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1. Introduction

In this paper, we are concerned with new developments of weak Galerkin finite element methods for partial differential
equations. Weak Galerkin (WG) [1-4] is a generic finite element method for partial differential equations where the
differential operators (e.g., gradient, divergence, curl, Laplacian etc.) in the variational form are approximated by weak
forms as generalized distributions. This process often involves the solution of inexpensive problems defined locally on
each element. The solution from the local problems can be regarded as a reconstruction of the corresponding differential
operators. The fundamental difference between the weak Galerkin finite element method and other existing methods is the
use of weak functions and weak derivatives (i.e., locally reconstructed differential operators) in the design of numerical
schemes based on existing variational forms for the underlying PDE problems. Weak Galerkin is, therefore, a natural
extension of the conforming Galerkin finite element method. Due to its great structural flexibility, the weak Galerkin
finite element method fits well to most partial differential equations by providing the needed stability and accuracy in
approximation.

The goal of this paper is to develop a new computational method which reduces the computational complexity for
the weak Galerkin mixed finite element methods [2] by using the well-known hybridization technique [5-7]. Our model
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problem seeks a vector-valued function q = q(x), also known as flux function, and a scalar function u = u(x) defined in an
open bounded polygonal or polyhedral domain 2 ¢ R? (d = 2, 3) satisfying

aq+ Vu =0, V.q=f, ing (1.1)
and the following Dirichlet boundary condition
u=g, onds2, (1.2)
where ¢ = (o;j(X))dxd € [L°(£2)]1%%¢ is a symmetric, uniformly positive definite matrix on the domain £2. A weak
formulation for (1.1)-(1.2) seeks q € H(div, £2) and u € L?(£2) such that
(aq,v) —(V-v,u) = —(g,v-n)ye, VveH(i, ) (1.3)
(V-qw)=(f,w), Ywel*(2). (1.4)

Here [?(£2) is the standard space of square integrable functions on £2, V - v is the divergence of vector-valued functions v
on £2, H(div, £2) is the Sobolev space consisting of vector-valued functions v such thatv € [[2(£2)]?and V - v € [*(£2), (-, -)
stands for the L?-inner product in L?(£2), and (-, -)3¢ is the inner product in [2(3£2).

Conforming Galerkin finite element methods based on the weak formulation (1.3)-(1.4) and finite dimensional subspaces
of H(div, 2) x L?(§2) with piecewise polynomials are known as mixed finite element methods (MFEM) [8,5]. MFEMs for
(1.1)-(1.2) treat q and u as independent unknown functions and are capable of providing accurate approximations for
both unknowns [6,9-14,8,15]. All the existing MFEMSs in literature possess local mass conservation that makes MFEM a
competitive numerical technique in many applications such as flow of fluid in porous media including oil reservoir and
groundwater contamination simulation.

Based on the weak formulation (1.3)-(1.4), a weak Galerkin mixed finite element method (WG-MFEM) was developed
in [2] which provides accurate numerical approximations for both the scalar and the flux variables. Like the existing MFEMs,
the WG-MFEM scheme conserves mass locally on each element. But unlike the existing MFEMs, the WG-MFEM allows the
use of finite element partitions consisting of polygons (d = 2) or polyhedra (d = 3) of arbitrary shape that satisfy the shape-
regularity assumption specified in [2]. It should be pointed out that some similar features are shared by a number of recently
developed numerical methods such as Virtual Element Methods [ 16,17], hybridizable discontinuous Galerkin methods [ 18],
and mimetic finite differences [19,20].

While weak functions and weak derivatives provide a great deal of flexibility for WG methods, they also introduce
more degrees of freedom than the standard finite element method. The purpose of this paper is to develop a hybridized
formulation for the weak Galerkin mixed finite element method [2] that shall reduce the computational complexity
significantly by solving a linear system involving a small number of unknowns arising from an auxiliary function called
Lagrange multiplier. The Lagrange multiplier is defined only on the element boundaries (also called wired-basket of the finite
element partition). As a result, the linear system that costs the majority of the computing time depends on the dimension of
the finite element space defined on the wired-basket. Optimal-order error estimates for the hybridized WG-MFEM (HWG-
MFEM) approximations are established in several discrete norms. Some numerical results are presented to demonstrate the
efficiency and power of the hybridized WG-FEM.

