence and uniqueness of periodic solutions to Eq. (1.1) without f,(x) = 0, the results are scarce.
Thus, it is worthwhile to study Eq. (1.1) in this case.

The main purpose of this paper is to establish sufficient conditions ensuring the existence and uniqueness of T-periodic
solutions of Eq. (1.1) without f,(x) = 0. By using an illustrative example, we show that our results improve the main results
obtained in [9-12].
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2. Preliminary results

In this section, we give some technical yet elementary results that will serve us well in the sections to follow.
For ease of exposition, throughout this paper we will adopt the following notations:

T 1/k
Xl = ( / |x<r>|kdt) . Koo = max X)L,
0 te[0,T]

X = {x|x € CI(R, R), x(t +T) = x(t), forallt € R}

Let

and
Y ={x]x € CR, R), x(t + T) = x(t), forallt € R}
be two Banach spaces with the norms
IXllx = max{[x|co, [X'oc}, and [Ixlly = [X]co.
Define a linear operator L : D(L) C X —> Y by setting
D) = {x|]x € X,x" € C(R, R)}
and for x € D(L),
x=x". (2.1)
We also define a nonlinear operator N : X — Y by setting
Nx = —f1(t, ()X (6) = HLx(O) (X (©)* — g(t, x(t — () + p(D). (2.2)

It is easy to see that
T
KerL=R, and ImL= {x|x ey, / x(s)ds = 0} .
0
Thus the operator L is a Fredholm operator with index zero.
Define the continuous projector P : X —> Ker L and the averaging projector Q : Y —> Y by setting
Px(t) = x(0) = x(T)

and
1 T
Qx(t) = 7/ x(s)ds.
T Jo

Hence, ImP = Ker L and Ker Q = Im L. Denoting by L;l :Im L — D(L) N Ker P the inverse of L|p(ynker p, We have

¢ [T t
Ly = -7 / (t — s)y(s)ds + / (t — s)y(s)ds. (2.3)
0 0
It is convenient to introduce the following assumption.
(Ag) Assume that there exist nonnegative constants C; and C, such that
Ifi(t,x)| < Cq, forallt,x €R
and
feC'R R, X <0, h(x) —f( %) < Glxi =X, f(0)=0,
forall x, x;, x, € R.
In view of (2.1) and (2.2), the operator equation Lx = ANx is equivalent to the following equation
X' 4 Mfi (6 x(O)X (6) + L &O)K () + gt x(t — ()] = Ap(t), A € (0, 1). (24)
For convenience of use, we introduce the Continuation Theorem [15] as follows.
Lemma 2.1. Let X and Y be two Banach spaces. Suppose that L : D(L) C X — Y is a Fredholm operator with index zero and

N : X —> Y is L-compact on £2, where £2 is an open bounded subset of X. Moreover, assume that all the following conditions
are satisfied:

(1) Lx # ANX, forallx € 082 N D(L), A € (0, 1);
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(2) Nx €ImL, forallx € 02 NKer L;
(3) The Brouwer degree

deg{QN, 2 NKerlL, 0} #0,

then equation Lx = Nx has at least one solution on £2.

Lemma 2.2. If x € C%(R, R) with x(t + T) = x(t), then
T 2
/ t 2 < /! t 2.
Xl < (7271) [x" ()13

Proof. Lemma 2.2 is a direct consequence of Wirtinger inequality, and see [13,14] for its proof.

Lemma 2.3. Suppose that there exists a constant d > 0 such that
(A) x(g(t,x) —p(t)) <O, forallt e R, |x| > d.
If x(t) is a T-periodic solution of (2.4), then

1
Xloo < d + Eﬁmz.

Proof. Let x(t) be a T-periodic solution of (2.4). Set

x(t;) = maxx(t), x(t;) = minx(t), wheret;,t; €R,
terR terR

then we have

X(t) =0, X'(t1) <0, and x(t) =0, x"(t;) >0.
It follows from (2.4) that

g(tr, x(t1 — T(t1))) —p(t1) = 0 and g(t, x(t, — T(t2))) — p(t2) < 0.
In view of (A7), we obtain

x(t; —t(t)) <d and x(t; — t(ty)) > —d.

(2.5)

O

(2.6)

Since x(t — ©(t)) is a continuous function on R, it follows that there exists a constant £ € R such that

x(§ — 7 (5))] = d.

