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1. Introduction

We consider Poisson equation with a homogeneous Dirichlet boundary condition in d dimension as our model problem
for the sake of clear presentation. This stabilizer free weak Galerkin method can also be used for other partial differential
equations. The Poisson problem seeks an unknown function u satisfying

—Au = f in £, (1.1)
u=0 onads2, (1.2)

where £2 is a polytopal domain in RY.
The weak form of the problem (1.1)-(1.2) is to find u € H(}(Q) such that

(Vu, Vo) = (f,v) Vv € Hj(R2). (1.3)

The H! conforming finite element method for the problem (1.1)-(1.2) keeps the same simple form as in (1.3): find
up € Vi C Hy($2) such that

(Vup, Vo) = (f,v) Vv eV, (1.4)

where V), is a finite dimensional subspace of H&(Q). The functions in V}, are required to be continuous, which makes the
classic finite element formulation (1.4) less flexible in element constructions and in mesh generations. In contrast, finite
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element methods using discontinuous approximations have two advantages: 1. easy construction of high order elements
and avoiding constructing some special elements such as C! conforming elements; 2. easy working on general meshes.
Therefore, discontinuous finite element methods are the most active research area in the context of finite element methods
for the past two decades. Discontinuous approximation was first used in finite element procedure as early as in 1970s
[1-4]. Local discontinuous Galerkin methods were introduced in [5]. Then a paper [6] in 2002 provides a unified analysis
of discontinuous Galerkin finite element methods for Poisson equation. More discontinuous finite element methods have
been developed such as hybridizable discontinuous Galerkin method [7], mimetic finite differences method [8], hybrid
high-order method [9], virtual element method [10], weak Galerkin method [11] and references therein.

One obvious disadvantage of discontinuous finite element methods is their rather complex formulations which are
often necessary to enforce weak continuity of discontinuous solutions across element boundaries. Most of discontinuous
finite element methods have one or more stabilizing terms to guarantee stability and convergence of the methods. Existing
of stabilizing terms further complicates formulations. Complexity of discontinuous finite element methods makes them
difficult to be implemented and to be analyzed. The purpose of this paper is to obtain a finite element formulation
close to its original PDE weak form (1.3) for discontinuous polynomials. We believe that finite element formulations
for discontinuous approximations can be as simple as follows:

(unh5vwv):(f7v)a (1.5)

if V,,, an approximation of gradient, is appropriately defined. The formulation (1.5) can be viewed as the counterpart of
(1.4) for discontinuous approximations. In fact such an ultra simple formulation (1.5) has been achieved for one kind of
WG method in [11], and for the conforming DG methods in [12,13]. The lowest order WG method developed in [11] has
been improved in [14] for convex polygonal meshes, in which non-polynomial functions are used for computing weak
gradient.

In this paper, we develop a WG finite element method that has an ultra simple formulation (1.5) and can work on
polytopal meshes for any polynomial degree k > 1. The idea is to raise the degree of polynomials used to compute weak
gradient V,,. Using higher degree polynomials in computation of weak gradient will not change the size, neither the
global sparsity of the stiffness matrix. On the other side, the simple formulation of the stabilizer free WG method (1.5)
will reduce programming complexity significantly. Optimal order error estimates are established for the corresponding
WG approximations in both a discrete H! norm and the [?> norm. Numerical results are presented verifying the
theorem.

2. Weak Galerkin finite element schemes

Let 7, be a partition of the domain 2 consisting of polygons in two dimension or polyhedra in three dimension
satisfying a set of conditions specified in [15]. Denote by &, the set of all edges or flat faces in 75, and let Sﬁ = &,\082
be the set of all interior edges or flat faces. For every element T € 7, we denote by hr its diameter and mesh size
h = maxrey;, hy for Ty.

We start by introducing weak function v = {vg, vy} on element T € 7 such that

Vo in T,
V=
v, onaT.

