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The efficient and accurate calculation of sensitivities of the price of financial derivatives
with respect to perturbations of the parameters in the underlying model, the so-called
‘Greeks’, remains a great practical challenge in the derivative industry. This is true
regardless of whether methods for partial differential equations or stochastic differential

Msc: equations (Monte Carlo techniques) are being used. The computation of the ‘Greeks’ is
2380152 esseptial to risk management and .to the hedging of finangial deri\{aFives and t‘ypigally
65C requires substantially more computing time as compared to simply pricing the derivatives.
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derivatives and calculating the associated ‘Greeks’. In this article we show how a posteriori
error estimates and adaptive methods for stochastic differential equations can be used to
control both these errors in the context of pricing and hedging of financial derivatives.
In particular, we derive expansions, with leading order terms which are computable in a
posteriori form, of the time-discretization errors for the price and the associated ‘Greeks’.
These expansions allow the user to simultaneously first control the time-discretization
errors in an adaptive fashion, when calculating the price, sensitivities and hedging

parameters with respect to a large number of parameters, and then subsequently to ensure
that the total errors are, with prescribed probability, within tolerance.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

It is fair to say that it is still a great practical challenge in the derivative industry to efficiently and accurately
calculate the so-called ‘Greeks’, that is sensitivities of the price of financial derivatives with respect to perturbations of the
parameters in the underlying model. Focusing on methods based on stochastic differential equations, the calculation of these
sensitivities remains a particularly topical area of current research and the prevailing techniques include finite difference
approximations, pathwise derivative estimates, the likelihood ratio method and its generalizations using the Malliavin
calculus. We refer to [ 1] for an excellent account of these methods and their advantages and disadvantages. Although [2,1,3]
contain most of the relevant references on these topics we here still would like to suggest [4-14] as additional references for
the interested reader. We emphasize that while these articles are almost exclusively devoted to financial applications, the
techniques developed are also useful in many other contexts. Moreover, we note that a key feature of the techniques in many
of these articles is, heuristically, that the computations tend to be organized in a forward looking way where the calculations
in the next step depend on the calculations up to the present. However, in [3] an adjoint formulation for the calculation of
sensitivities is suggested and it is shown, numerically, that this formulation can be used to accelerate the calculation of

* Corresponding author. Tel.: +46 90 786 93 62; fax: +46 90 786 52 22.
E-mail addresses: kaj.nystrom@math.umu.se (K. Nystrém), thomas.onskog@math.umu.se (T. Onskog).

0377-0427/$ - see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2010.06.009


http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
mailto:kaj.nystrom@math.umu.se
mailto:thomas.onskog@math.umu.se
http://dx.doi.org/10.1016/j.cam.2010.06.009

564 K. Nystrom, T. Onskog / Journal of Computational and Applied Mathematics 235 (2010) 563-592

the ‘Greeks’. The method outlined in [3] is particularly well suited in applications requiring sensitivities to a large number
of parameters and particular examples of such applications include interest rate derivatives requiring sensitivities with
respect to all initial forward rates and equity derivatives requiring sensitivities with respect to all points on a volatility
surface. Furthermore, as emphasized in [3] the adjoint method has its advantages, compared to competing methods with
forward looking features, when calculating the sensitivities of a small number of securities with respect to a large number
of parameters. On the contrary, competing methods with forward looking features are advantageous when calculating the
sensitivities of many securities with respect to a small number of parameters. The notion of ‘small number of securities’ can
here be an entire book, consisting of many individual securities, as long as the sensitivities to be calculated are for the book
as a whole and not for the constituent securities.

In this article we further develop the adjoint method suggested in [3] by outlining how a posteriori error estimates and
adaptive methods for stochastic differential equations can be used to adaptively first control the time-discretization errors
in these calculations and then to ensure that the total error, defined as sum of the time-discretization error and the statistical
error, is, with prescribed probability, within tolerance. In particular, we give a theoretically sound base for the adjoint
method suggested in [3]. Our results concerning a posteriori error estimates and adaptive methods for stochastic differential
equations build and expand on the work by Szepessy et al. [15] concerning adaptive weak approximations of stochastic
differential equations and, to our knowledge, a posteriori error estimates for stochastic differential equations applied to the
pricing of financial derivatives and, in particular, applied to the calculation of hedging parameters for financial derivatives,
have previously not been discussed in the literature. Hence, we claim to give a novel contribution to the literature concerning
the numerical aspects of pricing and hedging of financial derivatives, as well as to the general problem of conducting
sensitivity analysis for solutions of second order parabolic partial differential equations using stochastic techniques. Finally,
this article is based on the results developed in the thesis of the second author, see [16].

To more thoroughly describe the methodology outlined in this article we first have to introduce some notation. Let
(t,x) = (t,X1,...,%) € Ry x R" and let M(n, R) be the set of all n x n-matrices with real valued entries. Given a
matrix o € M(n, R) its transpose is denoted by o *. Let

wit, x) = p(t, x, 6,) = ju(t, X) + (¢, x),
o(t,x) =0(t,x,0,) =G (t,%) + 6,6 (t,x), (1.1)

where 1, ft : Ry x R* - R", 5,0 : Ry xR" = M(n,R),0, € R, 0, € Rand |0,]| < ¢, |6,;| < ¢, for some small ¢ > 0.
i and ¢ represent perturbations of ft and &. In the following we assume that there exists > 0 such that the following
ellipticity condition is satisfied,

EX(G(t,X) + 0,6 (t, X)) (G (t, %) + 0,5 (£, X))*E > nl&|?, (12)

whenever |6,| < €,& € R"and (t,x) € R, x R". The ellipticity condition in (1.2) is not crucial to the analysis outlined
in this article. In fact, the more general assumption of hypoellipticity suffices as discussed at the end of the article. Define
0 = (04,0,) and let, fori e {1,...,n},

t n t
Xi(t) = Xi(t. 9)=x,»+/ /L,-(S,X(S),O)ds—}—Z/ o35, X(5), 0)dW(s). (13)
0 i=1 0

Let X(t) = (Xq(t), ..., Xn(t))* denote the corresponding vector. Here (W (t))o<t<r, W(t) = (Wi(t), ..., Wp(t))*, is a
standard Brownian motion in R" defined on a filtered probability space (2, , (F;)o<t<r, P) with the usual assumptions
on (¥t)o<¢<r- By a standard Brownian motion in R" we mean a process whose components are independent one-dimensional
Brownian motions. In the definition of X;(t) = X;(t,0) we have indicated the dependence on the parameter vector
0 = (6, 0,). Assuming appropriate growth and regularity conditions on the coefficients u; and oy, as will be discussed
in detail below, the system in (1.3) has a unique strong solution for all parameters 6 = (6., 6,), |0, < €, 16,] < €. We
recall that there is a well-known close connection between stochastic differential equations and second order parabolic
partial differential equations. We therefore introduce the second order parabolic operator

1< n
L= Y loo Iyt 0d + Y uilt, d, (1.4)
i=1

ij=1
and we note that the structural assumption on the operator L, imposed by (1.2), is that the operator d; + L is uniformly
elliptic-parabolic. Let T > 0 and let the function g : R" — R be given. Define

u(t,x) = u(t,x,0) = u(t,x, (Ou. ;) = E[g(X(T, 0))|X(t, 0) = x]. (1.5)

Then, under appropriate smoothness and growth conditions on u;, o and g, the Feynman-Kac formula asserts that u in (1.5)
is the unique solution to the Cauchy problem

{Btu(t,x) + Lu(t,x) =0, whenever (t,x) € (0,T) x R", (1.6)

u(T,x) =gk, whenever x € R",
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where L is defined in (1.4). In this article we focus on numerical algorithms for stochastic differential equations, with control
of the errors, using which we can calculate, simultaneously, the quantities

u(t, x,(0,0)), (3g,u)(t,x,(0,0)), (34, w(t, %, (0,0)). (1.7)

In fact, when calculating the quantities in (1.7) we also, as part of our analysis, calculate all derivatives of u(t, x, (0, 0)),
with respect to the spatial variables, up to fourth order. Furthermore, as u in (1.5) solves the Cauchy problem in (1.6) this
article can also be considered to be devoted to the numerical aspects of a sensitivity analysis for the Cauchy problem, for
the operator d; + L, using stochastic differential equations and the stochastic representation formula in (1.5). To proceed,
we note, as a general motivation which is not only limited to the hedging of financial derivatives, that in many applications
it is important not only to solve for u(t, x, (0, 0)) but also to quantify the effect, on the solution, of misspecifications of u
and o. Moreover, one would often like to do this for many different perturbations, i.e. for many different choices of the pair
(i, ), without too much additional computational effort compared to the calculation of the solution itself. Naturally one
would also like to control the error, relative to the true theoretical value, produced by the numerical and computational
scheme. In particular, assuming that the coefficients are given through measurements, any such measurement should be
seen as a sample from a distribution and hence the coefficients are not known with certainty. One way to account for this is
to calculate the sensitivity of the solution to perturbations of the parameters in the underlying model and then to derive an
approximative distribution of u based on distributional assumptions on the parameters.

To outline the actual numerical approximation of (1.5), and to formulate the main results, we next describe the Euler
scheme associated to the system in (1.3). In particular, given a time horizon of T we let {tk}i’zo define a partition A of the
interval [0,T],ie.0 =ty < t; < -+ < ty—1 < ty = T, and we let Aty = f4q — tefork € {0,...,N — 1}. Let
{X(t) : t € [0, T]} solve (1.3) for parameter values (6,,, 6;) = (0, 0). In the following we let {X4(t) : t € [0, T]} denote the
continuous Euler approximation of {X(t) : t € [0, T]} defined as follows. X4 (t) satisfies the initial condition )_(f‘ (to) = x;
and, for k € {0, ..., N — 1}, the difference equation

X2 (tiegr) = X (0) + it X2 (@) At + Y G(te, X (1)) AW (1), (18)
j=1

where AW; (t;) = W, (tig-1) — W, (t) represents the Wiener increment during the time step [fy, tx11]. In the following we
make use of the function ¢(t) = sup{ty : t;y < t}, which is defined whenever t € [0, T]. Using this notation, we define the
continuous Euler approximation {X“(t) : t € [0, T]} through the relation

t

x40 = %20 + [ JECERSUCIEDS / GO0, KGN (19)
o(t j=1 Jé@®)

The set {X2(t) : t € {to, ..., ty}} is often referred to as the associated discrete Euler approximation. We let ii denote
u(t, x, (0, 0)) and introduce

4 (1, x) = E[g(X?(T))IX* () = 1, (1.10)

fork € {0, ..., N—1},x € R", as an approximation of ii. Furthermore, we let M be an integer and we let {a)r}’r"’:1 represent M

realizations of the discrete Euler approximation of {X (t) : t € [0, T]}. Then, focusing on the calculation of (9g,w)(t, %, (0, 0))
and (dg, u)(t, x, (0, 0)), we prove, by proceeding similar to [15], that

(36,u)(0, X, (0,0)) = UM (x) + ESM + Ej;g” + Ej_ﬁ +R 4
(06, u)(0, X, (0,0)) = i M) + EXM + By +ESQL + RS 4. (1.11)
where
. M N—1 ) . _ Aty
M0 =D il X (G on)i(twn)
r=1 k=0
1 M N=1 _ _ Aty
i) = 5 DY 156" +657 Ny (te X2t o) 5 (o 5 (1.12)
r=1 k=0

In particular, i7" (x) and 2" (x) are to be used as Monte Carlo estimators of (3, u)(0, x, (0, 0)) and (3, u)(0, x, (0, 0))

respectively. The functions 1},- and 1}1;1), appearing in (1.12), are first and second order dual functions associated to the

underlying system. These functions solve certain backwards in time stochastic differential equations which facilitate their
computation, as outlined in the bulk of the article, and make no reference to the perturbations f and . Furthermore (1.11)
gives an expansion of the errors produced when ﬂﬁ’M(x) and ﬁﬁ*M(x) are used as approximations of (dg,u)(0, , (0, 0))
and (9, u)(0, x, (0, 0)), respectively. The expansions in (1.11) makes it possible to control the errors |(dg, u)(0, %, (0, 0)) —

uM(x)| and [(8g,u)(0, x, (0, 0)) — uZ-M(x)|. To describe the characteristics of the remaining terms in (1.11), we first note
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that E;fsM' E,f éws, EA M and E2 s Y all represent statistical errors, resulting from the use of the finite set {w 1™, while E,f‘éw,

