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a b s t r a c t

This paper presents a hybridized formulation for the weak Galerkin mixed finite element
method (WG-MFEM)whichwas introduced and analyzed inWang andYe (2014) for second
order elliptic equations. The WG-MFEM method was designed by using discontinuous
piecewise polynomials on finite element partitions consisting of polygonal or polyhedral
elements of arbitrary shape. The key toWG-MFEM is the use of a discrete weak divergence
operator which is defined and computed by solving inexpensive problems locally on each
element. The hybridized formulation of this paper leads to a significantly reduced system
of linear equations involving only the unknowns arising from the Lagrange multiplier
in hybridization. Optimal-order error estimates are derived for the hybridized WG-
MFEM approximations. Some numerical results are reported to confirm the theory and a
superconvergence for the Lagrange multiplier.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we are concerned with new developments of weak Galerkin finite element methods for partial differential
equations. Weak Galerkin (WG) [1–4] is a generic finite element method for partial differential equations where the
differential operators (e.g., gradient, divergence, curl, Laplacian etc.) in the variational form are approximated by weak
forms as generalized distributions. This process often involves the solution of inexpensive problems defined locally on
each element. The solution from the local problems can be regarded as a reconstruction of the corresponding differential
operators. The fundamental difference between the weak Galerkin finite element method and other existing methods is the
use of weak functions and weak derivatives (i.e., locally reconstructed differential operators) in the design of numerical
schemes based on existing variational forms for the underlying PDE problems. Weak Galerkin is, therefore, a natural
extension of the conforming Galerkin finite element method. Due to its great structural flexibility, the weak Galerkin
finite element method fits well to most partial differential equations by providing the needed stability and accuracy in
approximation.

The goal of this paper is to develop a new computational method which reduces the computational complexity for
the weak Galerkin mixed finite element methods [2] by using the well-known hybridization technique [5–7]. Our model
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problem seeks a vector-valued function q = q(x), also known as flux function, and a scalar function u = u(x) defined in an
open bounded polygonal or polyhedral domain Ω ⊂ Rd (d = 2, 3) satisfying

αq + ∇u = 0, ∇ · q = f , in Ω (1.1)

and the following Dirichlet boundary condition

u = g, on ∂Ω, (1.2)

where α = (αij(x))d×d ∈ [L∞(Ω)]d×d is a symmetric, uniformly positive definite matrix on the domain Ω . A weak
formulation for (1.1)–(1.2) seeks q ∈ H(div, Ω) and u ∈ L2(Ω) such that

(αq, v) − (∇ · v, u) = −⟨g, v · n⟩∂Ω , ∀v ∈ H(div, Ω) (1.3)

(∇ · q, w) = (f , w), ∀w ∈ L2(Ω). (1.4)

Here L2(Ω) is the standard space of square integrable functions on Ω, ∇ · v is the divergence of vector-valued functions v
on Ω , H(div, Ω) is the Sobolev space consisting of vector-valued functions v such that v ∈ [L2(Ω)]d and ∇ · v ∈ L2(Ω), (·, ·)
stands for the L2-inner product in L2(Ω), and ⟨·, ·⟩∂Ω is the inner product in L2(∂Ω).

ConformingGalerkin finite elementmethods based on theweak formulation (1.3)–(1.4) and finite dimensional subspaces
of H(div, Ω) × L2(Ω) with piecewise polynomials are known as mixed finite element methods (MFEM) [8,5]. MFEMs for
(1.1)–(1.2) treat q and u as independent unknown functions and are capable of providing accurate approximations for
both unknowns [6,9–14,8,15]. All the existing MFEMs in literature possess local mass conservation that makes MFEM a
competitive numerical technique in many applications such as flow of fluid in porous media including oil reservoir and
groundwater contamination simulation.

Based on the weak formulation (1.3)–(1.4), a weak Galerkin mixed finite element method (WG-MFEM) was developed
in [2] which provides accurate numerical approximations for both the scalar and the flux variables. Like the existingMFEMs,
the WG-MFEM scheme conserves mass locally on each element. But unlike the existing MFEMs, the WG-MFEM allows the
use of finite element partitions consisting of polygons (d = 2) or polyhedra (d = 3) of arbitrary shape that satisfy the shape-
regularity assumption specified in [2]. It should be pointed out that some similar features are shared by a number of recently
developed numerical methods such as Virtual Element Methods [16,17], hybridizable discontinuous Galerkin methods [18],
and mimetic finite differences [19,20].

While weak functions and weak derivatives provide a great deal of flexibility for WG methods, they also introduce
more degrees of freedom than the standard finite element method. The purpose of this paper is to develop a hybridized
formulation for the weak Galerkin mixed finite element method [2] that shall reduce the computational complexity
significantly by solving a linear system involving a small number of unknowns arising from an auxiliary function called
Lagrangemultiplier. The Lagrangemultiplier is defined only on the element boundaries (also calledwired-basket of the finite
element partition). As a result, the linear system that costs the majority of the computing time depends on the dimension of
the finite element space defined on the wired-basket. Optimal-order error estimates for the hybridized WG-MFEM (HWG-
MFEM) approximations are established in several discrete norms. Some numerical results are presented to demonstrate the
efficiency and power of the hybridized WG-FEM.

Throughout the paper, we will follow the usual notation for Sobolev spaces and norms [21,12,11]. For any open bounded
domain D ⊂ Rd with Lipschitz continuous boundary, we use ∥ · ∥s,D and | · |s,D to denote the norm and seminorms in the
Sobolev spaceHs(D) for any s ≥ 0, respectively. The inner product inHs(D) is denoted by (·, ·)s,D. The spaceH0(D) coincides
with L2(D), for which the norm and the inner product are denoted by ∥ · ∥D and (·, ·)D, respectively. When D = Ω , we shall
drop the subscript D in the norm and inner product notation.