If v is continuous on £2, then v = {v, v}.
For a given integer k > 1, let V,, be the weak Galerkin finite element space associated with 7 defined as follows

Vi = {v = {vo, v} : volr € PT), wvple € Pi(e), e COT, T € T} (2.1)
and its subspace V) is defined as
VP ={v: veVy v,=0o0nd0}. (2.2)

We would like to emphasize that any function v € V} has a single value v, on each edge e € &.
For given T € 7; and v = {vg, vy} € Vi, + H!(£2), a weak gradient V,v € [Pj(T)]d (j > k) is defined as the unique
polynomial satisfying

(Vuv, @) = —(v0, V- @r + (vp, q-m)yr  Vq € [T, (2.3)

where j will be specified later.

Let Qy and Q, be the two element-wise defined L?> projections onto Pi(T) and Pi(e) with e C 8T on T respectively.
Define Quu = {Qou, Qyu} € V}. Let Q;, be the element-wise defined L? projection onto [P,-(T)]d on each element T.

For simplicity, we adopt the following notations,

(v, w)y, = Z(v, w)r = Z /vwdx,
T

TeTh TeTh

(v, w)ay, = Z (v, whyr = Z/ vwds.
oT

TeTh TeTh ¥
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Weak Galerkin Algorithm 1. A numerical approximation for (1.1)-(1.2) can be obtained by seeking u, = {ug, up} € V,?
satisfying the following equation:

(unhv va)Th = (fv UO) Vv = {UOa vb} € V}? (24)

Lemma 2.1. Let ¢ € H'(2), thenonany T € Ty,
V¢ = QpVé. (2.5)
Proof. Using (2.3) and integration by parts, we have that for any q € [Pj(T)]d

(Vw¢v q)T = _(¢v V- q)T + <¢v q- n)(’)T
= (v¢» q)T = (QhV(bv CI)T7

which implies the desired identity (2.5). O
3. Well posedness

For any v € V), + H'(£2), let
|||U|||2 = (Vyv, va)ﬁ,~ (3.1)
We introduce a discrete H! semi-norm as follows:

2

liee= [ > (IVvollf + h'llve — wsli3r) | - (32)
TeTy
It is easy to see that ||v|;,, defines a norm in V,?. The following lemma indicates that || - |1, is equivalent to the || - ||
in (3.1).

Lemma 3.1. There exist two positive constants C; and C, such that for any v = {vo, vy} € V3, we have

Gillvllnn = livll = Gllvllp (3.3)

Proof. For any v = {vg, vp} € V}, it follows from the definition of weak gradient (2.3) and integration by parts that
(Vuwv, @)r = (Vvo, @)r + (vp — vo. - M. Vq € [P(T)]". (34)
By letting q = V,,v in (3.4) we arrive at
(Vyv, Vyv)r = (Vug, Vyu)r + (vp — vo, Vv - M.
From the trace inequality (4.5) and the inverse inequality we have

2
IVwolly < [IVuollr[Vwvllr + llvo — vellar [ Vwvllar

< Vool Vullr + Chi " llug — v llar [ Vvl
which implies
1900l < € (I9vslr + By V2lvo = vpllar)
and consequently
llvll < Gl
Next we will prove Cq||v|l1.n < ||v]l. For v € Vy, and q € [PJ-(T)]d, by (2.3) and integration by parts, we have
(Vwv, @)r = (Vvo, @)r + (v — vo, q - M)yr. (3.5)

Let n be the number of the edges/faces on a polygon/polyhedron. It has been proved in [13] that there exists qq € [Pj(T)]",
j=n+4+k—1, such that

(Vvo, Qo)r =0, (vp — v, qo - M)sre = 0, (vp — Vo, Go - M)e = [vo — vplI2, (3.6)
and

laollr < Chy"*[lvp — volle. (3.7)
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Substituting q into (3.5), we get

(V. @o)r = [lvp — voll2. (38)
It follows from Cauchy-Schwarz inequality and (3.7) that

Ilvs — voll2 < CUIVuvlirliollr < ChyIVuvlirlive — valle,
which implies

hr " llvo = wllar < ClIVuvllr. (3.9)
It follows from the trace inequality, the inverse inequality and (3.9),