RA fjw , EU V' and R d Y represent time-discretization errors due to the discrete Euler scheme. In general, the statistical errors
can be controlled usrng the central llmlt theorem and in this article we focus mainly on the time-discretization error term.
In particular, Eu p ,Rﬁ fjw, Eféw and R%" F ! have the following important features. Let A% = max{Ato, Aty, ..., Aty_1}. Then,

(i) Elf'cl,w and EA’M are of order O (Ay),

(11)R andR d are of order (9((AN) ),

n.d

(iii) EA M and E d are computable in a posteriori form. (1.13)

Hence E A’M and E A’M are the leading order terms in the expansions of the time discretization errors and these leading order
terms are computable in a posteriori form. The exact form of E M and E M are derived in the bulk of the artlcle but a
few additional and important features ofE M and E should be mentloned here. In particular, EL d M and E depend

on the first, second, third and fourth order dua_l fl_.ll'lCtl(_)l‘lS, W, vV, @ ) as well as on the Euler dlscretlzatlon, here
denoted (X2, X4 X@.4 X3.4 x®.4y of (X, XV X@ X3 X@) the latter being a high-dimensional vector containing
the variation processes of X (t) up to fourth order. Furthermore, the expressions for E jC’,V’ and E f;v' also contain derivatives
of i1, i1, 6 and & up to second order. However,

neither (¥, ¥V, ¥ @, @) nor (X4, X4, X@:4 X34 x(4).4)

make any reference to the perturbations jt and ¢ and these perturbations enter in Eu P M and E M in a linear fashion. We
emphasize that while (1.11)-(1.13) are theoretically rigorous results, their practical use may, at flrst glance, seem unclear.
In particular, due to the potentially very costly computations of (¢, ¥, @ 4 ®)and (X4, X4 X@.4 XG4 x@.4y
the result may be of limited practical use in some applications and we emphasize that the approach described in this
article will not, from an efficiency perspective, outperform competing approaches if the aim is to calculate sensitivities
with respect to only one set of perturbations (ji, ). Instead, the methodology outlined has its potential merits in case
one wants to calculate sensitivities with respect to a set of perturbations {(i, 6,)}{; ; where K is large. Still, if there is a
need to rigorously control the errors, and in particular the time-discretization errors, in a calculation of (d,u)(0, x, (0, 0))
and (0, u)(0, x, (0, 0)) our result gives, in a posteriori form, the fundamentals and details for such an implementation.
Furthermore, as the leading order terms in the expansions of the time-discretization errors are in a posteriori form these
terms can also be computed simply to get an estimate of the magnitude of the time-discretization errors. The numerical
examples in Sections 5 and 6 illustrate the advantages and disadvantages of the methodology outlined. Moreover, we stress
that in many application the statistical errors will, in general, be much larger compared to the time-discretization error.
Thus, to obtain computational efficiency and accuracy within a limited computational budget, the use of variance reductions
techniques is strongly recommended. We refer to [1] for the fundamentals on variance reductions techniques for financial
applications.

Returning to the adjoint method proposed in [3], we note that this is simply an efficient way to organize the calculation of
the estimators #2"M (x) and ﬂf*"” (x) in (1.12), when calculating the ‘Greeks’, and, as such, this computational scheme comes
about naturally from the very definition of the discrete dual functions. We claim that our results take the approach in [3]
one step further as we rigorously derive theoretical expansions of the time-discretization errors with leading order terms
in a posteriori form. This renders the possibility of actually controlling, using adaptive type algorithms as proposed in [15],
that the errors produced by the method in [3] are, with given probability, within a given tolerance.

The rest of the article is organized as follows. Section 2 is of preliminary nature. In Section 3 we present a general error
expansion for the solution to problem (1.6) allowing also for a nonzero right-hand side. The results of Section 3 are utilized
in Section 4 as we present and derive the details of (1.11)-(1.13). In Sections 5 and 6 we illustrate the use of (1.11)-(1.13) in
two applications. The first application, outlined in Section 5, is a simple benchmark example, for which u and the sensitivities
can be explicitly calculated. This example serves as a stylized illustration of the techniques involved and, in particular, we
use this example to evaluate the performance of the estimators in (1.12). The second application, outlined in Section 6,
concerns the problem of pricing and hedging of interest rate derivatives in LIBOR market models. This choice is based on
the fact that in a fixed-income setting one is often interested in understanding the change of the value of a portfolio of
derivative instruments with respect to multi-dimensional structures and hence the approach of this article is attractive in
this setting. Moreover, concerning numerical evaluations we note that in [3] the adjoint method is numerically illustrated in
the setting of LIBOR market models and is found to be very fast for this application. Section 7 contains a brief summary and
discussion.

2. Preliminaries

In this section we introduce notation, state representation formulas for solutions to second order parabolic partial
differential equations and introduce the Euler scheme.
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2.1. Notation

Throughout the article we write 9;f for :—,{ o0yf for d;‘zdfx andsoon.If f = f(t, x), (t,x) € Ry x R", then 9;, 9; and so on
i 10Xj

will refer to differentiation with respect to the space variable x. For a multi-index o = (o1, o2, . . ., &), @ € Z7, we define
|| = a1 +ar+- - -+a, and let 0, denote differentiation with respect to the space variables according to the multi-index «.

Remark 2.1. Throughout the article we use the Einstein summation convention for indices representing spatial directions,
implying that when an index occurs more than once in the same expression, the expression is implicitly summed over all
possible values for that index.

Given an open set U C R" we let CZ,‘(U) denote functions f : U — R which are k times continuously differentiable with
bounded derivatives. Similarly, we let CI’,‘(R") denote functions g : R" — R which are k times continuously differentiable
and satisfies

10,8 (%)| < co(1+4 [x|%), wheneverx € R", |a| <k, (2.1)

for some constants ¢y, q, € Z*. Furthermore, we let C{°(R") be the set of infinitely differentiable functions with compact
support and let C,’)‘(R+ x R™), k € Z*, be the space of all functions defined on R, x R", which are continuous and bounded
and have continuous and bounded partial derivatives, in both space and time, up to order k. We also let G;°(R. x R") =

MNie1 CE(Ry x R™).

2.2. Representation formulas

Let  and o be defined as in (1.1). We assume (1.2) and that
i, fi, 03, 03 € Cp° (Ry X R™). (2.2)
Welet A = A(t, x) = (a;(t, X))

and A = A(t, x) = (@;(t, x))"._, denote the n x n-matrices defined as

n n
ij=1 i,j=1

1 _ 1 __
a;(t, x) = 5[00*]17 t,x), a;(t,x) = E[GG*JU(LX), (2.3)
whenever (t, x) € R, x R". In the following we let L* denote the adjoint operator to L, i.e.
L* = (3yay) + 2(3ay)dj + aydy — ((dipes) + 14idy) - (2.4)
Then, for fixed (t, x) € [0, T] x R", the Green function I"(s,y) = I'(t,x,s,y) = I'(t, x,s,Y, 6) solves the problem

(=05 +L)I(s,y) = 8¢x(s,y), whenever (s,y) € [t, T] x R", (2.5)

where §; (-, -) is the Dirac delta function with mass at (¢, x). Moreover, formally

T
u(t,X)=<u,8r.x>=f f u(s,y)(—as+L*)F(s,y)dsdy=f g (t,x,T,y)dy. (2.6)
R” [ R”

In particular, (2.6) gives a representation formula for u (t, x) in terms of the function I"(s,y) = I'(t, x, s, y) which solves
the dual problem in (2.5). The following theorem makes this formal calculation rigorous.

Theorem 2.2. Assume (1.2) and (2.2). Let T > 0 be given and let f € Cpo"((O, T) xR"), g € C;,”(]R”). Then there exists a
fundamental solution I’ = I'(s,y) = I'(t, x, s, y) to the operator d; + L* in the sense of (2.5). Furthermore, a classical solution
v e C;’O((O, T) x R") to the Cauchy problem

d;v(t,x) + Lv(t,x) = f(t,x), whenever (t,x) € (0,T) x R", 27
v(T,x) =gx), whenever x € R", .
is given by
T
v(t, x) = f I, xT,y)gydy — / f I, x,s, y)f (s, y)dyds. (2.8)
RN t RN
The formula in (2.8) holds whenever there exists a positive constant M such that
Fe.0] < MM g < MMM (£,x) € (0,T) x R". (2.9)

Furthermore, v in (2.8) is the unique solution to the problem in (2.7) in the class of all functions satisfying (2.9).
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Theorem 2.3. Assume (1.2) and (2.2). Let T > 0 be given and let f € C;°((0,T) x R"), g € C;O(IR{"). Let X(t) =

X1(t), ..., X, (t))* be the stochastic process introduced in (1.3) and let v be given as in Theorem 2.2. Then v is uniquely
determined by
r
v(t,x) =E [g(X(T)) - / f(s, X(s))ds|X(t) = X} . (2.10)
t

Proof of Theorems 2.2 and 2.3. These results are classical. For the theory of partial differential equations we refer to [17]
and for the derivation of the stochastic representation formula in (2.10) we refer to Theorem 5.7.6in [18]. O

2.3. The Euler scheme for an extended system

Let (£2, F, (Ft)o<t<t, P) be a probability space with a filtration (¥;)o<:<r generated by a Wiener process W (t) € R" and
letD® = (-4 ﬂp>1 D*P, where D*P are standard stochastic Sobolev spaces as introduced on page 27 in [19]. For the proof
of the following theorem we refer to Theorem 2.2.2 in [19].

Theorem 2.4. Let X(t), t € [0, T], be a stochastic process satisfying (1.3) and assume that u; (t, X, QM) o5 (t,%,0,) €
C°(Ry x R" x R). Then X;(t) € D* forallt € [0, T].

In the following analysis we make use of variations of the process X(t) up to fourth order and associated Euler
approximations. Theorem 2.4 states that X;(t) € D>, forallt € [0, T],and, in particular, this implies that the p-th variation of
the process X (t) = (Xi(t), ..., Xn(t))*, with respect to x, exists for any p € Z*. We denote, for t € [0, T], the p-th variation
of X(t) by X (t) and, for 0 < t < s < T, the first variation process XV (s) = XV (t,s) = (3X (s|X(¢) = x) /dx)[_,, see
Section 2.3 in [19], solves the stochastic differential equation

X" (s) = Bppai(s. X)Xy (5)ds + dpoiy (5. X ()X (5)AW, (s),

XV (t) = 8y, (2.11)
where 8 is the Kronecker delta. In particular, XV (-) is an n x n-matrix and XV (s) € (D>)"™*". Similarly, for0 <t <s < T,
the second variation solves the stochastic differential equation

aXP ) = [p1i(5 XEDXG©) + gy 1i(s, XEDXS X[} ()| ds

+ [a,gaiy (5, X)X (5) + dpy0iy (5, X(s))xg})(s)x;}>(s)] dw, (s),

X2 () = 0. (2.12)
X@()isann x n x n-matrix and X@ (s) € (D®)™™". We let
Z(s) = X(9), XV(9), XP(5), XD (5), X@(5))*, 0<t<s<T, (2.13)

be a vector containing the process X and its variations up to fourth order. As above we note that X® (-) isann x n x n x n-
matrix and that X® () isan n x n x n x n x n-matrix. Hence the vector Z(s) contains i := n4+n?+---+n’> = n(n>—-1)/(n—1)
elements. Moreover, the vector of variations Z(s) satisfies the following system of stochastic differential equations

dZ(s) = A(s, Z(s))ds + Xj(s, Z(s))dWj(s), 0=<t<s<T,

Z(t) = (x,1;,0,0,0)" := z (x), (2.14)
where A and X are matrix valued functions. In (2.14) I, denotes the n x n unit matrix. Note that A(s,z) =
(Aq(s,2), ..., Aj(s, 2))* and that the matrix X has dimension i x n.

We next introduce the Euler scheme for the system defined in (2.14). Given a time horizon of T, we let {tk};:’:(, define
a partition A of the interval [0,T],ie.0 = tp, < t; < --- < ty_1 < ty = T, and we define Aty = tyy1 — t for
k € {0, ..., N — 1}. Recall that the Euler scheme associated to the system in (1.3) was introduced in (1.8)-(1.9). In analogy
with (1.8)-(1.9), we define, for m € {0,...,N — 1}, the continuous Euler approximation of {Z(s) : 0 <t, <s <T} =

{Z(tm,s) : 0 < tyy <5 < T}, denoted {Z4(s) : 0 <ty <s <T} = {Z4(tm,s) : 0 < tyy < s < T}, through the difference
equation

Z%(tkr1) = Z2(t) + A (6, 22 (00) Ag + Zj (6, 27 (8)) AW;(t),
Z%(tm) = (x,1,,0,0,0)* =z (x) (2.15)

fork € {m, ..., N — 1}. Furthermore, for general 0 < t,, <s < T, we have

S

Z5(s) = 22 (s)) + f AG), 22 @(r))dr + / S, Z2 @) AW (D), (2.16)
P (s) @ (s)
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where ¢(s) = sup{ty : tx < s,.For0 < t, < t, < T, we write Xl;l)’A(tk) = Xél)’A(tm,tk) for the first

variation of X2 with initial data X,;.])"A(tm, tm) = &; and XU(-,Z)’A(tk) = X,;.,z)’A(tm, t;) for the second variation of X*

with initial data X,.;,z)‘A(tm, tm) = 0. A similar notation will be used for the higher order variations of X“. Note also that
ZA(t) = XA(t), XD A (6), XD A1), X34 (), X4 () fork € {m, ..., N}.