The paper is organized as follows. In Section 2, we review the discrete weak divergence operator. In Section 3, we present
a hybridized weak Galerkin mixed finite element method. Section 4 is devoted to a discussion of the relation between the
WG-MFEM and its hybridized version. In Section 5, we derive an error estimate for the hybridized WG-MFEM. Finally, in
Section 6, we report some numerical results that demonstrate the efficiency and accuracy of the hybridized WG-MFEM,
including a superconvergence for the Lagrange multiplier.

2. Weak divergence

Let K be a polygonal or polyhedral domain. A weak vector-valued function on K refers to a vector field v = {v0, vb} with
v0 ∈ [L2(K)]d and vb ∈ [L2(∂K)]d. The first component v0 carries the information of v in K , and vb represents partial or full
information of v on ∂K . The choice of the boundary information that vb represents is problem-dependent. Note that vb may
not necessarily be related to the trace of v0 on ∂K should a trace be well-defined.

Denote by V (K) the space of all weak vector-valued functions on K ; i.e.,

V (K) = {v = {v0, vb} : v0 ∈ [L2(K)]d, vb ∈ [L2(∂K)]d}. (2.1)

A weak divergence can be taken for any vector field in V (K) by following the definition introduced in [2], which we
summarize as follows.
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Definition 2.1 ([2]). For any v ∈ V (K), the weak divergence of v is defined as a linear functional, denoted by ∇w · v, on
H1(K) whose action on each ϕ ∈ H1(K) is given by

⟨∇w · v, ϕ⟩K := −(v0, ∇ϕ)K + ⟨vb · n, ϕ⟩∂K , (2.2)

where (·, ·)K and ⟨·, ·⟩∂K stands for the L2-inner product in L2(K) and L2(∂K), respectively.

The Sobolev space [H1(K)]d can be embedded into the space V (K) by an inclusion map iV : [H1(K)]d → V (K) defined
as follows

iV (q) = {q|K , q|∂K }.

With the help of the inclusion map iV , the Sobolev space [H1(K)]d can be viewed as a subspace of V (K) by identifying each
q ∈ [H1(K)]d with iV (q). Analogously, a weak function v = {v0, vb} ∈ V (K) is said to be in [H1(K)]d if it can be identified
with a function q ∈ [H1(K)]d through the above inclusion map. It is not hard to see that ∇w · v = ∇ · v if v is a smooth
function in [H1(K)]d.

Next, we introduce a discrete weak divergence operator by approximating (∇w · ) in a polynomial subspace of the dual
of H1(K). To this end, for any non-negative integer r ≥ 0, denote by Pr(K) the set of polynomials on K with degree r or less.

Definition 2.2. A discrete weak divergence (∇w,r ·) is defined as the unique polynomial (∇w,r · v) ∈ Pr(K) satisfying the
following equation

(∇w,r · v, φ)K = −(v0, ∇φ)K + ⟨vb · n, φ⟩∂K , ∀φ ∈ Pr(K). (2.3)

3. Hybridized WG-MFEM

Let Th be a finite element partition of the domain Ω consisting of polygons in two dimensions or polyhedra in three
dimensions satisfying the shape-regularity condition specified in [2]. For T ∈ Th, denote by hT its diameter and h =

maxT∈Th hT the meshsize of Th. The set of all edges or flat faces in Th is denoted as Eh, with the subset E0
h = Eh \ ∂Ω

consisting of all the interior edges or flat faces.
Let k ≥ 0 be any integer. On each element T ∈ Th, we denote by n the outward normal direction on the boundary ∂T ,

and define two local finite element spacesWk+1(T ) = Pk+1(T ) and

Vk(T ) = {v = {v0, vb} : v0 ∈ [Pk(T )]d, vb|e = vbn, vb ∈ Pk(e), e ⊂ ∂T }. (3.1)

On the wired-basket Eh, we introduce a finite element space using piecewise polynomials of degree k:

Λh = {λ : λ|e ∈ Pk(e), ∀e ∈ Eh}. (3.2)

Let Λ0
h ⊂ Λh be the subspace consisting of functions with zero boundary value

Λ0
h = {λ ∈ Λh; λ|e = 0, ∀e ⊂ ∂Ω}. (3.3)

We further introduce an element-wise stabilizer as follows

sT (r, v) = hT ⟨(r0 − rb) · n, (v0 − vb) · n⟩∂T , r, v ∈ Vk(T ). (3.4)

Denote by ∇w,k+1· the discrete weak divergence operator in the space Vk(T ) computed by using (2.3) on each element T .
For simplicity of notation, from now on we shall drop the subscript k + 1 from the notation ∇w,k+1· for the discrete weak
divergence.

Hybridized WG-MFEM Scheme 3.1. For an approximate solution of (1.1)–(1.2), find qh = {q0, qb} ∈ Vk(T ), uh ∈ Wk+1(T ),
λh ∈ Λh such that λh = Qbg on ∂Ω and

sT (qh, v) + (αq0, v0)T − (∇w · v, uh)T = −⟨λh, vb · n⟩∂T , ∀v ∈ Vk(T ), (3.5)
(∇w · qh, w)T = (f , w)T , ∀w ∈ Wk+1(T ), (3.6)

T∈Th

⟨qb · n, φ⟩∂T = 0, ∀φ ∈ Λ0
h. (3.7)

Here (Qbg)|e ∈ Pk(e) is the L2 projection of the boundary value u = g on the edge e ⊂ ∂Ω .

The approximation for the primal variable u is given by λh on Eh and uh on each element T . The flux q is approximated
by q0 on each element, and qb is an approximation of the normal component of q on the element boundary.

The hybridized WG mixed finite element scheme (3.5)–(3.7) is an analogy of the hybridized mixed finite element
method [5] (see [6,12,15] for more details). Note that the approximation qh and uh are defined locally on each element
T ∈ Th so that qb assumesmulti-values on each interior edge. More specifically, unlike theWGmixed finite elementmethod
introduced in [2], the hybridized WG-MFEM scheme (3.5)–(3.7) does not assume the ‘‘continuity’’ (or single-value) of qb on
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each interior edge e ∈ E0
h . The new variable λh, known as the Lagrange multiplier, was added here to provide the necessary

‘‘continuity’’ of qb on E0
h through Eq. (3.7).