Vol < IVuvlizl Vuolir + Chi 2 vo — v llarl Voollr < CIVuvlir | Voolir-

Combining the above estimate and (3.9), by the definition (3.2), we prove the lower bound of (3.3) and complete the proof
of the lemma. O

Lemma 3.2. The weak Galerkin finite element scheme (2.4) has a unique solution.

are two solutions of (2.4), then ¢, = u%”

Proof. If u;]) and uf) - uff) € V,? would satisfy the following equation

(Vwen Vyv) =0,  Yve VY.
Then by letting v = ¢, in the above equation we arrive at

|||8h”|2 = (Vu)gh» Vweh) =0.
It follows from (3.3) that |leyll;,, = O. Since || - |15 iS @ norm in V,?, one has ¢, = 0. This completes the proof of the
lemma. O
4. Error estimates in energy norm

Let e, = u — up, and €, = Quu — uy. Next we derive an error equation that ey satisfies.

Lemma 4.1. Forany v € V,?, the following error equation holds true

(Vwen, Vyv)g, = €(u, v), (4.1)
where

€u, v) = (Vu — QpVu) - m, vo — vp)ary,-
Proof. For v = {vg, vy} € V7, testing (1.1) by vg and using the fact that ZTeTh (Vu - n, vp)sr = 0, we arrive at

(Vu, Vo), — (Vu-n, vg — vp)ar, = (f, vo)- (4.2)

It follows from integration by parts, (2.3) and (2.5) that
(Vu, Vug)y, = (QuVu, Vug)g,

= —(vo, V - (QnVu))7;, + (vo, Qe VU - M)y,
(QnVu, Vyv)7 + (vo — vp, QuVu - sy

= (Vylu, Vyv)7, + (vg — vy, Q@ Vu - )y, (4.3)
Combining (4.2) and (4.3) gives
(Vuu, Vyo)g, = (f, vo) + £(u, v). (44)

The error equation follows from subtracting (2.4) from (4.4),
(Vwen, Vyu)y, = €u,v), Yve VY.
This completes the proof of the lemma. O
For any function ¢ € H!(T), the following trace inequality holds true (see [15] for details):

el < C (7 MleliF + hrll Vell7) . (4.5)
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Lemma 4.2. For any w € H**1(2) and v = {vo, vy} € V), we have

1w, v)| < Ch¥|wlq ]l

Proof. Using the Cauchy-Schwarz inequality, the trace inequality (4.5) and (3.3), we have

ew, v)l = | Y {(Vw — QuVw) -1, vp — vp)ar

TeTy
< CY VW = QuVw)llarlvo — v llar
TeTy
1 1
2 2
< Yo mivw—@vwig | D hrtilve — woll3y

TeTh TeTh

k
Ch w1l

IA

which proves the lemma. O

Lemma 4.3. Let w € H*"1(£2), then

llw — Quwll < Ch*|w|; 4.

Proof. It follows from (2.3), integration by parts, and (4.5),

(Vu(w — Quw), @)r = —(w — Qw, V- @)r + (w — Qyw, q - )57

= (V(w — Qw), q)r + (Qow — Qyw, q - M),r
IV(w — Qow)lrllqlir + Ch™*[lw — Quwllar lqllr
Chk|w|k+1,r||€l||r-

INIA

Letting q = V,,(w — Quw) in the above equation and taking summation over T, we have
k
llw — Quwll < Ch*wljyq.

We have proved the lemma. O

(4.6)

(4.7)

Theorem 4.4. Let uy, € V,.lO be the weak Galerkin finite element solution of (2.4). Assume the exact solution u € H**1(£2). Then,

there exists a constant C such that

k
llu — upll < Ch¥ulgyy.