3. An error expansion for the Cauchy problem

Assume that the assumptions of Theorem 2.3 are satisfied, let v be as in Theorem 2.3 and let «, |@| < 4, be a multi-index.
Recall that the vector of variations {Z(s) : 0 < t < s < T} was introduced in (2.14). Then, using the notation in (2.13), we
have

;
dov(t,Xx) =E [ga(Z(T)) - / fa(s, Z(s))ds|Z(t) = Z] ; (3.1)

where z = z(x) and the functions g, and f, are composed of partial derivatives of g and f, respectively, up to order |«|
multiplied by polynomials, of degree at most |« |, defined using the components of the vector Z as coordinates. In particular,
by an explicit calculation,

aw(e,x) = [dg XaNXSP )] — B [ | 0 X (s))x<?(s)ds] , 32
conditioned on X{} () = 8, X(t) = x, and
dyu(t,x) = E [85g(X(T))Xg])(T) T g KXY DXD (T)]
e[ [ (s xongo v e xomon o)), 5

conditioned on Xf%—) (t) =0, Xf(g})(t) = 8gi, X(t) = x. Hence

&i(2) = 358 (X)X’ £i(@) = dpg(X)Xg5) + 05, 8K X, ) (34)
[(t.2) = 3pf (. X)X5 . fi(t. 2) = Bf (6, X) X5 + B, f (6. X) X50X [}
Next we define
T
Agv(te, 2) = =E [ga(ZA(T)) —f fou(@(5), Z%(p(5)))ds|Z (1) = Z} , (35)
tk
wheneverk € {0, 1,..., N — 1}. We let G(z) and F(t, z) denote, respectively, the column vectors having an enumeration of
{g4(2)} and {f, (t, )} as their components. Similarly, fork € {0, 1,...,N — 1} and z € R", we let V (&, z) = V¢ r(t, z) and

VA(t, 2) = GAF(tk, z) be the column vectors having an enumeration of {d,v(ty, z)} and {A,v(tk, z)}, respectively, as their
components. Moreover, we let

AL (ti,2) = V(t,, 2) — VA(t,,2), wheneverk € {0,1,...,N —1},z € R", (3.6)

and we note that A(A;‘F(tk, z) is a column vector of the same dimensions as V (¢, z) and V4(t,, z). To continue we let
1 ~
D;(t,z) = 5[22*],7(& z), whenever (t,z) € Ry x R", (3.7)
and
1
A%t 2) = A(P(1).2), Z{(t.2) = Zi(¢(t).2), Dj(t.z) = E[EA(EA)*]U(L ), (3.8)

whenever (t,z) € Ry X R™. Furthermore, we write
L = Ai(t, 2)3 + Dy(t, 2)dy,
[* = AP (t,2)3; + Dj (t, 2);. (3.9)

In this general setting we first derive the following representation formula for the time-discretization error Aé r(tx, 2).
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Lemma 3.1. Let T > 0 be given, let f € CI;’O((O, T) xR"), g € C;O(R") and assume that (1.2) and (2.2) hold. Let AéF(tk, z) be
defined as in (3.6) whenever k € {0,1,...,N — 1}andz € R™. Then A(A;A’F (tx, z) equals

T
/ E[@-TV(Ee.240) +F (90,24 6() - F (£.2°(0) 124 (0) = 2] dt. (3.10)
tk

Proof. To prove the error representation, we first apply Itd’s formula to dV (¢, Z2 (t))
dv(t,z2(t)) = (atv + iﬂv) (t, Z2()dt + T (e, Z4(0))dV (¢, 24 (£)dW;(1). (3.11)
By Theorem 2.3, V solves the equation 9,V +LV = F and hence we can eliminate the term 3:V(t,Z2(t)) in(3.11) and obtain

dv(t, Z2(t)) — F(t, Z2(t))dt = (12 — D)V (t, Z2(6))dt + TR, 220V (€, 22 (1) dW (D). (3.12)

Integrating both sides of (3.12) and taking expectations we see, using standard arguments, that

T
E[V(T,Z2(T)|Z*(t) = z] — ELV (. Z° () 127 (te) = 2] — / E[F(t,Z(t))dt|Z4 (t) = z]

tk

T
= / E[@* =DV (t,2% (1)) 12 (t) = z]dt. (3.13)

tk

Furthermore,

E[V(T.Z(T)|Z*(t) = z] — EIV (t. Z° (4)) 127 (t) = z] = E [GZ*(T))|Z* () = z] — V (&, 2)

T
=Vt 2) +E [f F($(s), Z4(¢(5)))ds|Z* (t) = Z] — V(ty, 2). (3.14)
tk

Now combining (3.13) and (3.14), the lemma follows readily. O
To proceed, we define
Y = Ai(tar, Z4 (te)) — Ailte, Z4(00),

I = Dyj(tie1. 2% (ti)) — Dyt Z° (). (3.15)
wheneverk € {0, 1,...,N — 1},i,j € {1, ..., 7). Next, we introduce
~ = n h Aty
Aé[-"(tlhz) = ZE [F,( D0V (thir, Z2 (thin)) + F,j( )aijv(th+1»ZA(th+l)):| EN
h=k
Nl Aty
+ ZE [F (th, Z%(th)) = F (ths1, Z* (tns1)) ] - (3.16)
h=k
conditioned on the event Z2(t) = z and, similarly,
- N-1 h h Aty
Ae(te2) = Y E[LM0VA W 22 ) TV 0V (. 2 )| 5
h=k
N-1 At
+ D E[F (o 22 (0) = F (tr1, 27 6re) ] =7 (3.17)
h=k

conditioned on the event Z2(t;) = z. Equipped with this notation we derive the following lemma, which provides an
expansion of the error AéF(tk, z) with Aé’F (tx, ) as the leading order term.

Lemma 3.2. Let T > 0 be given, let f € C;O((O, T) xR"), g € C§°(R") and assume that (1.2) and (2.2) hold. Let AéF(tk, z),

A2 (tk, 2) and A2 ¢ (tx., z) be defined as in (3.6) and (3.16) and (3.17), respectively, whenever k € {0,1,...,N — 1}, z € R7,
Then

N—-1
ALp(tn2) — A2p(t2) = Y 0 ((At)’), (3.18)
h=k

N—-1 N—1
Adp(t2) — A2p(t,2) = Y <(At,,)2 Yo ((Arp)z)) , (3.19)
=h

h=k p:
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which immediately implies that

AZp(te, 2) — AGp(tk, 2) = O((AR)P), (3.20)
where Ay = max {Aty, Atq, ..., Aty_1}.

Proof. Since all components of A;, Dj, V, G and F are smooth and have polynomial growth, (3.18) follows by a standard
interpolation estimate, analogous to Lemma 2.3 in [15]. To prove (3.19), we first conclude, proceeding as in the proof of
Lemma 3.1, that

T
vV (tn, 2 (tk))—VA(th,ZA(tk)):/ E[H (t,2° (1) |F,] dt, (321)

th

where
H(t,Z4(0) = L — IV, Z4(0) + F (¢(0), 2 (¢ (t))) — F (t, Z°(D)) . (3.22)

The generator of the process Z2(t) is [4 and hence, for t;, < tp <t < tppq,

E[H (6, 22(0) |7, ] = / E[I°H (5.2%0) 15, ] ds. (3.23)

Since all components of A;, A?, Dy, Dﬁ, V, G and F are smooth and have polynomial growth, the integrand in (3.23) is

bounded and, hence, the right-hand side of (3.23) is of order @ (Atp). Inserting this estimate into (3.21), we immediately
obtain

V (tn 2% (t) = VA (tn, Z () = Z@(Atp ) (3.24)

p=h
The remainder of the proof of (3.19) now follows directly along the lines of the proof of Lemma 2.4in [15]. O

Finally we note that if F = 0, then

VEo(ti. 2) = E[GEZA(T)IZ4(t) = 2], (3.25)
Ago(t, 2) = E[GZ(T)) — GZA(T)|Z(t) = Z%(t) = 2], (3.26)
and
_ A
A2y(t.2) = ZE (1702 @, 24 ) + TP 0V At 24 00110 % (327)
h=k

conditioned on the event Z#(t,) = z, with V4 = V&,

4. Error expansions in a posteriori form

Let T > 0 be given, let f € Cpoo((O, T) x R"), g € C;O(R“) and assume that (1.2) and (2.2) hold. Let vz ; be the
solution to (2.7) for data given by g, f and parameter values (6,,, 6,) = (0, 0). Furthermore, we let, as in the introduction,

{X(t) : t € [0, T]} solve (1.3) for parameter values (6, 05) = (0,0) and we let {XA(t) : t € [0, T]} be the corresponding
continuous Euler approximation introduced in (1.8)-(1.9). Moreover, in the following, we let

A XA = Ri(@(©), X2 (9(D)), 6 (€, XA(0) = G(d(6), X2 (¢(D)),
a2 (¢, X4 (1) = a3(9(6), X ($(1))), )

whenever t € [0, T]. Recall that a; was introduced in (2.3). Let Z(t) be the vector defined in (2.13) based on X(t) and let
ZA(t) be the Euler discretization of Z(t). Note that the first n components of the vector Z(t) introduced in (2.13) equal X (t)
and also that Z4(t) = (X2(t), X2(t), X@-4(t), X4 (1), XD-A(t)). We define

T
v (e, x) = E [go?%r)) = f F@ @), X2 (p(0))de]X () = x} , (42)
tk
whenever k € {0, 1,...,N — 1} and we let

AL (i, X) == Vg g (ti, X) — Vg (t, x),  wheneverk € {0,1,...,N —1}. (4.3)
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Moreover, we let Aﬁf x) == Aéf (0, x) and write
L= fui(t, x)d; + ag (¢, x) 9y,
L = (t, x)0; + @ (¢, 0) ;. (4.4)

Then, arguing as in the proof of Lemma 3.1 it follows that AQ () equals

T
/ E[(L—LYgs(t, X () +f (¢(6), X2 (d(t))) — f (£, X*(0)) IX*(0) = x] dt. (4.5)
0
To proceed, we let

—(k - = — -
&Y = [i(tesr, X2 (ts1) — it X2 (),

&Y = y(tpr. X2 (tie1)) — (0, X2 (8)), (46)
wheneverk € {0, 1,...,N —1},i,j € {1, ..., n}, and we introduce
_ N—1 _ _ At
A=Y E [éf’”afa;f(rm),xﬂakm + éi;’”afjag%f(rm,x%m))] 7’
k=0
N-1 _ _ Atk
+ > E[f (e X2 (&) — f (fes1. X2 (1)) ] > (4.7)

k=0

conditioned on the event X2 (0) = x. Now, by reproducing the proof of Lemma 3.2, we arrive at the following lemma.

Lemma4.1. Let T > 0 be given, let f € Cp°°((0, T) xR"), g € Cl;”(]R”) and assume that (1.2) and (2.2) hold. Let v, be the
solution to (2.7) for data given by g, f and parameter values (9, ;) = (0, 0), let f)éf and Aﬁf be defined as in (4.2) and (4.3)
respectively. Furthermore, let Aé ¥ be defined as in (4.7). Then,

ALr () — A2 (0) = O((A))), (4.8)
where A;:J = max {Ato, Atq, ..., AfN_1}.