In the rest of this section, we shall reformulate the problem (3.5)–(3.7) by eliminating the unknowns qh and uh. The
resulting linear system is symmetric and positive definite in terms of the variable λh. Readers are referred to [6] for a similar
result for the standard mixed finite element method.

Denote by Mh the collection of all the local finite element spaces:

Mh =


T∈Th

Vk(T ) × Wk+1(T ).

For any given θ ∈ Λh, let {qθ
h, u

θ
h} ∈ Mh be a solution of the following problem

sT (qθ
h, v) + (αqθ

0, v0)T − (∇w · v, uθ
h)T = −⟨θ, vb · n⟩∂T , ∀v ∈ Vk(T ), (3.8)

(∇w · qθ
h, w)T = 0, ∀w ∈ Wk+1(T ). (3.9)

Since theWG-MFEM formulation (4.5)–(4.6) has a unique solution proved in [2], the system (3.8)–(3.9) has a unique solution.
By setting

H(θ) := {qθ
0, q

θ
b , u

θ
h}

wesee thatHdefines a linear operator fromΛh toMh. For convenience,wedecompose the operatorH into three components
H = {H0, Hb, Hu} so that

qθ
0 = H0(θ), qθ

b = Hb(θ), uθ
h = Hu(θ).

The first two components of H can be grouped together to give the following operator

Hq = {H0, Hb}.

Note that the third componentHu(θ) is a piecewise polynomial of degree k+1which is indeed a discrete harmonic extension
of θ in the domain Ω from the wired-basket Eh.

With the help of the linear operator H, we can reformulate the hybridized WG-MFEM scheme (3.5)–(3.7) into one
involving only the unknown variable on the wired-basket Eh.

Theorem 3.2. The solution λh ∈ Λh arising from the hybridized WG-MFEM scheme (3.5)–(3.7) is a solution of the following
problem: Find λh ∈ Λh satisfying λh = Qbg on ∂Ω and the following equation

T∈Th


sT (Hq(λh), Hq(φ)) + (αH0(λh), H0(φ))T


= (f , Hu(φ)), ∀φ ∈ Λ0

h. (3.10)

Proof. Note that Eq. (3.7) has test function φ ∈ Λ0
h . Owing to the operator H, by letting θ = φ in (3.8), we arrive at

−⟨φ, vb · n⟩∂T = sT (Hq(φ), v) + (αH0(φ), v0)T − (∇w · v, Hu(φ))T

for all v ∈ Vk(T ). In particular, by setting v = qh (i.e., the solution of (3.5)–(3.6)), we obtain

−⟨φ, qb · n⟩∂T = sT (Hq(φ), qh) + (αH0(φ), q0)T − (∇w · qh, Hu(φ))T

= sT (qh, Hq(φ)) + (αq0, H0(φ))T − (f , Hu(φ))T ,

where we have used (3.6) in the second line. By summing over all the element T we have from (3.7) that
T∈Th


sT (qh, Hq(φ)) + (αq0, H0(φ))T


= (f , Hu(φ)), ∀φ ∈ Λ0

h. (3.11)

Next, by using (3.9) and then (3.5) with v = Hq(φ) we obtain

sT (qh, Hq(φ)) + (αq0, H0(φ))T = sT (qh, Hq(φ)) + (αq0, H0(φ))T − (∇w · Hq(φ), uh)T

= −⟨λh, Hb(φ) · n⟩∂T

= sT (Hq(λh), Hq(φ)) + (αH0(λh), H0(φ))T − (∇w · Hq(φ), Hu(λh))T

= sT (Hq(λh), Hq(φ)) + (αH0(λh), H0(φ))T .

Substituting the above equation into (3.11) yields
T∈Th


sT (Hq(λh), Hq(φ)) + (αH0(λh), H0(φ))T


= (f , Hu(φ)), ∀φ ∈ Λ0

h,

which is precisely Eq. (3.10). �
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Concerning the solution existence and uniqueness for the reduced system (3.10), we have the following result.

Theorem 3.3. There exists one and only one λh ∈ Λh satisfying Eq. (3.10) and the boundary condition λh = Qbg on ∂Ω .

Proof. Since the number of unknowns equals the number of equations, it is sufficient to verify the solution uniqueness. To
this end, let λ

(i)
h ∈ Λh be two solutions of (3.10) satisfying the boundary condition λ

(i)
h = Qbg, i = 1, 2. It is clear that their

difference, denoted by σ = λ
(1)
h − λ

(2)
h , is a function in Λ0

h and satisfies
T∈Th


sT (Hq(σ ), Hq(φ)) + (αH0(σ ), H0(φ))T


= 0, ∀φ ∈ Λ0

h.

By setting φ = σ we arrive at

sT (Hq(σ ), Hq(σ )) + (αH0(σ ), H0(σ ))T = 0, ∀ T ∈ Th.