Throughout the paper, we will follow the usual notation for Sobolev spaces and norms [21,12,11]. For any open bounded
domain D C RY with Lipschitz continuous boundary, we use || - ||s.p and | - |s.p to denote the norm and seminorms in the
Sobolev space H*(D) for any s > 0, respectively. The inner product in H*(D) is denoted by (-, -)s p. The space H(D) coincides
with L?(D), for which the norm and the inner product are denoted by || - ||p and (-, -)p, respectively. When D = £2, we shall
drop the subscript D in the norm and inner product notation.

The paper is organized as follows. In Section 2, we review the discrete weak divergence operator. In Section 3, we present
a hybridized weak Galerkin mixed finite element method. Section 4 is devoted to a discussion of the relation between the
WG-MFEM and its hybridized version. In Section 5, we derive an error estimate for the hybridized WG-MFEM. Finally, in
Section 6, we report some numerical results that demonstrate the efficiency and accuracy of the hybridized WG-MFEM,
including a superconvergence for the Lagrange multiplier.

2. Weak divergence

Let K be a polygonal or polyhedral domain. A weak vector-valued function on K refers to a vector field v = {vg, v,} with
Vg € [L*(K)]? and v, € [L?(3K)]% The first component v, carries the information of v in K, and v, represents partial or full
information of v on dK. The choice of the boundary information that v, represents is problem-dependent. Note that v, may
not necessarily be related to the trace of vo on 9K should a trace be well-defined.

Denote by V(K) the space of all weak vector-valued functions on K;; i.e.,

VK) = {v={vy, V) : Vo € [PV, v, € [I2(BK)])}. (2.1)

A weak divergence can be taken for any vector field in V(K) by following the definition introduced in [2], which we
summarize as follows.
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Definition 2.1 ([2]). For any v € V(K), the weak divergence of v is defined as a linear functional, denoted by V,, - v, on
H'(K) whose action on each ¢ € H!(K) is given by

(Vi -V, @)k = —(Vo, Vo)k + (V- 1, @)ok, (2.2)
where (-, -)g and (-, -)3x stands for the [2-inner product in L?(K) and L?(dK), respectively.

The Sobolev space [H'(K)]¢ can be embedded into the space V (K) by an inclusion map iy : [H'(K)]? — V(K) defined
as follows

iv(@) = {qlx. qlax ]}

With the help of the inclusion map iy, the Sobolev space [H' (K)]¢ can be viewed as a subspace of V (K) by identifying each
q € [H'(K)]¢ with iy (q). Analogously, a weak function v = {vg, v} € V(K) is said to be in [H!(K)]¢ if it can be identified
with a function q € [H'(K)]? through the above inclusion map. It is not hard to see that V,, - v = V - vif v is a smooth
function in [H*(K)]%.

Next, we introduce a discrete weak divergence operator by approximating (V,, - ) in a polynomial subspace of the dual
of H'(K). To this end, for any non-negative integer r > 0, denote by P, (K) the set of polynomials on K with degree r or less.

Definition 2.2. A discrete weak divergence (V,, ;) is defined as the unique polynomial (V,, ; - v) € P.(K) satisfying the
following equation

(Vyr -V, 0)x = —(Vo, V@) + (Vo - M, d)ox, V¢ € P(K). (2.3)

3. Hybridized WG-MFEM

Let 75, be a finite element partition of the domain £2 consisting of polygons in two dimensions or polyhedra in three
dimensions satisfying the shape-regularity condition specified in [2]. For T € 7}, denote by hr its diameter and h =
maxreg;, hr the meshsize of 7j,. The set of all edges or flat faces in 75 is denoted as &, with the subset 8,? = &, \ 0
consisting of all the interior edges or flat faces.

Let k > 0 be any integer. On each element T € 73, we denote by n the outward normal direction on the boundary 9T,
and define two local finite element spaces Wy 1(T) = Py4+1(T) and

Vi(T) = {v = {Vo, v} : Vo € [P(D)]?, Vple = vpn, v, € Pr(e), e C AT} (3.1)
On the wired-basket &, we introduce a finite element space using piecewise polynomials of degree k:
Ap={L: Ale € P(e), Ve € &}. (3.2)

Let Ag C Ay be the subspace consisting of functions with zero boundary value

A) ={) € Ay; M =0, Ve C 382}. (33)
We further introduce an element-wise stabilizer as follows
st(r,v) = hy{(ro —1p) - M, (Vo —Vp) -M)yr, T,V € Vi(T). (34)

Denote by V,, r+1- the discrete weak divergence operator in the space Vi (T) computed by using (2.3) on each element T.
For simplicity of notation, from now on we shall drop the subscript k + 1 from the notation V,, ;- for the discrete weak
divergence.