4.1. Discrete dual functions

Recall that
1% (tx, x) = E [g X (T)IX* () =] (4.9)

In the following we introduce appropriate dual functions associated to g, X2 and related to #12. In particular, a simple
generalization of Lemma 2.5 in [15] shows that

il (b, X () = E[¥i ()| %2, 1,
01 (6, X (6)) = E[¥5" ()| 72,1,
At (e, X2 (1)) = E[ry (60 72,1,

Byl (ti, X (1)) = Ergy) (1) F ], (4.10)
fori,j,l,q € {1,...,n}and k € {0, ..., N}. The functions v, ¥V, /® and ¥® are referred to as dual functions and can
be explicitly calculated by means of certain backwards in time difference equations. In particular, let

Ci(ty, X) = X; + i (L, X) Aty + 0ig (tk, X) AWg (ty), (4.11)
wheneveri € {1,...,n},k € {0,...,N — 1} and x € R™ The discrete dual function v, associated to g and X?, is then

recursively defined as
Vilty) = dig (X (tw)),
Vi(t) = 3icp (e, X () Vg (b1, (4.12)
wheneveri € {1,...,n}and k € {0, ..., N — 1}. The second dual function 1}(‘), which is the first variation of 1/_/ satisfies
¥ (o) = Bg (X (tw)),

Ui (0) = icp (i, X (00)djcy (6, XA (00 W) (st + By (b X2 (00)Prp (s (4.13)
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fori,j € {1,...,n}and k € {0,...,N — 1}. Analogously we can, by differentiating ¥, derive the following recursive
relations for the third dual function ¥ @, fori,j,l € {1,...,n}andk € {0,..., N — 1},

Ui (tn) = dg (XA ().
Ui () = icp(tie, X2 (1) 3y (i, X2 () dicy (b, XA (0T, (b 1)
+ Bcp (tie, X (6 3jcy (ti x%k))wﬂy (tier1) + Bicp (b, XA (60D 3y (b, X2 ) Y (ter)
+ diicp (b, X () iy (b, X2 (fk))lﬂﬁy (ties1) + e (b, X2 ()Y (ter)- (4.14)
Finally, a similar calculation also yields a recursive scheme for the calculation of the fourth dual function ¥, but we omit
the details.
4.2. Calculation of u

In this section we apply the general theory above to the special case of calculating u. This corresponds to setting f = 0
in the above deductions and we emphasize that the results in this section has previously been derived in [15]. To proceed
we see, by applying the results above to the case f = 0, that

(x) = (0, x) = u(0,x, (0,0)) = & (x) + A, (x) + R} (4.15)
where

B N-1 o - o - Al

22000 = ZE [0t + 800 0 | S (4.16)
and Rd = 0((A} )?). It is standard to determine #1# (x) by means of the Monte Carlo estimator

1 &
B0 = - Y gXAT, o)), (4.17)
m=1

where M is some positive integer and {a)m}%’:1 represents M realizations of the discrete Euler approximation of {X(t) : t €
[0, T]}. In particular, we see that

u(x) = u®Mx) + ux) — 12 x) + 1 (x) — 1*M(x), (4.18)
EA () EAM(x)
where E‘dA (x) and ESA*M (x) represent the time-discretization error and the statistical error, respectively. Fork € {0, ..., N—1}
andm € {1, ..., M}, we define
_ & (0n)Vi(tir1. o) + & (@m) T (g1, Om)
Pr(wm) = . (4.19)
2At
Then, using (4.16) and (4.18), we see that
Ef ) =E;"™ (0 +EfY (0) + RS, (4.20)
where
) N-1 M
E;M (0 = Z > Brlom) (AR, (4.21)
k 0 m=1
and
N—1 M
SAM
ESM () = ZE [ ()] (At — — Z > Prlom) (A6, (422)
k 0 m=1

Furthermore, by the central limit theorem, we have

_ G
EgM = Z/ Iy mdt, (4.23)

where, foreach k € {0, 1, ..., N — 1}, the random variable ~/MI ; converges as M — oo to a normally distributed random
variable with zero mean and variance

o = Var[ 1//,(tk+1)] + Var[ “‘)z/fij.”(tm)] . (4.24)
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4.3. Calculation of 95, u and 9, u

Assume (1.2) and (2.2),let T > 0 be given, letg € C>°(R") and let u = u(t, x) = u(t, x, ) be the unique solution to (1.6)
defined with respect to .« and o. Similarly, let u = u(t, x) be the unique solution to (1.6) defined with respect to it and &.
Then, formally differentiating (1.6) with respect to 6, and 8, we see that d, u(t, x, (0, 0)) and 9, u(t, x, (0, 0)) satisfy

30 (g, ) (£, X) + L(3, u)(t, X) = —[i; (£, X) diii(t, X),
- 1 _
0c (3, U)(t, %) + L(3, ) (£, X) = —2 ~[o6™ + 657 (¢, %) du(t, x), (4.25)
whenever (t,x) € (0,T) x R", and
g, u (T, x) = g, u(T,x) =0, (4.26)

whenever x € R". By (4.25) and (4.26), it is clear that (g, 1)(t, x, (0, 0)) and (g, u)(t, %, (0, 0)) solve, respectively, the
problem stated in Theorem 2.2 with g = 0 and with right-hand sides

Fu(t,x) = f(t, x) = —f; (¢, x) du(t, x),
F,(t,x) = f(t,x) = 1[00 + 66" (¢, x) dyu(t, x), (4.27)

respectively. Recall that u solves the same problem but with Cauchy data defined by g and with f = 0. An application of
Theorem 2.3 now yield the following stochastic representation formulas for (9, u)(t, x, (0, 0)) and (3g, u)(t, x, (0, 0)).

T
(3, W(t, %, (0,0)) = E [— f Fu(s, X (s)ds|X (t) = x] :
t

T
(0, u)(t,x,(0,0)) =E |:—/ Fo (s, X(s))ds|X(t) = x:| . (4.28)
t
Hence, by (4.3) and (4.8) we deduce that, in our context,
(39u u)(07 X, (Oa O)) = fjofM (X) + AéFM (X) + Rﬁ,d,
(36, u)(0, %, (0,0)) = 08, (0) + A2, (%) +R2,, (4.29)

where RA + R(7 =04} )?), and furthermore, based on (4.2), (4.7) and (4.27), we have

N—-1
Ugtp, (0 = Y E [ (i X2 (1) 84l (6 X2 (8)) ] A,
k=0
1 i
o, () =5 Y E[166" + 60"y (t X () By (1, X (80)] At (430)
k 0
and
-« =(K)q =A oA —(K) =A A Aty
A5, 00 = Y E[E¥058, tn, XA (tsn) + & 0558, (e, X @) | S
k=0
N-1
~ 0= A ~ o= A Aty
+ ) E[[idit] (tigr, X (tip1)) — [Ridit] (6, X2 (6)) ] ==
k=0
. N—1 Aty
A, 00 = Y E[69058, (tuan, X @) + &0 0558, (G, X2 t) ] S
k=0
‘ N—-1
Smk | ~okq - 7 A - Afk
t+ Y E[I567 + 66 10yl (thy1. X2 () = 1667 + 657 1dyitl 1. X2 (6)] = (431)

k=0
conditioned on the event X2 (0) = x. For v € {iI, i*}, we introduce the notation
AFA <) = i (6, X2 (@) 9w (6, XA ()

AR (0) =[66* + 66" (t X2 () 3v (6, X2 (1)) (4.32)
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and, as a consequence, (4.30) can be neatly rewritten as
N—1

Uir, (0 = Y E[AZ L @1X©) =x] a6,
k=0
-A _ = A Al’k
Ugp, (0 = Y _E[AR (@)IX*(0) =x] — 5 (4.33)

oreover, arguing as in (3.2)-(3.4), we can calculate the first and second order derivatives of &, (tii1,X?(tiy1)) an
M i in (3.2)-(3.4) lcul he fi d d order derivati f OA,F,L( X2 (ty1)) and
v, tkt1, X ty+1)) explicitly, conditioned on the event X = x. Indeed, introducing, for v € {u, u“}, the notation
_OA,Fa( X2 (tgs1)) licitl d d h X4(0) Indeed d fi {n, u?}, th
BFA,L,/{(U) = i1, X2t 1)) 00 (G, X2 (tieg 1)) — it X (60)) 050 (6, X2 (1)),
B ,(v) = [66" 4 66" 1j(tipr, X (1)) vt 1, X2 (trs1)) — [66* + 6 (b, X2 (6)) vt X2 (8)),  (4.34)
G n @) = & 0L fir, O, 01 (th, XA DX (i1, tn) + &7 e, Br, 01 (0, XA @)X (tir, )
+ & Bim L, O, V] (. XA DX (trger, X (e th).
C2 n @) = EVGE + 56 1ryr, Bryr, 0]t XA DX (i, th)
&GS + 66 Tryr 0y, V] (00, XA EXE (tigr. )
+ &0 Oml[GG* + 66 Ty, Oryry 01t XA XS (1 X B, ). (4.35)
we deduce that (4.31) can be rewritten as

N—1 1

— S e C =17 s Aty At

A 00 = ) (E [Fuk(”)] S YD E[E[C @12 ) =2 (R4 (te) || 5
k=0 k=0 h=k+1

Ag: 3 A (5 - Aty Aty

Agp ) =Y E[B} k(u) Z E[E[CE  h@IZ* (tir1) = z (X* (tis))]] = (4.36)
k=0 h=k+1

conditioned on X4(0) = x. For the remainder of this section we consider, for the sake of brevity, only the calculation of
(35, u)(0, x, (0, 0)). The calculation of (3, u) (0, x, (0, 0)) proceeds analogously. Then, to start with, combining (4.29), (4.33)
and (4.36), we see that (9, u) (0, x, (0, 0)) equals

N—-1

D E[AR (@)IX*(0) =]
k=0

_ _ Aty
[B2 (@IX4(0) = x] =

N—1 N-1 B _ _ _ A )
+ 3 3" E[E[CA @122 (ter) = 2 (X2 (tn) ] 1X2(0) = %] t’14 1 owap?). (4.37)
k=0 h=k

=k+1
To find a computable expansion, in a posteriori form, of (dg, u)(0, x, (0, 0)) and the time-discretization error produced, we
have to replace i by i in (4.37). To do this we first note, simply by using linearity, that
E[AR (@]X*(0) = x] = E[Af (@*)|X*(0) = x] + E [Af (@ — a*)[X*(0) =], (4.38)

and analogously for the second and third term in (4.37). Hence the three terms in (4.37) can be written as a sum of three
terms containing u* and three terms containing i — . The terms containing ﬁ_A are computable in a posteriori form and
can, by means of (4.10), easily be expressed using the discrete dual functions ¥, ¥V, ¢ and @ defined in (4.12)-(4.14).
Concerning the terms containing t1—u4, we first note that the e-factors in CFA .n 8iverise to a term of order O (A,*V) implying

that the term including CFA (@ — u4) is of order oAy )2). Similarly, since BFA  can be expanded as
[[66* + 661 (tkr1, XA (tes1)) — [66* + 661 (tk, X2 (60))] 050 (i1, X2 (tr1))

+166" + 66 1tk X2 (@) [85v (i1, X2 (t1)) — 3o (6, X2 ()], (4.39)

and since the regularity assumptions assert that the differences in br_ackets on the right-hand side of (4.39) give rise to
terms which are of order © (A;f,) we conclude that the term including B U= 1) is of order oA} )?) as well. It remains

to consider the term involving ;\é UES u4). However, this term can be handled as follows. By elementary properties of
conditional expectations, we obtain

E[Af (i — u*)IX4(0) = x] = E[[66" + 66Ty (t, X (8) 35(T — 1) (te, X2 (t0)) 1X*(0) = ]
=E[[66* + 6%y (te X (8)) E [35@ — 0% (£, X2 (8)) 122 (t) = z (X* (%)) ] 1X*(0) = x]. (4.40)
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Moreover, using (3.26) and (3.27), we have
E[95(0 — u®) (. X* (%)) 1% () = z (X*(t0)) ]

N—1 ) B B B B A
= 0D + Y B[RV (tr1, 24 001) 12 (60 = 2 (R4 (80) £

N-1

- _ - - - Aty
+ Y E [ BV (. 22 0) 122 (00 = 2 (X2 @0) | S (4.41)
h=k
where
Vir? (e 2% (the1) = 9p8 X2 (Ene)DX 5 (B tigr) + 3y 8 XA (0 ))X g (Bt )X (B ). (4.42)

and the terms F( ) and F ™ are determined by replacing Z4 by Z4 in (3.15). The derivatives of Vk 4 can be computed by

means of first and second order dual function for the extended system Z4. As we are only mterestecl in first and second
order derivatives of the function Vk 4 it suffices to consider the subset of components of the vector

= = = el = = *
Z% (e, tn) = (X2 () XD (b ) , X P2 (1, ) , X2 (b, 1), XD (8, )

which coincides with (X4 (ty) , X4 (¢, tn) , X2 (t, ty))". Hence, with a slight abuse of notation, we shall, in the
following, let Z2 (t,) denote the vector