Let £ — 7(§) = mT + to, where ty € [0, T], and m be an integer. Then, we have

t
sd+/ K©Ids, € e [to, fo+TI,

to

t
x(t0)+/ X (s)ds

to

()] =

and

x(®O)] = x(t —=T)| =

to to
x(to) —/ X (s)ds| < d+/ [X'(s)|ds, t € [to,to+TI
t—T t—T

Combining the above two inequalities, we obtain

IX|oo =~ max _[x(t)]
telto, to+T]

1 t to
max {d + = (/ |X'(s)|ds +/ |x’(s)|ds>}
telto, to+T] 2 \Uy T

-l t
max {d + = / |x/(s)|ds}
telto, to+T] 2 Ji—r

1 T
=d+ 7/ |x'(s)|ds
2 Jo

IA

1
<d+ 5fT|x/|2.

This completes the proof of Lemma 2.3. O

(2.7)
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Lemma 2.4. Suppose that (Ag) and (A1) hold, and the following condition is satisfied:
(A,) There exists a nonnegative constant b such that

T T?
Ci— +b— <1, and |g(t,xq) —g(t,x2)| < blx; —x3|, forallt,xq,x; €R.
2 4

If x(t) is a T-periodic solution of Eq. (1.1), then

/ 1[bd + max{|g(t,0)| : 0 <t < T} + |ploolT
oo < 5 — =
1— (G5 +bp)

D. (2.8)

Proof. Let x(t) be a T-periodic solution of Eq. (1.1). From (A;), we can easily show that (2.7) also holds. Multiplying Eq. (1.1)
by x”(t) and integrating it from 0 to T, in view of (2.5) and (2.7), (Ag), (A2) and the inequality of Schwarz, we have

T T T T
X3 = — f fi(t, x(E)X (O)x" (t)dt — / H&@©)E () (0)dt — f g(t, x(t — ()" (t)dt + / p(OX"(t)dt
0 0 0 0

T 1 T T T

= - f f1(t,x(t))x/(t)x”(t)dt+5 f f, &)X (0)*de — / g(t, x(t — T ()" (t)dt + / p(OX"(t)dt
0 0 0 0

T

2

T T T T
C1Z—|x”|%+b/ |x(t—r(t))|-|x”(t>|dt+/ |g(t,0)|-|x”(t)|dt+/ [p(®)] - [x"(t)]dt
T 0 0 0

IA

T T
G |x”|§+f [|g(t,x(t—r(t)))—g(t,0)|+|g(t,0)|]~|x”(t)|dt+/ Ip(t)] - [x"(t)|dt
0 0

IA

T /)
< GG+ blxlooVTIX" |2 4 [max{|g(t, 0)] : 0 < t < T} + |plac]VTIX"]5
T Tz /2 Vi
< (Crg by ) W5 + [bd + max{jg(t, 0)] : 0 < £ < T} + IPloo]VTIX" |2, (2.9)

which, together with (A;), implies that

_ [bd + max{g(t, 0)[: 0 < t < T} + |ploc]V/T
2 = .

x| (2.10)
1— (Cigz +b3)
Since x(0) = x(T), there exists a constant { € [0, T] such that
X() =0,
by using a similar argument as that in the proof of (2.9), we have
1
K (Ol = SVTX']a. (2.11)

Thus, in view of (2.10) and (2.11), we get
_ 1lbd + max{|g(t,0)[ : 0 = t =T} + [Ploo]T

X |oo < - =D.
1- (Q% + b‘%)

This completes the proof of Lemma 2.4. O

Lemma 2.5. Suppose that (A1) holds, and the following condition is satisfied:
(A3) Suppose that (Ag) hold, f;(t, x) = fi(t) forall t, x € R, g(t, X) is a strictly monotone decreasing function in x, and there
exists a nonnegative constant b such that

C T +CD2T2 + 2DC,(d + TD) T +sz 1
N - bbb <1,
Yo T an 2 21 4x
and

|g(t, x1) — g(t, x2)| < blx; —X;|, forallt,x1,X; €R,

then Eq. (1.1) has at most one T-periodic solution.
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Proof. Suppose that x;(t) and x;(t) are two T-periodic solutions of Eq. (1.1). Set Z(t) = x;(t) — x,(t), we obtain
Z"(t) + (LK, (6) — LK (0) 4+ X1 (D)X () — f(xa(D)) (% (D))
+(g(t, x1(t — (1)) — g(t, %2(t — 7()))) = 0. (2.12)
Set

Z(t;) = maxZ(t), Z(t;) = minZ(t), wheret;, t, € R.
teR teR

Then, we have
Z'(t) =X (t) —x5(t) =0,  Z'(t) <0, (2.13)
and
Z'(t) =x,(t) —x5(t) =0, Z'(t) > 0. (2.14)
Now, we prove that there exists a constant & € R such that
Z(&) =0. (2.15)