Hybridized WG-MFEM Scheme 3.1. For an approximate solution of (1.1)-(1.2), find q, = {qo, q»} € Vi(T), up € Wiy1(T),
An € Ay such that b, = Qg on 082 and

ST(qlu V) + (aq07 VO)T - (Vw -V, uh)T = _()"ha Vp + n)aTa Vv e VI((T)v (3'5)
(VUJ -, w)T = (fs w)Ta Yw € Wk+1(T)a (3.6)
> (@ n p)sr =0, Vo € A). (3.7)

TeTy

Here (Qpg)|e € Py(e) is the L2 projection of the boundary value u = g on the edge e C 352.

The approximation for the primal variable u is given by A;, on &, and uj on each element T. The flux q is approximated
by qo on each element, and q is an approximation of the normal component of q on the element boundary.

The hybridized WG mixed finite element scheme (3.5)-(3.7) is an analogy of the hybridized mixed finite element
method [5] (see [6,12,15] for more details). Note that the approximation q; and u, are defined locally on each element
T € 75 so that q, assumes multi-values on each interior edge. More specifically, unlike the WG mixed finite element method
introduced in [2], the hybridized WG-MFEM scheme (3.5)-(3.7) does not assume the “continuity” (or single-value) of q, on
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each interior edge e € 6}? The new variable A;, known as the Lagrange multiplier, was added here to provide the necessary
“continuity” of g, on & through Eq. (3.7).

In the rest of this section, we shall reformulate the problem (3.5)-(3.7) by eliminating the unknowns q; and uy. The
resulting linear system is symmetric and positive definite in terms of the variable Aj,. Readers are referred to [6] for a similar
result for the standard mixed finite element method.

Denote by M}, the collection of all the local finite element spaces:

My = Q) Vi(T) x Wi (T).
TeTy

For any given 8 € Ap, let {qz, uﬁ} € My be a solution of the following problem

st(q), v) + (@q), Vo)r — (Vy -V, Ul = —(0, V- M)ar, YV € Vi(T), (38)
(Vw . qg» w)T = 0, Yw € WI<+1(T)- (39)

Since the WG-MFEM formulation (4.5)—(4.6) has a unique solution proved in [2], the system (3.8)—(3.9) has a unique solution.
By setting

H(0) = {q), q}, u})}

we see that H defines a linear operator from A to M. For convenience, we decompose the operator Hinto three components
H = {Hy, Hp, H,} so that

G =Ho®), ay=H®), u=H,0).
The first two components of H can be grouped together to give the following operator
Hq = {Hp, Hp}.

Note that the third component H,, (f) is a piecewise polynomial of degree k+ 1 which is indeed a discrete harmonic extension
of 6 in the domain £2 from the wired-basket &j,.

With the help of the linear operator H, we can reformulate the hybridized WG-MFEM scheme (3.5)-(3.7) into one
involving only the unknown variable on the wired-basket &.

Theorem 3.2. The solution A, € Ay arising from the hybridized WG-MFEM scheme (3.5)-(3.7) is a solution of the following
problem: Find Ay, € Ay, satisfying A, = Qpg on 02 and the following equation

Z {s7(Hq(hn), Hg(9)) + («Ho(An), Ho(@))r} = (f, Hu($)), Vo € Ap. (3.10)

TeTy

Proof. Note that Eq. (3.7) has test function ¢ € Ag. Owing to the operator H, by letting & = ¢ in (3.8), we arrive at

—(¢. vy - m)gr = s7(Hq(¢), V) + (eHo (@), Vo)1 — (Vi - V, Hy(P))r
for all v € Vi (T). In particular, by setting v = qj, (i.e., the solution of (3.5)-(3.6)), we obtain
—{(¢, qy - n)yr = sy (Hq(@), qn) + (@Ho(@), do)r — (Vu - qn, Hu(d))r
= st(qn, Hq(¢)) + (aqo, Ho(¢p))r — (f, Hy(P))7,
where we have used (3.6) in the second line. By summing over all the element T we have from (3.7) that
> {sr(@n He(#)) + (o, Ho (@)1} = (. Hu(e)). V¢ € Af. (3.11)
TeTh
Next, by using (3.9) and then (3.5) with v = Hg(¢) we obtain
s1(@n, Hlg(9)) + (@G0, Ho(@)r = 571, Hy(@) + (@Go, Ho($))1 — (Vs - Ho(®), un)r
—{An, Hp () - m)pr
st(Hq(An), Hq(9)) + (Ho(An), Ho (@)1 — (Vyy - Hg(), Hy(An))1
st(Hq(An), Hq(@)) + (¢Ho(An), Ho(¢))r.
Substituting the above equation into (3.11) yields

D {sr(Hg(hn), Ho()) + (¢Ho(un), Ho (@)1} = (F, Hu(9)), V¢ € Ap,

TeT

which is precisely Eq. (3.10). O
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Concerning the solution existence and uniqueness for the reduced system (3.10), we have the following result.