(X2 (t) , XD (b, t) XD (1, )"

and we note that this vector contains i = n +n? + n®> = n(n®* — 1)/(n — 1) elements. Naturally Z* (t;) can be considered
as consisting of three blocks of components and in the following we, for clarity, treat the three bloc_ks of components of Z4
separately in the definition of the dual functions. Let i, j and k be the indices in the definition of Vij."A. Then, for i, j and k

fixed, \_/i;."A gives rise to three sets of first order dual functions

(EDY EDaw EDZ) (4.43)

where a,b,c € {1,...,n}. In partlcular the sets ()0, (§)1, and (€2, relate to X2, X4, and X4 respectively.
Similarly, for i, j and k flxed, Vij gives rise to nine sets of second order dual functions,

(ék;()OO (5’1 a,de (é adef
(&5 Sijab.d & ab e & ab def | > (4.44)

(gu abc,d (EU abc,de (‘gu abc,def

fora, b, c,d, e, f € {1,...,n}.Note that in (4.43) and (4.44) the number of elements are of the order n® and n®, respectively,
and the calculation of the second order dual functions in (4.44) may seem prohibitively extensive and expensive for large
n. However, in many application the ‘matrix’ of dual functions in (4.44) turns out to be very sparse in the sense that many
entries are zero. In particular, in our example in Section 6 concerning the LIBOR market models the number of nonzero
entries turns out to be of the order n? instead of n®. To get a more thorough understanding of the complexity of the set of
elements in (4.43) and (4.44) we refer the reader to the examples in Sections 5 and 6. To continue we, in the following, let
(x, x', x) denote an fi-dimensional vector describing the components of the vector (X4, XV+4, X®-4)*, Equipped with this
notation we note that in the extended system the counterpart of (4.11) are the three equations

w? (tn, %, X', 8*) = X + fir(th, X) Aty + Grp (tn, X) AW (th), (4.45)
s (ts %, X1, X%) = X\ + 9y 1 (th, X)X}, Aty + 0, Grp (th, X)X AW (th), (4.46)

rst (th’ X, X! ) X ) = xfst + ( V/Lr(th’ X)Xyst + 8)/#7/"’({’“ X)Xys <pt) Aty
+ (8y T (th, X)X + By 0 (tn, X)X} X, ) AW (£). (4.47)

Now, the first order dual function (Eij)g is defined by the recursive relation
EDLD) = V4 (T.24D))

EDD ) = dawy (6, 2 (@) €Y () + daws (6 2 (@) €D (M)
+ 0qwpy (th. 2 (tn)) B2 (thsr) (4.48)
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for h < N. Moreover, analogous relations hold for (S")1b and (“;“U)abC To define the second order dual function (55)231, we
note that

EHUT) = 8,V (T.Z2(T)) (4.49)
and that (’;‘U)0 (ty), for h < N, equals

dawy (tn, Z* (tn)) dqwy) (tn. Z* (1)) G, (th+1) + dqwy (tn, Z% (tn)) Bawy, (tn 2 (th)) (G, (ther)
+ dqw? (tn, Z* (tn)) Qi (th, 2% (1)) (‘Eu 02 o (the1) + dawyy (th, 2% (th)) Bawy (tn, Z* (tn)) (S,j)rs u (thy1)
+ dqwy, (th, Z* (tn)) dawyy, (tn, Z° (t)) ER)N oy (thar) + Baw)y (tns Z2 (t4)) Baw]yy, (th: 22 (tn)) B 2 ypw (Ehs1)
+ dawp, (th, Z2 (tn)) daw) (tn, Z2 (th)) (Sy)rst u (1) 4 3wy (th, Z2 (th)) Bqwyy, (th, Z2 (t1)) (5 )ot.uw (th1)
+ qwp; (th, Z° (tn)) Bawlyy (th: 2 () G2 wow (th1) + adaw; (tn, Z2 (t0)) (€)Y (thsr)

+ 0a0qwys (th, 2% (tn)) (s (th1) + dadawiy (6, 22 (th)) B (tht) - (4.50)

Furthermore, analogous relations hold for the other eight blocks of dual functions of second order. Using the counterpart of
(4.10) associated to the dual functions of the extended system, we obtain

E [05(@ — u®) (6, X2 (1)) 122 (1) = z (X*(t) ]
N1

= > (Ralthir. X2 i) — faltin X2 (0))) G2 (rh+1>—+{two sums containing (§);, and (62, }
h=k

—1
+ Z Gad(thr1, X (the1)) — aaltn, X (t))) G G A + {eight sums containing (&) .
h=k
(‘i: )a Jdef > (‘i: )ab d» (‘fu )ab de> (éu )ab def » (E )abc d» (éu )abc de and (ég)ggc,def} ’ (4'51)

In particular, inserting (4.51) into (4.40), we obtain an expression for (4.40) which is computable in a posteriori form. To
conclude, we have shown that

(39, u)(0, %, (0,0)) = U2 (x) + ES' g () + R2 4, (4.52)
where
—A = ZA A _N_] A M cam U] Atk
i3 (x) = ZE A2 (@MIXA©0) =x] S = E[[oa +65" (1 X2 00) i (1) 1X (0)_x]—, (453)
k=l =0
E‘ﬁd (x) equals
N—1 , A Aty
> E[2AR (i —i®) + B @*)|X*(0) =x] =~
k=0 4
=« ~A =AN|174 vA vA Atp Aty
+ 2 D E[E[G xn@IZ? () =2 (X (t4n) | I (0) = x] —,—. (454)
k=0 h=k+1

and RU =04} )2). As noted above E; EA ' 4 can be written down explicitly in a posteriori form. An analogous representation

holds for (35, u) (0, x, (0, 0)) as well. Finally replacing the expectations with averages over a finite set of simulations {wp, }m=
we obtain (1.11). This completes the proof of (1.11)-(1.13).

4.4, Controlling statistical errors

To discuss how to control the statistical errors in the calculation above we first consider a general random variable Y
defined on a probability space (£2, £, P) and we let {Y(a)m)}"”:], wm € §2,denote M independent samples of Y. Let A(M, Y)
and $(M, Y) denote the sample average and the sample standard deviation, respectively,

14 /
AMY) = o Z Y(w), SM,Y)=(AM,Y?) — (AM,Y))?)" (455)
Moreover, let o = (E(|Y — E(Y)[?))"/? and assume that A = 2(E(]Y — E(Y)|?))/* < oo. Define
z, = 2M.Y) —EX) (456)

a/«/M '
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and let Fz,(z) = P(Zy < z) be the cumulative distribution function of Zy. Similarly let ®(z), z € R, be the cumulative
distribution function of a standard normal random variable with zero mean and unit variance. By the Berry-Esséen theorem,
see for example Theorem 2.4.10 in [20], we see that

3

sup |Fz, (z D(z 4.57
ZeDlgl m (@) — P(2)] < f (4.57)
In particular, if we introduce the error & (M, Y) :== E(Y) — A(M, Y) then
P <|85(M, Y)| < coi> > 26(co) — 1~ 25up [Fy, (0) — D(@)]. (458)
\/M zZeR

Let M = B215 where B > 1and let ¢ be defined through the relation @ (cy) = ¢. Then, combining the estimates in the last
two displays we see that

P <|85(M, Y)l < C0;M> >20—1-687". (4,59)

In particular, if we let 82 > 14400 and ¢, > 1.96 then P <|85(M, Y) < coj—ﬁ) > 0.90. Finally, using (M, Y) as an
approximation of o we can ensure that

|&(M,Y)| < Es(M,Y) = s, Y) (4.60)
S ) = Lg ) . 0 m .
with probability close to one. To apply this general theory to the calculation of u we let Y(wn) = gX(T, wp)), for
j = 1,...,M, where M is sufficiently large. Then, from the discussion above it follows that the statistical error has the
upper bound
_ Co
EAM() < —=48 (M, gXA(T, ), (461)
200 < <A )

with probability close to one. The same argument can be applied to E 55’"’ (x) and Eﬁﬁ‘” (x). Moreover, due to (4.22), Elng
be handled by setting Y (w;;) = Zk;()] i (wm) (Aty)?. Then,

N—-1
Egi" = f (M Zpk()mm) (462)

4.5. An adaptive algorithm to control errors

Firstly, focusing on the calculation of u we now outline, equipped with the error expansions for E Ed s M and EA Min
(4.21), (4.62) and (4.61), respectively, the adaptive algorithm for deterministic time steps proposed in [15]. We begm by
calculating Mj;; trajectories of (1.8) using the standard Euler approximation on a uniform mesh of Nj,; time steps. Using
these trajectories, we calculate the errors Ed M and Ed . by means of (4.21) and (4.62). If EdASM is larger than some given
tolerance, we discard the M;y; trajectories and generate M 3> Mi,;; new trajectories on the same mesh and if Ed is larger
than some given tolerance, we refine the time steps where the time-discretization error is too large. This process is then
iterated until EdA’M and E‘f;’w are sufficiently small. As the final step, (4.61) is used to estimate the statistical error. If the
statistical error exceeds some given tolerance, the M trajectories are discarded and M’ >> M new trajectories are generated
on the refined mesh. This process is then iterated until the statistical error is sufficiently low. For details we refer to Section
5.3in [15]. Secondly, focusing on the calculation of dy, u and dg, u we see, by analogy, that the same algorithm, together with
(1.11)-(1.13), can be used to adaptively control the error in the calculation of the sensitivities.

5. A numerical benchmark example

In this section we supply a simple one-dimensional benchmark example for which u and the sensitivities can be explicitly
calculated. This example serves as a stylized illustration of the techniques involved and we use this example, in particular,
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to evaluate the performance of the estimators in (1.12). To outline the example we let T > 0 and consider

1+t

o(t) =0(t,0,) =5 (t) +0,6(t), wherea(t) = 0 G(t) =t (5.1)
Then o (t) satisfies (1.2) whenever (t, x) € [0, T] x R. Using o (t), we let X solve the stochastic differential equation

dX(t) = X(t)dt + o (t)dW (t) (5.2)
and the corresponding differential operator is

1

L= > (o (t)? 811 + x3;. (5.3)
Let

u(t,x) = u(t, x, (0,6,)) = E[(X(T)* [X(t) =x]. (5.4)

Then, using the Feynman-Kac formula, we see that u solves the Cauchy problem

2

oeu(t, x) + Lu(t,x) = 0, whenever (t,x) € (0,T) X R,
u(T,x) =x°, whenever x € R.

Moreover, using Itd calculus, we deduce that u (t, x, (0, 6,)) equals

x*e’T + ﬁ ((5+6t+2t%) ™ — (54 6T +2T%)) + 6, % ((5+ 10t + 106> + 4¢%) 2770

— (54 10T + 107> + 47%)) + 93% (346t + 6> + 4t + 2t*) 2779 — (34 6T + 6T + 4T° + 2T%)), (5.6)

and, hence,
1
u(t,x, (0,0) = x*e* + 200 ((5+6t+2t%) ™Y — (5+ 6T +2T%)), (5.7)
and
1
(30, w) (%, (0,0)) = 5 ((5+ 10t + 10¢* + 4¢%) 2779 — (5 + 10T 4 10T* + 4T3)).. (5.8)

We intend to demonstrate how the methodology outlined in the previous sections can be used to find u (t, x, (0, 0)),
(g, u) (t, x, (0, 0)) and the associated time-discretization errors numerically. In the following, we let T = 1 and we consider
t = 0,x = 1. Then,

81, 13
u(0,1,(0,0) = —e” — — & 7.44892,
80 00
5¢% — 29
(35, u) (0,1, (0, 0)) = T 0.19863. (5.9)
Let {tk}ﬁzo define a partition A of the interval [0, 1],i.e.0 =t < t; < --- < ty—1 < ty = 1 with Aty = t 1 — t; for

k €{0,...,N — 1}. Let X2 be the Euler approximation of X for 6, = 0 and note that

X2 (1) = X2 () (1 + At) + 6 (D) AW (&), (5.10)
with initial condition X2 (ty) = 1. Furthermore, in this particular case (4.11) reduces to

c(t, X) =x(1+ Aty) + 0 (t) AW (), (5.11)
for all x € R". Hence

d1c(ty, x) = 1+ Aty, (5.12)

while all higher order derivatives of ¢ with respect to x are zero. Given the data g (x) = x?, the first and second dual functions
¥, ¥V, associated to g(X4 (ty)), are recursively defined as follows

I;?’([-N)ZZ)_(A(IN)a _ 1?(1)(1-N) :2’ _ (5 -13)
Yt =1+ A (), ¥ V) = 1+ 2602 Y (berr). ‘

Now, using the deductions in Section 4.2, we see that

10, 1) = a*Mx) + E;"M + E;;M + EAM 4+ 0((4p)), (5.14)
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where

M) = — Y (XAt om)” (5.15)