Proof. It is straightforward to obtain
llewll> = (Vuwen, Vuen)r,
= (ku — Vuup, vweh)'ﬁ,
= (Vthu - unha Vweh)Th + (un - Vthu, Vweh)Th
= (Vweha wah)'Th + (un — VuQuu, Vweh)Th-
We will bound each term in (4.9). Letting v = ¢, € V,? in (4.1) and using (4.6) and (4.7), we have
[(Vwen, Vien)m| = [€(u, €n)|
< Ch*|uliepq llenll
< Ch*[uljep 1 1Quut — uy|
< Chuliy (1Quu — ull + llu — unll)

A

IA

1
Ch™Julyy + 5 lenll”.
The estimate (4.7) implies
|(un = VyQuu, Vweh)Th| = C”|u - Qhu||| |||eh|”

1
Ch*Jufiyy + 7 lleall®.

A

IA

(4.8)

(4.9)

(4.10)

(4.11)
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Combining the estimates (4.10) and (4.11) with (4.9), we arrive at
llexll < Ch*|ulys,

which completes the proof. O

5. Error estimates in L? norm

The standard duality argument is used to obtain L? error estimate. Recall e, = {eg, ey} = u — uy and €, = {€g, €y} =
Qnu — up. The considered dual problem seeks @ € H(}(.Q) satisfying

—AD =€y, in 2. (5.1)
Assume that the following H?-regularity holds

212 < Clieoll. (5.2)

Theorem 5.1. Let u, € V,? be the weak Galerkin finite element solution of (2.4). Assume that the exact solution u € H**1(£2)
and (5.2) holds true. Then, there exists a constant C such that

llu — uoll < CH* M uly, ;. (5.3)

Proof. Testing (5.1) by €g and using the fact that ZTeTh(VqD -, €))7 = 0 give
leoll? = —(A®, &)
= (V®, Veo)7, — (VP -n, € — €p)ory- (5.4)
Setting u = @ and v = ¢, in (4.3) yields
(V@, Veo)y, = (Vu®, Vyen)y +{(QuVP -0, € — €p)or,. (5.5)
Substituting (5.5) into (5.4) gives
leoll? = (Vuen, Vi@l — (V —QuVP) -, € — &),
= (Vuen, Vwcp)ﬁ, + (Vu(Quu — u), Vw(p)Th + P, )
= (Vwen, VyuQu®@)7; + (Vyen, V(@ — Q®))7,
+ (Vw(Qhu - u)7 de))Th + e(q), 6h)
= Lu, U®) + (Vyen, V(@ — Qu®))7, + (Vu(Quu — ), Vyy@)7 + 6P, €n)
=hL+hL+h+14. (5.6)

Next we will estimate all the terms on the right hand side of (5.6). Using the Cauchy-Schwarz inequality, the trace
inequality (4.5) and the definitions of Q, and IT, we obtain

I = [€(u, Qu®)| < [{(Vu—QyVu)-n, Q& — QP |

1/2 1/2
< | D IvVu—anvu)li3; > Qe — @2l
TeTy TeTy
1/2 1/2
< | > hi(Vu — @uvu)l2; > Qe - ol
TeTh TeTy
< CH Ml |@ ;.

It follows from (4.8) and (4.7) that

L = |(Vweha Vw(¢ - Qh¢))77,| = C”|eh|"|”¢ - Qh¢|||
< CHMulypq | @ ;.
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Fig. 6.1. The first three levels of grids used in the computation of Table 6.1.

To bound I3, we define a [? projection element-wise onto [P;(T)]¢ denoted by Ry. Then it follows from the definition of
weak gradient (2.3)

(Vu(Quu —u), RyV,®@)r = —(Qou —u, V- RV, @)1 + (Qpu — u, RV, @ - m)yr = 0.
Using the equation above and (4.7) and the definition of R;, we have
I3 = |(Vi(Quu —u), Vyy @)l
= |[(Vu(Quu —u), V,,@ — RyV,, @)y |
= |[(Vu(Quu —u), V& —R,VP)y |
< CHMulg @ ;.
It follows from (4.6), (4.7) and (4.8) that
Iy = 6D, €| < ChIP],llexll
Chi@,(llenll + llu — Qnull)
CH uly 192

IA

IA

Combining all the estimates above with (5.6) yields
leoll® < CH* ulys1 | @2

It follows from the above inequality and the regularity assumption (5.2).
lleoll < CH**Muly 1.