Theorem 3.3. There exists one and only one A, € Ay, satisfying Eq. (3.10) and the boundary condition A, = Qpg on 952.

Proof. Since the number of unknowns equals the number of equations, it is sufficient to verify the solution uniqueness. To
this end, let )L,(:) € Ay be two solutions of (3.10) satisfying the boundary condition )L,(i') = Qpg, i = 1, 2.1t is clear that their

difference, denoted by o = k,(,l) - A,(f), is a function in A} and satisfies

s7(Hq(0), Hq(#)) + (aHo(0), Ho(¢))r} =0, V¢ € A},
2|

TeTy
By setting ¢ = o we arrive at
st(Hq(0). H(0)) + (@Ho(0). Ho(0))r =0, VT € 7.

It follows that Hy(o) = 0 on each element T and H, (o) - n = Hg(o') - non dT, which implies H (o) = 0 on dT. Now using
(3.8) we have

(Vy -v,Hy(o)r = (o, vy -M)yr, YveV(T), T € Tp. (3.12)
The definition of the discrete weak divergence can be applied to the left-hand side to yield

— (Vo, VHy (o)) + (vp - n, Hy(0))or = (0, Vp - M)ar, VYV € Vi(T). (3.13)
Thus, by setting v, = 0 and varying vy we obtain

VH,(0) = 0= Hy(o) =const, inT € Ty,
which, together with varying vj in (3.13), leads to H, (o) = o on dT. It follows that both H,(0) and ¢ are constants in the

domain £2 and vanishes on the boundary. Hence, 0 = H,(¢) = 0. This completes the proof of the theorem. O

4. Equivalence between HWG-MFEM and WG-MFEM

The goal of this section is to show that the hybridized WG-MFEM approximate solution arising from (3.5)-(3.7) coincides
with the solution from the corresponding WG-MFEM scheme introduced as in [2]. To this end, consider the finite element

space Vp = ®T67h Vi(T). For any interior edge/face e € 8,? denote by T; and T, the two elements that share e as a common

side. Recall that functions v = {vg, v} € \7,, have two-sided values on e for the component v,: one comes from the element
T; and other from T,. Define the jump of v along e € é’,? as follows

[[v]]e = vbla-[1 -1y +Vb|37-2 -1y, (4])

where n; is the outward normal direction on e as seen from the element T;, i = 1, 2.
Let k > 0 be any integer. Following [2], we introduce two weak finite element spaces

Vi ={v={V,V}: VeV, [V], =0, Ve € &)},

Wy = ® Wi 1 (T).

TeTy

On each element T € 73, we introduce three bilinear forms

ar(r, v) = (arg, Vo)r, (4.2)
br(v, w) = (Vy -V, w7, (4.3)
cr(v, o) = (v - n, 0)ar, (4.4)

forv = {vg, vp}, r = {ro, 1y} € Vi(T), w € Wy11(T) and o0 € Aj.In addition, set

as7(r, v) = ar(r, v) +sr(r, v).

WG-MFEM Scheme 4.1 ([2]). For an approximation of the solution of (1.1)-(1.2), find q, = {qo, q»} € V}, and u, € Wy, such
that

D e @.v) = Y br(v.iiy) = —(g, vy M)y, WEV, (45)
TeTy TeT,
D br@n w) = (f, w), Yw € Wy (46)

TeT
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The following theorem shows that the WG-MFEM is equivalent to the hybridized WG-MFEM.

Theorem 4.2. Let (qy, Uy, Ap) € My X Ay be the hybridized WG-MFEM approximation of (1.1)—(1.2) obtained from (3.5)-(3.7),
and (qp, Up) € Vp x Wy be the WG-MFEM approximation of (1.1)-(1.2) arising from (4.5)-(4.6). Then we have q, = q and
up = uy. Moreover, the hybridized WG-MFEM scheme (3.5)-(3.7) has one and only one solution.