==
Mz

and the time-discretization error E‘dA’M is given by

_ — Aty
EfM =" (X (tig1, om) — X (tk,wm))w(tkﬂ,wmﬂ—,;
m=1 k=0
M N-1 Afk
+ 2D (@ t))? = @0)*) § P, om)] (5.16)
m=1 k=0

Similarly, to find 94, u, we use the results deduced in Section 4.3. In particular, (4.52)-(4.54) reduce to

(3, 1)(0, 1,(0,0)) = u2M(x) + ESy' + E2% + EAM + 0((4A5)?), (5.17)
where
1 M N-—1
M0 =YY 5 (W6 ) Y (o) Atk (5.18)
m=1 k=0

Regarding E2 d , which is the sample mean of E & ¢ we first note the term in (4.54) containing CFA wn(?) is zero. Indeed,
this easily follows from the definition of the dual functions and that the facts that d,c = 0, for |oe| > 2,and d,g = 0, for
|| > 3, imply that the third and fourth order dual functions are identically zero. The term in (4.54) containing B E k(uA)
can be rewritten as ’

N-1 _ _ _ Aty
D E[6 (te41) 6 (tren) ¥ (tin) — 5 (8) 6 (8) ¥ () IXA(0) = 1] 7’ (5.19)

k=0

Hence it remains to consider the term in (4.54) containing ;\FAU K= %) and, as outlined in Section 4.3, we use dual functions
for the extended system. However, by the recursive relation (2.12), and the fact that spatial second order derivatives of the
drift and diffusion coefficients of the stochastic differential equation (5.2) are zero, we can conclude that the second variation
of this system is identically zero. Hence, the extended system reduces to Z4 (ty) = (X* () , X2 (ty, ty)), where the Euler

approximation X4 of the first variation is defined through the recursive relation

XA (b, thyr) = A+ At) XD (6, tr) . XPA (8, ) = 1. (5:20)
Furthermore, in this case (4.42) and (4.45)-(4.47) reduce to

_ _ _ 2
VEA (thr, 22 (thg)) = 2 (XDt thsn))
0 1 1+t
wO (tn, x, x') =x (14 Aty) + ?Aw(th),
w' (b, x, x") =x' (1+ Aty) (5.21)

and w? (th, X, xl) = 0.By induction, (5 )0 is identically zero and, as a consequence, the only nonzero first order dual function
is (5 Y1 which satisfies,

EH'(T) =4XD4 (@, 1), (5.22)
ED' () = (Bw' (tn, Z° () /3x") ED' (th1) = (14 Aty) (G (thr) ,
for h < N. Similarly, by induction it follows that all second order dual functions, except (E")” vanish. However, since F,(h)

is nonzero only for coordinates corresponding to X4 (ty), the dual function (S Y11 does not contribute to 9;(u — u) and
can be omitted. In particular, we obtain

E 0111 — %) (6, X2 (80) 1Z () = z (X ()]

S 1),4 v (1),4 AN Aty
= Z (XD 2 (ks thgr) = XD 2 (s 1)) ED' (thgr) -5 (5.23)

h=k
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Table 1
Simulation results for the benchmark example.
N B B B i B
2 5.0851 1.7121 6.099 - 107° 1.324-107* 0.08438 0.11406
4 5.9958 1.2113 4.812-107° 1.806 - 1074 0.13758 0.06066
8 6.6288 0.7440 3.128 - 107° 2.152-107* 0.16708 0.03138
16 7.0107 0.4166 1.803-107° 2.365- 107 0.18259 0.01599
32 7.2209 0.2211 9.712-107° 2.484-107* 0.19054 0.00807
64 7.3337 0.1140 5.044 - 107° 2.547 - 10~ 0.19457 0.00406
128 7.3909 0.0579 2.571-107° 2.579-10~* 0.19660 0.00203
256 7.4200 0.0292 1.298 - 107° 2.596 - 1074 0.19761 0.00102
10°
10" E 1
107 £ 3
10° E 4
10 F 5
10° F 4
10° L 5
10'7 | |
10° 10" 102 10°

Fig. 1. Plot of the differences | (3, u) (0, 1, (0, 0)) — @*™ + E‘fy’dM)\ (solid, thin) and |u (0, 1, (0, 0)) — (@M + E;*™)| (dash) and as a function of the
number of time steps for M = 10° trajectories. Reference line representing order of convergence equal to two (solid, thick).

and, combining (5.23) with the deductions above, we can conclude that E"f, 4 €quals

N el 5 e = ()6 () FD (0] 2
D E[0 () & () ¥V (t) =7 (00 6 (@) ¥ (0] =7
k=0
e - ~ (1,4 (1,4 £ky1 Aty Aty
+ 2D E[6 @6 () (Xt tri) = XD 1) G ()] —— (5.24)

k=0 h=k

conditioned on X4 (0) = 1.

We now present the results of our simulation study. In Table 1 we have collected the simulation results for 44, EdA’M ,
E“‘f;M ,EAM, 42 and E‘f,’éw with M = 10° trajectories. The statistical error and statistical time-discretization error for the
sensitivity is zero in this particular case as can be deduced from the equations for 2 and E‘ﬁ ¢ It is clear from Table 1 that
the time-discretization errors E’dA Mand E‘f"éw have asymptotic orders of convergence close to one. Fig. 1 displays the rest
terms Rf’d and I_Qf’d as a function of the number of time steps. A least square approximation shows that, in the limit of
vanishing statistical error, these terms are of order © (N *‘"), with @ &~ 1.8. Note, in this context, that the error expansion
in this article can be used to construct extrapolation methods with order of convergence close to two for the sensitivity.
Moreover, we stress that, in this and many other examples, the approach described in this article is much more efficient
than the finite difference method, which suggests that 9, u (0, 1) is approximated by means of

u(0,1,(0,6,)) —u(0,1,(0,0)
b5 ’

for some 6. In particular, we conclude from (5.6) that 6, must be very small in order to assert that higher order terms in
6, do not influence the estimate of the sensitivity. Furthermore, as 6, appears in the denominator of (5.25), the statistical
error in the calculation of u is magnified by a factor 20"!. Hence, to obtain the same statistical error in the estimate of the
sensitivity as in the estimate of u, we need to multiply the number of trajectories used in the estimate of u by a factor 49, 2
which, in most cases, will result in an immense number of trajectories.

(5.25)



582 K. Nystrom, T. Onskog / Journal of Computational and Applied Mathematics 235 (2010) 563-592

6. Pricing and hedging of financial derivatives

In this section we illustrate the method outlined in this article in the context of pricing and hedging of interest rate
derivatives in LIBOR market models. In particular, we first show how to calculate the value of European swaptions, with
control of the errors, using the analysis outlined in Section 4.2. We then illustrate and evaluate (1.11) and the estimators
in (1.12) as we perturb the underlying volatility structure. Note that the basic articles on LIBOR market models and swap
market models are [21-23]. However, today there exists an extensive literature on the subject and we refer to [24] for a
thorough outline of this type of models.

LIBOR market models. To outline these models we let T;, i € {1, 2, ..., n + 1}, denote a fixed set of n + 1 bond maturities
with equal spacings T;;; — T; = § for some § > 0. We let Li(t),i € {1, 2, ..., n}, denote the forward LIBOR rate, contracted
at0 <t < T, for the interval [T;, T;y1) and we let L(t) = (L{(t), ..., L,(t)). Furthermore, we let n(t) denote the index of

the next maturity date, at time t, and we note that T,)_1 < t < T,(). In LIBOR market models the arbitrage free dynamics
of the forward rates are given by
dLi(t) = fui(t, LE)Li(e)dt + (6(t, L(1) "L dW (1), (6.1)

whenever 0 < t < T;,i € {1,...,n}, where W is a standard n-dimensional Brownian motion under the risk-adjusted
measure and

L (Gilt, L(D)))*6;(t, L(D))SL;
i, L) =Yy (@it (t)l))—:;g(t)(t)) i(6)

Jj=n(t)
is the drift under the forward measure. In the following we let X;(t) = log L;(t), X(t) = (X;(t), ..., X,(t)), and we note that

: (6.2)

N 1. N .
dX;(t) = (m(t, L) = 5 D Gy, L(t))>2> dt + (6i(t, L()) " dW (1), (6.3)
j=1
whenever0 <t <T;,i=1,...,n Moreover, we introduce

-1 n
it X(0) = (e L(e) = 5 - 6y(, L),
j=1

oi(t, X (1)) = 6i(t, L(t)), (6.4)
and, using the notation in (6.4), we can rewrite (6.3) as

dXi(t) = pi(t, X(©)dt + (oi(t, X (£)))"dW (¢), (6.5)
whenever0 <t <T;i € {1,...,n}.In the following we assume, in order to limit the complexity in the example, that

oi(t, X(t)) = 6i(t, L(t)) = o0i(t), forie {1,...,n}. (6.6)

In particular, we assume that the volatility structure is independent of X (t) (and L(t)) but depends on t. To summarize, we
consider

dX;(t) = wit, X(t))dt + (oy(t))*dW (¢), (6.7)
whenever0 <t <T,i € {1,...,n}, where the drift coefficient can be specified according to
L (0i() (00 1 )
i(t,X(t) =46 _— — — #(6)”. 6.8
i, X (0)) j;n(;) TN 2;@()) (6.8)

Perturbations of the volatility structure. In the example we will perturb the volatility structure as in (1.1). In particular,
we let

oi(t) = oi(t, 0;) = 0i(t) + 0,0:(t), forie{l,...,n}, (6.9)
where 6,6 : Ry - M(n, R), 6, € R, and |f,| < €, for some small € > 0. Combining (6.8) and (6.9) we see that the
perturbations in (6.9) give rise to perturbations of . In particular, inserting (6.9) in (6.8) we see, fori € {1, ..., n}, that

wi(t) = pi(t, 6,) = i (t) + 6, 1i(t) + a term of second order in 6,,, (6.10)

where 0,, = 6, and

i - * 5 j(t) n
Li(t) =38 Z M 1 Z(&U(t))z,

S 1480 2 =

3 L ((Gi(t)*6i(t) + (Gi(0)*a;(t)eN O I _

i(t) =6 .2(;) (GO o i +((;Zx,(-(r)>) e z]:m'j(f)ﬁij(f). (6.11)
j=n j=
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Financial derivatives. We illustrate the method outlined in this article by applying it to the pricing and hedging of European
swaptions. In the following we let

m

1
Bnt1(Ty) = ———, whenever1 <p<m <n, (6.12)
m+1\{p ,l:! 1+ SL,'(TP) p
be the value at T, of a zero-coupon bond maturing at Tp,41. In our setting the forward swap rate at T,, p € {1, ..., n}, fora
swap with payment dates Ty 1, ..., Tp4q equals
1— B (T,
S,(Ty) = “7“(") (6.13)
8 " Buny1(Tp)
m=p

We recall that a European (payer) swaption grants the holder the right, expiring at T}, to enter into a swap with payment
dates Ty, ..., Ty11, where the holder pays the fixed leg and receives the floating leg on a principle of 1. Let x, denote the
pay-off of this option and let R be the fixed rate specified in the underlying swap. Then

n H +
Xp =13 ZBmH(Tp)(sp(Tp) —-RT =F, <—” - R) , (6.14)
m=p FP
where
n
Fp:=8) Bmy1(Tp), Hp:=1—Bu1(Ty). (6.15)
m=p

We next note that we, in analogue with most other approaches to the calculation of the ‘Greeks’, somehow have to adjust
to the fact that the function x™ is not differentiable at x = 0. In particular, as derivatives of the pay-off up to fourth order is
required in order to define the dual functions, we have to work with a smooth approximation of x* instead of x™ itself. To
proceed we let, for fixed € > 0, ¢, = ¢.(x) : R — R be a sufficiently smooth approximation of the function x* such that
¢ (x) — xT, for every x € R, as € — 0. As we, in order to determine the dual functions, need to calculate derivatives of ¢
up to fourth order one possible choice for ¢, is the four times continuously differentiable piecewise polynomial

1
Sae7 (75X 287 — 70" + 140x°€” 4 128x€” + 35€%) x(—c.c) (¥) + Xfe.o0) () (6.16)
€
where yx;(x) denotes the indicator function for the interval I C R. Recall that X (Tp) is the vector of solutions to (6.7) at time
Tp. It is clear, by (6.12), (6.15) and the definition of X, that F, and H, are completely determined by the values of X (Tp). We
let