It follows that H0(σ ) = 0 on each element T and Hb(σ ) · n = H0(σ ) · n on ∂T , which implies Hb(σ ) = 0 on ∂T . Now using
(3.8) we have

(∇w · v, Hu(σ ))T = ⟨σ , vb · n⟩∂T , ∀v ∈ Vk(T ), T ∈ Th. (3.12)

The definition of the discrete weak divergence can be applied to the left-hand side to yield

− (v0, ∇Hu(σ ))T + ⟨vb · n, Hu(σ )⟩∂T = ⟨σ , vb · n⟩∂T , ∀v ∈ Vk(T ). (3.13)

Thus, by setting vb = 0 and varying v0 we obtain

∇Hu(σ ) = 0 =⇒ Hu(σ ) = const, in T ∈ Th,

which, together with varying vb in (3.13), leads to Hu(σ ) = σ on ∂T . It follows that both Hu(σ ) and σ are constants in the
domain Ω and vanishes on the boundary. Hence, σ = Hu(σ ) = 0. This completes the proof of the theorem. �

4. Equivalence between HWG-MFEM andWG-MFEM

The goal of this section is to show that the hybridizedWG-MFEM approximate solution arising from (3.5)–(3.7) coincides
with the solution from the corresponding WG-MFEM scheme introduced as in [2]. To this end, consider the finite element
space Ṽh =


T∈Th

Vk(T ). For any interior edge/face e ∈ E0
h , denote by T1 and T2 the two elements that share e as a common

side. Recall that functions v = {v0, vb} ∈ Ṽh have two-sided values on e for the component vb: one comes from the element
T1 and other from T2. Define the jump of v along e ∈ E0

h as follows

[[v ]]e = vb|∂T1 · n1 + vb|∂T2 · n2, (4.1)

where ni is the outward normal direction on e as seen from the element Ti, i = 1, 2.
Let k ≥ 0 be any integer. Following [2], we introduce two weak finite element spaces

Vh = {v = {v0, vb} : v ∈ Ṽh, [[v ]]e = 0, ∀e ∈ E0
h },

Wh =


T∈Th

Wk+1(T ).

On each element T ∈ Th, we introduce three bilinear forms

aT (r, v) = (αr0, v0)T , (4.2)
bT (v, w) = (∇w · v, w)T , (4.3)
cT (v, σ ) = ⟨vb · n, σ ⟩∂T , (4.4)

for v = {v0, vb}, r = {r0, rb} ∈ Vk(T ), w ∈ Wk+1(T ) and σ ∈ Λh. In addition, set

as,T (r, v) = aT (r, v) + sT (r, v).

WG-MFEM Scheme 4.1 ([2]). For an approximation of the solution of (1.1)–(1.2), find q̄h = {q̄0, q̄b} ∈ Vh and ūh ∈ Wh such
that 

T∈Th

as,T (q̄h, v) −


T∈Th

bT (v, ūh) = −⟨g, vb · n⟩∂Ω , ∀v ∈ Vh (4.5)
T∈Th

bT (q̄h, w) = (f , w), ∀w ∈ Wh. (4.6)
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The following theorem shows that the WG-MFEM is equivalent to the hybridized WG-MFEM.

Theorem 4.2. Let (qh, uh, λh) ∈ Mh×Λh be the hybridizedWG-MFEM approximation of (1.1)–(1.2) obtained from (3.5)–(3.7),
and (q̄h, ūh) ∈ Vh × Wh be the WG-MFEM approximation of (1.1)–(1.2) arising from (4.5)–(4.6). Then we have qh = q̄h and
uh = ūh. Moreover, the hybridized WG-MFEM scheme (3.5)–(3.7) has one and only one solution.

Proof. Assume that (qh, uh, λh) ∈ Mh ×Λh is a solution of (3.5)–(3.7). From Eq. (3.7) we see that [[qh]] = 0 on each interior
edge e ∈ E0

h . Hence, qh ∈ Vh. Moreover, for any v ∈ Vh so that [[vb]]|e = 0 with e ∈ E0
h , we have

T∈Th

⟨λh, vb · n⟩∂T = ⟨g, vb · n⟩∂Ω . (4.7)

Therefore, for v ∈ Vh and w ∈ Wh, Eqs. (3.5)–(3.6) leads to
T∈Th

as,T (qh, v) −


T∈Th

bT (v, uh) = −⟨g, vb · n⟩∂Ω ,
T∈Th

bT (qh, w) = (f , w),

which shows that (qh, uh) is a solution for theWG-MFEM. The solution existence and uniqueness for theWG-MFEM [2] then
implies qh = q̄h and uh = ūh.

To show that the hybridized WG-MFEM scheme (3.5)–(3.7) has a unique solution, assume that (q(i)
h , u(i)

h , λ
(i)
h ) ∈ Mh ×

Λh, i = 1, 2, are two solutions. Their difference,

(qh, uh, λh) := (q(1)
h − q(2)

h , u(1)
h − u(2)

h , λ
(1)
h − λ

(2)
h ),

must satisfy (3.5)–(3.7) with f ≡ 0 and g ≡ 0. From the first part of this theorem, we see that

qh = 0, uh = 0.

Thus, from (3.5) we have

0 = ⟨λh, vb · n⟩∂T , ∀v ∈ Vk(T ), T ∈ Th,

which implies λh = 0 on ∂T for any T ∈ Th. This completes the proof of the theorem. �

The hybridized WG-MFEM scheme (3.5)–(3.7) consists of two parts: a local system (3.5)–(3.6) defined on each element
T ∈ Th and a global system (3.7). This scheme has a reformulation of (3.10) which involves only the Lagrange multiplier λh.
It should be pointed out that the reduced system (3.10) is symmetric and positive definite. Since the Lagrange multiplier
λh is defined only on the element boundary as its unknowns, the size of the linear system for the hybridized WG-MFEM is
significantly smaller than the one for theWG-MFEM scheme. Thus, the hybridizedWG-MFEM is an efficient implementation
of the WG-MFEM scheme proposed and analyzed in [2].

5. Error estimates

Owing to the equivalence between the hybridized WG-MFEM scheme (3.5)–(3.7) and the WG-MFEM scheme of [2], all
the error estimates developed in [2] can be applied to the approximate solution (qh, uh) obtained from (3.5)–(3.7). What
remains to study is the convergence and error estimate for the Lagrange multiplier λh.