Proof. Assume that (qy, up, Ap) € My X Ay is asolution of (3.5)-(3.7). From Eq. (3.7) we see that [q;]] = 0 on each interior
edgee € 8,?. Hence, q;, € Vj,. Moreover, for any v € V}, so that [[v,]]]. = O withe € 8,?, we have

DO V- m)yr = (g, Vp - Mg (4.7)

TeTy

Therefore, forv € V, and w € Wy, Egs. (3.5)-(3.6) leads to
Z as,7(qn, V) — Z br(v,up) = —(g, vy - M)yg,

TeT TeTy

> br(@n, w) = (f, w),

TeT

which shows that (qy, uy) is a solution for the WG-MFEM. The solution existence and uniqueness for the WG-MFEM [2] then
implies q, = q, and u, = u,.

To show that the hybridized WG-MFEM scheme (3.5)-(3.7) has a unique solution, assume that (q,S'), u,(,’), A,S')) € My X
Ap, i =1, 2, are two solutions. Their difference,

1 2 . d 2 . 2
(qn, un, Ap) = (qfq)—qf.),uﬁ) —”1(1)’)\1(1) _)‘1(1 bt

must satisfy (3.5)-(3.7) with f = 0 and g = 0. From the first part of this theorem, we see that
q, =0, up = 0.

Thus, from (3.5) we have
0= (Ap,Vp-m)yr, YWweV(T), Te T,

which implies A, = 0 on dT for any T € 7}. This completes the proof of the theorem. O

The hybridized WG-MFEM scheme (3.5)—(3.7) consists of two parts: a local system (3.5)-(3.6) defined on each element
T € 74 and a global system (3.7). This scheme has a reformulation of (3.10) which involves only the Lagrange multiplier Aj.
It should be pointed out that the reduced system (3.10) is symmetric and positive definite. Since the Lagrange multiplier
Ap is defined only on the element boundary as its unknowns, the size of the linear system for the hybridized WG-MFEM is
significantly smaller than the one for the WG-MFEM scheme. Thus, the hybridized WG-MFEM is an efficient implementation
of the WG-MFEM scheme proposed and analyzed in [2].

5. Error estimates

Owing to the equivalence between the hybridized WG-MFEM scheme (3.5)-(3.7) and the WG-MFEM scheme of [2], all
the error estimates developed in [2] can be applied to the approximate solution (qy, u) obtained from (3.5)-(3.7). What
remains to study is the convergence and error estimate for the Lagrange multiplier Aj.

On each element T € 7}, denote by Qg the L? projection from [L*(T)]? to [P¢(T)]%, by Q the L? projection from L?(e) to
Py(e), and by Qj, the L2 projection from L?(T) onto Py,.1(T). With the help of these operators, we define a projection operator
Qp : V(T) — Vi (T) so that for any v = {vg, vyn} € V(T)

Qnv = {QoVo, (Qpup)n}. (5.1)
In the finite element space W}, we introduce the following norm:
lwifp =Y IVwlf+h" ) w2 (5.2)
TeTy ecéy

In the space Vj,, we use
2
IvI? =" acr(v.v).
TeTy

For simplicity of notation, we shall use < to denote “less than or equal to” up to a constant independent of the mesh size,
variables, or other parameters appearing in the inequalities of this section.
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Theorem 5.1 ([2]). Let (qp, up, Ap) € My X Ap be the approximate solution of (1.1)-(1.2) arising from the hybridized WG-
MFEM scheme (3.5)-(3.7) of order k > 0. Assume that the exact solution (q, u) of (1.3)-(1.4) is regular such that u € H**2(2)
and q € [H*"'(£2)]%. Then, we have

llar — Quall + llun — Quulln < A (ullirz + llallis) - (5.3)
If, in addition, the problem (1.1) with homogeneous Dirichlet boundary condition u = 0 has the usual H?-regularity, then the
following optimal order error estimate in L holds true:

lun — Quull S B (ullesa + lallie) - (54)

Forany v = {vg, vy} € Vi(T) and w € H!(T), using the definition of Q; and the integration by parts we obtain

(Vw - v, Quuw)r = —(Vo, V(Quw))r + (Vb - 0, Quw)ar
= (V-vo, Quw)r + (Vs -0 — Vo -0, Quw)sr
(V-vg, w)r +(Vp-n—Vg -0, Quu)pr
—(o, Vw)r + (Vo -0, w)sr + (Vp -0 — Vo -0, Quw)sr
= —(Vo, Vw)r +(Vo-n—vy-n, w— Quw)r + (Vp -0, w)pr. (5.5)