¢e (%) =

H * H
g (X (1,)) =F, (F—” - R) . g (X () = Fye (F—‘” — R) ) (6.17)
p p
Then, our ambition is to calculate
up (0,%) = E[g, (X (Tp)) IX(0) =], (6.18)
where x will be specified below, but, for the reasons discussed above, we instead focus on the calculation of
us (0,x) = E[g; (X (T,)) IX(0) = xI, (6.19)

for small €. In particular, u; (0, x) is an approximation of the expectation in (6.18). Furthermore, based on (6.9)-(6.11) and
(6.19), we see that the approximation of the sensitivity of the expectation in (6.18), with respect to perturbations of the
volatility structure, based on (6.19) and at (0, x), equals

(89, 15) (0, %, (0,0)) + (3y, u5) (0, %, (0,0)). (6.20)

Parameterization and model reductions of the LIBOR market model. We introduce the parameters

n
yi(t) = |loi(®)|| = Z(oij(t))z, whenever0 <t <T;,ie{l,...,n}, (6.21)
j=1
(t * . t
oi(t) = M, whenever 0 < t < min{T;, Tj}, i,j € {1,...,n},
loi@©) ol

where y;(t) and p;i(t) represent, respectively, the instantaneous volatility of log L;(t) and the instantaneous correlation
between log L;(t) and log L;(t). Using this notation it is clear that we have to specify y;(t) and p;(t) in order to specify the



584 K. Nystrom, T. Onskog / Journal of Computational and Applied Mathematics 235 (2010) 563-592

model. In reality the calibration of these quantities is a non-trivial problem, e.g. see [25], and there are many suggested
approaches to the reduction of the effective number of parameters. One frequently used parameterization of the LIBOR
market model is

y;(t) = ¢ih(T; — t), whenever0 <t <T;,ie{l,...,n},

pij(t) = p(T; — t,T; — t), whenever0 <t < min{T;, Tj},i,j € {1,...,n}, (6.22)
where h is a positive real valued function, {c;} are positive real numbers and p : R, x Ry — M(n, R) satisfies the

characteristics of a correlation matrix. This model reduction is thoroughly described in [25]. In the following we let p be
a piecewise constant function with the property

p(T; — t, T — t) = Piywr)j—ny» Whenever0 <t < min{T;, T;},i,j € {1,...,n}, (6.23)
and where the matrix o € M (n, R) can be decomposed

pi=¢e, (6.24)
fori,j € {1, ..., n}, for some set of (constant) unit vectors {e;}{_; in R". Using (6.22)-(6.24), we see that

oi(t) = d;ih(T; — t)ei_, ), whenever0 <t <T;ie{l,...,n} (6.25)

for some positive real numbers {d;}. Hence it remains to fix the function h and one possible form of h(t), suggested in [26],
is

h(t) = h*>(t) = c+ (1 —c +at)e™™, wherea, b, c > 0. (6.26)

This class of functions is, according to [26], designed to replicate volatility structures that are often observed in real markets.
Finally, to complete the model we have to specify the parameters to be used in the numerical simulation below. In particular,
we let

n=21, §=1/2, T,=5, T=10, R=0.04,
and we consider x = log L (0) where'
L (0) = (0.03691, 0.04425, 0.04984, 0.05292, 0.05268, 0.05426, 0.05565, ...

...,0.05664, 0.05825, 0.05920, 0.05965, 0.06029, 0.05981, 0.05964, . ..
...,0.06062, 0.06048, 0.06278, 0.06238, 0.06021, 0.06004, 0.06136) . (6.27)

Furthermore, concerning the unperturbed model volatility structure & we use parameters calibrated by means of the
methods in [25]. In particular, we let

i) =di(c+(Q—c+a(—0)e ) e,q, (6.28)
where
1
a=0, b= 3 c=0.9, di=0.15, forie{l,...,n}. (6.29)

Finally, the unit vector e;_, () in (6.28) is determined as in (6.24) based on the matrix {ﬁi,j}?,j:l where

— i—j 2+ +ij+3G+)A—n+2n° —n—4
5, = exp li—jl log0.13 — 1.76 +iHG+30+))( ) + . (6.30)
n—1 (n—2)(n—3)
This specification can be found in [25]. To specify the perturbations, we let, for v € {1, ..., n}, a perturbation " (t) of the
volatility structure be given by
5,@) (t)=di(c+ (1 —c+a(Ti—1t) e_b(ﬂ_t)) €i—n(t)Sivs (6.31)

where §;, is the Kronecker delta and a, b, c, {d;} are defined in (6.29). This perturbation corresponds to multiplicative noise
in the v-th coordinate of & (t).

Discrete dual functions. Let p € {1, ..., n} be given, leti,j € {1, ..., n} and let {tk}ﬁzo define a partition A of the interval
[0, Tyl ie.0 =top < t; < -+ < tyoy < ty = Tp with Aty = tyyq — ti fork € {0,...,N — 1}. Let X* be the Euler
approximation of X, i.e.,

X (tee) = X2 () + it X2 (6) At + (Gi(0)* AW (8)

X2 (0) = x = logL(0), (6.32)

1 L(0) are the Libor market rates as of the 14th of May 2002.
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fori € {1, ..., n}. Next we note that in this case (4.11) becomes

Ci(tk, X) = X; + ii(ty, X) Aty + Gip(t) AWg(ty), whenever x € R". (6.33)
Hence

0Ci(tk, X) = 8pi + Opfu;(ty, X) Aty,

0y Citk, X) = 0y i(tk, X) Aty (6.34)
with similar expressions for the third and fourth order derivatives of c;. Furthermore

gt =0 PO fory ) < p < (6:35)

and
(0i(tr)*op (tx)e* (1 — 5e*F)
X5\ 3 aﬁy H
(14 6€e*)
Moreover, the third and fourth order derivatives of /& can also be derived in a similar fashion. In particular, we note that due
to the presence of the Kronecker delta g, in (6.36), and similarly for the higher order derivatives, it follows that all mixed
derivatives of i1; (and hence of c;), of order two and higher, are zero and this fact reduces the computational complexity

considerably.
We are now ready to define the dual functions. In particular, given the data g7, the first, second and third dual functions ¥,

¥ and ¢ @, associated to g5 (XA (ty)), are recursively defined as follows. To start with, we have

Ipy Mi(te, X) =8 forn(t) =B,y <i. (6.36)

Yiltn) = digs X2 (tn), Ui (tn) = dygs (XA (tw)), Uit (tn) = g (X (tw)). (6.37)
Then for k < N,

Vi) = (8ip + difp (b, X2 (6)) Atie) Vg (ier)

UiV () = (8ip + diip (t X2 (60 AL) (8 + iy (b X2 (6) Al) VS () + 8diiip (b, X2 (1)) Aticirp (tiein),

Ui () = (8ip + ifip (6. X2 (00 ALe) (8 + ity (b, X2 (0)) ALe) - (81 + Dy (B X (60)) AL) Y155, (s
+ 8k p (tx, X (1)) Aty (81, + Ay (t, X2 (t) Aty) 1};2 (1)
+ &g (te, XA (00) Aty (8 + iy (b, XA (6) Ate) Y (trr)
+ i duitp (tk, X2 (6)) Aty (85 + By (tx, )-(A(tk))Atk) 1/},5(;:,) (trt1)
+ it g (b, X (60)) At Wp (1) (6.38)
The fourth order dual function ¥ is defined similarly but we omit further details. The calculation of the dual functions

requires that derivatives of g; up to fourth order are determined and we note that these derivatives can be calculated
explicitly from (6.15)-(6.17).

Calculation of . Using the deductions in Section 4.2, we have that

uf (0,%) = M (x) + E;M + ESM + EMM 4Ry (6.39)
where
1,
M0 = - ) gy (X4 (tw, o), (6.40)
m=1

and the time-discretization error is given by

M N-1

_ _ _ - Aty
EfM =3 " [[i(tis, X2 (tierr.0m)) — it X2 (6 0m)) ] it 0m) ] ﬁ
m=1 k=0
N—1 M . ) _ Aty
+ 23 [t = G@0] 95 e om) | Sk (641)

=
Il

0 m=1

Using (6.39)-(6.41) and the method for controlling the statistical error described in Section 4.4, it is straightforward to
construct an adaptive algorithm, as outlined in [15] and described in Section 4.5, to calculate u¢ (0, x) such that the error
with high probability is within a predefined tolerance. In this example we omit the details and instead we focus on the
problem of calculating the sensitivities.



586 K. Nystrom, T. Onskog / Journal of Computational and Applied Mathematics 235 (2010) 563-592

Discrete dual functions for the extended system. To explicitly calculate the time-discretization error, arising in the
calculation of the sensitivities below, we must, as outlined in Section 4.3, determine the first and second order dual functions
of the extended system Z* (t,) = (X (t) , X2 (1, ty) , X@*2 (¢, th)) associated with the functional

Vi (tv. Z4(tn)) = 98 (XA (tn)Xg5 (tit) + 3 8 (XA (tn)X G (B )X (B, ). (6.42)

We here note that in this case the Euler approximations of the first and second variation processes are defined recursively
as

XA (b, thr) = X502 (G th) + Bt (6, XA (60) X502 (b, th) At (6.43)
with initial condition X\ (¢, tx) = 8y, and
X202 (6 th1) = X252 (6 tn) + Bt (6. X2 (1)) Xgon” (b th) Al

+ it (tn X2 () X502 (s )X gy (B, ) Ay, (6.44)

with initial condition )_le,zf (ty, ty) = 0. To perform the explicit calculation of the dual functions for the extended system
associated to the numerical example at hand we first note that in this case, (4.45)-(4.47) can be written

w? (th, %, X', &%) = % + [r (th, X) Aty + Grp (t) AWp(th), (6.45)
w (b %, X', %%) = X+ Op fur (tn, X)Xp Al (6.46)
whe (b, X, %', X%) = X2, + 0p fur (tn, X)X Aly 4 0 fir (th, X)X X p, Al (6.47)

We emphasize that in the following we consider i, j and k as fixed and use the Einstein summation convention (see
Remark 2.1) for the variables r, s, t, u, v, w, f and y.

Discrete dual functions of first order for the extended system. Using (6.45)-(6.47) in (4.48) we first see that
EDS (tn) = Bapg® (X () X557 (t) + Bpyg® (X (0)) X5 (tn) X1 (b))
EDY () = (8ar + aftr (tn, X (th)) Ath) (€)Y (ths1)
o+ Buar 61, X4 @) Aty (X @) EDY ) + X5 (@) EDY (6r1))
+ Baaitr (th X* (t0)) Aty Xy (tn) E)Fy (thsr)
+ Baaair (b, X2 (t4)) ALK (rh)xsj” A () G (thyr) - (6.48)

Furthermore, the dual function (S")1b is zero unlessb = ior b = j. For b = i we get

(ED)a () = Dapg” (X (tn) Xg7 (tn) .

EDai () = (Sar + Bajtr (t, X2 (t1)) Alh) ED) (tr1) + Daaiter (0, X2 () AGXG " (00) D (6.49)
and similarly for (5 Fmally, we conclude, by induction, that (é e s nonzero only if b = i and ¢ = j. Moreover, (5 aii
satisfies

ED2; (tn) = g (X2 (tw))

D2 ) = (Sar + Baikr (th, X2 (t0)) Aty) (E)F (thsr) - (6.50)

Discrete dual functions of second order for the extended system. To calculate the dual functions of second order we use
(6.45)-(6.47) in (4.50). However, for the sake of brevity, we refer the reader to the appendix, Section 8, in [ 16] for the explicit
calculations. Based on the calculations in Section 8 in [16] we conclude, see [16], that there are, for every choice of (i, j), a
total of 4n + 9n? nonzero distinct dual functions to be calculated for the extended system. In particular, the complexity
is much lower compared to the upper theoretical bound, see (4.44) and the subsequent discussion, on the number of dual
functions which is of the order n®.