On each element T ∈ Th, denote by Q0 the L2 projection from [L2(T )]d to [Pk(T )]d, by Qb the L2 projection from L2(e) to
Pk(e), and by Qh the L2 projection from L2(T ) onto Pk+1(T ). With the help of these operators, we define a projection operator
Qh : V (T ) → Vk(T ) so that for any v = {v0, vbn} ∈ V (T )

Qhv = {Q0v0, (Qbvb)n}. (5.1)

In the finite element spaceWh, we introduce the following norm:

∥w∥
2
1,h =


T∈Th

∥∇w∥
2
T + h−1


e∈Eh

∥[[w]]∥
2
e . (5.2)

In the space Vh, we use

|||v|||2 =


T∈Th

as,T (v, v).

For simplicity of notation, we shall use . to denote ‘‘less than or equal to’’ up to a constant independent of the mesh size,
variables, or other parameters appearing in the inequalities of this section.
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Theorem 5.1 ([2]). Let (qh, uh, λh) ∈ Mh × Λh be the approximate solution of (1.1)–(1.2) arising from the hybridized WG-
MFEM scheme (3.5)–(3.7) of order k ≥ 0. Assume that the exact solution (q, u) of (1.3)–(1.4) is regular such that u ∈ Hk+2(Ω)
and q ∈ [Hk+1(Ω)]d. Then, we have

|||qh − Qhq||| + ∥uh − Qhu∥1,h . hk+1 (∥u∥k+2 + ∥q∥k+1) . (5.3)

If, in addition, the problem (1.1) with homogeneous Dirichlet boundary condition u = 0 has the usual H2-regularity, then the
following optimal order error estimate in L2 holds true:

∥uh − Qhu∥ . hk+2 (∥u∥k+2 + ∥q∥k+1) . (5.4)

For any v = {v0, vb} ∈ Vk(T ) and w ∈ H1(T ), using the definition of Qh and the integration by parts we obtain

(∇w · v, Qhw)T = −(v0, ∇(Qhw))T + ⟨vb · n, Qhw⟩∂T

= (∇ · v0, Qhw)T + ⟨vb · n − v0 · n, Qhw⟩∂T

= (∇ · v0, w)T + ⟨vb · n − v0 · n, Qhw⟩∂T

= −(v0, ∇w)T + ⟨v0 · n, w⟩∂T + ⟨vb · n − v0 · n, Qhw⟩∂T

= −(v0, ∇w)T + ⟨v0 · n − vb · n, w − Qhw⟩∂T + ⟨vb · n, w⟩∂T . (5.5)

By introducing the following notation

ℓT (w, v) = ⟨v0 · n − vb · n, Qhw − w⟩∂T ,

we have from (5.5) that

(∇w · v, Qhw)T = −(v0, ∇w)T + ⟨vb · n, w⟩∂T + ℓT (w, v). (5.6)

Lemma 5.2. Let (qh, uh, λh) ∈ Mh × Λh be the approximate solution of (1.1)–(1.2) arising from the hybridized WG-MFEM
scheme (3.5)–(3.7) of order k ≥ 0. On each element T ∈ Th, the following identity holds true

sT (eh, v) + (αe0, v0)T − (∇w · v, ϵh)T + ⟨δh, vb · n⟩∂T = sT (Qhq, v) + ℓT (u, v), ∀v ∈ Vk(T ), (5.7)

where

eh = {e0, eb} = Qhq − qh, ϵh = Qhu − uh, δh = Qbu − λh,

stand for the error between the hybridized WG-MFEM approximate solution and the L2 projection of the exact solution.

Proof. For any v = {v0, vb} ∈ Vk(T ), we test the first equation of (1.1) against v0 to obtain

(αq, v0)T + (∇u, v0)T = 0.

By applying the identity (5.6) to the term (∇u, v0)T we arrive at

(αq, v0)T − (∇w · v, Qhu)T + ⟨vb · n, u⟩∂T = ℓT (u, v).

Adding sT (Qhq, v) to both sides of the above equation and then using the definition of Qh, we have

sT (Qhq, v) + (α(Q0q), v0)T − (∇w · v, Qhu)T + ⟨vb · n, u⟩∂T = ℓT (u, v) + sT (Qhq, v).

Now subtracting (3.5) from the above equation gives (5.7). This completes the proof of the lemma. �

Let T ∈ Th be an element with e as an edge/face. For any function ϕ ∈ H1(T ), the following trace inequality has been
derived for general polyhedral partitions satisfying the shape regularity assumptions A1–A4 (see [2] for details):

∥ϕ∥
2
e .


h−1
T ∥ϕ∥

2
T + hT∥∇ϕ∥

2
T


. (5.8)

Theorem 5.3. Under the assumptions of Theorem 5.1, we have the following error estimate:
T∈Th

hT∥Qbu − λh∥
2
∂T

 1
2

. hk+2 (∥u∥k+2 + ∥q∥k+1) . (5.9)

Proof. By letting v = {0, δhn}, we have v0 = 0 and (∇wv, ϵh)T = ⟨δh, ϵh⟩∂T . It follows from (5.7) that

∥δh∥
2
∂T = ⟨δh, vb · n⟩∂T

= −sT (eh, v) + (∇w · v, ϵh)T + sT (Qhq, v) + ℓT (u, v)
= hT ⟨e0 · n − eb · n, δh⟩∂T + ⟨δh, ϵh⟩∂T − hT ⟨Q0q · n − Qb(q · n), δh⟩∂T −⟨δh, Qhu − u⟩∂T .
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Thus, from the usual Cauchy–Schwarz inequality, we obtain

∥δh∥∂T . hT∥e0 · n − eb · n∥∂T + ∥ϵh∥∂T + hT∥Q0q · n − Qb(q · n)∥∂T + ∥Qhu − u∥∂T . (5.10)

By first applying the trace inequality (5.8) to the last three terms on the right-hand side of (5.10), and then summing over
all the element T ∈ Th we obtain

T∈Th

hT∥δh∥
2
∂T . h2


T∈Th

hT∥e0 · n − eb · n∥
2
∂T +


T∈Th

(∥ϵh∥
2
T + h2

T∥∇ϵh∥
2
T )