By introducing the following notation
Lr(w,v) = (Vo -n —Vp-n, Quw — w)sr,
we have from (5.5) that
(Vi - v, Quw)r = —(Vo, Vw)r + (Vp - 0, w)yr + £r(w, V). (5.6)
Lemma 5.2. Let (qn, uy, Ay) € My X Ay be the approximate solution of (1.1)-(1.2) arising from the hybridized WG-MFEM
scheme (3.5)-(3.7) of order k > 0. On each element T € Ty, the following identity holds true
st(en, V) + (xeo, Vo)t — (Vi - V, €n)1 + (8n, Vb - Mot = s7(Qnq, V) + £r(u, V), Vv € Vi(T), (5.7)
where
en=1{ep, e} =Quq—qn, € =Quu—up,  Ih= QU — Ap,
stand for the error between the hybridized WG-MFEM approximate solution and the L? projection of the exact solution.
Proof. For any v = {vp, v,} € Vi (T), we test the first equation of (1.1) against vy to obtain
(aq, vo)r + (Vu, vo)r = 0.
By applying the identity (5.6) to the term (Vu, vo)r we arrive at
(aq, Vo)1 — (Vi - V, Qui)r + (Vp -, U)o = £ (U, V).
Adding s7(Qrq, v) to both sides of the above equation and then using the definition of Q,, we have
s7(Quq, V) + ((Qoq), Vo)r — (Vi - V. Q)1 + (Vp - M, t)yr = £r (U, V) +57(Qnq, V).
Now subtracting (3.5) from the above equation gives (5.7). This completes the proof of the lemma. O

Let T € 7 be an element with e as an edge/face. For any function ¢ € H!(T), the following trace inequality has been
derived for general polyhedral partitions satisfying the shape regularity assumptions A1-A4 (see [2] for details):

lell? < (hr'lelif + hrlVel?) . (5.8)

Theorem 5.3. Under the assumptions of Theorem 5.1, we have the following error estimate:

7
(Z hr [|Qou — Ahnﬁr) < HY? (ulliesz + lallir) - (5.9)

TeTy

Proof. By letting v = {0, §yn}, we have vo = 0 and (V,V, €)1 = (3p, €n)s7. It follows from (5.7) that
801137 = (S, Vb - M)ar
= —sr(ep, V) + (Vu -V, €)1 + s1(Qnq, V) + €1 (u, v)
= hr(ep-n —ey-n,d)sr + (h, €n)or — hr(Qoq - n — Qyp(q - M), Sp) o7 —(Sp, Quu — U)yr .
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Thus, from the usual Cauchy-Schwarz inequality, we obtain

I8ullor < hrlleg - m— ey - n|lor + llenllar + hrllQoq - m — Qu(q - m)|[o7 + |Quu — uflsr. (5.10)

By first applying the trace inequality (5.8) to the last three terms on the right-hand side of (5.10), and then summing over
all the element T € 73 we obtain

> hrllsnllr < h* Y hrleo-n—ey-n3 4+ Y (lenll + hF [ Venl})

TeT, TeTh TeTh
+1 Y (1000 — allf +hF1V(Qa — 1) + Y (1@ — ullf + hH I V(@Quu — w1}
TeT TeTh
< Wllenll” + leall” + P llenll: , + H*lallZ,; + lullf,,).- (5.11)

Combining the above inequality with the error estimates (5.3) and (5.4) yields (5.9). This completes the proof of the
theorem. O

6. Numerical experiments

In this section, we present some numerical results for the hybridized WG-MFEM scheme (3.5)-(3.7) based on the lowest
order element (i.e., k = 0) for the second order elliptic problem (1.1)-(1.2). Recall that for the lowest order hybridized
WG-MFEM, the corresponding finite element spaces are given by

My = ) Vo(T) x Wy(T),
TeT,
Ap={u: ple € Po(e), e € &}

For any given v = {vg, v;}, the discrete weak divergence V,, -v € P(T) is computed locally on each element T as follows:
Find V,, - v € P{(T) such that

Vy v, 0)r = =0, VO)r +{vp -0, T)yr, VT € Pi(T).