Calculation of sensitivities. We here calculate the sensitivity in (6.20) for the perturbations 6 = &V in (6.31). We will
accomplish this by means of the results established in Section 4.3. In particular, applying (4.52)-(4.54) in our case we see
that

(B, u5) (x, (0,0)) = ™ (x) + Eg +EMS+E§£”+<9((A;)2>,

(3g, u) (x, (0,0)) =AM (x) + E>" + EZ s + EXY + 0((4p)H, (6.51)
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where
. M N—1 ) . B Aty
B0 =3 Y it X (e om) it om) 5
m=1 k=0
—AM S T M Aty
1AM (x) = n; > (165" +66"1; (80 " tom) | S = (6.52)

Furthermore, E'lf’éw and E‘f’éw are the naturally defined Monte Carlo estimators associated to the time-discretization errors
E7 ;and EZ ;. With the notation introduced in Section 4.3, E;} ; equals

N—1 _ _ ~ Aty
S E[2Af 4@ — %) + B (@)X 0) =x] S
k=0
N—-1 N-1
_ R - - Atp Aty
+ E[E [ 0n@1Z () = 2 (X*(6e) | IR20) = x] =5, (6:53)
k=0 h=k+1
and EZ' ; equals
- _ - At
Y E[2A2 (1 — %) + BE  (@*)1X*(0) = x] =~
N—-1 N-1
_ - - Aty Aty
+ 2 D E[E[Gn@IZ (tn) = 2 (X2 (0)) [ IX4(0) = x] ——. (6.54)
k=0 h=k+1

In Section 4.3 we proved that all terms in EAd and E d are computable in a posteriori form and we here need to derive
explicit expressions for these quantities. In the following we again, for the sake of brevity, only supply the details for E fy &
We consider the terms in (6.54) one at a time. First, the term involving Aé  equals, due to (4.40),

N—-1
— ~ % ~ =% = = v v Atk
Y E[166" + 66 1(0)dy(@ — u”) (6 X (60) 1X(0) = x] - (6.55)
k=0
Moreover, introducing the notation 2! = fiq (ty, X2(t)), il = drita (th. X2 (W), Ot = Oprfia (tn, X2 (tn)).

)_(,(il)’A (tp) = )_(,(il)’A (tk, tn), )_(,if)’A (tp) = )_(r(;)’A (tx, tn), we conclude, by (4.51) and the definition of the extended system,
that the derivative 9; (i1 — 1) (tx, X* (t)) can be rewritten as

N-1

Z(( BLIRG () — 8BRS (1)) ED2 (e)

=k

+ (a ARTXD A () X502 () — B XS (00) X5 (te, rh)) EDai ()
+ (B R () - aruZx:,” 2 (@) EDY then)
(0 R th) = DX @) EDg (i)
Aty

>
Note that the conditional expectation with respect to Z2 (&) = ()?A(tk), I, 0), occurring in (4.51), can be removed in this
case as the randomness in (6.43)-(6.44) only enters through X4. Next, for term containing Bfa , k(ﬁA) we obtain

+ (™ = ul) EDY (i) + @aa (tr1) — Tag (6)) EDYY (Ehsr) ) (6.56)

BY (@) =[66" + 66" 1tV (tiyr) — [66™ + 65 1)V (t) - (6.57)
Finally, focusing on the term containing C£ , , we first note that the conditional expectation can be removed for the same
reason as in (6.56). Furthermore, recalling (4 6) and (4.35), we see that

N-—1

D E[CE i n@IZ (tip1) = 2 (XA (tis1)) ] Aty

h=k+1
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Fig. 2. Plot of the dependence on € of the relative error |u; (0, x) — up (0, x)‘ /up (0,x) based on M = 10* trajectories and N = 10 time steps. Legend:
Relative error (solid thin); reference line with slope 2 (solid thick). Note that the gradual widening of the thin line represents the effect of the statistical
error.
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Fig. 3. Plot of the sensitivities as a function of the number of time steps based on M = 10° trajectories and N = 10 time steps. The left plot corresponds
tov € {2,..., 10} (the sensitivities increase with v) and the right plot corresponds to v € {11, ..., 21}.

N-1
= D (A = ) 66" + 66 Tuy (tn) Yigy () X" (tigr, th) Aty
h=k+1
N—1
+ Y (@) — 5(00) [66 + 66 Ty (1) Viom ()X (ti 1, tn) Aty
h=k+1
N—1
+ Y (@) — @5(00) [66 + 65 Ly (60) Vi (X5 1, )Xy (B, th) Aty (6.58)
h=k+1
Combining (6.54)-(6.57), we arrive at a computable expression, in a posteriori form, for the time-discretization error E‘f”(f” .
Moreover, to handle E lfév' we can argue similarly.

Numerical results from the simulations. In order to be able to estimate the price of European swaptions in LIBOR market
models and the corresponding sensitivities with respect to the underlying volatility structure we must first choose an
appropriate value of €. Fig. 2 shows that the error in the swaption price that is due to u, being approximated by u; decreases

as € as € tends to zero, suggesting that a very small value of € should be used.

Moreover, we see from Fig. 3 that the sensitivities initially increase as € is decreased and then saturates at some level,
implying that as long as we choose € < 10~!, the sensitivities will be more or less the same. However, as seen in Fig. 4, the
statistical error in the estimate of the sensitivities behaves asymptotically as e ~%% and the number of trajectories required to
assert that the statistical error is below a given tolerance varies as M o €~ '-3. As we shall see below, the time-discretization
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Fig. 4. Plot of the dependence on ¢ of the relative statistical error of the sensitivities based on M = 10° trajectories and N = 10 time steps. Legend:
Relative statistical error (solid thin, the lower batch corresponds to v € {2, ..., 10} and the upper batchto v € {11, ..., 21}); reference line with slope
—0.65 (solid thick).

Table 2

Simulation results for the swaption price in the LIBOR market model example. The upper half of the table corresponds to € = 10~ and the lower half to
€=10"2

N ﬂ;‘A,M E—dA.M E‘fSM ESAM

10 0.12772 1.79-1074 2.27-1078 3.77-107°
20 0.12750 8.96-107> 1.12-1078 3.74-107°
40 0.12744 4.49.107° 5.53.107° 3.72-107°
80 0.12737 2.25-107° 2.77 -107° 3.71-107°
10 0.09845 1.86-107* 8.54-1078 3.76 - 107>
20 0.09824 9.32-107° 4.27-1078 3.75-107°
40 0.09816 4.65-107° 2.12-1078 3.72-107°
80 0.09811 2.33.107° 1.07-1078 3.72-107°

error for the sensitivities also increases as ¢ is decreased and consequently, as far as the sensitivities are concerned, we
should not choose € too small. Based on this discussion, we have chosen to work with the two cases € = 10~! and ¢ = 102
in the numerical simulations below.

With e fixed, we first consider the calculation of uj, and the corresponding time-discretization error and statistical error.
Table 2 displays the results of a simulation with M = 1.25 - 107 trajectories. As expected the time-discretization errors are
of order 9 (Aﬁ) Note also the fourfold increase in statistical discretization error as € is decreased from 10~ to 10~2. This
is due to the fact that the derivatives E)ag; (x), forx € (—¢, €) and |x| > 2, diverge as € — 0. Extrapolating the values of
ﬂ;’A*M for the two choices of €, we conclude that the true values of ﬁ; are approximately 0.12730 and 0.09803, respectively,
and hence we can also conclude that the estimated time-discretization errors, E M, certainly are of the correct order.

Next, we consider the estimates of the sensitivities. Fig. 5 displays the sensitivities (396(“) uz) (0, x, (0, 0)) for different
choices of v and we see that the sensitivities increase rapidly for 1 < v < p but are fairly constant for p < v < n.To ensure
that the sensitivity estimate in (6.52) gives the correct value, we have performed a finite difference approximation of the
sensitivity with respect to 2" for ¢ = 1072. In particular, using a finite difference approximation based on O,eny = 0,
6,1 = 0.05,M = 1.2 - 108 trajectories and N = 10 time steps, we obtained the approximation

(39 1) (0, x, (0,0)) ~ 0.00196 + 0.00048. (6.59)
() 7P

The corresponding estimate based on (6.52) is 0.001932 4 0.000002 which certainly is of the same order. Note here that,
as there is no known way of quantifying the error due to the choice 8,1y = 0.05 in the finite difference approximation, the
margin of error in (6.59) is only based on the statistical error.

Next we consider the estimates of the time-discretization and statistical time-discretization errors for the sensitivities
and, for brevity, we shall only consider the sensitivity corresponding to v = 21. Fig. 6 shows, fore = 107" and € = 102
respectively, the dependence of the terms including AFAmk, BFA”.k and Cé’k,h on the number of time steps. The first two terms

are of order @ (A}) whereas the last term turns out to be of order @ ((A,*\‘,)z) and can thus be omitted in this setting.

Note also that the error terms containing AFA,, « and Cé‘k » increase with € but that the term containing BFA” « appears to be
independent of €. Table 3 displays the results of a simulation with M = 2 - 10° trajectories. Note that since the estimates
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Fig. 5. Plot of the sensitivities as a function of v based on M = 2 - 10° trajectories and N = 10 time steps.

Table 3
Simulation results for the sensitivities in the LIBOR market model example. The upper half of the table corresponds to € = 10~! and the lower half to
€ =102,

N 89,(21) u;{ATM E—i,‘;\/l Erféws EzfA.kM
10 1.796 - 1073 5.18-107° 5.57 - 1078 6.94-1077
20 1.788 - 1073 2.39-107° 2.65-1078 5.85-1077
40 1.783-1073 1.11-107° 1.16- 1078 6.64- 1077
10 1.928 - 1073 1.00-1073 2.68-107° 1.79-1076
20 1.927 -1073 4.18-1074 1.18-1076 1.74-1076
40 1.920- 1073 1.65-1074 5.02-1077 1.65-1076
1 e=10" . e=10"2
107 10
10% | | 4
107} E
10° F :
5 5 10'2 L 4
£ &
[} (0]
2 10"t 4+ 2
s kS|
& & 10°} 4
10° ¢ 1
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10° ¢ 1 0
107 x 10°
10
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Fig. 6. Plot of the three terms of the time-discretization and statistical time-discretization error for the sensitivities as a function of the number of time
steps for M = 200 trajectories. The left plot corresponds to € = 10~! and the right plot to € = _]0’2. Legend: Time-discretization error (solid thin);

statistical time-discretization error (dash thin); terms containing AFA"_k (circles); terms containing BFAUV,( (diamonds); terms containing Cé_k » (squares);
reference line with slope —1 (solid thick); reference line with slope —2 (dash thick).

of the time-discretization error turn to infinity as ¢ — 0, the term E"f‘éw will increase as € is decreased. Nevertheless, the
time-discretization error is bounded by E‘fv’éw .

7. Summary and discussion

Any numerical algorithm (Monte Carlo algorithm) for stochastic differential equations produces a time-discretization
error and a statistical error in the process of pricing financial derivatives and calculating the associated ‘Greeks’. In this
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article we have shown how a posteriori error estimates and adaptive methods for stochastic differential equations can be
used to control both these errors in the context of pricing and hedging of financial derivatives. In particular, we have derived
expansions, with leading order terms which are computable in a posteriori form, of the time-discretization errors for the
price and the associated ‘Greeks’. These expansions allow the user to simultaneously first control the time-discretization
errors in an adaptive fashion, when calculating the price, sensitivities and hedging parameters with respect to a large number
of parameters, and then subsequently to ensure that the total errors are, with prescribed probability, within tolerance.
Furthermore, we have demonstrated the methodology outlined through two numerical examples.

One point left open in the bulk of the article is a discussion of the importance of the ellipticity condition in (1.2). This
condition is used to ensure the appropriate elliptic regularity theory for the operator d; + L. However, there are many
important classes of systems and operators which do not satisfy this ellipticity condition. One important class of such
operators, relevant in the context of mathematical finance, is the class of second order differential operators of Kolmogorov
type of the form d; + L, where

m m N
L= ay(t.0)di+ »_bi(t.0)d+ Y _ byxid), (7.1)
i=1

ij=1 i,j=1

(t,x) € RN m s a positive integer satisfying m < N, the functions {a;(-, -)} and {b;(-, -)} are continuous and bounded and
B = {b;j} is a matrix containing constant real numbers. As m < N these operators cannot be uniformly elliptic-parabolic
but this is compensated for by assuming appropriate regularity on the coefficients and by assuming that the operator

m N
0+ K =20 + Z 0;i + Z binjaj (7.2)
i=1

ij=1

is hypoelliptic, i.e., every distributional solution of (3; + K)u = f is, whenever f is infinitely smooth, an infinitely smooth
solution. Let

N
Y =) byxid; + o, (7.3)
ij=1
and let Lie(Y, 0, ..., d,,) denote the Lie algebra generated by the vector fields Y, 91, . .., dn. Then it is well known that the
above assumption of hypoellipticity of d; + K can be stated in terms of the well-known Hérmander condition [27]:
rank Lie(Y, 01,...,0m) =N + 1. (7.4)

We comment that, assuming that the coefficients of the operator 9; + L belong to C;° (R4 x RM), hypoellipticity of 3; + L is
sufficient for the methodology outlined in this article. As a consequence, the methodology is also applicable to operators of
Kolmogorov type. For applications where these operators occur we refer to [28-32] and the references in these articles.

As mentioned earlier, the methodology outlined in this article can be used in a variety of situations. In a future article we
will investigate several extensions of the example in Section 6, including an extension to the setting of SABR/LIBOR market
models [33].
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