+ h2

T∈Th

(∥Q0q − q∥
2
T + h2

T∥∇(Q0q − q)∥2
T ) +


T∈Th

(∥Qhu − u∥2
T + h2

T∥∇(Qhu − u)∥2
T )

. h2
|||eh|||2 + ∥ϵh∥

2
+ h2

∥ϵh∥
2
1,h + h2k+4(∥q∥

2
k+1 + ∥u∥2

k+2). (5.11)

Combining the above inequality with the error estimates (5.3) and (5.4) yields (5.9). This completes the proof of the
theorem. �

6. Numerical experiments

In this section, we present some numerical results for the hybridizedWG-MFEM scheme (3.5)–(3.7) based on the lowest
order element (i.e., k = 0) for the second order elliptic problem (1.1)–(1.2). Recall that for the lowest order hybridized
WG-MFEM, the corresponding finite element spaces are given by

Mh =


T∈Th

V0(T ) × W1(T ),

Λh = {µ : µ|e ∈ P0(e), e ∈ Eh}.

For any given v = {v0, vb}, the discrete weak divergence∇w ·v ∈ P1(T ) is computed locally on each element T as follows:
Find ∇w · v ∈ P1(T ) such that

(∇w · v, τ )T = −(v0, ∇τ)T + ⟨vb · n, τ ⟩∂T , ∀τ ∈ P1(T ).

Let (qh, uh, λh) ∈ Mh × Λh be the hybridizedWG-MFEM approximate solution arising from (3.5)–(3.7) and (q, u) be the
exact solution of (1.1)–(1.2), respectively. In our numerical experiments, we compare the numerical solutions with the L2
projection of the exact solution in various norms for their difference:

eh = {e0, eb} = Qhq − qh, ϵh = Qhu − uh, δh = Qbu − λh.

In particular, the following norms are used to measure the scale of the error:

H1-norm : ∥ϵh∥1,h =


T∈Th

∥∇ϵh∥
2
T + h−1


e∈Eh

∥[[ϵh]]∥
2
e

 1
2

,

L2-norm : |||eh||| =


T∈Th


T
|e0|2dx + hT


∂T

|e0 · n − eb · n|
2ds
 1

2

,

L2-norm : ∥δh∥ =


T∈Th

hT∥λh − Qbu∥2
∂T\∂Ω

 1
2

,

L2-norm : ∥ϵh∥ =


T∈Th


T
|ϵh|

2dx
 1

2

.

6.1. Example 1

In this test case, the domain is the unit squareΩ = (0, 1)×(0, 1) and the coefficient is α =
1

(1+x)(1+y) . The exact solution
is given by u = sin(πx) sin(πy).

This numerical experiment was performed on uniform triangular partitions for the domain. The triangular partitions are
constructed as follows: (1) first uniformly partition the domain into n × n sub-rectangles; (2) then divide each rectangular
element by the diagonal line with a negative slope. The mesh size is denoted by h = 1/n. Table 6.1 shows the convergence
rate for the hybridized WG-MFEM solutions measured in different norms. The results show that the hybridized WG-MFEM
approximates are convergent with rate O(h) in H1 and O(h2) in L2 norms.

Recall that the primal variable u is approximated by the Lagrange multiplier λh as a piecewise constant function on the
wired-basket Eh. The error function δh, which is the difference of λh and the L2 projection of the exact solution on each edge
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Table 6.1
Example 1. Convergence rate on triangular elements.

h |||eh||| Order ∥δh∥ Order ∥ϵh∥1,h Order ∥ϵh∥ Order

1/4 2.93e−1 – 3.10e−2 – 1.22 – 1.91e−1 –
1/8 1.47e−1 0.99 8.17e−3 1.92 5.07e−1 1.27 4.76e−2 2.01
1/16 7.39e−2 1.00 2.07e−3 1.98 2.39e−1 1.08 1.19e−2 2.00
1/32 3.70e−2 1.00 5.20e−4 1.99 1.18e−1 1.02 2.97e−3 2.00
1/64 1.85e−2 1.00 1.30e−4 2.00 5.87e−2 1.01 7.42e−4 2.00
1/128 9.25e−3 1.00 3.25e−5 2.00 2.93e−2 1.00 1.86e−4 2.00

Table 6.2
Example 2. Convergence rate on rectangular elements.

h |||eh||| Order ∥δh∥ Order ∥ϵh∥1,h Order ∥ϵh∥ Order

1/4 9.19e−1 – 1.86e−2 – 2.08 – 8.70e−1 –
1/8 4.84e−1 0.93 4.57e−3 2.03 2.09 – 2.85e−1 1.61
1/16 2.45e−1 0.98 1.14e−3 2.01 1.33 0.65 7.90e−2 1.85
1/32 1.23e−1 1.00 2.84e−4 2.00 7.29e−1 0.87 2.06e−2 1.94
1/64 6.15e−2 1.00 7.10e−5 2.00 3.78e−1 0.95 5.25e−3 1.97
1/128 3.08e−2 1.00 1.77e−5 2.00 1.92e−1 0.98 1.31e−3 2.00

Fig. 6.1. Mesh level 1 (Left) and mesh level 2 (Right) for example 3.

e ∈ Eh, is shown to be convergent at the rate of O(h2). Thus, the Lagrange multiplier is a superconvergent approximation of
the exact solution at themid-point of each edge e ∈ Eh. This result is similar to the hybridizedmixed finite elementmethod.

6.2. Example 2

In our second test, the domain Ω is again the unit square. But the finite element partitions are given by the uniform
rectangularmeshes. The coefficient α is given by α = 1. The data is chosen so that the exact solution is u = sin(πx) cos(πy).
The numerical results are presented in Table 6.2.

Table 6.2 shows the optimal rate of convergence for the numerical solution in H1 and L2 norms. Once again, we see a
superconvergence for the solution on the wired-basket.