The triangle inequality implies
leoll < lleoll + llu — Qoull < Ch*“"fulyyy.

We have completed the proof. O
6. Numerical experiments

We solve the following Poisson equation on the unit square:
— Au=2n%sinmxsinmy, (x,y)€ 2 = (0, 1), (6.1)

with the boundary condition u = 0 on 952.

In the first computation, the level one grid consists of two unit right triangles cutting from the unit square by a forward
slash. The high level grids are the half-size refinements of the previous grid. The first three levels of grids are plotted in
Fig. 6.1. The error and the order of convergence are shown in Table 6.1. The numerical results confirm the convergence
theory.

In Fig. 6.2, we plot the finite element solution and the discretization errors on triangular and on polygonal grids. We
can see, with same number of unknowns, the solutions on triangular grids are more accurate than those on polygonal
grids. This can also be seen from the two data tables.

In the next computation, we use a family of polygonal grids (with 12-side polygons) shown in Fig. 6.3. The numerical
results in Table 6.2 indicate that the polynomial degree j for the weak gradient needs to be larger, which confirms the
theory: j depending on the number of edges of a polygon. The convergence history confirms the theory.
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( 0.0, 0.0, 0.1E+0

( 1.0, 1.0,-0.3E-03
( 0.0, 0.0, 0.2E-02,

\
VA A A

( 1.0, 1.0,-0.3E-02

Fig. 6.2. Top: The P; weak Galerkin solution on the fifth level triangular grid. Middle: The error of P; weak Galerkin solution (dof 3008) on the
fifth level triangular grid. Bottom: The error of P; weak Galerkin solution (dof 3456) on the fifth level 12-gon grid.

Table 6.1
Error profiles and convergence rates for (6.1) on triangular grids.
Level [lup — Qoul| Rate flup, — ull Rate
by P; elements with P? weak gradient = singular
by P; elements with P? weak gradient
6 0.4295E—03 1.99 0.5369E—01 1.00
7 0.1075E—03 2.00 0.2684E—01 1.00
8 0.2688E—04 2.00 0.1342E-01 1.00
by P, elements with Pz2 weak gradient = singular
by P, elements with P32 weak gradient
6 0.2383E—-05 3.01 0.1013E—02 2.00
7 0.2971E—06 3.00 0.2532E—-03 2.00
8 0.3709E—07 3.00 0.6330E—04 2.00
by P; elements with P? weak gradient = singular
by P; elements with P? weak gradient
6 0.2468E—07 4.02 0.1430E—04 3.00
7 0.1532E—08 4.01 0.1789E—05 3.00
8 0.9550E—10 4.00 0.2237E—06 3.00
by P4 elements with P? weak gradient = singular
by P4 elements with P? weak gradient
5 0.8154E—08 4.99 0.2441E-05 4.00
6 0.2551E—09 5.00 0.1526E—06 4.00

7 0.8257E—11 4.99 0.9539E—-08 4.00
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Fig. 6.3. The first three polygonal grids for the computation of Table 6.2.

Table 6.2
Error profiles and convergence rates for (6.1) on polygonal grids shown in Fig. 6.3.
Level llup — Qoul| Rate flup — ull Rate
by P; elements with P22 weak gradient = singular
by P; elements with P? weak gradient
5 0.9671E—03 1.98 0.1350E+4-00 1.00
6 0.2425E—03 2.00 0.6750E—01 1.00
7 0.6067E—04 2.00 0.3375E—-01 1.00
by P, elements with P32 weak gradient = singular
by P, elements with P? weak gradient
5 0.5791E—05 3.00 0.3247E—02 2.00
6 0.7233E—-06 3.00 0.8120E—03 2.00
7 0.9040E—07 3.00 0.2030E—03 2.00
by P; elements with P? weak gradient = singular
by P; elements with P52 weak gradient
4 0.8809E—06 4.00 0.3575E—03 2.99
5 0.5509E—07 4.00 0.4475E—04 3.00
6 0.3447E—08 4.00 0.5595E—05 3.00
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