Contrarily, one of the following cases occurs:
(@) Z(t) = x1(t) — x2(t) > 0, forallt € R.
(b)Z(t) = x1(t) — x2(t) <O, forallt € R.
If (a) holds, in view of (A3), (2.12) and ¥/ (t;) = X (t1), we get
Z'(t) = —(\EX(6) — fLEDXE)) — (& (6) ® (E1))?
—H X)) X (E))?) — (8T, X1 (5 — T(£1)) — g(E1, % (T — T(£1))))
= —(X,(0)* (R (x1(t) — Lol (Br)) — (@ (E, x1(T — T(T1)) — g(t1, x2(fr — T(1))))
> 0, (2.16)

which contradicts (2.13). So we have that (2.15) is true.
If (b) holds, in view of (As), (2.12) and X, (t,) = X} (t>), we obtain

Z"(t) = —(fi(R)X, () — fi(2)X)(2)) — (Fa(x1(2)) (¥, (£2))°
—fz(Xz(fz))(X,z(fz))z) — (g(t2, x1(t2 — T(t))) — g(t2, X2(t2 — 7(£2))))
= — (X @) (Rx1([R) — L (B)) — (€, X1 — T(R)) — g2, 2(f2 — T(B2))))
<0, (2.17)

which contradicts (2.14). Thus, (2.15) is true.
Let £ = nT + ¥, where y € [0, T] and n be an integer. Then,

Z(y) =0,

by arguments similar to those used in the proof of (2.9), we obtain

1
Zloo < 5ﬁ|2’|2. (2.18)

Multiplying (2.12) by Z”(t) and integrating it from O to T, from (A1), (A3), (2.5), (2.8) and (2.18) and Schwarz inequality,
we get

2/ = - fo LR KO — FOR)Z Odt — /0 a0
—H(a )X ()HZ" (t)dt — /0 T(g(t, xi(t — (1)) — g(t, xx(t — T(0))Z"(t)dt
< /0 RO O - HO1Z"Oldt + /O )00 — GO 120t
+ fo " (0) — RGO 12 0ld + b /0 Tt - £0) — xalt — O Oldt

T T
< / Cilxy () — X, (O 2" (O)]dt + G X100 / X (8) + X, (O) X, () — x5(O) 127 (8)|dt
0 0
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T T
+ / Glx1(t) — %2 (D] (X(0)*[Z" (t)|dt + b f [x1(t — T(t)) — x2(t — T()]|1Z"(t)|dt
0 0
CZ'121Z" 12 + 1%11002DCZ 212" |3 4 CD*|Z oo VTIZ" |2 + bIZI ooV TIZ" |
T

2z 2.19
an 5 (2.19)

IA

IA

(Q T + CZDZLZ + bT2> 1Z"12 + 1%1002DC,
2 4 4
In view of (2.7), we have
l T
Koo <d+ 5/0 X(5)/ds < d+ TI¥ oo < d + D,

which, together with (2.19), implies that
1z"% < |c r + G,D? r + 2DCy(d + TD) T +sz 1z" 2 (2.20)
2= "oy > ax 2 27 47 z ’

Since Z(t), Z'(t) and Z” (t) are T-periodic and continuous functions, in view of (A3), (2.15) and (2.19), we have
Zt=Z(t)=Z"(t)=0, forallt eR.

Thus, x1(t) = x,(t), forallt € R. Therefore, Eq. (1.1) has at most one T-periodic solution. The proof of Lemma 2.5 is now
completed. O

3. Main results

Theorem 3.1. Suppose that (A,) and (As) hold, then Eq. (1.1) has a unique T-periodic solution.

Proof. By Lemma 2.5, it is easy to see that Eq. (1.1) has at most one T-periodic solution. Thus, to prove Theorem 3.1, it
suffices to show that Eq. (1.1) has at least one T-periodic solution. To do this, we shall apply Lemma 2.1. Firstly, we will
claim that the set of all possible T-periodic solutions of Eq. (2.4) is bounded.