6.3. Example 3

The test problem here is the same as Example 2, but the finite element partitions consist of quadrilaterals constructed
as follows. Starting with a coarse quadrilateral mesh shown as in Fig. 6.1 (Left), we successively refine each quadrilateral
by connecting its barycenter with the middle points of its edges, shown as in Fig. 6.1 (Right). The numerical results are
presented in Table 6.3. All the numerical results are in consistency with the theory developed in this paper.

6.4. Example 4

In this example, we shall compare the degree of freedoms(DOF) and CPU time for Scheme 4.1 (WGMmethod) and Scheme
3.1 (HWGMmethod)with linearweak Galerkin element for Example 1. Both of the algorithms are performed on the uniform
triangular mesh with mesh size h. The DOF and CPU time are reported in Table 6.4. It shows that HWGM has much fewer
DOF and also more efficient for solving PDEs. Mac pro Processor 2.8 GHz, Intel Core i7 and Memory 16 GB are used in the
computation. Direct solver from MATLAB is used to solve the linear system.
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Table 6.3
Example 3. Convergence rate on quadrilateral elements.

h |||eh||| Order ∥δh∥ Order ∥ϵh∥1,h Order ∥ϵh∥ Order

2.86e−1 8.89e−1 – 3.10e−2 – 2.03 – 8.08e−1 –
1.43e−1 4.74e−1 0.91 6.30e−3 2.30 1.95 0.56 2.71e−1 1.58
7.16e−2 2.42e−1 0.97 1.44e−3 2.13 1.27 0.62 7.66e−2 1.82
3.58e−2 1.21e−1 1.00 3.51e−4 2.04 7.08e−1 0.84 2.03e−2 1.92
1.79e−2 6.03e−2 1.01 8.71e−5 2.01 3.71e−1 0.93 5.25e−3 1.95
8.95e−3 2.95e−2 1.03 2.17e−5 2.00 1.90e−1 0.97 1.36e−3 1.95

Table 6.4
Example 4. Comparison of weak Galerkin mixed finite element
methods (WGM) and hybridized weak Galerkin mixed finite
element methods (HWGM) on triangular meshes.

h WGM HWGM
DOF CPU time (s) DOF CPU time (s)

1/4 216 0.000689 40 0.000269
1/8 848 0.002440 176 0.000511
1/16 3360 0.015474 736 0.001631
1/32 13376 0.049909 3008 0.005665
1/64 53376 0.237016 12160 0.029706
1/128 213248 1.185962 48896 0.14558

Table 6.5
Example 5. Convergence rate for lower regularity test with linear HWGM element.

h |||eh||| Order ∥ϵh∥1,h Order ∥ϵh∥ Order

γ = 1

1/4 5.09e−2 1.81e−1 2.09e−2
1/8 3.07e−2 7.30e−1 1.01e−1 8.39e−1 6.36e−3 1.71
1/16 1.72e−2 8.32e−1 5.40e−2 9.03e−1 1.82e−3 1.81
1/32 9.41e−3 8.75e−1 2.83e−2 9.33e−1 5.02e−4 1.85
1/64 5.05e−3 8.96e−1 1.47e−2 9.48e−1 1.36e−4 1.88
1/128 2.69e−3 9.10e−1 7.55e−3 9.57e−1 3.66e−5 1.90

γ = 0.5

1/4 1.32e−1 4.70e−1 4.20e−2
1/8 1.04e−1 3.45e−1 3.96e−1 2.47e−1 1.76e−2 1.26
1/16 7.68e−2 4.33e−1 3.04e−1 3.81e−1 6.75e−3 1.38
1/32 5.54e−2 4.70e−1 2.24e−1 4.42e−1 2.49e−3 1.44
1/64 3.96e−2 4.86e−1 1.61e−1 4.71e−1 9.00e−4 1.47
1/128 2.81e−2 4.93e−1 1.15e−1 4.86e−1 3.22e−4 1.48

γ = 0.125

1/4 2.86e−1 8.52e−1 6.83e−2
1/8 2.84e−1 1.01e−2 9.91e−1 – 3.80e−2 8.45e−1
1/16 2.69e−1 7.49e−2 1.01 – 1.90e−2 9.97e−1
1/32 2.51e−1 1.03e−1 9.77e−1 5.10e−2 9.11e−3 1.06
1/64 2.32e−1 1.15e−1 9.18e−1 8.87e−2 4.27e−3 1.10
1/128 2.13e−1 1.20e−1 8.53e−1 1.07e−1 1.98e−3 1.11

6.5. Example 5

In this example, we shall consider an example with a corner singularity. Here Ω = (0, 1) × (0, 1), the permeability α is
chosen as identity matrix, and the exact solution is

u(x, y) = x(1 − x)y(1 − y)r−2+γ , (6.1)

where r =


(x2 + y2). Clearly, the exact solution admits a corner singularity at origin, and we have

u ∈ H1
0 (Ω) ∩ H1+γ−ϵ(Ω), u ∉ H1+γ (Ω),

where ϵ is any small positive number. For convenience, we set s = γ − ϵ.
We apply the linear HWGM element for this experiment and the errors of |||eh|||, ∥ϵh∥1,h and ∥ϵh∥ are represented in

Table 6.5. Because of the lower regularity in exact solution, it is expected that the L2-error converges at orderO(hs+1) and the
H1-error converges at order O(hs). The error profiles and convergence rates in Table 6.5 agree very well with our theoretical
expectations.



L. Mu et al. / Journal of Computational and Applied Mathematics ( ) – 11

Acknowledgments

The first author’s research is based upon work supported in part by the U.S. Department of Energy, Office of Science,
Office of Advanced Scientific Computing Research, Applied Mathematics program under award number ERKJE45; and by
the Laboratory Directed Research and Development program at the Oak Ridge National Laboratory, which is operated
by UT-Battelle, LLC., for the U.S. Department of Energy under Contract DE-AC05-00OR22725. The research of Wang was
supported by the NSF IR/D program, while working at the Foundation. However, any opinion, finding, and conclusions or
recommendations expressed in this material are those of the author and do not necessarily reflect the views of the National
Science Foundation. The third author’s researchwas supported in part by National Science Foundation Grant DMS-1115097.