Let (qp, Up, An) € My X Ap be the hybridized WG-MFEM approximate solution arising from (3.5)-(3.7) and (q, u) be the
exact solution of (1.1)-(1.2), respectively. In our numerical experiments, we compare the numerical solutions with the L?
projection of the exact solution in various norms for their difference:

e, =1{eo, e} =Qq—qn, € =Quu—uy, = QlU—Ap.
In particular, the following norms are used to measure the scale of the error:
1

2
H'-norm : ||eh||1.h=<Z ||Veh||%+h12||[[eh11||§) :

TeTy ecéy
3
-norm: |ley|| = <Z [ leg|?dx + hT/ leg-n—ey- n|2ds) ,
Tem /T ar
3
*-norm :  [|8,]| = (Z hrl|An — Qbunsr\m) :
TeTh
%
[>-norm :  |ley] = (Z f |eh|2dx> .
TeTy T
6.1. Example 1
In this test case, the domain is the unit square £2 = (0, 1) x (0, 1) and the coefficientis @ = m The exact solution

is given by u = sin(;rx) sin(ry).

This numerical experiment was performed on uniform triangular partitions for the domain. The triangular partitions are
constructed as follows: (1) first uniformly partition the domain into n x n sub-rectangles; (2) then divide each rectangular
element by the diagonal line with a negative slope. The mesh size is denoted by h = 1/n. Table 6.1 shows the convergence
rate for the hybridized WG-MFEM solutions measured in different norms. The results show that the hybridized WG-MFEM
approximates are convergent with rate O(h) in H' and O(h?) in L? norms.

Recall that the primal variable u is approximated by the Lagrange multiplier A, as a piecewise constant function on the
wired-basket &,. The error function 8, which is the difference of A, and the L? projection of the exact solution on each edge
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Table 6.1

Example 1. Convergence rate on triangular elements.
h llenll Order  ||&4]l Order  |lepll1,n Order  |le]l Order
1/4 293e—1 - 3.10e—-2 - 1.22 - 191e—-1 -
1/8 147e—1  0.99 8.17e—3 1.92 5.07e—1 127 476e—2  2.01

1/16 7.3%-2 1.00 2.07e—-3 198 2.3%—-1 1.08 1.19e—-2  2.00
1/32 3.70e—-2  1.00 520e—4 199 1.18e—1  1.02 2.97e-3  2.00
1/64 1.85e—-2  1.00 1.30e—4  2.00 587e—-2 1.01 7.42e—4  2.00
1/128  9.25e—3  1.00 3.25e—=5 2.00 293e-2 1.00 1.86e—4  2.00

Table 6.2

Example 2. Convergence rate on rectangular elements.
h llenll Order  ||&4]l Order  |lepll1,n Order eyl Order
1/4 9.19e—-1 - 1.86e—2 - 2.08 - 8.70e—1 -
1/8 484e—1 093 457e—-3 203 2.09 - 2.85e—1 161
1/16 245e—1 0.98 1.14e—3  2.01 133 0.65 7.90e—2 1.85

1/32 123e—1 1.00 2.84e—4  2.00 7.29e—1 0.87 2.06e—2 194
1/64 6.15e—2  1.00 7.10e—5  2.00 3.78¢e—1 095 5.25e-3 197
1/128  3.08e—2  1.00 1.77e-5  2.00 1.92e—1 0.98 131e-3  2.00

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 6.1. Mesh level 1 (Left) and mesh level 2 (Right) for example 3.

e € &, is shown to be convergent at the rate of O(h?). Thus, the Lagrange multiplier is a superconvergent approximation of
the exact solution at the mid-point of each edge e € &,. This result is similar to the hybridized mixed finite element method.

6.2. Example 2

In our second test, the domain £2 is again the unit square. But the finite element partitions are given by the uniform
rectangular meshes. The coefficient « is given by « = 1. The data is chosen so that the exact solution is u = sin(rx) cos(rry).
The numerical results are presented in Table 6.2.

Table 6.2 shows the optimal rate of convergence for the numerical solution in H! and L? norms. Once again, we see a
superconvergence for the solution on the wired-basket.

6.3. Example 3

The test problem here is the same as Example 2, but the finite element partitions consist of quadrilaterals constructed
as follows. Starting with a coarse quadrilateral mesh shown as in Fig. 6.1 (Left), we successively refine each quadrilateral
by connecting its barycenter with the middle points of its edges, shown as in Fig. 6.1 (Right). The numerical results are
presented in Table 6.3. All the numerical results are in consistency with the theory developed in this paper.