Let x(t) be a T-periodic solution of Eq. (2.4). Multiplying x”(t) and Eq. (2.4) and then integrating it from O to T, in view
of (A1), (A3), (2.5) and (2.6) and the inequality of Schwarz, we have

T T T T
KB = -2 / fHOXOX (Odt — 2 / L)X )X (O)dt — A / g(6. xX(t — TO)X(©)dt + 2 / p(OX' (t)dt
0 0 0

0

T 1 T T T
= —A/ f@Ox (OX"(t)dt + )»5/ fz’(x(t))(x’(t))“dt — A/ g(t, x(t — ()X (H)dt + A/ p(t)x” (t)dt
0 0 0 0
T T T
< C]glx”lﬁ + f [lg (¢, x(t — T(t))) — g(t, 0)] + lg(t, 0)[] - Ix"(t)|d¢ + / Ip(O)] - [x"(6)|de
0 0
T T2\ ., "
= (Gig +b JWE + [bd + max{ig(t, 0] : 0 < t < T} + [plocVTI], (3.1)
which, together with (A3), implies that there exist positive constants D; and D, such that
IX"|; < Dy, (3.2)
and
IX|2 <Dz, |Xloo < Ds. (3.3)

Since x(0) = x(T), there exists a constant ¢ € [0, T] such that
X () =0,

and

t
IX(6)] = X(7) + / X'(s)ds| < V/T|X"|, < ~TD;, forallt € [0, T]. (3.4)
¢

Therefore, in view of (3.3) and (3.4), there exists a positive constant M; > ~/TD; + D, such that

[IX[lx = max{|X|oo, [X'[oc} < Xloo + [X'[oc < Mi.
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Ifx € 21 = {x|x € Ker LN X, and Nx € Im L}, then there exists a constant M, such that

T
x(t) =M,, and / [g(t, My) — p(t)]dt = 0. (3.5)
0

Thus,

|x(t)| = |M2| < d, forallx(t) € £24. (3.6)
Let

M=M;+d+1, 2 =xxeX, |X|loo <M, |X|se < M}.

It is easy to see from (2.2) and (2.3) that N is L-compact on £2. We have from (3.5) and (3.6) and the fact M > max{M;, d}
that the conditions (1) and (2) in Lemma 2.1 hold.
Furthermore, define a continuous function H(x, i) by setting

1 T
Hx,p) =1 —pwx—pu- T / lg(t,x) —p(0)ldt, we[01].
0
It follows from (A7) that
XxH(x, u) # 0, forallx € 082 NKerL.

Hence, using the homotopy invariance theorem, we have

1 T
deg{QN, 2 NKerL, 0} = deg {_T / [g(t,x) — p(t)]dt, 2 NKerL, 0}
0
= deg{x, 2 NKerL, 0} # 0.
In view of all the discussions above, we conclude from Lemma 2.1 that Theorem 3.1 is proved. O

Remark 3.1. In the results of [9-12], we have found certain errors as following:
(1) In (2.4) of Liu [9], ||, should be replaced by |x|so.
(2) In(16) and (35) of Liu [10], |x|, should be replaced by |x|~.. Moreover, the same errors should be corrected in the proofs
whenever necessary.
(3) In (2.14) of Zhou [11], |x|; should be replaced by |x|.
(4) In lines 17-18 of page 3 in Gao [12],
yi(t*) = y2(t") > 0
does not imply
yi(t* = (t) = y2(t" — 7(t")) > 0.
Thus, the authors of [12] can not show v”(t*) > 0. So, Theorem 3.1 in [12] is incorrect.
In the proof of Theorem 3.1, one can find that the above-mentioned major mistakes have been corrected. This implies
that Theorem 3.1 improved some results of the literature to a certain extent.

4. An example
Example 4.1. Let g(t,x) = —éx, forall t, x € R. Then the Liénard equation

X' (t) + %(sin 4t)x'(t) — %(arctanx(t))(x’(t))2 +g(t, x(t —sin®t)) = ée_ cos ¢ (4.1)

has a unique %—periodic solution.

Proof. By (4.1, wehaved =1, b= 2,C; =G = 5, 7(t) =sin’t, T = Z and p(t) = ée*wszf,then
11bd+max{lgt, 0| : 0 <t T+ plolT _ | 1lgr +5lxF 12
2 1_(C2%+b%) 2 1-5— = 91
c T +c132T2 + 2DC,(d + TD) T +bT2
"o S 2 2 4

1+1 1227r+2 12 1 LT 12 1+1 :
= — —_ — JR—  —_— = —_ — P — < .
32 8 \91 16 91 8 2 91) 4 48
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It is obvious that the assumptions (A;) and (As3) hold. Hence, by Theorem 3.1, Eq. (4.1) has a unique %-periodic solution. O

Remark 4.1. Eq. (4.1) is a very simple version of Liénard equation. Since f,(x) = %(arctan X), all the results in [5-12,14,15]
and the references therein can not be applicable to Eq. (4.1) to obtain the existence and uniqueness of 7 -periodic solutions.
This implies that the results of this paper are essentially new.
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