References

[1] J. Wang, X. Ye, A weak Galerkin finite element method for second-order elliptic problems, J. Comput. Appl. Math. 241 (2013) 103–115.
[2] J. Wang, X. Ye, A weak Galerkin mixed finite element method for second-order elliptic problems, Math. Comp. 83 (2014) 2101–2126.

arXiv:1202.3655v1.
[3] J. Wang, X. Ye, A weak Galerkin finite element method for the Stokes equations, Adv. Comput. Math. (2015) arXiv:1302.2707v1, http://dx.doi.org/10.

1007/s10444-015-9415-2.
[4] J. Wang, C. Wang, Weak Galerkin finite element methods for elliptic PDEs, Sci. Sin. Math. 45 (2015) 1061–1092. http://dx.doi.org/10.1360/N012014-

00233. (in Chinese).
[5] B.X. Fraeijs de Veubeke, Displacement and equilibrium models in the finite element method, in: O.C. Zienkiewicz, G. Holister (Eds.), Stress Analysis,

John Wiley, New York, 1965.
[6] D.N. Arnold, F. Brezzi, Mixed and nonconforming finite element methods: implementation, postprocessing and error estimates, RAIRO Modél. Math.

Anal. Numér. 19 (1985) 7–32.
[7] C. Wang, J. Wang, An efficient numerical scheme for the biharmonic equation by weak Galerkin finite element methods on polygonal or polyhedral

meshes, Comput. Math. Appl. 68 (2014) 2314–2330. arXiv:1303.0927v1, http://dx.doi.org/10.1016/j.camwa.2014.03.021.
[8] P. Raviart, J. Thomas, A mixed finite element method for second order elliptic problems, in: I. Galligani, E. Magenes (Eds.), Mathematical Aspects of

the Finite Element Method, in: Lectures Notes in Math., vol. 606, Springer-Verlag, New York, 1977.
[9] I. Babus̆ka, The finite element method with Lagrange multipliers, Numer. Math. 20 (1973) 179–192.

[10] F. Brezzi, On the existence, uniqueness, and approximation of saddle point problems arising from Lagrange multipliers, RAIRO 8 (1974) 129–151.
[11] S. Brenner, R. Scott, The Mathematical Theory of Finite Element Mathods, Springer-Verlag, New York, 1994.
[12] F. Brezzi, M. Fortin, Mixed and Hybrid Finite Elements, Springer-Verlag, New York, 1991.
[13] F. Brezzi, J. Douglas Jr., R. Durn,M. Fortin,Mixed finite elements for second order elliptic problems in three variables, Numer.Math. 51 (1987) 237–250.
[14] F. Brezzi, J. Douglas Jr., L.D. Marini, Two families of mixed finite elements for second order elliptic problems, Numer. Math. 47 (1985) 217–235.
[15] J.Wang,Mixed finite elementmethods, in:W. Cai, Z. Shi, C.-W. Shu, J. Xu (Eds.), NumericalMethods in Scientific and Engineering Computing, Academic

Press, 1996.
[16] L. Beirao da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L.D. Marini, A. Russo, Basic principles of virtual element methods, Math. Models Methods Appl.

Sci. 23 (2013) 199–214.
[17] L. Beirao da Veiga, F. Brezzi, L.D. Marini, Virtual elements for linear elasticity problems, SIAM J. Numer. Anal. 51 (2013) 794–812.
[18] B. Cockburn, J. Gopalakrishnan, R. Lazarov, Unified hybridization of discontinuous Galerkin, mixed, and continuous Galerkinmethods for second order

elliptic problems, SIAM J. Numer. Anal. 47 (2009) 1319–1365.
[19] L. Beirao da Veiga, K. Lipnikov, G. Manzini, Convergence analysis of the high-order mimetic finite difference method, Numer. Math. 113 (2009)

325–356.
[20] L. Beirao da Veiga, K. Lipnikov, G. Manzini, Arbitrary-order nodal mimetic discretizations of elliptic problems on polygonal meshes, SIAM J. Numer.

Anal. 49 (2011) 1737–1760.
[21] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, 1978.

http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref1
http://arxiv.org/1202.3655v1
arXiv:1302.2707v1
arXiv:1302.2707v1
arXiv:1302.2707v1
http://dx.doi.org/10.1007/s10444-015-9415-2
http://dx.doi.org/10.1007/s10444-015-9415-2
http://dx.doi.org/10.1007/s10444-015-9415-2
http://dx.doi.org/10.1007/s10444-015-9415-2
http://dx.doi.org/10.1007/s10444-015-9415-2
http://dx.doi.org/10.1007/s10444-015-9415-2
http://dx.doi.org/10.1007/s10444-015-9415-2
http://dx.doi.org/10.1360/N012014-00233
http://dx.doi.org/10.1360/N012014-00233
http://dx.doi.org/10.1360/N012014-00233
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref5
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref6
http://arxiv.org/1303.0927v1
http://dx.doi.org/10.1016/j.camwa.2014.03.021
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref8
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref9
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref10
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref11
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref12
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref13
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref14
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref15
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref16
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref17
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref18
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref19
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref20
http://refhub.elsevier.com/S0377-0427(16)00008-X/sbref21

	A hybridized formulation for the weak Galerkin mixed finite element method
	Introduction
	Weak divergence
	Hybridized WG-MFEM
	Equivalence between HWG-MFEM and WG-MFEM
	Error estimates
	Numerical experiments
	Example 1
	Example 2
	Example 3
	Example 4
	Example 5

	Acknowledgments
	References