6.4. Example 4

In this example, we shall compare the degree of freedoms(DOF) and CPU time for Scheme 4.1 (WGM method) and Scheme
3.1 (HWGM method) with linear weak Galerkin element for Example 1. Both of the algorithms are performed on the uniform
triangular mesh with mesh size h. The DOF and CPU time are reported in Table 6.4. It shows that HWGM has much fewer
DOF and also more efficient for solving PDEs. Mac pro Processor 2.8 GHz, Intel Core i7 and Memory 16 GB are used in the
computation. Direct solver from MATLAB is used to solve the linear system.
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Table 6.3

Example 3. Convergence rate on quadrilateral elements.
h llenll Order  ||&]l Order  |[lepl1.n Order  |lex]| Order
2.86e—1 8.89%—1 - 3.10e-2 - 2.03 - 8.08e—1 -
143e—1 4.74e—1 091 6.30e—3  2.30 1.95 0.56 271e—1 158
7.16e—2  2.42e—1 097 1.44e—3 213 1.27 0.62 7.66e—2  1.82

3.58e—-2 12le—1 1.00 3.51e—4 204 7.08e—1 0.84 2.03e—-2 192
1.79e—-2 6.03e—2 1.01 8.71e—5 2.01 3.71e—1 093 525e—-3 195
895e—3 2.95e-2 1.03 2.17e=5 2.00 1.90e—-1 0.97 1.36e—3 1.95

Table 6.4

Example 4. Comparison of weak Galerkin mixed finite element
methods (WGM) and hybridized weak Galerkin mixed finite
element methods (HWGM) on triangular meshes.

h WGM HWGM
DOF CPU time (s)  DOF CPU time (s)
1/4 216  0.000689 40  0.000269
1/8 848  0.002440 176 0.000511
1/16 3360 0.015474 736  0.001631
1/32 13376  0.049909 3008  0.005665
1/64 53376 0237016 12160  0.029706
1/128 213248  1.185962 48896  0.14558
Table 6.5
Example 5. Convergence rate for lower regularity test with linear HWGM element.
h llenll Order llenll,n Order llenll Order
y=1
1/4 5.09e—2 1.81e—1 2.09e—2
1/8 3.07e—2 7.30e—1 1.0le—1 839%—-1 6.36e—3 1.71

1/16 1.72e—2 8.32e—1 540e—2 9.03e—1 1.82e-3 181
1/32 9.41e—3 8.75e—1 283e—2 933e—1 5.02e—4 185
1/64 5.05e—3 8.96e—1 147e—2 9.48e—1 1.36e—4 1.88
1/128  2.69e—3 9.10e—1 7.55e—3 9.57e—1 3.66e—5 1.90

y =0.5
1/4 1.32e—1 4.70e—1 4.20e—2
1/8 1.04e—1 345e—1 396e—1 247e—1 1.76e—2 1.26

1/16 7.68e—2 4.33e—1 3.04e—1 38le—1 6.75e—3 138
1/32 5.54e—2  4.70e—1 224e—1 442e—1 249-3 144
1/64 3.96e—2 4.86e—1 1.6le—1 471e—1 9.00e—4 147
1/128  2.81e—2 493e—1 1.15e—1 4.86e—1 3.22e—4 148

y =0.125
1/4 2.86e—1 8.52e—1 6.83e—2
1/8 2.84e—1 10le—2 99le—1 - 3.80e—2 8.45e—1

1/16 2.69e—1 7.49%-2 1.01 - 1.90e—-2  9.97e—1
1/32 251e—1 1.03e—1 9.77e—1 5.10e—2 9.11e—=3 1.06
1/64 232e—1 1.15e—1 9.18e—1 887e—2 4.27e-3 110
1/128  2.13e—1 120e—1 853e—1 1.07e—1 1.98e—3 1.11

6.5. Example 5

In this example, we shall consider an example with a corner singularity. Here £2 = (0, 1) x (0, 1), the permeability « is
chosen as identity matrix, and the exact solution is

u(x, y) = x(1 = x)y(1 —y)r-*, (6.1)
where r = /(x2 + y2). Clearly, the exact solution admits a corner singularity at origin, and we have
ueHy(2)NHM (), ug H (),

where € is any small positive number. For convenience, we sets = y — €.

We apply the linear HWGM element for this experiment and the errors of [|ey|l, |l€xll1,n and ||e;|| are represented in
Table 6.5. Because of the lower regularity in exact solution, it is expected that the [2-error converges at order O(h**!) and the
H'-error converges at order O(h®). The error profiles and convergence rates in Table 6.5 agree very well with our theoretical
expectations.
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